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PREFACE. 

Lita  csnae*  primordialea  ne  nous  lont  point  connnes ;  malB  ellea  tont  awi^ettiM 
A  d«n  l(>i»  blnii'lca  ct  cuustantea,  qne  I'on  pent  d^couvrir  par  I'obMrvation,  etdont 
r*. tuiic  »t  I'cbirt  de  la  I'hUusophie  luitarelle.— Foubiib. 

The  tenn  Natural  Philosophy  was  used  by  Newton,  and  Is 
It  ill  used  in  British  Universities,  to  denote  the  investigation  of 
laws  in  the  material  world,  and  the  deduction  of  results  not 
directly  observed.  Observation,  classification,  and  description 
of  phenomena  necessarily  precede  Natural  Philosophy  in  every 
department  of  natural  science.  The  earlier  stage  is,  in  some 
branches,  commonly  called  Natural  History ;  and  it  might  with 
e([ual  j»n.»i»riety  be  so  called  in  aU  others. 

Our  object  is  twofold  :  to  give  a  tolerably  complete  account 
of  what  is  now  known  of  Natural  Philosophy,  in  language 
ada[»t*nl  to  the  non-mathematical  reader;  and  to  furnish,  to 
tli«'?e  who  have  tlie  i>rivilege  which  high  mathematical  acquire- 
nioiits  confer,  a  connected  outline  of  the  analytical  processes 
bv  \vhi..li  the  greater  part  of  that  knowledge  has  been  extended 
iiit'j  r»*gi<^n.s  as  yet  unexplored  by  experiment. 

In  ih**  pix'sent  volume,  the  mathematical  development 
fjrlutrd  in  smaller  type)  necessarily  occupies  considerably 
iL"r»/  >j;a<.e  than  the  experimental  and  descriptive  portion. 

\V».  f  .)ijiiiience  with  a  chapter  on  Motion,  a  subject  totally 
iii'l-jMii.biit  of  the  existence  of  Matter  and  Force,  In  this 
w\'  .11.;  naturally  led  to  tlie  consideration  of  the  curvature  and 
t-rtti«-ity  <»f  curves,  the  curvature  of  surfaces,  and  various  other 
l-urt-ly  t:^-c»nietrical  subjecta 

Tl:»j  Latrs  of  Motion,  the  Lav:  of  Gravitation  and  of  Electric 
n.id  M'tjneiic  Attractions,  Uooke's  Law,  and  other  fundamental 
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principles  derived  directly  from  experiment,  lead  by  mathe- 
matical processes  to  interesting  and  useful  results,  for  tk 
testing  of  which  our  most  delicate  experimental  methods  aie 
as  yet  totally  insuflScient.  A  large  part  of  our  first  volume 
is  devoted  to  these  deductions ;  which,  though  not  immediately 
proved  by  experiment,  are  as  certainly  true  as  the  elementaiy 
laws  from  wliich  tnathematical  analysis  has  evolved  them. 

Tlie  analytical  processes  which  we  have  employed  are,  as  a 
rule,  such  as  lead  most  directly  to  the  results  aimed  at,  and  are 
therefore  in  great  part  unsuited  to  the  general  i*eader.  A  smaller 
book,  embodying  much  of  the  non-mathematical  portion  of  the 
present  one,  and  so  much  of  the  developments  as  can  be  easily 
obtained  by  the  help  of  elementary  geometry  and  algebra,  will 
speedily  appear,  a  portion  of  it  being  already  in  type. 

We  adopt  the  suggestion  of  Ampere,  and  use  the  term 
Kinematics  for  the  purely  geometrical  science  of  motion  in 
the  abstract.  Keeping  in  view  the  proprieties  of  language,  and 
following  the  example  of  the  most  logical  writers,  we  employ 
the  term  Dynamics  in  its  true  sense  as  the  science  which  treats 
of  the  action  oi  force,  whether  it  maintains  relative  rest,  or  pro- 
duces acceleration  of  relative  motion.  The  two  corres]X)nding 
divisions  of  Dynamics  are  thus  conveniently  entitled  Statia 
and  Kinetics, 

One  object  which  we  have  constantly  kept  in  view  is  the 
grand  principle  of  the  Conservation  of  Enerffy.  According  to 
modem  experimental  results,  especially  those  of  Joule,  Energy 
is  as  real  and  as  indestructible  as  Matter.  It  is  satisfactory 
to  find  that  Newton  anticipated,  so  far  as  the  state  of  experi- 
mental science  in  his  time  permitted  him,  this  magnificent 
modem  generalization. 

We  desire  it  to  be  remarked  that  in  much  of  our  work, 
where  we  may  appear  to  have  rashly  and  needlessly  interfered 
with  methods  and  systems  of  proof  in  the  present  day  gener- 
ally accepted,  we  take  the  position  of  Eestorers,  and  not  of 
Innovators. 
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In  our  introductory  chapter  on  Kinematics,  the  considera- 
tion of  Harmonic  Motion  naturally  leads  us  to  Fcmrwr's 
T/uorem,  one  of  the  most  important  of  all  analytical  results 
as  regards  usefulness  in  physical  science.  In  the  Appendices 
to  that  chapter  we  have  introduced  an  extension  of  Oreeris 
Theorem,  and  a  short  treatise  on  the  remarkable  functions 
known  as  Laplace's  Coefficients.  There  can  be  but  one  opinion 
as  to  the  beauty  and  utility  of  this  analysis  of  Laplace ;  but 
the  manner  in  which  it  has  been  hitherto  presented  has  seemed 
repulsive  to  the  ablest  mathematicians,  and  diflScult  to  ordin- 
aiy  mathematical  students.  In  the  simplified  and  symmetrical 
form  in  which  we  give  it,  it  will  be  found  quite  within  the  reach 
of  readers  moderately  familiar  with  modem  mathematical 
methods. 

In  the  second  chapter  we  give  Newton's  Laws  of  Motion  in 
his  own  words,  and  with  some  of  his  own  commentaries — every 
attempt  that  has  yet  been  made  to  supersede  them  having 
ended  in  utter  faOure.  Perhaps  nothing  so  simple,  and  at 
the  same  time  so  comprehensive,  has  ever  been  given  as  the 
foundation  of  a  system  in  any  of  the  sciences.  The  dynamical 
use  of  the  Generalized  Coordinates  of  Lagrange,  and  the  Vanj- 
ing  Action  of  Hamilton,  with  kindred  matter,  complete  the 
chapter. 

The  third  chapter,  **  Experience,"  briefly  treats  of  Observa- 
tion and  Experiment  as  the  basis  of  Natural  Philosophy. 

The  fourth  chapter  deals  with  tlie  fuudanicntal  Units,  and 
the  chief  Instruments  used  for  the  measurement  of  Time,  Space, 
and  Force. 

Tlius  closes  the  First  Division  of  the  work,  which  is  strictly 
j.reliminary. 

Tlie  Second  Division  is  devoted  to  Absti-act  Dynamics  (com- 
monly of  late  years,  but  not  well,  called  Mechanics).  Its 
object  is  briefly  explained  in  the  introductory  (fifth)  chapter, 
and  the  rest  of  the  present  volume  is  devoted  to  Statics. 

Chapter  M.,  after  a  short  notice  of  the  Statics  of  a  PaHicle, 


viii  PREFACE. 

enters  into  considerable  detail  on  the  important  subject  of 
AttractioiL  In  Chapter  vii.  the  Statics  of  Solids  and  Fluiib 
is  treated  with  8i>ecial  detail  in  various  iuiitortant  branches; 
such  as  the  Defonnation  of  Elastic  Solids,  the  Statical  Theory 
of  the  Tides,  and  the  Figure  and  Kij^idity  of  the  Eartlu 

In  the  next  volume,  Division  IL  will  be  completed  bj 
chapters  on  the  Kinetics  of  a  Particle,  and  the  Kinetics  of 
Solids  and  Fluids.  Tlie  Vibrations  of  Solids,  and  Wave- motion 
in  general,  will  be  fully  tn'atwL  Tliis  volume  will  probably 
also  contain  Division  ill.,  which  is  to  deal  with  Troiierties  of 
Matter. 

We  believe  that  the  mathematical  reuder  will  e9i»ecia]ly 
profit  by  a  perusal  of  the  large  tyi)e  portion  of  this  volume ;  as 
he  will  thus  be  forced  to  think  out  for  himself  wluit  he  has 
been  too  often  accustomed  to  reach  by  a  meie  mechanical 
application  of  analysis.  Nothing  can  be  more  fatal  to  progress 
than  a  too  confident  reliance  on  mathematical  sniuIkjIs  ;  for  the 
student  is  only  too  apt  to  take  the  easier  course,  and  consider 
the  formula  and  not  iha/act  as  the  phytsical  n»ality. 

A  great  deal  of  apimrenlly  purposeless  matter  has  l)et*n  in- 
tnxIuccHl  into  the  present  volume,  but  it  will  U*  found  to  have 
a  direct  bearing  on  |K)rtions  of  the  remaining  three.  The 
necessity  of  thus  anticipating  the  wants  of  futuiv  volumes  hits 
biH*n  one  of  the  main  reasons  for  tlte  delay  in  the  publication 
of  the  pre.si*nt  instalment,  the  printing  having  gone  on  at 
irri'gular  inler\als  since  November  IHC2. 

Tile  pivsent  Volume  has  been  printed  ]>y  T.  ('i»NSTAr.I.K.  Esq.. 
Printer  to  the  <Ju»M'n.  and  to  th«'  I'niversity  of  Kdinburgh  ; 
ami,  as  a  specimen  of  mathematiral  printing,  can  scan-rly  be 
sur] Kissed.  The  \ohun«'  wa^  not  far  from  coniph'ti(»n  wluii 
we  w*n*  infornml  that  tin*  Deh  gates  of  th**  <1an'ndon  rn-*^ 
Wen'  desirous  of  puMi^liing  th«-  wurk  as  one  o!"  tht-ir  e»lui  .t 
tiunal  scrifs.  This;:ave  us  muih  phasure,  a>  it  ap|ieare«I  Iikrl\ 
to  a-^^i^t  n>  in  on<-  nt  mil  main  objeit.s,  the  intnMhution  into 
rni\eiMt\  studv  and  r.\iiminatif»n^  of  Minietbini:  like  a  com- 
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te  course   of  Natural  Philosophy.      The  three  remaining 
iumes  will,  of  course,  be  printed  at  Oxford 
Those  illustrations  in  which  accuracy  was  considered  essential 
ave  been  photographed  on  the  wood-block  by  E.  W.  Dallas, 
•Isq.,  F.RS.E.,  from  large  drawings  carefully  executed  by  cur- 
sives, or  by  ilr.  D.  Macfarlane,  Assistant  to  the  Professor 
of  Natural  Philosophy  in  the  University  of  Glasgow ;  and  all 
have  been  engraved  by  Mr.  J.  Adam  with  a  skill  which  leaves 
nothing  to  be  desired. 

W.  THOMSON. 
P.  G.  TAIT. 

July  1867. 
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;"nH'  f.>ll-^wing  are  all  we  have  noticed,  bnt  there  can  hardly  Call  to  be  a  good  many  more. 
We  4ball  \k  luucb  obltgeil  by  lieing  informed  of  any  that  may  hapi>en  to  be  detected.] 

41,  line  7,  afUr  tide,  imert  in  the  equilibrium  theoiy  (§  811). 
.,    !iD«  B.  for  at  open  coast  stations,  re€id  of  this  theory. 
1 1.'»,  line  5  from  fr^t.  //r  Chap,  ii.,  read  Vol.  it. 
131.  npp*-r  m.ir^nal,  for  Freedon,  retul  Freedom. 
143,  line  7  from  foot,  for  equationp,  read  equation. 

line  2  from  foot,  for  degrees,  read  orders, 
l^**.  equation  (40),  in  denominators,  after  («+l)  and  («-|-2),  insert  .1  and  .1.2. 

Hn«?  7  from  foot,  after  —  ,  insert  ,  if  »  —  «  is  odd. 

152.  line  ,0  from  f«>ot,  for  valuation,  read  evaluation. 

15',»,  etid  t'f  line  2,  for  drf,  read  «/{•;  and  end  of  line  11,  for  r,  read  r' . 

e<|uation  (r.(>),  same  correction  as  for  page  150,  equation  (40). 

liiMf*  10  and  11  from  foot,  for  previous  notation,  read  notation  of  (40). 

equation  (61),  in  numerator  and  denominator  of  first  f«ictor,  for  (i  —  \)  and  / 
read  (t  —  J)  and  *. 
l»u;.  r«}nation  (05),  before  2«  +  t  —  «,  imert  (. 
tVi,  line  3  from  foot,  after  momentum,  insert  as. 

Uat  line,  transitose  comma  from  motion  to  than. 
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313.  Kdm  10  ukI  25,  fttr  gnTitj,  rtad  inertia. 

t28,fiiMl./tfr(e).  rMul(<)* 

336,  eqiution  (15),  /or  M^,  rtad  ^I0. 

237,  in  fint  member  of  eqoition  (22),  dddt  vincala. 

238,  line  23,  far  -y-  ,  read  ~  ;  and  /or  3-  ,  read  j-  . 

„     lart  line,  far  S,<ir,  reaci  OT,a^,<ft. 

239,  fine  after  (26).  /or  ^  and  <^  read  ^  and  <^. 

240,  in  equation  (31),  far  dT,  read^T. 

243,  line  3  ftom  foot,  after  ezpreMion,  insert  ,  at  dietingai*l>o^  from  tboae  ok 
tainable  bj  differentiation  of  (34),  wbicb  are  now  denoted  aimplv  b 

^^     M    etc 

286»  eeoond  line  of  |  352,  for  rectineal,  reoil  rectiUneal. 

304,  7th  line  of  email  tjpe,  for  a,  rtad  the. 

323,  line  12,  after  720  B.C.,  insert  :  bnt  (§  830)  an  error  hai  been  found  in  thi 
calculation,  anJ  the  corrected  result  renders  it  probable  that  the  time  1 
the  earth*i  rotation  ia  loncer  bj  -^-  now  than  at  that  date. 

"  '    1.709.1100 

335,  fine  7  from  foot,  for  Q=  ^    ,  etc.,  read  Q^  -j,  etc. 

857,  line  3,  for'\ — ^—  .   read ^^  • 

372,  fine  7  of  caae  1,  fur  caee,  recul  cone. 

377,  line  7,  for  to,  read  to  be. 

401,  line  8  from  foot,  fttr  gravitj.  reoil  inertia. 

443,  line  6,  for  axea,  read  axis. 

582,  line  2  from  loot,  far  ▼anikhes,  recui  ranisk. 
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DIVISION  I. 
PRELIMINARY   NOTIONS. 


CHAPTER  I.— KINEMATICS. 

!•  Theue  are  many  properties  of  motion,  displacement,  and 
defomiation,  which  may  be  considered  altogether  independently 
of  such  ])hysical  ideas  as  force,  mass,  elasticity,  temperature, 
Uttgnetisni,  electricity.  The  preliminary  consideration  of  such 
poperties  in  the  abstract  is  of  very  great  use  for  Natural  Philo- 
I  iophy,  and  we  devote  to  it,  accordingly,  the  whole  of  this  our 
tot  chapter ;  which  will  form,  as  it  were,  the  Geometiy  of  our 
object,  embracing  what  can  be  observed  or  concluded  with 
^r^  to  actual  motions,  as  long  as  the  cause  is  not  sought. 

2,  In  this  categorj'  we  shall  first  take  up  the  free  motion  of 
•*  I'^^int,  then  the  motion  of  a  point  attached  to  an  iuextensible 
'"^l.theii  the  motions  and  displacements  of  rigid  systems — and 
^^'iJly,th(»  deformations  of  surfaces  and  of  solid  or  fluid  niasses. 
Incidentally,  we  shall  be  led  to  introduce  a  good  deal  of  ele- 
'Mmtiry  giH.)iuetrieal  matter  connected  with  the  curvature  of 
''tt«  and  suriiices, 

0,  When  a  point  moves  from  (me  position  to  another  it  must  M.»ti()n(»fa 
^'i'Knily  describe  a  roniiniwus  line,  which  may  be  curved  or  ^" 
>trai;:lit,  or  evt»n  made  uj)  of  portions  of  curved  and  straight 
liiit-:^  meeting  each  other  at  any  angles.  If  the  motion  be  that 
^'f  a  iuaUrial  jmrticlc^  however,  thei-e  can  be  no  such  abrupt 
t'lian;;i»8  of  direction,  since  (as  we  shall  aftei'wards  see)  this 
wx^ultl  imply  the  action  of  an  infinite  force.  It  is  useful  to 
consider  at  the  outset  various  theorems  connected  with  the 
.•H.»iuetricul  notion  of  the  path*  descrilnMl  by  a  moving  point, 

A 


curre. 


2  PREUMINARY  NOTIONa 

Motion  Ufa  aiul  thesc  we  shall  now  take  up,  deferring  the  consideratioi 
Velocity  to  a  future  section,  as  being  more  closely  conne< 
with  jihysical  ideas. 

4*  Tlie  direction  of  motion  of  a  moving  ])oint  is  at  each 
stant  the  tangent  drawn  to  its  path,  if  the  path  be  a  cu 
or  the  path  itself  if  a  straight  line. 

conntnre  5*  If  the  path  be  not  straight  the  direction  of  motion  chai 
from  point  to  ]X)int,  and  the  rate  of  this  change,  per  uni 
length  of  the  curN'e,  is  called  the  curvature.  To  exem])lify  t 
suppose  two  tangents  drawn  to  a  circle,  and  radii  to  the  ]k) 
of  contact  The  angle  between  the  tangents  is  the  change 
direction  re<[uired,  and  the  rate  of  change  is  evidently  to 
measured  by  the  relation  In^tween  this  angle  and  the  lengtl 
the  circular  arc.  Now,  if  0  be  the  angle,  s  the  arc,  and  p 
radius,  we  see  at  once  that  (as  the  angle  between  the  radi 
equal  to  the  angle  between  the  tangents) 

0  1 
and  therefore  —  =  —  is  the  measure  of  the  curvature.     He 

*  P 
the  cur\'ature  of  a  circle  is  inversely  as  its  radius,  and  is  m 

sured,  in  terms  of  the  proper  unit  of  cur\'ature,  simply  by 

reciprocal  of  the  radius. 

6.  Any  small  [Nirtion  of  a  cur>'e  may  be  approximately  ta 

as  a  circular  arc,  the  approximation  being  closer  and  clostf 

the  truth,  as  the  assumeil  arc  is  smaller.     T\w  cur\'ature  is  t 

the  reciprocal  of  the  radius  of  this  circle. 

If  ^6  be  the  angle  between  two  tangentji  at  points  of  a  ci 
diritaut  by  un  arc  ^,  the  definition  of  curvature  giveti  us  at  < 

it.H  measure,  the  limit  of  — ■  wh«'n  &>  is  diminished  without  lii 

ur.  according  to  the  notation  of  the  diflerential  ealculas 

we  have  ,,      tli/ 

tijr 

if,  the  cur\-e  l>eing  a  plane  cur\e,  we  nfi-r  it  to  two  rectang 
axen  h.v,  <ti\  according  to  the  Carteitian  method,  and  if  6  de 
(he  inolination  cf  it**  tanp*nt,  at  any  |ioint  x,  y.  ^'^  "-^^     Hem 

/y~lnn    ;    . 
tij' 
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and,  by  differentiation  with  reference  to  any  independent  variable,  Carv«tar^ 

L  »f  r  ^  ottL  plane 

/,  we  have  curve. 

Alio,  rfjr=(£/x«H-</y)*. 

Hence,  if  p  denote  the  radius  of  curvature,  so  th.it  —  =  —  > 

^  p      ds 

,    _     1      dxd^y-^dud^x 
we  conclude,— =  7T>  v",-^  ,\i    • 

Altboogb  it  is  generally  convenient,  in  kinematical  and  kinetic 
fonnnljD,  to  regard  time  as  the  independent  variable,  and  all  the 
changing  geometrical  elements  as  functions  of  it,  there  are  cases 
in  which  it  is  useful  to  regard  the  length  of  the  arc  or  path  de- 
•eribed  by  a  point  as  the  independent  variable.  On  this  supposi- 
tion we  have 

d(d$*)^d{dx^+dff)^0. 

Hence  denoting  by  the  suffix  to  the  letter  d.  the  independent 
variable  understood  in  the  differentiation,  we  have 

*lx  dy  {dx*  H-  dy*)k       ' 

dx       {(rf!x)«  +  (rfjy)«}*_  'dy       {{d]xY  +  (d]yy}h_ 
d]y  '         (c/y-fc/x«)*       "■  dU  '  {dy*  +  dx*}h       - 

Multiplying  the  first  and  second  terras  of  the  numerator  of  the 

expre«8ion  for  — 

P 

(HiualitVf  we  hav(» 


expre«8ion  for  —  just  given,  by  the  first  and  second  terms  of  this 
P 


p  </s* 

or.  according  to  the  u^ual  short,  although   not  quite  complete, 
notation, 

I  d*tj  «  d^jc  ^    i 

p"  '\l^'^  ^  v^^'  • 

?•  If  all  points  of  the  ciir\e  lie  in  one  plane,  it  is  called  a  tohuous 
lawt  curvr,  and  in  the  same  way  we  speak  of  a  plane  poly- 
r»n  or  broken  line.  If  various  points  of  the  line  do  not 
e  iu  one  plane,  we  have  in  one  case  what  is  called  a  nine 
f  douhU  curvature,  in  the  other  a  gauche  poJygoii.  The 
•nn  "  cur\-e  of  double  cur\ature"  is  a  very  bad  one,  and, 
lOugh    in    very    general  use,    is,  we    hope,  not   ineradicable. 
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Tftrtaow  Tlie  fact  18,  that  there  are  not  two  curvatures,  but  only  a  cur- 
vature (as  above  defined),  of  which  the  plane  is  continuously 
changing,  or  twisting,  round  the  tangent  line ;  thus  exhibiting 
a  torsion.  Tlie  course  of  such  a  cur\'e  is,  in  common  language, 
well  calleil  "  tortuous ;"  and  the  measure  of  tlie  corresponding 
property  is  conveniently  called  Tortuosiit/. 

8.  The  nature  of  this  will  be  best  understood  by  consideriu^' 
the  curve  as  a  polygon  whose  sides  are  indefinitely  small  Any 
two  consecutive  sides,  of  course,  lie  in  a  plane — and  in  that 
plane  the  cur\'ature  is  measured  as  above,  but  in  a  curve  which 
is  not  plane  the  third  side  of  the  polygon  will  not  be  in  the 
same  plane  with  the  first  two,  and,  therefore,  the  new  plane  in 
which  the  curvature  is  to  be  measured  is  diflerent  from  the  old 
ona  The  plane  of  the  curvature  on  each  side  of  any  point  of 
a  tortuous  curve  is  sometimes  called  the  Osculating  Planr  of  thf 
curve  at  that  point  As  two  successive  pt^sitions  of  it  contain 
the  second  side  of  the  |)olygon  above  mentioned,  it  is  evident 
that  the  osculating  {)lane  passes  from  one  position  to  the  next 
by  revolving  about  the  tangent  to  the  cur\'e. 
canratDra  9.  Thus,  as  we  procccd  along  such  a  cur\'e,  the  cur\ature  in 
«»*ty.  general  vanes  ;  and,  at  the  same  time,  the  plane  in  which  the 
curvature  lies  is  tuniing  about  the  tangent  to  the  cur^e. 
Tlie  rate  of  torsion,  or  the  tortuosity,  is  therefore  to  b«»  luei- 
sured  by  the  rate  at  which  the  osculating  i)lane  turns  about 
the  tangent,  per  unit  length  of  the  cur\e. 

To  exprcsK  the  radiiii<  of  cur>'aturi\  thf»  din^ctiou  o<wini»t(  of  the 
osculating  piano,  and  the  tortu(>i*ity.  (»f  a  curve  not  in  one  plane, 
in  teruw  of  Carteitian  triple  co-ordinateft.  let.  as  befi»re.  6(^  be  tW 
angle  lietween  the  tangents  at  two  |M»inti<  at  a  (li^Unot*  ^  froM 
(»ne  another  along  the  eurve.  and  let  &/>  lie  the  un^le  between 
the  OHculating  planer  at  thtf  c  |N>intM.  Thus,  th^iHiting  by  />  the 
nidiuM  of  curvature,  and  t  the  t<»rtuo«*ily,  we  have 

\    _  fW 
ace«mling  to  the  regular  notation  fir  the  liuiitlng  values  «»f  ,  • 


KINEMATICS.  5 

&^ 
and  -•-  '   when  &  is  diminiBhed  without  limit.     Now,  if  /,  m,  n,  Owntun 

r,  m',  fi',  be  the  direction  cosines  of  two  lines,  SO  the  angle  be-  ^^^' 
tween  them,  and  A,  /a,  v,  the  direction  cosines  of  their  plane,  we 
hare  the  elementary  formala?, 

wn8^={(iwn'-nmV  +  (i/'-/n')«+(/m'-mr)«}* 
A= — :— «^-  >  etc. 

Now  let  /'=/+a&,m'=m+j8&,n'=n+78»,  where  &i  is  any 
quantity  whatever,  and  we  have  mn'— nm^=:(my— n)9)^,  etc. 
Henee  sin«^={(my-fi)8)«4-(na-/7)«4-(/)8-ma)«}*S5 

.na  A= K ?5'_r!L^ ,  etc. 

~~  {(my-n)J)^(wa-/y)«4-(//3-ma)«}* 

In  the  limit,  we  have  —        =  ^  >  where  hs  is  indefinitely  small. 

The  formnla  may  be  applied  first,  to  give  the  valae  of  —  >  by 

taking 

,      dx  du  dz 

Isz       J  m  =  ~  >   n  =  -7-  » 
da  ds  ds 

dl^.)  dl'JV)  d.{^) 

ds  d$  ds 

th«^  huffix  denoting,  as  before,  the  independent  variable,  in  this 
ca!M\  /.     Thiw  we  tind, 

and  then  wc  have 

,1yd(''^)-dzd[^ 

\Vt»  may  Finiplify  these  expressions  by  actually  differentiating  the 

dx 
fractions  -  -   ?  etc.    Thus  we  have 
ds 

,,dx,     ds  (t^x — dxd^s 
and  th<nco 

d§  ^  ds '  ds 
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€^lrT■ture  We  havc  therefore 

aadtocto- 

p"  ds*     ~ 


P 

The  expreiwioii  for  —  mmy  be  modified  algebrmicftlly  to  th«  fcl* 

lowing : — 

I      \ds*[(d*xy+{d*if)*  +  (d'z)*]-'{dx(l*x+djfd'^+dsd*t]*\k 
J"  di* 

I  _{{d*x)^'h{d*if)*  +  [d':Y-{dU)*]h 
''^    p"        ~       ~  ds* 

which  is  useful  as  showing  what  the  expreasion  becomea 
is  choeen  ta  independent  variable. 

To  find  the  tortuosity,  ■  ^i  we  have  only  to  apply  the 
ds 

ecfuation  above,  with  X,  fi,  v  substituted  for  /,  m,  m,  and  J.  '   ^  ' 

dv 
'    for  tt,  /3,  y.     Thus  wo  have 

where  A.  ^.  v  denote  the  direction  cosines  of  the  osculating  plaM, 
given  by  the  preceding  fumiulic. 

inmciai  10.  The  intairal  curvature,  or  trhaU  change  of  direction  of  aB 
arc*  of  a  plane  nirve,  is  the  angle  tlm>ugh  which  the  tangent 
has  turned  as  we  jkl^s  fn>in  one  extremity  to  the  other.  The 
iiiwaijf  rurniturt-  of  any  ]M)rtion  is  it8  whole  cur\'atuiv  divided 
hy  its  len;;th.  Suppose*  a  line,  drawn  from  a  tixeil  (loint.  to 
move  Sit  as  always  to  Im*  ^larallel  to  the  direction  of  motion  of 
a  jtoint  desrribing  the  rune,  the  angle  through  which  this 
turns  •  luring  the  moti<»n  of  the  ]>i>iut  exhibits  what  wc  have 
thus  defined  as  the  integral  curvatun*.  In  (estimating  thLi,  we 
must  of  eourse  takt*  the  eiilargiNl  nuHlem  mtMUiing  of  au  angle, 
including  angles  gnatcr  than  two  right  angles,  and  also  u^ga- 
tivr  angli-s.  Thus  the  integral  cur\ature  of  any  c1o«ih1  curi'e. 
whethrr  everywhen*  eoneave  to  the  interior  or  not,  is  four  right 


i-tinatuK . 


KINEICATICS.  7 

les,  provided  it  does  not  cut  itself     That  of  a  Lemniscate,  integni 
figure  of  o,  is  zero.    That  of  the  Epicycloid  o)  is  eight 
lit  angles ;  and  so  oa 

LI.  The  definition  in  last  section  may  evidently  be  extended 
a  plane  polygon,  and  the  integral  change  of  direction,  or  the 
gle  between  the  first  and  last  sides,  is  then  the  sum  of  its 
terioT  angles,  all  the  sides  being  produced  each  in  the  direc- 
»n  in  which  the  moving  point  describes  it  while  passing 
and  the  fignra  This  is  true  whether  the  polygon  be  closed 
not  K  closed,  then,  as  long  as  it  is  not  crossed,  this  sum  is 
or  right  angles, — an  extension  of  the  result  in  Euclid,  where 
1  rt-mtrant  polygons  are  excluded.  In  the  case  of  the  star- 
aped  figure  ^,  it  is  ten  right  angles,  wanting  the  sum  of  the 

re  acute  angles  of  the  figure ;  and  so  on. 

12«  The  integral  curvaiure  and  the  average  curvature  of  a 
urve  which  is  not  plane,  may  be  defined  as  follows  : — Let  suc- 
mve  lines  be  drawn  from  a  fixed  point,  parallel  to  tangents 
;  successive  points  of  the  curve.  These  lines  will  form  a 
>nical  surface.  Suppose  this  to  be  cut  by  a  sphere  of  unit 
idius  haWng  its  centre  at  the  fixed  point  The  length  of  the 
ure  of  intersection  measures  the  integral  curvature  of  the 
ven  curve.  The  average  curvature  is,  as  in  the  case  of  a 
lane  curve,  the  int^ral  curvature  divided  by  the  length  of  the 
irva 

13.  Two  consecutive  tangents  lie  in  the  osculating  plane. 
bis  plane  is  therefore  parallel  to  the  tangent  plane  to  the  cone 
scribed  in  the  preceding  section.  Thus  the  tortuosity  may 
)  measured  by  the  help  of  the  same  spherical  curve  we  have 
St  used  for  defining  integral  curvature.  We  cannot  as  yet 
»mplete  the  explanation,  as  it  depends  on  the  theory  of  curves 
I  surfaces,  which  will  be  treated  afterwards.  But  we  shall 
e  that  if  a  plane  roll  on  the  sphere,  so  as  always  to  touch  it 
ong  the  curve  in  question,  and  so  that  the  instantaneous  axis 
ay  always  be  at  right  angles  to  the  curve,  and  tangential  to 
i€  sphere,  the  integral  curvature  of  the  curve  of  contact  or 
ftoe  of  the  rolling  on  the  plane,  is  a  proper  measure  of  the 
\4>U  torsion,  or  integral  of  tortuosity.  Farther,  we  shall  sec*, 
At  the  curvature  of  this  plane  curve  at  any  point,  or,  which  is 
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Curvature  the  Same,  the  projection  of  the  curvature  of  the  spherical  cum 
o«ity.       on  a  tangent  plane  of  the  spherical  surface,  is  equal  to  the  to^ 
tuosity  divided  by  the  curvature  of  the  given  curve. 

Let  —  be  the  curvature  and  t  the  tortuosity  of  the  given  cum^ 

P  rds  r  . 

and  ds  an  element  of  its  length.  Then  I  -  and  /  rds,  eadi  in- 
tegral extended  over  any  stated  length,  /,  of  the  curve,  an  re- 
spectively the  integral  curvature  and  the  integral  tortnoBtj. 
The  mean  curvature  and  the  mean  tortuosity  are  respectively 


y/f ''"'^tM 


Infinite  tortuosity  will  be  easily  understood,  by  consideriiig  i 
helix,  of  inclination  a,  described  on  a  right  circular  cyfinder 

of  radius  r.     The  curvature  in  a  circular  section  being  —  >  tbt 

of  the  helix  is,  of  course,  ^-^ .     The  tortuosity  is  ?^^*, 

r  '^  r 

or  tana  X  curvature.     Hence,  if  a  = . .  the  curvature  and  ior 

4 

tuosity  arc  equal. 

Let  the  curvature  be  denoted  b y  —  >    so   that  oos'a  s  -. 

P  P 

Let  p  remain  finite,  and  let  r  diminish  without  limit     The  ikf 

of  the  helix  being  27rr  tana  =  27rVpr(l )*,  is,  in  the  linii, 

2ir  'Jpr,  which  is  infinitely  small.     Thus  the  motion  of  a  pcnnt  ib 

the  curve,  though  infinitely  nearly  in  a  straight  line  (the  piA 

being  always  at  the  infinitely  small  distance  r  from  the  flizai 

straight  line,  the  axis  of  the  cylinder),  will  have  finite  currataK 

1                                            1                  1             *• 
—  .     The  tortuosity,  being  —  tana  or --_  (i )*,  will  in  tk 

P  P  v'pr  P 

limit  be  a  mean  proportional  between  the  curvature  of  the  oircii- 

lar  section  of  the  cylinder  and  the  finite  curvature  of  the  curve. 

The  acceleration  (or  force)  required  to  produce  such  a  motioa 
of  a  point  (or  material  particle)  will  be  afterwards  investigated. 

Flexible      14.  A  chaiu,  cord,  or  fine  wire,  or  a  fine  fibre,  filament,  or 
hair,  may  suggest  what  is  not  to  be  found  among  natural  or 


line. 
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tificial  productions,  a  perfectly  flexible  and  inextensible  line.  Flexible 
be  elementary  kinematics  of  this  subject  require  no  investiga-  "°** 
on.     The  mathematical  condition  to  be  expressed  in  any  case 
r  it  ifl  simply  that  the  distance  measured  along  the  line  from 
ay  one  point  to  any  other,  remains  constant,  however  the  line 
e  bent. 

15.  The  use  of  a  cord  in  mechanism  presents  us  with  many 
>TBctical  applications  of  this  theory,  which  are  in  general  ex- 
Temely  simple ;  although  curious,  and  not  always  very  easy, 
jeometrical  problems  occur  in  connexion  with  it  We  shall 
say  nothing  here  about  such  cases  as  knots,  knitting,  weaving, 
eta,  as  being  excessively  diffictdt  in  their  general  development, 
and  too  simple  in  the  ordinary  cases  to  require  explanation. 

16.  In  the  mechanical  tracing  of  curves,  a  flexible  and  inex- 
tensible  cord  is  often  supposed.  Thus,  in  drawing  an  ellipse, 
the  focal  property  of  the  curve  shows  us  that  by  fixing  the 
ends  of  such  a  cord  to  the  foci  and  keeping  it  stretched  by  a 
pencil,  the  latter  will  trace  the  curve. 

By  a  ruler  moveable  about  one  focus,  and  a  string  attached 
to  a  point  in  the  ruler  and  to  the  other  focus,  the  hyperbola 
may  be  described  by  the  help  of  its  analogous  focal  property  ;  » 

and  so  on. 

17.  But  the  consideration  of  evolutes  is  of  some  importance  Ev.iute. 
in  Natural  Philosophy,  especiaDy  in  certain  optical  questions, 

and  we  shall  therefore  devote  a  section  or  two  to  this  applica- 
tion of  kinematics. 

Def,  If  a  flexible  and  inextensible  string  be  fixed  at  one 
point  of  a  plane  curve,  and  stretched  along  the  curve,  and  be 
then  unwound  in  the  plane  of  the  curve,  its  extremity  will  de- 
•crilie  an  Involute  of  the  curve.  The  original  curve,  considered 
with  reference  to  the  other,  is  called  the  Evolute. 

18.  It  will  be  observed  that  we  speak  of  an  involute,  and  of 
the  evolute,  of  a  curva  In  fact,  as  will  be  easily  seen,  a  curve 
can  have  but  one  evolute,  but  it  has  an  infinite  number  of  in- 
volutes. For  all  that  we  have  to  do  to  vary  an  involute,  is  to 
change  the  point  of  the  curve  from  which  the  tracing  point 
starts,  or  consider  the  involute  described  by  each  point  of  the 
string,  and  these  will,  in  general,  be  different  curves.  But  the 
following  section  shows  that  there  is  but  one  evolute. 
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Evsiute.      X9,  Let  AB  be  any  curve,  PQ  a  portion  of  an  involote*  J»P,  ' 
qQ  positions  of  the  free  part  of  the  string.    It  will  be  seen  il 

once  that  these  must  be  tangMli 
to  the  arc  AB  at  p  and  q.  Also  (ase 
a  subsequent  section),  Uie  striag  il 
any  stage,  sspP,  ultimately  lefulfw 
about  p.  Hence  pP  is  normal  to  ttt 
curve  PQ.  And  thus  the  e volute  of  PQ  is  a  definite  ciUTe»  Ttt» 
the  envelope  of  the  normals  drawn  at  eveiy  point  of  PQ,  m^ 
which  is  the  same  thing,  the  locus  of  the  centres  of  curvature  of 
the  curve  PQ.  And  we  may  merely  mention,  as  an  obvioM 
result  of  the  mode  of  tracing,  that  the  arc  qp  is  equal  to  the 
difference  of  qQ  and  pP,  or  that  the  arc  pA  is  equal  to  pP. 
Velocity.  20.  Tlic  rate  of  motion  of  a  point  is  called  its  Vtheihf.  It 
will  evidently  be  greater  or  less  as  the  space  passed  over  in  a 
given  time  is  greater  or  less  :  and  it  may  be  uniform^  ic^  the 
same  at  every  instant ;  or  it  may  be  variable. 

Unifonn  velocity  is  measured  by  the  space  passed 
unit  of  time,  and  is,  in  general,  expressed  in  feet  per 
if  veiy  great,  as  in  the  case  of  light,  it  may  l)e  measured 
miles  {)er  second.     It  is  to  be  observed,  that  time  is  here  m 
in  the  aWnict  sense  of  u  unifonnly -ini  reasing  quantity 
in  the  difft^rentiul  calculus  is  called  an  inde{>endent  variable 
Its  physical  definition  is  given  in  the  next  chapter. 

21*  Tlius,  if  V  \)v  the  velocity  of  a  {>oint  moving  imifonnlf. 
it  descriU^s  a  sjuice  of  r  feet  each  second,  and  therefore  ri  feel 
in  t  seconds,  t  b<>ing  any  number  whatever.  Putting  »  for 
the  space  desc'riUnl,  we  hav<> 

$  =  I/. 

The  unit  of  velocity  is  thus  that  of  a  point  which  describes 
unit  of  space  in  unit  of  time. 

22.  It  is  well  to  obser\'e  here,  that  sinu*,  by  our  formula,  we 
have  generally  r  =  '  • 

and  since  nothing  has  l>een  said  as  t4>  the  miignitudes  of  «  and 
/,  we  may  take  theM*  as  small  as  W(*  ch(H)se.  Tims  u*f  gti  tie 
mmf  result  whethrr  irr  dfritr  r  from  thr  space  tlfAcribfd  in  a 
million  ncamdA,  or/n>m  thnt  (Uxcribcd  in  n  millionth  of  a  9f€omd. 
Tliis  idea  is  very  useful,  as  it  will  give  confidence  in  the  reeoll 
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sequent  section,  where  a  variable  velocity  has  to  be  veioei^. 
U  and  where  we  find  ourselves  obliged  to  approximate 
ue  by  considering  the  space  described  in  an  interval 

that  during^  its  lapse  the  velocity  does  not  sensibly 
ralue« 

rhen  the  point  does  not  move  uniformly,  the  velocity 
le>  or  different  at  different  successive  instants ;  but  we 
le  averciffe  velocity  during  any  time  as  the  space  de- 
in  that  time,  divided  by  the  tima  Or  again,  we 
le  exact  velocity  at  any  instant  as  the  space  which  the 
luld  have  described  in  one  second,  if  for  such  a  period 
its  value  unchanged  That  there  is  at  every  instant  a 
valne  of  the  velocity  of  any  moving  body,  is  evident  to 

is  matter  of  eveiyday  conversation.  Thus,  a  railway 
ter  starting,  gradually  increases  its  speed,  and  we  see  no 
y  in  saying  that  at  a  particular  instant  it  moves  at 
i  of  ten  or  of  fifty  miles  an  hour, — although,  in  the 
of  an  hour,  it  may  not  have  moved  a  mile  altogether. 

we  may  suppose  that,  at  any  instant  during  the  motion, 
on  is  so  adjusted  as  to  keep  the  train  running  for  some 

a  perfectly  uniform  velocity.  This  would  be  the  velo- 
dch  the  train  had  at  the  instant  in  questioa  Without 
Lng  any  such  definite  adjustment  of  the  driving  power 
Liade,  we  can  evidently  obtain  an  approximation  to  this 
aneous  velocity  by  considering  the  motion  for  so  short  a 
hat  during  it  the  actual  variation  of  speed  may  be  small 
I  to  be  neglected. 

In  fact,  if  2?  be  the  velocity  at  either  beginning  or  end, 
my  instant  of  the  interval,  and  s  the  space  actually  de- 

I  in  time  /,  the  equation  i;  =  —  is  more  and  more  nearly 

»  the  velocity  is  more  nearly  uniform  during  the  interval 
hat  if  we  take  i  as  iVth  of  a  second,  and  find  s^  to  be  the 

>onding  space  described,—^  or  lOsj,  is  an  approximation 

TXT 

velocity  at  any  instant  of  t]  if  we  take,  for  t,  iwth  of  a 

.,  «3  being  the  corresponding  space,  — j—  or  lOOs.^  is  a 
approximation  ;  and  so  on.     Hence  the  set  of  values — 
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Velocity.      Space  described  in  one  second. 

Ten  times  the  spoxie  described  in  the  first  tenth  of  a  aecon 
A  hundred  „  „  „  hundredth     „ 

and  so  on,  give  nearer  and  nearer  approximations  to  the  velo 
at  the  beginning  of  the  first  second.  The  whole  foundatio 
the  differential  calculus  is,  in  fact,  contained  in  this  sin 
question,  "  What  is  the  rate  at  which  this  space  described 
creases  ?"  ie.,  What  is  the  velocity  of  the  moving  point  ? 

Let  a  point  which  has  described  a  space  s  in  time  t  pro 
to  describe  an  additional  space  ^  in  time  St^  and  let  Vt  be 
greatest,  and  Vt  the  least,  velocity  which  it  has  during  the  inU 
Bt.     Then,  evidently, 

83  8s 

'■'■'  &^  ""¥="'''• 

But  as  8t  diminishes,  the  values  of  Vi  and  v,  become  more 
more  nearly  equal,  and  in  the  limit,  each  is  equal  to  the  vek 
at  time  L     Hence  ds 

Resolution  25.  The  abovc  definition  of  velocity  is  equally  appUc 
of  velocity.  ^jjg|;ijgr  ii^Q  point  movc  in  a  straight  or  curved  line ;  but,8 
in  the  latter  case  the  direction  of  motion  continucdly  char 
the  mere  amount  of  the  velocity  is  not  sufficient  completel 
describe  the  motion,  and  we  must  have  in  every  such 
additional  data  to  remove  the  uncertainty. 

In  such  cases  as  this  (we  may  explain  once  for  all) 
method  commonly  employed,  whether  we  deal  with  veloci 
or  as  we  shall  do  farther  on  with  accelerations  and  forces, « 
sists  mainly  in  studying,  not  the  velocity,  acceleration,  or  fi 
directly,  but  its  resolved  parts  parallel  to  any  three  assu 
directions  at  right  angles  to  each  other.  Thus,  for  a  train  n 
ing  up  an  incline  in  a  NE  direction,  we  may  have  given 
whole  velocity  and  the  steepness  of  the  incline,  or  we  may  exj 
the  same  ideas  thus — the  train  is  moving  simultaneously  no 
ward,  eastward,  and  upward — and  the  motion  as  to  amount 
direction  will  be  completely  known  if  w^e  know  separately 
northward,  eastward,  and  upward  velocities — these  being  ci 
the  components  of  the  whole  velocity  in  the  three  mutually 
pendicular  directions  N,  E,  and  up. 
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In  general  the  velocity  of  a  point  at  x,  y,  z,  b  (as  we  have  Resolution 
«««a)  ^  »  or,  which  IS  the  same,  {(— )  +  (-J-)  +  (— )  }*. 

Now— -=rs  (sappose)  bthe  rate  at  which  x  increases,  or  the 

Telodt  J  parallel  to  the  axis  of  x,  and  so  of  the  other  two.  Hence 
if  a,  )9y  y  he  the  angles  which  the  direction  of  motion  makes  with 
the  axes,  dx 

_        dx       di       Vx 
ds       ds        V 
W 
Hence  9«=r  cos  a,  and  therefore 

26.  A  velocity  in  any  direction  may  be  resolved  in,  and  per- 
idicular  to,  any  other  direction.  The  first  component  is 
med  by  multiplying  the  velocity  by  the  cosine  of  the  angle 
;ween  the  two  directions — the  second  by  using  as  factor  the 
e  of  the  same  angle.  Or,  it  may  be  resolved  into  compon- 
ts  in  any  three  rectangular  directions,  each  component 
ing  formed  by  multiplying  the  whole  velocity  by  the  cosine 
the  angle  between  its  direction  and  that  of  the  component 

It  is  useful  to  remark  that  if  the  axes  of  x,  ^,  z  are  not  rectan- 

isnlar,  —  ,  — p- ,  —^  will  still  he  the  velocities  parallel  to  the  axes, 
^       '    di  '    dt  '    dt  *  ' 

>»ut  we  shall  no  longer  have 

fds.*       ,dx^       f  dij  *       ,dz  .^ 

We  leave  as  an  exercise  for  the  student  the  determination  of  the 
correct  expression  for  the  whole  velocity  in  terms  of  its  com- 
ponents. 

Jf  we  resolve  the  velocity  along  a  line  whose  inclinations  to  the 
axes  are  A,  /x,  v,  and  which  makes  an  angle  6  with  the  direction 
of  motion,  we  find  the  two  expressions  below  (which  must  of  course 
l>e  equal)  according  as  we  resolve  v  directly  or  by  its  components, 
r,.  Ty,  r„ 

rcoH^=  r^cosX  -|-ryC08fi+r,cosv. 
Snhfltitute  in  this  equation  the  values  of  r„  Vyy  r,  already  given, 
§  25,  and  we  have  the  well-known  geometrical  theorem  for  the 
angle  between  two  straight  lines  which  make  given  angles  witli 
the  axes, 

cos^=  cosacos  A-j-cos^cosft  -|-  cosycoRv. 
From  the  above  expression  we  see  at  once  that 


tkm&t 
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27.  The  velocity  resolved  in  any  diiection  is  the  sum  of 
resolved  parts  (in  that  direction)  of  the  three  rectangular  o 
ponents  of  the  whole  velocit}*.  And,  if  we  consider  motioi 
one  plane,  this  is  still  true,  only  we  have  but  tico  rectang 
components^  These  propositions  are  \irtually  equivalent  to 
following  obvious  geometrical  construction  : — 

To  compound  any  two  velocities  as  OA,  OB  in  the  fig^ 
from  A  draw  ilC  parallel  and  e^ 
to  OB.  Join  OC :— then  OCm 
resultant  velocity  in  magnitude 
direction. 

OC  is  evidently  the  diagona 
the  parallelogram  two  of  whose  a 
are  OA,  OB. 

Hence  the  resultant  of  velocities  represented  by  the  side 
any  closed  polygon  whatever,  whether  in  one  plane  or  not,  ta 
all  in  the  same  order,  is  zero. 

Hence  also  the  resultant  of  velocities  represented  by  all 
sides  of  a  polygon  but  one,  taken  in  order,  is  represented 
that  one  taken  in  the  opposite  direction. 

When  there  are  two  velocities  or  three  velocities  in  twi 
in  three  rectangular  directions,  the  resultant  is  the  square  i 
of  the  sum  of  their  squares  -and  the  cosines  of  the  inclinal 
of  its  direction  to  the  given  directions  are  the  ratios  of  the  a 
ponents  to  the  resultant. 

It  in  easy  to  see  that  as  ^  in  the  limit  may  be  resolved  iot 
and  rS$^  where  r  and  $  are  polar  co-ordinates  of  a  plane  CQ 

y  and  r  >-  are  the  resolved  parts  of  the  velocity  along,  and 

pendicular  to,  the  radiuA  vector.     Wo  may  obtain  the  same  re 
thus,  x=rco»Oj  tf=r»\n  0. 

„  dx     dr       ^        '  r%dO    du     dr  .    ^  ,  ^dS 

dt      dt  dt     dt     di  di 

But  by  5  ^•^  tl>®  whole  velocity  along  r  \n       o(M$+.Jt 

dr 
i.r.^  by  the  above  valuer.  —  .    iSitnilarly  the  trannverse  velocit 

dw       a     dx  .  a  dO 

d!  dt  di 
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h.  SB.  The  velocity  of  a  point  is  said  to  be  accelerated  or  re-  Aooeiemuon. 
^oded  according  as  it  increases  or  diminishes,  but  the  word 
^tfdmUian  is  generally  used  in  either  sense,  on  the  understand- 
%  that  we  may  regard  its  quantity  as  either  positive  or  nega- 
Ibft  Acceleration  of  velocity  may  of  course  be  either  uniform 
^  Tariabla  It  is  said  to  be  uniform  when  the  point  receives 
{Oil  increments  of  velocity  in  equal  times,  and  is  then  mea- 
Kred  by  the  actual  increase  of  velocity  per  unit  of  tima  If  we 
kooie  as  the  unit  of  acceleration  that  which  adds  a  unit  of 
ilodty  per  unit  of  time  to  the  velocity  of  a  point,  an  accelera- 
m  measured  by  a  will  add  a  units  of  velocity  in  unit  of 
De — and,  therefore,  at  units  of  velocity  in  t  units  of  time. 
enoe  if  F  be  the  change  in  the  velocity  during  the  interval  t, 

V=at. 

89,  Acceleration  is  variable  when  the  point's  velocity  does 
t  receive  equal  increments  in  successive  equal  periods  of 
Be  It  is  then  measured  by  the  increment  of  velocity,  which 
mid  have  been  generated  in  a  unit  of  time  had  the  acceleration 
nmined  throughout  that  unit  the  same  as  at  its  commence- 
mt  The  average  acceleration  during  any  time  is  the  whole 
bcity  gained  during  that  time,  divided  by  the  time. 

Let  9  be  the  velocity  at  time  /,  Sv  its  change  in  the  interval  8/, 
ttj  and  a^  the  greatest  and  least  values  of  the  acceleration  during 
the  interval  3/.     Then,  evidently, 

^D  -^  (t-i^ty  ^0  :^-  a, 8/, 

So  Sv 

\a  St  is  taken  smaller  and  smaller,  the  values  of  a^  and  a,  approxi- 
mate in6nitely  to  each  other,  and  to  that  of  a  the  recjuired  ac- 
celeration at  time  /.     Hence 

do 

;it  =  ''' 

It  is  oseful  to  observe  that  we  may  also  write  (by  changing  the 
independent  variable) 

dv  ds        dc 
ds  dt        ds 

Since  r=  — ,  we  have  a=    _  ,  and   it  is  evident  from   similar 
dt  dt*  * 

reasoning  that  the  accelerations  parallel  to  the  axes  are 

d^x      , 
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Acceleration.  But  it  is  to  be  carefully  observed  that  — ?  is  not  the  comphte  »- 

at* 

sultant  of  a,,  Oy,  a^ ;  for  we  have  not  in  general 

The  direction  cosines   of  the  tangent  to  the  path  at  any  pool 
a:,  y,  2  are  I  dx     \    dy     1    dz 

V  ~dt'   V    dt  '  V    dt  ' 
Those  of  the  line  of  resultant  acceleration  are 

1^^     l^d^y     1  d*z 

fdt*   '  f  dt*  '  fdi*  ' 
where,  for  brevity,  we  denote  by  /  the  resultant  aeoeleralMii 
Hence  the  direction  cosines  of  the  plane  of  these  two  lines  are 

dyd*z—dzd*y 

{ {dyd'z-dzd'y)*  +  {dzd*X'-dx'd*z)+(dxd*y^dyd*x)}^' 
These  (§  9)  show  that  this  plane  is  the  osculating  plane  of  tti 
curve.     Again,  if  $  denote  the  angle  between  those  two  linei^  w 
have 
8iii^=  {i^y^'^^—^'^^yy  +  {dzd*x-dxd*zY  +  {dxd*y''dyd*x)*]\^ 

vfdt* 
or,  according  to  the  expression  for  the  curvature  (§  9), 
.  ^       ds*      V* 
''^^-^fdt*=rp' 


Ilencc  /sintf=— . 

P 

.      .  /»      1  ,dxd*x    dy  d*v     dzd*z.     dsd*8    d*s 

Again,  cos<>=^^(-^-^^,  +-^.^  _|?+_^^J=__^^,  =_^ . 

Hence  /co80=-r^ ,  and  therefore, 

Resolution        30.  The  whole  acceleratiou  in  any  direction  is  tlie  sum  of 

tion*i!rir"*'  the  components  (in  that  direction)  of  the  accelerations  panlM 

teierauona.   ^^  ^^^  three  Fectangular  axes — each  component  acceleratioB 

being  found  by  the  same  rule  as  component  velocities,  that  k, 

by  multiplying  by  the  cosine  of  the  angle  between  the  directkv 

of  the  acceleration  and  the  line  along  which  it  is  to  be  resolved 

81.  When  a  point  moves  in  a  curve  the  whole  acceleratioo 

may  be  resolved  into  two  parts,  one  in  the  direction  of  tbs 

motion  and  equal  to  the  acceleration  of  the  velocity — the  othtf 

towards  the  centre  of  curvature  (perpendicular  tlierefore  to  the 
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directiou  of  motion),  whose  magnitude  is  proportional  to  the  ReRoiution 
square  of  the  velocity  and  also  to  the  curvature  of  the  path.  Sn^of!!S!i 
The  former  of  these  changes  the  velocity,  the  other  affects  only  ®™^^**°^ 
the  form  of  the  path,  or  the  direction  of  motion.     Hence  if  a 
ino\ing  point  be  subject  to  an  acceleration,  constant  or  not, 
whose  direction  is  continually  perpendicular  to  the  direction  of 
motion,  the  velocity  will  not  be  altered — and  the  only  effect 
of  the  acceleration  will  be  to  make  the  point  move  in  a  curve 
wboee  curvature  is  proportional  to  the  acceleration  at  each 
instant 

82*  In  other  words,  if  a  point  move  in  a  curve,  whether  with 
a  uniform  or  a  varying  velocity,  its  change  of  direction  is  to  be 
regarded  as  constituting  an  acceleration  towards  the  centre  of 
can'atun*,  e<jual  in  amount  to  the  square  of  the  velocity  divided 
by  the  radius  of  cur\-ature.  The  whole  acceleration  will,  in 
creiy  case,  be  tlie  resultant,  of  the  acceleration  thus  measuring 
change  of  direction,  and  the  acceleration  of  actual  velocity  along 
the  cun-e. 

We  may  take  another  mode  of  resolving  acceleration  for  a 
pUoe  carve,  which  is  sometimes  useful ;  along,  and  perpendicular 
to,  the  radius- vector.  By  a  method  similar  to  that  employed  in 
{27,  we  easily  find  for  the  component  along  the  radius- vector 

and  for  that  perpendicular  to  the  radius- vector 

r  dt  ^     dO 

33.  If  f<»r  any  ca;?e  of  motion  of  a  point  we  have  given  the  Dotermfna- 
mholi*  vel«H'ity  and   it^  direction,   or  simply  the  components  motion  fr^ui 
of  the  veloiity  in  three  rectangular  directions,  at  any  time,  Sty  or  acTei- 
or.  a^    is  most  commonly  the  case,  for  any  position,  the  de-  ^^  *"°' 
termimition  of  the  form  of  the  path  described,  and  other  cir- 
cumKtanres  of  the  motion,  is  a  question  of  pure  mathematics, 
and  in  all  casrs  is  capable,  if  not  of  an  exact  solution,  at  all 
events  of  a  solution  to  any  degree  of  approximation  that  may 
W  desireil. 

The  .-^inie  is  tnie  if  the  total  acceleration  and  its  dirt^ction  at 
t'\»n-  instant,  <>r  simply  its  rectangular  components,  be  given, 

B 


18  PKIULIMINAKY  NUTIOXa 

ii«t«muiw    pruvided  the  velocity  aud  direction  of  uiotion,  as  well  u  tlir 
mouoB  iwmb  position,  of  tlic  i)0int  at  any  one  instant,  be  given. 

(Ira  rek>- 
cttyoraocel- 

^nukm.  Por  we  have  in  the  first  cose 

dx 

- ,  =  r,=  e  coso,  etc., 

three  simultaneous  e<}uations  which  can  contain  only  x,  y,  r,  ind 
/,  and  which  therefore  Huffice  when  integrated  to  determine  x.  jr. 
and  z  in  terms  of  /.  By  eliminating  t  among  these  eqoaticns,  «f 
obtain  two  equations  among  x,  y,  aud  r — each  of  which  repretenu 
a  surface  on  which  lies  the  path  described,  and  whuee  intenec- 
tion  therefore  completely  determines  it. 
In  the  second  case  we  have 

(l*X 

to  which  equations  the  same  remarks  apply,  except  that  here 
each  has  t4>  be  twice  iutcgrated. 

The  arbitrary  constants  introduced  by  integration  are  deter- 
mined at  once  if  we  know  the  c<»-ordinates,  and  the  components  ii 
the  velocity,  of  the  point  at  a  given  epoch. 

Ekjuiifirs  uf      34.  Fn)ni  the  })rinciples  uln^ady  laid  down,  a  jj^rcat  many  in 
TriiHTiiy.       terestiii;^'  n\siilts  may  he  deduced,  of  which  we  enunciate  a  frw 
of  th(*  most  im]M»rtant. 

a.  If  the  vel<»city  of  a  movinj;  jKiint  be  unifonn.  and  if  its 
din'rtion  revolve  unifonnly  in  a  plane,  the  path  described  is  a 
circle. 

k  If  a  ]M»int  mov<*s  in  a  phiiie,  and  if  its  c*om]N>nent  velocity 
]>amll(*l  to  each  of  two  rectan<iular  axes  is  pro]M>rti<tnal  to 
its  distaiut*  from  that  axis,  the  path  is  a  conic  set.*tion  whose 
princi|>al  diaimeti'rs  coinciiK*  with  th«K»M»  axe.^i ;  and  tlie  accele- 
ration is  din*ct4Ml  to  or  from  the  oripn  at  ever>'  instant. 

r.  If  the  comiHinent.s  of  the  veh^ity  parallel  to  fm^li  axis  be 
e<|uimultiplrs  of  the  distances  fn»m  the  other  axis  the  {lath  is 
a  8tnii;:ht  lim*  pa.v<inu  throu;^h  tiit*  ori^'in. 

//.  \Vh«*n  the  veh>city  is  unifonn,  but  in  direction  iv%'olv 
in^    unifonnly   in  a  ri^dit    cin!uhir  cone,  the   motion   of  the 
|Miint  is  in  a  rinuhir  hflix  whosi*  a.xis  is  immlkd  to  tliat  of 
thf  ( f»n«*. 
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(a.)  Let  a  be  the  velocity,  and  a  the  angle  through  which  its  Examples  o 
direction  turns  in  unit  of  time ;  then,  by  properly  choosing  the  axes,  ^' 

we  have 

-— =  —a  sin  a/,  -^=aco8a/, 
at  at 

whence  {x-^)'+(j^-5)«=l' . 

a' 

,,  ^  dx  dy 

Hence    -;-  =avx,  — -  =  Mvy,  and  the  whole  acceleration  is 
da*  €U* 

towards  or  from  O. 

Also  -^  =  — — ,  from  which  LLt/*—vx*  =  C,  a  conic  section  re- 
dx     fi  y 

ferred  to  its  principal  axes. 

/   \  dx  dy 

dx  ^dy 

or  y=Cx» 

35.  a.  WTieii  a  point  moves  unifonnly  in  a  circle  of  radius  R,  ^^^i^^ 
with  velocity  V,  the  v^hole  acceleration  is  directed  towards  the 

cvntre,  and  has  the  constant  value  -o"     See  §  31. 

h.  With  uniform  acceleration  in  the  direction  of  motion,  a 
|Kjint  describes  spaces  proportional  to  the  squares  of  the  times 
elaj»sed  since  the  commencement  of  the  motion. 

Ill  this  case  the  space  described  in  any  interval  is  that  which 
w(»uld  be  described  in  the  same  time  by  a  point  moving  uni- 
fonnly with  a  velocity  equal  to  that  at  the  middle  of  the 
int^r\'aL  lu  other  words,  the  average  Velocity  (when  the  ac- 
aloration  is  uniform)  is,  during  any  interval,  the  arithmetical 
mean  of  the  initial  and  final  velocities.  This  is  the  case  of  a 
^tone  falling  verticaUy. 


For  if  the  acceleration  be  parallel  to  Xj  we  have 
^^=a,  therefore  -^ 


-  -  =  a,  therefore  -^ = t? = cU,  and  x = JoU* . 


And  we  may  write  the  equation  (§  29)  v~  =a,  whence  -  =aa;. 

dx  2 
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ExAmpies  of  K  at  time  <=0  the  velocity  was  V,  these  equations  become  at  once 

acceleration. 

v=V+aty  x=^Vt+^^,  and  *'*=—+ cu:. 

And  initial  velocity  =  V 

final  „       =F+a/ 

Arithmetical  mean  =  V-\-\ai 
^x 

whence  the  second  part  of  the  above  statement. 

c.  When  there  is  uniform  axjceleration  in  a  constant  direction, 
the  path  described  is  a  parabola,  whose  axis  is  parallel  to  that 
direction.     Tliis  is  the  case  of  a  projectile  moving  in  vacuo. 

For  if  the  axis  of  y  be  parallel  to  the  acceleration  a,  and  if  the 
plane  of  xy  be  that  of  motion  at  any  time, 

and  therefore  the  motion  is  wholly  in  the  plane  of  xy, 

dx 
and  if  --t-= const.  =  U,  we  get  at  once 

d*y_  a 
dx^^U* 

»'  »=^+«'+<^'=^+-^' 

if  y = 0,  and  --^-  =  F"  when  x = 0.     The  equation  may  be  writteD 

a  parabola  of  which  the  axis  is  parallel  to  y,  whose  paramettf  is 
— ,  and  whose  vertex  is  at  the  point  whose  co-ordinates  are 

d.  As  an  illustration  of  acceleration  in  a  tortuous  curve,  we 
take  the  case  of  §  13,  or  of  §  34,  d. 

Let  a  point  move  in  a  circle  of  radius  r  with  uniform  angular 
velocity  (d  (about  the  centre),  and  let  this  circle  move  pcrpen- 
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dicular  to  its  plane  with  velocity   V.      The  point  describes  a  Examples  uf 
beUx  on  a  cylinder  of  radius  r,  and  the  inclination  a  is  given  by    •*'*^*"*****"- 

V 
tana=  — 
rw 

The  curvature  of  the  path  is  -  „*—*** —  or  -,,  ^^  —  ,  and  the 

The  acceleration  is  rco^,  directed  perpendicularly  towards  the 
axis  of  the  cylinder. — Call  this  A, 

A  A 


Curvature = 


Tortuosity =- 


Let  A  be  finite,  r  indefinitely  small,  and  therefore  (o  indefinitely 
great. 

Curvature  (in  the  limit)  =  -r^  • 

Tortuosity  (         „         )  =  y  • 

Thus,  if  we  have  a  material  particle  moving  in  the  manner  speci- 
fied, and  if  wc  consider  the  force  (see  Chap,  ii.)  required  to 
pr«Mluce  the  aocokTation,  we  find  that  a  finite  force  perpendicular 
to  thf  line  of  motion,  and  whose  direction  revolves  with  an 
infinit«'ly  great  angular  velocity,  maintains  constant  infinitely 
8mall  deflection  (in  a  direction  opposite  to  its  own)  from  the  lino 
•  •f  undisturbeti  motion,  ^niVc  curvature,  and  infinite  tortuosity. 

'.  When  the  luci'lenition  is  i>erpendicular  to  a  given  plane  and 
r'»|N.itional  to  the  distance  from  it,  the  path  is  a  plane  curve, 
iiivh  i>  the  hannonic  curve  if  the  acceleration  be  towards  the 
1  aie.  and  a  more  or  less  fore-shoi-tened  catenaiy  ii  from  the 
Ion*'. 

A?  in  case  c,    ,  "  =  — =j=0,  if  the  axis  of ;:  be  perpendicular 
dn     dt  '  ^    ^ 

to  the  acceleration  and  to  the  direction  of  motion  at  any  instant. 

Aim*,  if  we  choose  the  origin  in  the  plane 

d}x    ci    d^y 

dt*        '   dt^      ^^ 
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Bxamples  of 
acceleration. 


Hence 
and 


dx 
di 


= const = a  (suppose ) 


Zi7«""/i«^      "^ 


dx 


6« 


This  gives,  if  ft  is  negative, 


.x 


y=Pcos(— +  Q),  the  harmonic  curve,  or  curve  of  sines. 


If  ft  be  positive. 


y=Pe'  +  Qe*; 


and  bj  shifting  the  origin  along  the  axis  of  x  thb  can  be  put  in 
the  form 

Z  X 

which  is  the  catenary  if  2i2=2^,  otherwise  it  b  the  catentit 
stretched  or  fore-shortened  in  the  direction  of  y. 

Acceleration      36.  a.  When  the  acceleration  is  directed  to  a  fixed  point,  the 

fli^^ntre*  path  is  in  a  plane  passing  through  that  point ;  and  in  this 

plane  the  areas  traced  out  by  the  radius-vector  are  proportional 

to  the  times  employed.     This  includes  the  case  of  a  satellite 

or  planet  revolving  about  its  primary. 

Evidently  there  is  no  acceleration  perpendicular  to  the  plane 
containing  the  fixed  and  moving  points  and  the  direction  of 
motion  of  the  second  at  any  instant ;  and,  there  being  no  velo- 
city perpendicular  to  this  plane  at  starting,  there  is  there- 
fore none  throughout  the  motion  ;  thus  the  point  moves  in  the 
plane.  And  had  there  been  no  acceleration,  the  point  wouU 
have  described  a  straight  line  with  uniform  velocity,  so  that  in 
this  case  the  areas  described  by  the  radius-vector  would  ba^ 
been  proportional  to  the  time.  Also,  the  area  actually  described 
in  any  instant  depends  on  the  length  of  the  radius-vector 
and  the  velocity  perpendicular  to  it,  and  is  shown  below  to 
be  unaffected  by  an  acceleration  parallel  to  the  radius-vectot 
Hence  the  second  part  of  the  proposition. 


We  have 


^y. 


r 


di^"     r 


dy 

dt*         r  '    dt* 

the  fixed  point  being  the  origin,  and  P  being  some  function  cf 
Xy  y,  z  ;  in  nature  a  Unction  of  r  only. 
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^1 ,^^_n    ^♦^  AccelemtioB 

directed  to  I 
fixed  centre. 


Hence  x^^-y^-  =0,  etc., 

which  give  on  integration 

^dz  dy  _  dx  dz  _^     x^^-t/^-r7 

Hence  at  once  C7iX+C,y+C't^=0,  or  the  motion  is  in  a  plane 
through  the  origin.  Take  this  as  the  pkne  of  xy,  then  we  have 
only  the  one  equation 

"*"  J""^  J"^^*^*  (suppose). 
In  polar  co-ordinates  this  is 

dt        dt 

if  i4  he  the  area  intercepted  hj  the  curve,  a  fixed  radius- vector, 
and  the  radius-vector  of  the  moving  point.  Hence  the  area  in- 
creanes  uniformly  with  the  time. 

b.  In  the  same  case  the  velocity  at  any  point  is  inversely  as 
the  perpendicular  from  the  fixed  point  upon  the  tangent  to  the 
path,  the  momentary  direction  of  motioa 

For  evidently  the  product  of  this  perpendicular  and  the 
fc-elocity  gives  double  the  area  described  in  one  second  about 
the  fixe<l  point. 

Or  thus — if  p  be  the  perpendicular  on  the  tangent 
_    dt/        dx 


P= 

-'as 

-•'/*' 

and  thoreforo 

r 

ds 

)      — 

dt" 

J". 
""dt 

dx      . 

If  we 

refer  the  motion 

toco- 

ordinates  in 

its 

own 

plane, 

we 

have 

only  the 

equations 

d*x_ 
dt'^ 

_Px 
r 

dt*       r   ' 

whence. 

as  before, 

dt 

=h. 

If,   bv   the   help  of    this  last  equation  we  eliminate  t  from 

il*X       Px 

=        .  ?ub.«»tituting   polar  for   rectangular   co-ordinates,  we 
arrive  at  the  polar  differential  equation  to  the  path. 
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Aeoeiention  For  variety,  we  may  derive  it  from  the  formube  of  §  32. 

directed  toa  ^  ^ 

fixed  centre.  TU^.^.  «:««  "  '"  /""v         n     •»"       > 

They  give  -^^-r(-^-)  =P,  r'^^  =A. 

Putting  —  =tt,  we  have 

But  -^r=*«'-rfr  =-*d6f'  tl'e'efo^-Si *'«'d«).- 

Also  — (^r)  =^'w*    the  substitution  of  which  values  gives  as 
u   at'  ^ 

-j^-|-M=— — -  ,  the  equation  required.      The  integral  of  this 

equation  involves  two  arbitrary  constants  besides  A,  and  the 
remaining  constant  belonging  to  the  two  differential  equation! 
of  the  second  order  above  is  to  be  introduced  on  the  fiurther  in- 
tegration of  dS  __r^, 

when  the  value  of  u  in  terms  of  0  is  substituted  from  the  equatioo 
to  the  path. 

Other  examples  of  these  principles  will  be  met  with  in  the 
chapters  on  kinetics. 

87.  If,  from  any  fixed  point,  lines  be  drawn  at  every  instant 
representing  in  magnitude  and  direction  the  velocity  of  a  point 
describing  any  path  in  any  manner,  the  extremities  of  these 
lines  form  a  curve  which  is  called  the  Hodograph,  The  inven- 
tion of  this  construction  is  due  to  Sir  W.  R  Hamilton,  and  the 
most  beautiful  of  the  many  remarkable  theorems  to  which  it 
leads  is  this  :  The  Hodograph  for  the  motion  of  a  planet  or 
comet  u  always  a  circle,  wlmtcver  he  tlie  form  and  dim^efisUms  cf 
the  orbit. 

Since  the  radius-vector  of  the  hodograph  represents  the 
velocity  at  each  instant,  it  is  evident  (§  27)  that  an  elementary 
arc  represents  the  acceleration,  and  thus  a  finite  arc  represents 
the  whole  acceleration  of  the  moving  })oint  during  the  corre- 
sponding time ;  and  it  is  evident  also  that  the  tangent  to  the 
hodograph  is  parallel  to  the  direction  of  the  acceleration  of 
the  moving  point  in  the  corresponding  position  of  its  orbit 


Hodograph. 
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If  X,  jf,  2  be  the  co-ordinates  of  the  moving  point,  (,  rj,  ( those  Hodf^raph. 
of  the  corresponding  point  of  the  hodograph,  then  evidently 

A^^     „-^y     /-^ 
and  therefore 

d*x       d*y       d*z 

dt^        dt*         ~dt* 
or  the  tangent  to  the  hodograph  is  paraUel  to  the  acceleration  in 
the  orbit.     Also  if  <r  be  the  arc  of  the  hodograph 

or  the  velocity  in  the  hodograph  is  equal  to  the  rate  of  acceleration 
ID  the  orbit. 

88.  In  the  case  of  a  planet  or  comet,  the  acceleration  is 
directed  towards  the  sun's  centra  Hence  (§  36,  6.)  the  velocity 
is  inversely  as  the  perpendicular  from  that  point  upon  the 
tiuij^rnt  to  the  orbit  The  orbit  we  assume  to  be  a  conic 
section,  whose  focus  is  the  sim's  centre.  But  we  know 
that  the  intersection  of  the  peri)endicular  with  the  tangent 
lies  in  the  circle  whose  diameter  is  the  major  axis,  if  the 
orbit  1k»  an  ellijisf  or  liy])erbola ;  in  the  tanj::ent  to  the  vertex 
if  a  i»aralKilii.  Measure  oil'  on  the  peq>endicular  a  third  pro- 
|»r»rtional  to  its  own  length  and  any  constant  lino ;  this  portion 
uill  thus  n*pivsent  the  velocity  in  magnitude  and  in  a  direction 
{••q^-ndieular  to  its  own  so  that  the  locus  of  the  new  points 
in  each  iK-q>endi(ular  will  b(»  the  hodogniph  turned  through  a 
ri-ht  angh*.  Ihit  we  see  by  geonietr}'  that  the  locus  of  these 
j"»ints  is  always  a  circle.  Hence  the  proposition  in  §  37. 
Til-  h^KlMgrajdi  suiTounds  its  origin  if  the  orbit  be  an  ellipse, 
j-asjM'S  thnmgh  it  if  a  panibola,  and  the  origin  is  without  the 
hi  Ji»graph  if  the  orbit  is  a  hyperbola. 

Fur  a  projectilo  unresisted  by  the  air,  it  will  be  shown  in 
Kinetics  that  we  have  the  equations  (assumed  in  §  35,  c). 

if  fhr  axis  of  ^  1m»  taken  vertically  upwards. 
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lodograph. 


lypplicationi 
If  the  hodo- 
5T»ph. 


Hence  for  the  hodograph 

dt^'      dt         ^' 
or  £=(7,  rj^C'—gt,  and  the  hodograph  is  a  vertical  8trai|^ 
line  along  which  the  describing  point  moves  uniformly. 

Also  it  will  be  shown  in  Kinetics  that  the  equations  of  ; 
of  a  planet  or  comet  in  the  plane  of  its  orbit  are 


d*x^  fix     d*t/^  fit/ 


dt* 


where 

Hence,  as  in  §  36, 


r»      dt* 


dy       dx     . 


•(1) 


and  therefore 


d*x^fix 
dt*"  h~ 

"■  h 

_  Hi 
""  h 


dy       dx 


(x'+y';§-K4+y|) 


dt 


y^di 


Hence 
Similarly 


dl^  h  r 


•(2) 
.(3) 


./*• 


Hence  for  the  hodograph 

the  circle  as  before  stated. 

We  may  merely  mention  that  the  equation  to  the  orbit  will  be 


dx 


dy 


found  at  once  by  eliminating  "^  and  "^  among  the  three  fir* 

dt  dt 

integrals  (1),  (2),  (3)  above.     We  thus  get 

a  conic  section  of  which  the  origin  is  a  focus. 

39.  Tlie  intensity  of  heat  and  light  emanating  from  a  point 
or  from  an  uniformly  radiating  spherical  surface,  diminishes 
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increasing  distance  according  to  the  same  law  as  gravita-  ApuUcation 

Hence  the  amount  of  heat  and  light,  which  a  planet  graph, 
es  from  the  sun  during  any  interval,  is  proportional  to 
hole  acceleration  during  that  interval,  i.e.,  to  the  corre- 
ling  arc  of  the  hodograph.  From  this  it  is  easy  to  see,  for 
pie,  that  if  a  comet  move  in  a  parabola,  the  amount  of  heat 
eives  from  the  sun  in  any  interval  is  proportional  to  the 

through  which  its  direction  of  motion  turns  during  that 
raL     There  is  a  corresponding  theorem  for  a  planet  mov- 
I  an  ellipse,  but  somewhat  more  complicated. 
•  If  two  points  move,  each  with  a  definite  uniform  velocity,  cun-M  of 
n  a  given  curve,  the  other  at  every  instant  directing  its 
3  towards   the  first  describes  a  path  which  is  called  a 

of  Pursuit    The  idea  is  said  to  have  been  suggested  by 
Id  rule  of  steering  a  privateer  always  directly  for  the 

pursued.     (Bouguer,  M^7n.  de  FAcad.  1732.)     It  is  the 
described  by  a  dog  running  to  its  master. 
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Carves  of       The  simplest  cases  are  of  course  those  in  which  the  first  point 

piinuit.  '-  * 

moves  in  a  straight  line,  and  of  these  there  are  three,  for  the  velo- 
city of  the  first  point  may  be  greater  than,  equal  to,  or  less  than, 
that  of  the  second  The  figures  in  the  preceding  page  represent 
the  curves  in  these  cases,  the  velocities  of  the  pursuer  being  f ,  1, 
and  i  of  those  of  the  pursued,  respectively.  In  the  second  and 
third  cases  the  second  point  can  never  overtake  the  first,  and 
consequently  the  line  of  motion  of  the  first  is  an  asymptote. 
In  the  first  case  the  second  point  overtakes  the  first,  and 
the  curve  at  that  point  touches  the  line  of  motion  of  the  first 
The  remainder  of  the  curve  satisfies  a  modified  fonn  of  state- 
ment of  the  original  question,  and  is  called  the  Ourve  of  Flight 

Wc  will  merely  form  the  differential  equation  of  the  curve,  and 
give  its  integrated  form,  leaving  the  work  to  the  student. 

Suppose  Ox  to  be  the  line  of  motion  of  the  first  point,  whoie 
velocity  is  v,  AP  the  curve  of  pursuit,  in  which  the  velocity  is  «, 
y  then   the  tangent  at  P  always  panes 

through  Q,  the  instantaneous  position 
of  the  first  point.  It  will  be  evident, 
on  a  moment's  consideration,  that  tbe 
ciure  AP  must  have  a  tangent  perpen- 
dicular to  Ox,  Take  this  as  the  axis  of 
y,  and  let  OA  =  a.     Then,  if  OQ  =  f 


O       M  Q      ^    ^p  —  g^  and  if  x,  y  be  the  co-ordinates 

C  ry  X.  AP      OQ 

of  P,  we  have  -  -  =    -^ » 

u  V 

because  A,  0  and  P,  Q  arc  pairs  of  simultaneous  positions  of  the 

two  points.     This  gives 

V  dx 

u  ^  dy 

From  this  we  find,  unless  ^  =  1 , 

2( 
and  if  r  =  1 , 


the  only  case  in  which  wc  do  not  get  an  algebraic  curve.     The 
axis  of  x  is  easily  seen  to  be  an  asymptote  if  «  Hc  1. 

Ang«i*r        41;  AMien  a  point  moves  in  any  maimer,  the  line  joining  it 
with  a  fixed  point  generally  changes   its  direction.      If,  for 


KlNEiUTlCS.  29 

simplicity,  we  consider  the  motion  as  confined  to  a  plane  Anguur 
passin*;  through  the  fixed  point,  the  angle  which  the  joining  ^®^**^*^- 
line  makes  with  a  fixed  line  in  the  plane  is  continually  alter- 
ing, and  its  rate  of  alteration  at  any  instant  is  called  the 
Angular  Velocity  of  the  first  point  about  the  second.  If 
unifonn,  it  is  of  course  measured  by  the  angle  described  in 
unit  of  time ;  if  variable,  by  the  angle  which  would  have  been 
described  in  unit  of  time  if  the  angular  velocity  at  the  instant 
in  question  were  maintained  constant  for  so  long.  In  this 
respect,  the  process  is  precisely  similar  to  that  which  we  have 
already  explained  for  the  measurement  of  velocity  and  accelera- 
tion. 

Unit  of  angular  velocity  is  that  of  a  point  which  describes, 
or  would  descril)e,  unit  angle  about  a  fixed  point  in  unit  of 
tima  Tlie  usual  unit  angle  is  (as  explained  in  treatises  on 
plane  trigonometry)  that  which  subtends  at  the  centre  of  a 
circle  an  arc  whose  length  is  equal  to  the  radius;  being  an 

angle  of -^  =57'-29578...  =  57°ir4r.8  nearly. 

^.  Tlie  rate  of  increase  or  diminution  of  the  angular  velocity  Angular  ac- 
when  variable  is  called  the  angular  acceleration,  and  is  measured 
in  the  same  way  and  by  the  same  unit. 

By  methods  precisely  similar  to  those  employed  for  linear  velo- 
city and  acceloratioii  we  sec  that  if  0  be  the  angle-vector  of  a 
j-'int  moving  in  a  plane — the 

Aneular  velocitv  is  o>=        ,  and  the 

A ncrular  acceleration  is    ^  =  .    =a>  .^  . 
^  dt      dt*         dO 

dB 

Since  (§  liT)  r       is  the  velocity  perpendicular  to  the  radius- vector, 
dt 

we  jiee  tliat 

Tlif  an*^ilar  vel()city  of  a  point  in  a  ])lane  is  found  by  divid- 
in;:  tlir  velocity  ]>orpendicular  to  the  radius-vector  by  the  length 
•  •f  th»*  nidins -vector. 

43.  Wht*n  one  point  describes  imifonnly  a  circle  alK)ut  an-  Ank-uUr 
«»tht'r.  the  tini<»  of  descrilnng  a  complete  circuiiiferenee  being  T,  ^*^'"'  ^ 
wr  luive  the  angle  27r  described  uniformly  in  T;  and,  therefore, 
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2ir 

Angular     the  oiiffiilar  velocity  is  -;«-  •     Even  wheu  the  angular  velodtr 

velocity.  °        ^  •'J 

is  not  unifonn,  as  in  a  planet's  motion,  it  is  useful  to  intro- 

duce  the  quantity  -=r  >  which  is  then  called  the  rfiean  aDgaltr 

velocity. 

When  a  point  moves  uniformly  in  a  straight  line  its  aiigakr 
velocity  evidently  diminishes  as  it  recedes  from  the  point  about 
which  the  angles  are  measured. 

The  polar  equation  of  a  stxaight  line  is 

r=a  secft 
But  the  length  of  the  line  between  the  limiting  angles  0  and  9 
is  a  tan  d,  and  this  increases  with  uniform  velocity  v.     Henoe 

i?=— (atan^)=asec«^—  = —  • 

dV  *  dt      a  dt 

Hence  -— =— ,  and  is  therefore  inversely  as  the  square  of  the 

radius-vector. 

Similarly  for  the  angular  acceleration,  we  have  by  a  seoond 
differentiation, 

f-^+2tan^(-f  )'=0, 
dt^  ^  ^  dt^ 

d*0        2av*  .       a*  *       J    ,..     .  ,         .     .  ,         , 

I.  e.,  -r— = (1 ) ,  and  ultimately  varies  mver»ely  as  the 

dt*  r»   ^       r*' 

third  power  of  the  radius-vector. 

Angular  44.  We  may  also  talk  of  the  angular  velocity  of  a  moving 
•  piMie^**  plane  with  respect  to  a  fixed  one,  as  the  rate  of  increase  of  the 
angle  contained  by  them — but  unless  their  line  of  intersection 
remain  fixed,  or  at  all  events  parallel  to  itself,  a  somewhat 
more  laboured  statement  is  required  to  give  definite  informa- 
tion. This  will  be  supplied  in  a  subsequent  section. 
Relative  45.  All  motiou  that  we  are,  or  can  be,  acquainted  with,  is 
Relative  merely.  We  can  calculate  from  astronomical  data  for 
any  instant  the  direction  in  which,  and  the  velocity  with  which, 
we  are  moving  on  account  of  the  earth's  diurnal  rotation.  We 
may  compound  this  with  the  equally  calculable  velocity  of  the 
earth  in  its  orbit.  This  resultant  again  we  may  compound  with 
the  (roughly  known)  velocity  of  the  sun  relatively  to  the  so- 
called  fixed  stars ;  but,  even  if  all  these  elements  were  accu 
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imSely  known,  it  could  not  be  said  that  we  had  attained  any  Relative 
idea  of  an  absolute  velocity ;  for  it  is  only  the  sun's  relative 
motion  among  the  stars  that  we  can  observe ;  and,  in  all  pro- 
bability, sun  and  stars  are  moving  on  (it  may  be  with  incon- 
oeivable  rapidity)  relatively  to  other  bodies  in  spaca  We 
must  therefore  consider  how,  from  the  actual,  motions  of  a 
net  of  points,  we  may  find  their  relative  motions  with  r^ard 
to  any  one  of  them ;  and  how,  having  given  the  relative  mo- 
tions of  all  but  one  with  regard  to  the  latter,  and  the  actual 
motion  of  the  latter,  we  may  find  the  actual  motions  of  all 
The  question  is  very  easily  answered.  Consider  for  a  moment  a 
numljer  of  passengers  walking  on  the  deck  of  a  steamer.  Their 
relative  motions  with  regard  to  the  deck  are  what  we  immedi- 
ately ob8er>'e,  but  if  we  compound  with  these  the  velocity  of 
the  steamer  itself  we  get  evidently  their  actual  motion  rela- 
tively to  the  earth.  Again,  in  order  to  get  the  relative  motion 
of  all  with  regard  to  the  deck,  we  abstract  from  the  motion  of 
the  steamer  altogether — that  is,  we  alter  the  velocity  of  each 
by  (impounding  it  with  the  actual  velocity  of  the  vessel  taken 
in  a  rt»versed  direction 

Ht'uce  to  find  the  relative  motions  of  any  set  of  points  with 
ivganl  t4)  one  of  their  number,  imagine,  impressed  upon  each  in 
roinjMisitiun  with  its  own  velocity,  a  velocity  equal  and  opposite 
X*)  tli»'  velocity  of  that  on(» ;  it  will  be  reduced  to  rest,  and  the 
iiiMtinns  of  the  others  will  be  the  same  with  regard  to  it  as 

Thus,  t«»  take  a  very  simple  exami)le,  two  trains  are 
runiiiiii;  in  (»p])osite  din»ctions,  say  north  and  south,  one  with 
a  vil*M;ity  of  fifty,  the  other  of  thirty,  miles  an  hour.  The 
nkitivf*  vrloi'ity  of  the  second  with  regard  to  the  firet  is  to 
U*  tound  by  impressing  on  both  a  southward  velocity  of 
tiliy  miles  an  hour ;  the  effect  of  this  being  to  bring  the 
tirst    to   n*st,  and   to   give   the  second    a  southward  velocity 

•  f  ♦i^'hty    miles    an    hour,    which    is    the   required    relative 
lUMtiuii. 

i  >r,  '^nveii  one  train  moving  north  at  the  rate  of  thirty  miles 
;iu  hour,  antl  another  relatively  to  it  moving  south  at  the  rate 

•  »f  twenty  five  miles  an  hour,  i\\v  actual  motion  of  the  second  is 
tiiirtx  miles   north,  and  twenty  five  south,  per  hour,   i.e.,  five 
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miles  north.  It  is  needless  to  multiply  such  examplt«,  as  tlirv 
must  occur  to  eveiy  one. 
MiSlilulii!^'  ^«  K-^«*<-tly  tlie  same  remarks  ai>ply  to  relative  as  compoml 
with  al»solute  accelenition,  as  indeed  we  may  see  at  once,  since 
accelerations  are  in  all  cases  resolved  and  compounded  by  the 
same  law  as  velocities. 

If  x,y,  Zf  and  x',y,  /  be  the  co-ordinates  of  two  points  refentd 
to  axes  regiirdcd  as  fixed ;  and  (,  17,  (  their  relative  co-ordiaatci 
— we  have 

f=y-x,  i;=y-y,  f=---r, 

and,  differentiating, 

di_dx       dx 
dt'di        dt  '  ^^'' 

which  give  the  relative,  in  terms  of  the  absolute  velocities,  mud 

(Pi     d^x       d*x       . 

.*=     . -—  .  etc., 

dt^       dt*        dt* 

proving  our  a&^rtion  about  relative  and  absolute  accelcratioiis. 

The  corrcHponding  expressions  in  polar  co-ordinates  in  a  pluf 
are  somewliat  compIicate<l  and  by  no  means  convenient.  The 
student  can  easily  write  them  dovm  fur  hiuLself. 

mAUm  ^*  '^'"*  following  i)n>position  in  n'hitivr  motion  is  of  om 

sideniblf  iniijortance  : — 

Any  two  moving  iM>ints  descrilK*  similar  paths  alxiut  each 
other,  or  ndatively  to  any  jwint  which  dividers  in  a  constant 
mtio  the  lino  joining  thfrn. 

lict  A  and  B  U»  any  sinuiltan«»ous  iK)sition8  of  the  point^c 

Take  G  or  G'  in  ^4  B  such  that  the  ratio  ^ .  or  ^;^  has  a  con 

5- J »      stant   value.      Then   as  the   form  of 

the  ndative  path  deiK^nds  tmly  U|hhi 
tilt*  lentjth  and  dinrtiun  of  the  lin«»  j(»ining  the  two  ]H>ints  at 
any  instant,  it  is  olivious  that  thrst*  will  be  the  Simie  for  A 
with  n*ganl  to  B,  as  fur  B  with  nganl  to  ^4.  saving  imly  tht- 
invrrsion  of  thr  diit-rtinii  of  the  joining  line.  Henoe  Bs  path 
alM»ut  ^4.  i."-  -iV  alM)ut  B  turned  thnaigh  two  right  anglea  And 
with  n'gard  t4i  (/  and  G^  it  is  evident  that  tlie  dinn-tions  ivmaiu 
till*  siiiiie,  whili*  the  h'Ugths  aire  altend  in  a  givm  ratio;  but 
this  i>  the  dt'tinitinii  of  similar  eurv4*s. 
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48.  As  a  good  example  of  relative  motion,  let  us  con-  R^iatire 
ider  that  of  the  two  points  involved  in  our  definition  of  the 
onre  of  pursuit,  §  40.  Since,  to  find  the  relative  position 
nd  motion  of  the  pursuer  with  regard  to  the  pursued,  we  must 
mpress  on  both  a  velocity  equal  and  opposite  to  that  of  the 
itter,  we  see  at  once  that  the  problem  becomes  the  same  as  the 
allowing.  A  boat  crossing  a  stream  is  impelled  by  the  oars 
rith  uniform  velocity  relatively  to  the  water,  and  always  to- 
rmrds  a  fixed  point  in  the  opposite  bank ;  but  it  is  also  carried 
iown  stream  at  a  uniform  rate ;  determine  the  path  described 
nd  the  time  of  crossing.  Here,  as  in  the  former  problem, 
here  are  three  cases,  figured  below.  In  the  first,  the  boat, 
noting  faster  than  the  current,  reaches  the  desired  point ;  in 
he  second,  the  velocities  of  boat  and  stream  being  equal,  the 
mat  j*ets  across  only  after  an 
nfinite  time  —  describing  a 
larabola— but  does  not  land 
it  the  desired  point,  which 
s  indeed  the  focus  of  the 
Nmtbola,  w*hile  the  landing 
mint  is  the  vertex.  In  the 
hinl  case,  its  proper  velocity 
^in;:  less  than  that  of  tlie 
ratt*r.  it  never  reaches  the 
»ther  kmk.  and  is  carried  in- 

Ir-tinit^-ly  down  stn»am.  Tlie  comparison  of  the  figures  in  §  40 
*ith  th«»i*e  in  the  present  section  cannot  fail  to  be  instructive. 
rh«*y  are  drawn  to  the  same  scale,  and  for  the  same  relative 
itl«viiit'S.  Tlie  horizontal  lines  represent  the  farther  bank  of 
hf  river,  and  the  vertical  lines  the  path  of  the  boat  if  there 
un*  no  current. 


We  leave  the  soUition  cif  this  question  as  an  exercise,  merely 
noting  that  the  equation  of  the  curve  is 

cr 
in  (»ue  or  other  of  the  three  cases,  according  aa  c  is  >-,  =,  or  <:  1. 
When  ^=1  this  becomes 

y*=a*  — 2flx,  the  parabola. 
C 
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RftUtiTt  The  time  of  crossing  is 

motion 


which  in  finite  only  for  «  «^  1 ,  becauite  of  course  s  negatare  Tah» 
is  inadmissible. 

49.  Anotlior  excellent  example  of  the  traiiAfomiation  of  rela 
tivo  into  absolute  motion  is  afforded  by  the  family  of  cycloid& 
We  shall  in  a  future  section  consider  their  mechanical  descrip- 
tion, by  the  rolling  of  a  circle  on  a  fixed  straight  line  or  ciick 
In  the  meantime,  we  take  a  difterent  fonn  of  ennnciatioa 
which,  however,  leads  to  precisely  the  same  n»sult 

Find  the  actual  path  of  a  point  which  revolves  unifonnly  in 
a  circle  about  another  point — the  lattt^r  moving  uniformly  in  t 
straight  line  or  circle  in  the  same  plane. 

Take  the  former  ciise  first :  let  a  be  the  radius  of  Uie  relatiff 
circular  orbit,  and  a»  the  angular  velocity  in  it,  r  btMng  the  feli- 
city of  its  centre  along  the  .straight  line. 

The  relative  co-ordinates  of  the  point  in  the  circle  are  aeoief 
and  a  sin  <i>/,  and  the  actual  co-ordinates  of  the  centre  are  ft 
and  0.     Hence  for  the  actual  path 

f  =  r/ -f «  co< ci>/.  lyssasinW. 

Hence  f=      siir'     -|-^  «•  —  >;'.  an   e4|uatinn   which,  by  gifis^ 

different  vuluen  to  r  nud  ci>.  may  l>o  made  to  n^present  tbe  cycM 
itself,  or  either  f*»nn  of  tro<  hold.     See  §  1*2. 

For  the  epicycloid.**,  let  b  \w  the  ra<lius  of  the  circle  whick  B 
describes  about  A,  (u,  the  ungular  veh»city  ;  a  the  radios  of  i*» 
path.  u»  the  angtdar  velm'ity. 

^j^         Al.'io  at  time  /  =  0.  let  Z/  be  iu  the  rate 

OA  of  A'^  path.     Then  at  time  /.  \i  A\B 

Q.c^^^'^'^*^  ^'  ^^^  positions,  we  s<»e  at  once  that 

^^^  ;^  .lO.l  =W.   li(A^m,t. 

Ilmce.  taking  OA  n^  axi^  of  j*. 

.tz=.a  ros{i*/-f^  (•nsru,^  .y  =  ^i  >iii  W-f-A^incw,^ 

whieh.  by  tlu»  rliniinatiou  uf  t,  piv«*  an  alphraic  «M|uation  b«*t«««a 
.r  and  v  whriirvtT  w  and  «i»,  are  coininniMirable. 
TlniF,  tor  hi,  =  I'lu,  HUp|>os«>  tot  =  ^.  and  wi»  hn\o 
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or,  by  an  easy  reduction,  ^,^^ 

(x«+y«-i«)«=a«{(a:+6)«+^«}.  "^^ 

Put  X— i  for  X,  I.e.,  change  the  origin  to  a  distance  AB  to  the 
left  of  O,  the  equation  becomes 

a'(a:«+y*)=(a:«+y«-26x)«, 
or,  in  polar  co-ordinates, 

a«=(r-2ico8^)«,  r=a+2dcos^, 
and  when  2b=::a,  r^a  (1+cos^,  the  cardioid.     (See  §  94.) 

50.  As  an  additional  illustration  of  this  part  of  our  subject,  RMuitant 
we  may  define  as  follows : —  motion. 

If  one  point  A  executes  any  motion  whatever  with  reference 
to  a  second  point  B ;  HB  executes  any  other  motion  with  re- 
ference to  a  third  point  G ;  and  so  on — the  first  is  said  to 
execute,  with  reference  to  the  last,  a  movement  which  is  the 
resultant  of  these  several  movementa 

The  relative  position,  velocity,  and  acceleration  are  in  such 
a  case  the  geometrical  resultants  of  the  various  components 
combined  according  to  preceding  rules. 

51,  The  following  practical  methods  of  effecting  such  a 
combination  in  the  simple  case  of  the  movements  of  two  points 
are  useful  in  scientific  illustrations  and  in  certain  mechanical 
arrangements.  Let  two  moving  points  be  joined  by  an  elastic 
string ;  the  middle  point  of  this  string  will  evidently  execute 
a  movement  which  is  half  the  resultant  of  the  motions  of  the 
two  points.  But  for  drawing,  or  engraving,  or  for  other  mecha- 
ni'.al  applications,  the  following  method  is  preferable  : — 

CF  and  ED  are  mds  of  equal  length  moving  freely  round  a 
pivot  at  P,  whieli  pa.sses  through  the  middle  point  of  each — 
C.4,  AD,  EB,  and  BF,  are  rods  of  half  the 
l»-n;,'th  of  the  two  former,  and  so  pivoted 
t'»  th^  ni  a.s  to  form  a  pair  of  equal  rhombi 
(7/.  EF,   whr).se  angles  can  be  altered  at 
will      Whatever  motions,   whether   in   a 
plane,  or  in  space  of  three  dimensions,  be 
^ven   to  A  and  B,  P  will  evidently  l)e 
subjected  to  half  their  resultant. 

52.  Amongst  the  most  important  classes  of  motions  which  Harmonic 
wp  have  to  consider  in  Natural  Philosophy,  there  is  one,  namely 
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Harmonic  Harvwiiw  MotioTi,  whicli  is  of  such  iinuieiise  use,  not  ooly  in 

ordinary  kinetics,  but  in  the  theories  of  sound,  light,  heat^  etc^ 

that  we  make  no  apology  for  entering  here  into  considerable 

detail  regarding  it. 

Simple  53.  Def.  When  a  point  Q  moves  unifonidy  in  a  circle,  the 

motion.  ^i  perpendicular  QP  drawn  from  its  position 

at  any  instant  to  a  fixed  diameter  AA'  of 
the  circle,  intersects  the  diameter  in  a 
point  P,  whose  position  changes  by  t 
simple  harmonic  motion, 

Tims,  if  a  planet  or  satellite,  or  one  oC 
the  constituents  of  a  double  star,  be  sap- 
posed  to  move  uniformly  in  a  ciiculir 
orbit  about  its  primary,  and  be  viewed  from  a  very  distant  pori- 
tion  in  the  plane  of  its  orbit,  it  will  appear  to  move  backwards 
and  fon^^ards  in  a  straight  line  with  a  simple  harmonic  motion. 
This  is  nearly  the  case  with  such  bodies  as  the  satellites  of 
Jupiter  when  seen  from  the  earth. 

Physically,  the  interest  of  such  motions  consists  in  the  fiuA 
of  their  being  approximately  those  of  the  simplest  vibrations  of 
sounding  bodies,  such  as  a  tuning-fork  or  pianoforte  wire; 
whence  their  name ;  and  of  the  various  media  in  which  waves 
of  sound,  light,  heat,  etc.,  ai-e  propagated. 

54.  The  AmplitvAe  of  a  simple  harmonic  motion  is  the 
range  on  one  side  or  the  otlier  of  the  middle  point  of  the  conne, 
i.e.,  OA  or  OA'  in  the  figure. 

An  arc  of  the  circle  referred  to,  measured  from  any  fixed 
point  to  the  uniformly  moving  point  Q,  is  the  Argument  of  the 
harmonic  motion. 

The  distance  of  a  point,  perfonniiig  a  simple  harmonic 
motion,  ivova  the  middle  of  its  course  or  range,  is  a  simjlt^ 
luirmonic  function  of  the  time.  The  argument  of  this  func- 
tion is  what  we  have  defined  as  the  argument  of  the  motioa 

Tlie  Epoch  in  a  simple  harmonic  motion  is  the  interval  of 
time  which  elapses  from  the  era  of  reckoning  till  the  moving 
point  first  comes  to  its  greatest  elongation  in  the  direction 
rt^ckoned  as  ^wsitive,  from  its  mean  jvosition  or  the  middle  of 
its  range.  Epoch  in  angular  measure  is  the  angle  described  on 
the  circle  of  reference  in  the  period  of  time  defined  as  the  epoch. 


^mr 


The  Period  of  a  aunple  Iiamionic  motion  is  tlie  tiiiie  wliicli  mupiv  jM 

i*t  until  tlH'  moviijg  jwint  again  tjiovf^s  luotiuii.^H 

irougli  tlia  ?<ame  poaititin,  H 

The  i*AiiJ«  of  a  Mtople  hafiiiouic  motion  at  any  instant  ih  H 

frnrtioia  »f  tlu*  wlinli*  iM*rioJ  whiclj  \m^  (Anp^d  since  the  H 

morinf;  point  last  i^a^sed  thmiigh  hn  niitkile  [Hisition  in  the      ^^H 

pofiitt^i*  iltnciion.  ^^H 

S6.  Tlioae  enmmon  kinrls  of  nia^haiiism,  for  producing  n*cti-  miari^^B 

iimmi  from  ein^tilar  motion,  r^r  nre  irma,  in  wh'mh  a  cmnk  wallTn  ii^ 

mortnf^  in  m  circle  workg  in  a  stmi^rlit  »lat  bt^onging  to  a  liocly         '^| 

"an  ooly  movt?  in  a  atmi^jht  line,  fulfil  strietly  tlie  defini-  H 

-    -^    !  a  sitQ|iIr  hannonir.  motion  in  the  part  of  \Uiidi  the  mo-  H 

tJQii  tfl  necttljneal  if  the  motion  of  the  rotating  part  is  uniforni.  H 

Tb^  mnticm  of  tti^  irrmlle  in  a  ^pinnin^-wheel  approximates  H 

k»  tiw*  mxae  aondition  wTien  the  wtit^el  moves  nnifurnily ;  Un;  H 

Afipinxiioatioti  being  the  clmetp  the  dnmller  is  the  aii^Uir  M 

'  of  thf  lri*a4ni*  and  <>f  ihi*  I'orineetTnjj  f^trinji:.     It  i.^  nlso      ^^^M 

_,  J.   j^iuiated  to  more  or  lea=i  elusely  in  the  motion  of  tlie  pii^ton       ^^H 

iit  «  f^tmni-engrin**  amnect^l,  by   any  of  the  m^veral  methods  ■ 

in  OK*,  wilh  the  (*mnk.  pmvide^l  ftlwn\^  the  n*tat*jry  Tuoiion  ■ 

f»f  the  rjnok  be  nnifoan,  H 

56-  llie  %  ell  ♦city  of  a  jKiint  i^xr*euting  a  simple  harmonic  v^imiiy  H 

Inn  1%  a  <imple  liannonie  fu  not  ion  of  tlit*  time,  a  quarteT  of  a  motimi 

^ul  i'ikrher   in  pha/^e  than  Uu*  ili:«ip]ar4^numt,  and   having  ita 

limum  Vttlu*-  t^rpml  to  the  veloeity  in  fhi*  *'inndiir  niiitinn  liy 

pkii  tin?  jtiven  function  is  detine*! 

fm,  in  thi*  %  of  !J  53,  if  I'  U^  the  veltn  ity  in  the  diTle,  it 

W  n*pivi«enti^l  l*y  OQ  in  a  diredion  peq>endiailar  to  its 

rSwtL  mnd  ther»>fon?  by  OP  and  PQ  m  <lin*f  titms  per^Hindictihir 
vi^m  linf*&     Tltal  ift,  the  velority  of  P  in  the  »im|ile  bar- 

r 

iQotiiiti  is  f.^PQ:  which,  when  P  is  at  0,  hecoinm  V. 

r»  TIm»  urcrlemtion  of  a  |>o!nt  exwntinjj  a  simple  harmonic  A<jit-iiniitu.tt 

i  nt  aiiy  tinie  .^iniply  iniijHirtiomd  to  the  tlisplacement  nxm^u 

tliB  middle  point,  but  in  ofipoj^it^  dire'Ction,  or  alwavi» 

tilt*  uiiddh*  jHkint     Itj!t  maximum  value  u  that  with 

,  rolot^ity  t^qual  to  that  of  the  circnkr  motifin  would 

ittiHl  in  tli«  linn?  in  i^diieh  nu  h\r  v\[nu\  to  llie  rndiUM 


maH. 
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For,  in  the  tig.  of  §  53,  tlie  acceleration  of  Q  (by  §  35, «,  t«  gj. 

along  QO,  Supposing,  for  a  moment,  QO  to  represent  the 
magnitude  of  this  acceleration,  we  may  resolve  it  in  QP,  PO. 
The  acceleration  of  P  is  therefore  represented  on  the  same 

scale  by  PO.     Its  magnitude  is  therefore  ^^-  Qq^  oIa'^* 

which  is  pntportional  to  PO,  and  has  at  A  its  maximum  Tiliie. 

^^,    an  acceleration  under  which  the  velocity   V  wonW  be 

acquired  in  the  time  -y  as  stated. 

Let  a  be  the  amplitude,  c  the  epoch,  and  T  the  period,  «f  i 
simple  harmonic  motion.     Then  if  «  be  the  diiplicemmit 
middle  position  at  time  t,  we  have 

,=aco8(?j'-.c). 
Hence,  for  velocity,  we  have  r=      = — =-  sin  (-    —  c). 
Hence  K,  the  maximum  value,  is   ^f' ,  as  above  stated  ({  56 -■ 


Again, 

for  acceleration. 

dv 

4ir«a 

co.(^;?-.)= 

4ir« 

(See  §57 

Lastly, 

for  the  ! 

maximum  value  of  the  acceleration. 

4ir«<T 

V 

ft  - 

T  ' 
2r 

T 
where,  it  may  be  remarked,  ^     in  the  time  of  describing  an  iR 

equal  to  radiuM  in  the  n*lative  circular  motion. 

CMBptwitioti  58.  Any  two  sinipir  Imrinnnic  motions  in  one  line,  and  of 
uoMitiiv  one  iH'riod,  [^ivc.  when  coniiMnindcd,  a  ttin;il«'  simple  hir 
nionic  n)uti«)n  ;  of  the  siune  period  ;  of  amplitude  equal  to  thr 
din^'Himl  of  a  piimlh*l(»<;nun  de««oriU'd  on  Icn^^ths  t*qual  to  their 
amplitmlfs  ni<*nsiirtMi  on  Hufs  meeting  at  an  angle  equal  to 
lh«*ir  dinVn-nre  of  t*|MN)m ;  and  of  epo<h  differing  fn>m  thetf 
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epochs  by  angles  equal   to  those  which  this  diagonal  makes  compoaiu 
with  the  two  sides  of  the  parallelo-     ^  »  i^n  one  um 

gram.  Let  P  and  P^  be  two  points  ~ 
executing  simple  harmonic  motions  of 
one  period,  and  in  one  line  B'BCAA', 
Let  Q  and  Qf  be  the  uniformly  mov- 
ing points  in  the  relative  circles. 
On  CQ  and  CQf  describe  a  parallelo- 
gram SQCQf  \  and  through  S  draw 
SR  perpendicular  to  B'A^  produced. 
We  have  obviously  P'R=CP  (be- 
ing projections  of  the  equal  and  pa- 
TaUel  lines  QfS,  CQ,  on  CR).    Hence 

CR=CP+CP' ;  and  therefore  the  point  R  executes  the  re- 
sultant of  the  motions  of  P  and  P'.  But  CIS,  the  diagonal  of 
the  parallelogram,  is  constant,  and  therefore  the  resultant 
motion  is  simple  harmonic,  of  amplitude  CS,  and  of  epoch 
exceeding  that  of  the  motion  of  P,  and  falling  short  of  that 
of  the  motion  of  P',  by  the  angles  QCS  and  SC^  respectively. 

An  analytical  proof  of  the  same  proposition  is  useful,  being 
IB  follows : — 

_-.c)+aco8(-^-€  ) 

=  'aco8c4-a  C08C  )co8  ^  +(a8inc+a  sine  )  sin  j=  =rcos(       —V) 

where  r={(aco8c+a'co8c')*  +  (a8inc+a'8in€')*}i 

a  sin  c-|- a 'sine' 


and 


tan^  = 


a  cose 4- a  cose' 


59,  The  construction  described  in  the  preceding  section  ex- 
hibits the  resultant  of  two  simple  harmonic  ciotions,  whether  of 
the  same  period  or  not  Only,  if  they  are  not  of  the  same  period, 
the  diagonal  of  the  parallelogram  will  not  be  constant,  but  will 
diminish  from  a  maximum  value,  the  sum  of  the  component 
amplitudes,  which  it  has  at  the  instant  when  the  phases  of  the 
component  motions  agree ;  to  a  minimum,  the  difference  of  those 
amplitudes,  which  is  its  value  when  the  phases  differ  by  half 
a  period.  Its  direction,  which  always  must  be  nearer  to  the 
greater  than  to  the  less  of  the  two  radii  constituting  the  sides 
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compoiitfou  of.the  parallelogram,  will  oscillate  on  each  side  of  the  greitai 
in  one  line,  radlus  to  a  maximum  deviation  amounting  on  either  side  to  tki 
angle  whose  sine  is  the  less  radius  divided  by  the  greater,  ani 
reached  when  the  less  radius  deviates  more  than  this  by  t 
quarter  circumference  from  the  greater.  The  fall  period  of  tUi 
oscillation  is  the  time  in  which  either  radius  gains  a  full  tan 
on  the  other.  The  resultant  motion  is  therefore  not  simple 
harmonic,  but  is,  as  it  were,  simple  harmonic  with  periodiciUj 
increasing  and  diminishing  amplitude,  and  with  peiiodicil 
acceleration  and  retardation  of  phase.  This  view  is  nMMt 
appropriate  for  the  case  in  which  the  periods  of  the  two  com- 
ponent motions  are  nearly  equal,  but  the  amplitude  of  one  of 
them  much  greater  than  that  of  the  other. 

To  express  the  resultant  motion,  let  #  be  the  displacement  at 
time  t;  and  let  a  be  the  greater  of  the  two  component  half- 
amplitudes. 

«=a  cos(n/— €)+a'coB(n'<— c') 
=aco8(ii<— €)+a'co6(ii<— €+^) 
=  (a+a'co8</>)  cos(n^— €)—aVm^  sin  (nZ—c), 
if  <^=(n'<-€')-(nf-€); 

or,  finally,  «=rcos(n^— c+0), 

if  r=(a«+2aaco8<^+a'«)* 

,  ^     ^        a' sin  6 

and  tan^=  — -  ,  ^— .  • 

a+a  cos  9 

The   maximum  value  of  tan^  in  the  last  of  these  equations  is 

found  by  making  <f»=— +81*17—  >  and  is  equal  to  j-i y-rrt 

•'  °  ^      2  a  ^  (a^— a*)* 

and  hence  the  maximum  value  of  6  itself  is  sin"' —     The  geo> 

metrical  methods  indicated  above  (§  58)  lead  to  this  condoakn 
by  the  following  very  simple  construction. 

To  find  the  time  and  the  amount  of  the  maximum  accelera- 
tion or  i*etardation  of  phase,  let  CA  l)e  the  greater  half-ampli- 
tude. From  A  as  centre,  with  AB  the  less  half  amplitude  as 
radius,  describe  a  circle.  CB  touching  tliis  circle  is  the  gene- 
rating radius  of  the  most  deviated  resultant     Hence  CBA  is  a 

right  angle  ;  and  .  ab 

^inBCA^^^^ 


II 
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60.  A  most  interesting  application  of  this  case  of  the  composi-  Examples  o: 
on  of  hannonic  motions  is  to  the  lunar  and  solar  tides ;  which,  of  &  h.  ir° 
coept  in  tidal  rivers,  or  long  channels,  or  deep  bays,  follow  "*  °"* 
ich  very  nearly  the  simple  harmonic  law,  and  produce,  as  the 
ctoal  result^  a  variation  of  level  equal  to  the  sum  of  varia- 
ions  that  would  be  produced  by  the  two  causes  separately. 

The  amount  of  the  lunar  tide  is  about  2*1  times  that  of  the 
olac  Hence  the  spring  tides  at  open  coast  stations  are  3*1, 
nd  the  neap  tides  only  ri,  each  reckoned  in  terms  of  the 
olar  tide  ;  and  at  spring  and  neap  tides  the  hour  of  high 
rater  is  that  of  the  lunar  tide  alone.  The  greatest  deviation  of 
he  actual  tide  from  the  phases  (high,  low,  or  mean  water)  of 
he  lunar  tide  alone,  is  about  '95  of  a  lunar  hour,  that  is,  '98 
if  a  solar  hour  (being  the  same  part  of  1 2  lunar  hours  that 

28**  26',  or  the  angle  whose  sine  is  ^j'  is  of  360**).     This 

maximum  deviation  will  be  in  advance  or  in  arrear  according 
as  the  crown  of  the  solar  tide  precedes  or  follows  the  crown 
of  the  lunar  tide ;  and  it  will  be  exactly  reached  when  the 
interval  of  phase  between  the  two  component  tides  is  3*95 
lunar  hours.  That  is  to  say,  there  will  be  maximum  advance 
of  the  time  of  high  water  4 J  days  after,  and  maximum  re 
tiinlation  the  same  number  of  days  before,  s]>ring  tides. 

61,  \V(*  may  consider  next  the  case  of  equal  amplitudes  in 
the  two  given  motions.  If  their  periods  are  equal,  their  re 
^uItant  is  a  simple  harmonic  motion,  whose  phase  is  at  eveiy 
instant  the  mean  of  their  phases,  and  whose  amplitude  is  equal 
o  twici*  the  amplitude  of  either  multiplied  by  the  cosine  of 
lalf  the  ditlVrence  of  their  pha.se.  The  i*esultant  is  of  coui-se 
lothing  when  their  phases  ditier  by  half  the  period,  and  is  a 
iH>ti(>n  of  double  amplitude  and  of  phase  the  same  jis  theii-s 
*^hen  they  are  of  the  same  phase. 

When  their  i>eriods  are  very  nearly,  but  not  quite,  e<[ual 
their  amplitudes  being  still  sujiposed  ec^ual),  the  motion  passes 
i«»r>'  slowly  from  the'  former  (zero,  or  no  motion  at  all)  to 
the  latter,  and  back,  in  a  time  equal  to  that  in  which  the  faster 
lias  gone  once  oftener  through  its  period  than  the  slower  has. 

In  practice  we  mwt  with  many  excellent  exam])les  of  this 
•as«».   which   will,   however,  lie   more  conveniently   treated  of 
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iiMDpiMor  when  wt*  come  to  apply  kinetic  principles  to  various  subjects 

la  on«  line. 


ofa**!?.  m"  in  practical  mechanics,  acoustics,  and  physical  optics  ;  suth 


the  marching  of  troo]>s  over  a  suspension  hriil^e,  the  s^Tnpslhi 

of  pendulums  or  tuning- forks,  etc. 
Onphicai  62.  We  nuiv  exhibit,  gniphically,  the    various   precedim 

uoBofu.     cases  of  single  or  compound  simide  hannonic  motions  in  mm 

■Botlona  in  o  *  i 

oMiifl*.  line  by  curves  in  which  the  abscissie  repr«*8ent  intervals  of 
time,  and  the  onlinates  the  com'S{)onding  distances  of  tkt 
moving  i)oint  from  its  mean  i)osition.  In  the  ease  of  a  siqgli 
simple  hannonic  motion,  the  corresponding  cur\'e  would  kt 
that  descrilM*d  by  the  i>oint  P  in  §  53.  if,  while  Q  luaintaiiwi 
its  unifonu  circular  motion,  the  circle  were  to  move  with  mii- 
forin  velocity  in  any  direction  perpendicular  to  OA,  This  ooa- 
struction  gives  the  harmonic  cur^'e,  or  cur\'e  of  sines,  in  whick 
the  ordinates  art*  i)roiK)rtional  t<i  the  sines  of  the  ahscissce,  tk 
straight  line  in  which  0  moves  l>eing  the  axis  of  abscissait.  It 
is  the  simplest  ]K)ssible  fonu  assum(*<l  by  a  vibrating  strim^ 
When  the  hannonic  motion  is  complex,  but  in  one  line*  li 
is  the  case  for  any  point  in  a  violin-,  haq>-.  or  pianoforto-strim 
(differing,  as  these  do,  from  one  another  in  their  motions  tm 
account  of  the  different  uKKh^s  of  excitation  used\  a  simikr 
constnirtion  may  be  made.  Inve.stigation  n^garding  civnjdei 
harmonic  functions  has  led  to  n\sults  of  the  highest  impoTtance, 
having  th(*ii  most  general  expression  in  Fourirr*  Thftfrtm^  ta 
which  we  will  presently  devote  Si'veral  \\fi^i^ti^  We  give  bekm 
graphit*  repn^stMitations  of  the  coni]>asition  of  two  simple  har 
moni<*  motions  in  f»ne  line,  of  iv/tm/  amplitudes  and  of  periodf 
which  an*  as  1  :  2  an«l  its  2  :  3,  tor  dif!en*iuvs  of  e]>ooli  cone- 
sponding  to  0.  1,  2,  etc..  sixteenths  of  a  «irL»umfen»ni»e.  Ineaek 
case  the  e]MK:h  nf  the  coni{N)nent  of  gn*ater  {leriiMl  is  a  quarter 
cin'umfen*nce.  In  tht»  first,  second,  thirtl,  etc..  nf  each  serial 
resiM»etivcly.  the  cjmmIi  nf  the  eoniiM>nent  of  shorter  )ieriod  ii 
less  than  a  (piartcr  jxTiod  by  0.  1.  *j.  <>tc.,  sixteenths  of  s 
circuml'crenre.  Tin*  sucei»s»4ivt»  horizontal  lines  an*  the  axes  of 
abscissie  nf  tin*  successive  curves;  the  vertical  line  to  the  left 
of  each  serie.^  Ix'ing  the  common  axis  of  onlinates.  In  vack 
of  the  first  set  the  slower  motion  gins  through  (»ne  t^ompltfttf 
period,  in  the  second  it  g<H»s  thnnigh  two  periods. 
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1:2  2:3 

(OcUve)  (Fifth) 

nv 
f=iiiix+«in(2a:+  --) 

,  from  x=0  to  x=s2w;  and  for  n=0,  1,  2, 15,  in  succession. 


fMT, 


^=sin  2x  +  sin  (3a:  +  ^) 

o 


Graphical  re- 
prenentatioii 
of  harmonic 
mutioua  iu 
one  line. 
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8.  H.  mo- 
tJiina  in 
dilTerfnt 
tlirectloDM. 


Tlies^s  and  similar  ciust»8,  when  the  jK-riodic  tiine«  an»  not  end' 
mensurable,  will  Ik»  again  treated  of  under  AcouAtics. 

68.  We  have  next  to  consider  the  comiK)sition  of  aimpb 
harmonic  motions  in  difren*nt  directions.  In  the  finst  yian, 
we  see  that  any  number  of  sim])le  harmonic  motioDS  of  cm 
I>eriod,  and  of  the  same  phase,  suix^rimiNKseil,  produce  a  singlr 
simple  hannonic  motion  of  the  same  phase.  For,  the  ilisplaor* 
ment  at  any  instant  being,  according  to  the  principle  of  tkt 
coniiK)sition  of  motions,  the  gi^onietrical  resultant  (see  abon^ 
§  50)  of  the  displacements  due  to  the  com|K)nent  motions  sepa- 
rately, these  com]K)nent  displacements  in  the  case  suppoaei 
all  vary  in  sim]>le  pro]>ortion  to  one  another,  and  are  in  ona- 
sUint  directions.  Hence  the  resultant  displaccmeut  vill  vnj 
in  simple  pro]k)rtion  to  each  of  them,  and  will  )>e  in  a  r«Histail 
direction. 

ISut  if,  while  their  ))eriods  arvi  the  .same,  the  pliases  of 
the  several  oom{k)nent  motions  do  not  agree,  the  rmollaal 
motion  will  genemlly  he  elliptic,  with  ecjual  an»as  desorilwd  ia 
equal  times  l)y  the  radius- ve<*tor  fn»m  the  centre ;  although  ia 
particular  cases  it  may  1»e  uniform  <'ircular,  or,  on  tlie  other 
hand,  rectilineal  and  simple  harmonic. 

64.  To  ])n)V(»  this,  wo  may  first  consi«ler  the  case,  ia 
which  wt*  have  two  equal  simple  harmonica  motions  given,  aad 
Xhvsi*  in  peqNMidicuhir  lines,  and  differing  in  pliaae  br  a 
quart<*r  iN'riiNl.  Their  n\*<ultant  is  a  uniform  eircular  motioa. 
For.  ht  BA,  ITA'  W  their  mngea;  Ml 
fntni  0,  their  common  middle  point  m 
centn*  ilescriU?  a  cin-le  thnmgh  AA'Bf. 
The  given  motion  of  P  in  BA  will  k 
f(J  r».3j  defined  by  the  motion  of  a  yoiA 
(J  round  the  cinumfen^nn*  of  this  ciide; 
and  the  siinit*  (Niint,  if  mttving  in  thr 
(lirertion  indiratiHl  by  the  arrow,  wiD 
give  ii  simpli»  liarmiHiic  nitititm  of  P'.  in  IVA^  a  qtiaiter  of 
ii  {M-nod  Ix^liind  that  of  tli<*  motion  of  P  in  HA.  But 
sinr..  A'OA,  QPi>,  nnd  QP'O  aiv  right  angUv*,  the  figui* 
QI^(PP  in  a  pandlfliH^'nim.  an«l  then»fon*  Q  is  in  the  iMisitioe 
of  the  (li-iiilaniiu'ht  romjM»inidfd  nf  OP  ixnd  OP'.  Hence  ta\* 
«M)tial  siiiiplf  hariiioiiir  motion>  in  iH*r)H*ndirular  lines,  of  pham 
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flering  by  a  quarter  period,  are   equivalent  to  a  uniform  a  a  mo- 
rcular  motion  of  radius  equal  to  the  maximum  displacement  di^nt 

either  singly,  and  in  the  direction  from  the  positive  end  ^™®****°** 
'  the  range  of  the  component  in  advance  of  the  other  towards 
le  positive  end  of  the  range  of  this  latter. 

65.  Now,  orthogonal  projections  of  simple  harmonic  motions 
ne  clearly  simple  harmonic  with  unchanged  phase.  Hence,  if 
e  project  the  case  of  §  64  on  any  plane,  we  get  motion  in  an 
llipep,  of  which  the  projections  of  the  two  component  ranges 
re  conjugate  diameters,  and  in  which  the  radius-vector  from  the 
entre  describes  equal  areas  (being  the  projections  of  the  areas 
escribed  by  the  radius  of  the  circle)  in  equal  times.  But  the 
»lane  and  position  of  the  cii-cle  of  wliich  this  projection  is 
iken  may  clearly  be  found  so  as  to  fulfil  the  condition  of 
saving  the  projections  of  the  ranges  coincident  with  any  two 
liven  mutually  bisecting  lines.  Hence  any  two  given  simple 
larmonic  motions,  equal  or  unequal  in  range,  and  oblique  or 
it  right  angles  to  one  another  in  direction,  provided  only  they 
liffer  by  a  quarter  period  in  phase,  produce  elliptic,  motion, 
baving  their  ranges  for  conjugate  axes,  and  describing,  by  the 
radius- vector  from  the  centre,  equal  areas  in  equal  times. 

66«ff!ietuming  to  the  composition  of  any  number  of  equal 
simple  hannonic  motions  in  lines  in  aU  directions  and  of  all 
pha^^s  :  each  component  simple  hannonic  motion  may  be  de- 
terminately  resolved  into  two  in  the  same  line,  differing  in 
phase  by  a  quarter  period,  and  one  of  them  having  any  given 
epoch.  We  may  therefore  reduce  the  given  motions  to  two 
sets,  differing  in  phase  by  a  quarter  period,  those  of  one  set 
igreeing  in  phase  with  any  one  of  the  given,  or  with  any  other 
imple  harmonic  motion  we  please  to  choose  {i.e.,  having  their 
poch  anything  we  please). 

All  of  each  set  may  (§  58)  be  compounded  into  one  simple 
larmonic  motion  of  the  same  phase,  of  determinate  amplitude, 
n  a  detenninate  line  ;  and  thus  the  whole  system  is  reduced  to 
wo  simple  fully  determined  harmonic  motions  differing  from 
►ne  another  in  phase  by  a  quarter  period. 

Now  the  resultant  of  two  simple  harmonic  motions,  one  a 
[uarter  of  a  period  in  advance  of  the  other,  in  different  lines, 
las  b#-cn  proved  to  be  motion  in  an  ellipse  of  which  the  ranges 
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&  H.  mo-     of  the  component  motions  are  conjugate  axes,  and  in  ^ 
maeni      equal  areas  are  described  by  the  radius- vector  from  the  c 
'**  ^"*     in  equal  timea     Hence  the  proposition  of  §  63. 


Let  a:,=/iaco8(o>/— €,)     ^ 

yi  =  WiacoB(u>t— €i)     >  (1) 
z,=n,aco8(cu/— Cj)     ) 
be  the  Cartesian  specification  of  the  first  of  the  given  mc 
and  so  with  varied  suffixes  for  the  others ; 

/,  m,  n  denoting  the  direction  cosines, 
a  ,,  ,y   half  amplitude, 

€  „  „    epoch, 

the  proper  suffix  being  attached  to  each  letter  to  apply  it  ( 
case,  and  <i>  denoting  the  common  relative  angular  velocity, 
resultant  motion,  specified  by  x,  ^,  z  without  suffixes,  is 

a;=!S/|aiCOs((i>/— €i)=cosW2/iaiC08€i+sina>^2/,ai8inci, 
^=etc. ;  r=etc. ; 
or,  as  we  may  write  them  for  brevity, 
a;  = /^  cos  orf + P' sin  0)/ 
y=Qco8(i)f+Q'8in(ttf    y  (2) 


where 


^  smo)/  ^ 
2'sin(i>^  > 
^  BmuU    ) 

P=i7,aiC0S€i ,    P'=2/iaisin€i'     "l 
Q=2wiaiC0S€, ,  Q'=2mia,8in€,'    \  (3) 
i2=2/*iaiC0S€i ,   7?=2wia,8in€i'    J 


The  resultant  motiou  thus  specified,  in  terms  of  six  com 
simple  harmonic  motions,  may  be  reduced  to  two  by  compo 
P,  Q,  22,  and  P,  Q',  R,  in  the  elementary  way.     Thus  if 

f=(P«  +  Q«+i2«)* 

.      P  Q  R 

the  required  motion  will  be  the  resultant  of  ^CO6<0^  in  \ 

(A,  /Lt,  v),  and  f ' sinw^  in  the  line  (A',  p!,  v).     It  is  therefore 

in  an  ellipse,  of  which  2^  and  2^  in  those  directions  are  coi 

diameters;  radius- vector  from  centre  tracing  equal  areas i 

2ir 
times ;  and  period  being 
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67.  We  must  next  take  the  case  of  the  composition  of  simple  a  motion* 
snnonic  motions  of  different  kinds  and  in  diflFerent  lines.     In  kLSfSf* 
eneral,  whether  these  lines  be  in  one  plane  or  not,  the  line  of  iTnei"^"* 
notion  returns  into  itself  if  the  periods  are  commensurable ;  and 
F  not,  not     This  is  evident  without  proof 

If  a  be  the  amplitude,  c  the  epoch,  and  n  the  angular  velocity 
in  the  relative  circular  motion,  for  a  component  in  a  line  whose 
direction  cosines  are  X,  /*,  v — and  if  f,  i;,  f  be  the  co-ordinates  in 
the  resultant  motion 

f =2.X,a,  cos(ni/  —  c,),    iy=2./i|ai  C08(ni/  —  c,), 
f=2.Via,  co8(n,^  —  Cj). 
Now  it  is  evident  that  at  time  t-^-T  the  values  of  ^,  i;,  (  will  recur 
as  soon  as  n,7,  n,r,  etc.,  are  multiples  of  ^ir,  that  is,  when  T 

is  the  least  common  multiple  of        ,    —  ,  etc. 

If  there  be  such  a  common  multiple,  the  trigonometrical 
functions  may  be  eliminated,  and  the  equations  (or  equation,  if 
the  motion  is  in  one  plane)  to  the  path  are  algebraic.  If  not, 
they  are  transcendental. 

68.  From  the  above  we  see  generally  that  the  composition 
"f  any  numl>er  of  simple  harmonic  motions  in  any  directions 
*nd  of  any  {M»riods,  may  be  effected  by  compounding,  according 
^**  jtr«'vi<»u.sly  explained  methods,  their  resolved  parts  in  each 
^f  any  three  rectanj^ilar  directions,  and  then  compounding  the 
Sua!  nsultant.s  in  these  directions. 

69.  Ry  far  the  most  interesting  case,  and  by  far  the  simplest,  g.  h.  mo- 

"^  that  of  (if'o  simple  harmonic  motions  of  any  periods,  whose  rectangular* 

;  •  ^      n  -1       •  1  directions. 

'5]vi  tions  mu.Ht  ot  course  be  m  one  plane. 

MK'hanical  methods  of  obtaining  such  combinations  will  be 
ift^nvards  described,  as  well  as  cases  of  their  occurrence  in 
»]»ti(>  and  Acoustics. 

Wh  may  sup}>ose,  for  simplicity,  the  two  component  motions 
o  take  j)lace  in  perpendicular  directions.  Also,  as  we  can  only 
lave  a  re  entering  curve  when  their  periods  are  commensurable, 
t  will  l»e  advisable  U^  commence  with  such  a  case. 

Thn  following  figures  represent  the  paths  produced  by  the 
ombination  of  simple  harmonic  motions  of  equal  amplitude 
n  two  rectangular  directions,  the  periods  of  the  components 
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H.  H.  III..-  Ikmii^  JiH  1:2,  and  tlu*  qKX'lis  diHuriii*:  successively  by  «.  I 

tloM  In  twit  ,  .    ^         ^ ,         ^  .. 

n>rtaafpiur  etc.,  8ixUH*iiths  of  H,  (;in-um!ereiicc!. 

dIfVrUnUH. 


In  the  ca8i*  nf  e{M)clis   eqnaL 
iliffering  ]»y  u   multiple   of  », 
curve  is  a  )>urtion  of  a  parabola,  i 
is  gone  ov(*r  twice  in  opposite  dii 
tions  \ty  the  moving  iM)int  in  each  complete  iK»riixL 
Vor  the  caw  tigured  above, 

x=accw(2fi/  —  c),  yssacofliii. 
Heiav       jr^a\  co8  2nt  ciw  c+sin  2nt  sin  c  } 

=a;(^^'— l)cu«€  +  2'^V  l---?^wn€; 

which  f(»r  any  givi^n  value  of  c  i8  the  e4|umtion  to  the  corrrtyi 
iiig  curve.     Thus  for  €=(», 

=  "  ,  —  1,  w  y«  =  --(ar+2rt),  the  panbolm  as  above. 

For  €=  '  we  have  '^~z=2^W  1  — ^* ,  or  a«jr«=4y(a«  — y 
4  a        <i  a* 

the  equation  to  tho  5th  and  l.'Uh  of  the  above  eur^'es. 

Ill  p>noral      j-=ric<w  (n/+c),  .v=<'eoe(ii|/4'<i)t 

from  which  /  \s  t<»  be  eliminated  if  |)0(uiible. 

(•.,ini>iMi>t)..ti       70.  Another  ver}-  im]N>rtant  casi*  is  that  of  two  gmup 
f!.nn .'-I "Lur  two  simple  hannonic  motinns  in  f>n«>  plane,  such  tliat  tbe 
^ultant  «if  each  gnMiji  is  uniform  cinuhir  niotiiUL 

If  tli«*ir  iN'riiHls  an*  ripial,  we  have  a  cuse  lH*longiiig  |4>  tl 
alnMiiiy  trcattnl  <^  i\:\\  an<l  ronchule  that  the  n*:»ultatit  ii 
^MiiTal.  nuitinn  in  an  idlips»*.  tM|ual  areas  bc*ing  (teacribed 
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aal  times  about  the  centre.     As  particular  cases  we  may  composition 
ve  simple  nanuomc,  or  uniform  circular,  motion.  formdrcuiar 

If  the  circular  motions  are  in  the  same  direction,  the  result- 
t  is  evidently  circular  motion  in  the  same  direction.  This  is 
e  case  of  the  motion  of  <8f  in  §  58,  and  requires  no  further 
mment,  as  its  amplitude,  epoch,  etc,  are  seen  at  once  from 
e  figure 

71-  If  the  periods  of  the  two  are  very  nearly  equal,  the  re- 
liant motion  will  be  at  any  moment  very  nearly  the  circular 
>tion  given  by  the  pl!eceding  construction.  Or  we  may  re- 
rd  it  as  rigorously  a  motion  in  a  circle  with  a  varying  radius 
creasing  from  a  maximum  value,  the  sum  of  the  radii  of  the 
o  component  motions,  to  a  minimum,  their  difference,  and 
creasing  again,  alternately ;  the  direction  of  the  resultant 
iios  oscillating  on  each  side  of  that  of  the  greater  component 
i  in  corresponding  case,  §  59,  above).  Hence  the  angular 
locity  of  the  resultant  motion  is  periodically  variable.  In 
B  case  of  equal  radii,  next  considered,  it  is  constant 
72.  When  the  radii  of  the  two  component  motions  are 
ual,  we  have  the  very  interesting  and  important  case  figured 
low. 


ere  the  resultant  radius  bisects  the  angle  between  the  com- 
ment radii  The  resultant  angular  velocity  is  the  arithmetical 
lean  of  its  components.  We  will  explain  in  a  future  section 
Diw  this  epitrochoid  is  traced  by  the  rolling  of  one  circle  on 
iiother.  (The  particular  case  above  delineated  is  that  of  a 
on-reentrant  cun'e.) 

D 
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cpmpotitioii      73.  Let  the  uniform  circular  niotious  lie  in  mmonU  direc- 
fonncirroijrtions;  then,  if  the  penods  are  equal,  we  mav  easily  aee,  ai 


FiHiri^r* 
Thromii 


before,  §  G6,  that  the  resultant  is  in  general  elliptic 
including  the  particular  cases  of  uniform  circular,  and  simpk 
harmonic,  motion. 

If  the  {>eriods  are  very  nearly  equal,  the  resultant  will  bi 
easily  found,  as  in  the  case  of  §  59. 

74.  If  the  radii  of  the  component  motions  are  equal,  «i 
have  cases  of  v^ry  great  importance  in  modem  physics,  one  of 
which  is  figured  below  ^like  the  preceding,  a  non-reentiBil 
cur%-e). 


This  is  intimately  connected  with  the  explanation  of  two  ifti 
of  imi)ortant  {thonomona, — the  notation  of  the  plane  of  polariai- 
tion  of  light,  by  quartz  and  certain  fluids  nn  the  one  hmiKl,sll 
by  transpan*nt  In^dics  undor  ma^iftio  fon-es  ttn  the  other.  It  ii 
a  cas<*  of  till'  hy|M>tnKhoitl.  ami  it.^  nim*sjionding  mode  of  de- 
script  inn  will  be  dt*s<TilH'd  in  \\  futun^  st*ction.  It  will  sIm 
ap|M*ar  in  kinetics  ;is  tin'  path  of  a  |M>niliiIum  lM>b  which  cna 
taiii^i  a  j;vr»isrop«'  in  nipiil  n»tatinn. 

75.  litfori'  U-Jiving  fnr  a  tinu*  the  snltjfit  of  the  composition 
of  hnnnonic  nintious.  wi>  must,  as  proniisftl  in  §  62.  de%'oC« 
wiiiH*  p;i;:i's  t«i  thr  «nnsi«liratii»n  "'f  Fn!iri«M's  Tln-ort-m,  whicli  tf 
not  iinly  nii«*  nf  tin'  \\\\^>x  iHantiful  n-sult^  of  miHl«*ni  analyui 
but  may  bf  sai<l  to  fuinisli  an  intlis|H*nsi)>I«*  in.<tnim«*nt  in  Hb^ 
tnMtin<'iit  nf  nearly  fv»rynHiiiiilii»»  i}U('Sti«in  in  nxHleni  phyucA 
To  m«^ution  i»iily  sninip^ns  vibrations,  tht^  pro]>a;;ation  nf  Hltvtni: 
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ils    along  a  telegraph  wire,   and  the  conduction  of  heat  Fourier'^ 
le  earth's  crust,  as  subjects  in  their  generality  intractable  ^~'*"' 
out   it,  is  to  give  but  a  feeble   idea  of  its   importance. 
following  seems  to  be  the  most  intelligible  form  in  which 
n  be  presented  to  the  general  reader : — 
ISOBEIL — A   complex  harmonic  function,  with   a   constant 

added,  is  the  proper  expression,  in  inatlumaticaJ,  langtuige, 
Bfty  arbitrary  periodic  function;  and  consequently  can  ex- 
r  any /unction  whatever  between  definite  values  of  the  variable, 
6«  Any  arbitrary  periodic  function  whatever  being  given, 
unplitudes  and  epochs  of  the  terms  of  a  complex  harmonic 
rtion  which  shall  be  equal  to  it  for  every  value  of  the  in- 
>ndent  variable,  may  be  investigated  by  the  "method  of 
^tenninate  coefficients."  Such  an  investigation  is  suffi- 
it  aft  a  iH)lution  of  the  problem,—  to  find  a  complex  harmonic 
ction  expressing  a  given  arbitrary  periodic  function, — when 
e  we  are  assured  that  the  problem  is  possible ;  and  when 
have  this  assurance,  it  proves  that  the  resolution  is  deter- 
late ;  that  is  to  say,  that  no  other  complex  harmonic  function 
A  the  one  we  have  found  can  satisfy  the  conditions. 
77.  We  might  give  the  analytical  proof  of  the  theorem  by 
I  proce^  mentioned  in  last  section,  but  it  appears  to  us  that 
5  nature  of  the  expression  will  be  made  more  intelligible  by 

investigation  liT»m  a  diflei*ent  point  of  view. 

IjoI  F  x)  b<?  any  periodical  function,  of  period  p.     That  is  to 
nay,  let  F.Xj  be  any  function  fulfilling  the  condition 

F{x+ip)  =  F{x)         (1; 
where  i  denotes  any  positive  or  negative  integer.     Consider  the 
integral  r<  F{x)dx 

}  c  o'+J*  ' 
where  a,  r,  c  denote  any  three  given  quantities.     Its  value  is 

lesM  than  F{z)  \  ,  and  greater  than  Fiz)  /       .  .     .  ,   if  -: 

•Jc'a«-t-x*  .'c'a*-fx* 

atid  z   denote  the  values  of  x,  either  e<jual  to  or  intennediate 

between  the  limits  c  and  r*,  for  which  F(x)  is  greatest  and  least 

rrspoctively.     But 

r  .t.  =-(•-"■-'»•-"'->     '-) 

/  -  <i*-|-.t*        a  a  a 
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nrttr-a  and  therefore 


■F{x)adx 


and  .   ,  , 

Hence  if  il  be  the  greatest  of  all  the  Tallies  of  I\x),  and  B  tk 


^</'(.)(tan-^-tan-l)   ) 
„        >/-(*')  (tau-'i—Un-'-i)   ) 


a*+x^ 

and  ,. 

Also,  similarly, 

F(x)a<ix 


■/.(f-<-)  J 
■^7>  ) 


{*) 


(*). 


and  ,,  >J5(Uir- 

a 

Adding  the  first  members  of  (3),  (4),  and  (5),  and 
with  the  corresponding  soms  of  the  second  members,  ve  ind 

and     „        ^-fT(-')(tair--tan-*-)+i^(»-tan"i^+Un"5^)l 
But,  by  (1), 

/.:2t'=J>>)^<S:-.(..+,j+*).->;   "- 

Now  if  wc  dciiotii  V  —  1  by  i\ 

»      .  =  -\      1      ! , 

«*+(jf+»f>)'      2av^x+ip — av      x+ip+av  ' 
and  therefore,  taking  the  terms  corresponding  to   positiTe  ai 
eqnal  negative  values  of  i  together,  and  the  terms  for  tsO  ssp 
ratcly,  we  have 

2<-.'««  /  1  V _1_  ,       1  Q^'***         X  — ^n* 


==5    .;cot'<-^-"*'^_cot'''+^^>' 


2/ipv '  |)  ^i 


^       Min-  -  sin 

_      2/I//V  ;;  n;iv         ;> 

""        Tav  vx "  2irav  *»x 

P  P  P  P 


w 
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1^         -^  Fourier'i 

£    f  — g       P  Theorem. 


£    *»  — 2C08  — +  g       P 

Hence, 

\x)dx 


2«c       -'-^- 

COB— =:  +  g       P 
P 


(8). 


•^  ^  ^'^  f    ^        — 2C0B 

iwxv 

Next,   denoting    temporarily,  for  brevity,   g  **  ,  by   f,   and 

potting  €    **  =e        (9), 

we  hare 


=     ^    /_L_  +.-_.i 1) 

=s.  -  -(1+20008    h2«*C08         +2««cofl     -  +  etc.) 

I— f«  p  /?  p 

Hence,  according  to  (8)  and  (9), 
r  ^'<'^''-^=^r>(x)dU:(l  +  2.cos?!^-^+2.«co8i'^^+ctc.)     (10) 

/  ,  *i«+x'     <?;>./ 0  ;>  P 

Hence,  by  (6),  we  infer  that 

F(r)(tair-— tai?— )+i4(Tr— tair^'^+tair— )> 

and         F(r')(tair--tajr-)  +  /y  (T-taiF'-^^  +  taiF— )-c 
a  a  a  a 

-  1  V(j)rfx(l+iVco8'^-+  etc.). 
P)^  P 

Nt»w  let  r'= — r,  and  x=f' — f, 
^   l>iing  a  vuriablo,  and  f  constant,  so  far  as  the  integration  is 
o»ncemed;  and  lot  F(x)  =  <^'r+f)  =  <^(f'), 
and  therefore  F(r)  =  </><^+2) 

F(r')=</>(fi..''). 
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Fourier's 
TlMM>n:iu. 


The  preceding  pair  of  inequalities  becomes 
</>(f +'j).2tair  — +^  (v—2  Un"— ):> 

and  </>(f+r').2tarr  — +  /?(«•— 2  tan'-)-c 

a  a 


(11) 


j{jy($')di'+i:E,zyf^<K(')di'<^'>- 


2iV(f-f) 


} 


where  <f>  denotes  any  periodical  function  whatever,  of  period  p. 
Now  let  c  be  a  very  small  fraction  of  p.     In  the  Umit,  wher 
c  is  infinitely  small,  the  greatest  and  least  valuefl  of  ^f )  k 
values  of  f'  between  f +r  and  f — c  will  be  infinitely  nearly  equ 
to  one  another  and  to  <^(£) ;  that  is  to  say, 

Next,  let  a  be  an  infinitely  small  fraction  of  c.     In  the  limit 
tan  -    =-— ) 


and  e=€        =1. 

Hence  the  comparison  (11)   becomes   in  the  limit  an  equatioi 

which,  if  we  divide  both  members  by  v,  gives 

This  is  the  celebrated  theorem  discovered  by  Fourier'  for  tli 
development  of  an  arbitrary  periodic  function  in  a  series  of  simpl 
harmonic  terms.  A  formula  included  in  it  as  a  particular  Ctf 
had  been  given  previously  by  Lagrange.* 

If,  f(»r  cos  ^i^ilzri),  we  take  itsvalue  cos'^'5i'cos^-''^+sin?^'«iB^ 


P  P 

and  introduce  the  following  notation : — 

PJo 

2hr( 

P 

PJo  P 

we  reduce  (12)  to  this  form : — 


P 


^,  =  lf<^(f)cos'-^rff 


(13) 


^^)=^.+2tT  ^.««  >^+2t:  A«n  'f 


(i-«) 


1   7%/ari«  Analytique  de  la  Chaleur.    Paris,  1822. 

s  Ancietis  Sfiutoires  de  rAcadimie  de  Turin.    Touie  iii.  p.  12d. 
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which  is  the  general  expression  of  an  arbitrary  function  in  terms  Fourier*! 
of  a  aeries  of  cosines  and  of  sines.     Or  if  we  take  Theorem. 


we  have 


P,=(il,«+5.«)*,  and  tan€,=^'  (16) 


*(^=^.+2!:r  A««  (-~^-«.),  (16) 

which  if  the  general  expression  in  a  series  of  single  simple  har- 
monic terms  of  the  successive  multiple  periods. 

To  prevent  misconception,  it  should  be  remarked  that  each  of  converRency 
the  equations  and  comparisons  (2),  (7),  (8),  (10),  and  (11)  b  a  eeriet. 
tme  arithmetical  expression,  and  that  it  may  be  verified  by  actual 
calculation  of  the  numbers,  for  any  particular  case ;  provided  only 
thai  F(x)  has  no  infinite  value  in  its  period.  Hence,  with  this 
exception,  (12)  or  either  of  its  equivalents,  (14),  (16),  is  a  true 
arithmetical  expression ;  and  the  series  which  it  involves  is  there- 
fore convergent.  Hence  we  may  with  perfect  rigour  conclude 
that  even  the  extreme  case  in  which  the  arbitrary  function  ex- 
periences an  abrupt  finite  change  in  its  value  when  the  inde- 
pendent variable,  increasing  continuously,  passes  through  some 
particiilar  value  or  values,  is  included  in  the  general  theorem.  In 
such  a  case,  if  any  value  be  given  to  the  independent  variable  dif- 
fering however  little  from  one  which  corresponds  to  an  abrupt 
change  in  the  value  of  the  function,  the  series  must,  as  we  may  in- 
fer from  the  preceding  investigation,  converge  and  give  a  definite 
value  for  the  function.  But  if  exactly  the  critical  value  is  assigned 
(o  the  independent  variable,  the  series  cannot  converge  to  any 
definite  value.  The  consideration  of  the  limiting  values  shown  in 
the  comparison  (11),  does  away  with  all  difficulty  in  understand- 
ing bow  the  series  (12)  gives  definite  values  having  a  finite  diiTer- 
eiice,  for  two  particular  values  of  the  independent  variable  on  the 
two  sides  of  a  critical  value,  but  difieriug  infinitely  little  from 
one  another. 

If  the  differential  co-efficient  —}^   is  finite  for  every  value  of 

{  within  the  period,  it  too  is  arithmetically  expressible  by  a  series 
<»f  harmonic  terms,  which  cannot  be  other  than  the  series  ob- 
uiued  by  differentiating  the  series  for  <^(f).     Hence 

^tf=-?2!:r'''.-(t^-o.    (17) 

and  thi^  Keries  is  convergent ;  and  we  may  therefore  conclude  that 
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the  series  for  <!>{()  is  more  convergent  Uian  a  harmonio 
witb  1,     J,     J,     J,     etc., 

for  its  co-efficicnt«.    K     J^f    has  no  infinite  values  within  Ik 

period,  we  may  differentiate  both  members  of  (17)  and  still  hive 
an  equation  arithmeticaUy  true ;  and  so  on.  We  concfaide  tkl 
if  the  n'*  differential  co-efficient  of  <f>{$)  has  no  infinite  vahei| 
the  harmonic  series  for  <^(^)  must  converge  more  rapidly  thiB  • 
harmonic  series  with 


1.  p. 


4^^     ete., 


for  its  co-efficients. 


DispUce- 
ineut  of  a 
rigid  body. 


Displace 
ments  of  a 


78.  We  now  pass  to  the  consideration  of  the  displaoemeot  i 
of  a  rigid  body  or  group  of  points  whose  relative  positions  SR 
unalterable.  The  simplest  case  we  can  consider  is  that  of  the 
motion  of  a  plane  figure  in  its  own  plane,  and  this,  as  fiir  n 
kinematics  is  concerned,  is  entirely  summed  up  in  the  result 
of  the  next  section. 

79.  If  a  plane  figure  be  displaced  in  any  way  in  its  own 
piMie'flKure  plane,  there  is  always  (with  an  exception  treated  in  §  81)  one 

^  "*  point  of  it  common  to  any  two  positions ;  that  is,  it  may  be 
moved  from  any  one  position  to  any  other  ])y  rotation  in  its 
own  plane  about  one  point  held  fixed. 

To  prove  this,  lot  A,  B  be  any  two  points  of  the  plane  figure 
in  its  first  position,  A\  JB'  the  positions  of  tlie  same  two  sfler 
B'  a  displacement     The  lines  AA\BBfwSi 
not  be  parallel,  except  in  one  case  to  be 
presently  considered.      Hence    the  line 
ec^uidistant  from  A  and  A^  wUl  meet  thit 
e<]uidistant  from  B  and  B^  in  some  point 
0.    Join  OA,  OB,  OA',  OBf.     Then,  evi- 
'A        •-,..!     dently,  because  OA'  =  OA,  OB^  =  OA 
and  A'Bf:=iAB,  the  triangles  OA'ffuA 
OAB  are  equal  and  similar.     Hence  0  is  similarly  situated 
with  regard  to  A'B'  and  AB,  and  is  therefore  one  and  the  same 
point  of  the  plane  figure  in  its  two  iwsitions.     If,  for  the  sake 
of  illustration,  we  actually  trace  the  triangle  OAB  upon  the 
plane,  it  becomes  OA'B!  in  the  second  position  of  the  fignra 

80.  If  from  the  equal  angles  A'OBf,  AOB  of  these  similar 
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»  we  take  the  oommon  part  A' OB,  we  have  the  remain-  Displace- 
zles  AOA\  BOBf  equal,  and  each  of  them  is  clearly  pSn« flVw 

•  -,,  ii't^i/*  1  ,inlU  plane. 

0  the  angle  through  which  the  figure  must  have  turned 
the  point  O  to  biing  it  from  the  first  to  the  second 
a. 

preceding  simple  construction  therefore  enables  us  not 
»  demonstrate  the  general  proposition,  §  79,  but  also  to 
ine  from  the  two  positions  of  one  line  AB,  A'Bf  M 
ure  the  common  centre  and  the  amount  of  the  angle  of 
u. 

The  lines  equidistant  from  A  and  A\  and  from  B  and 

parallel  if  AB  is  parallel  to  -^'5';  and  therefore  the 

iction  fails,  the  point  0  being 

Aj  distant,  and  the  theorem 

39  nugatory.    I  n  this  case  the 

1  is  in  fact  a  simple  translation 
igure  in  ita  own  plane  without 

o — since,  AB  being  parallel  and  equal  to  A'B,  we  have 
«rallel  and  equal  to  BB ;  and  instead  of  there  being 
[>int  of  the  figure  common  to  both  positions,  the  lines 
J  the  successive  positions  of  every  point  in  the  figure  are 
and  parallel. 

It  is  not  necessary  to  suppose  the  figure  to  be  a  mere 
3C  or  phine  —for  the  preceding  statements  apply  to  any 
'  a  set  of  parallel  [)lane3  in  a  xx^uX  body,  moving  in  any 
ibjiKTt  to  the  condition  that  the  points  of  any  one  plane 
L-main  always  in  a  fixed  plane  in  space. 
.  Tliere  is  yet  a  case  in  wliich  the  construction  in  §  7U 
ator}— that  is  when  AA'  is  parallel  to  BK^  but  AB  in- 
s  AB.     In  this  case,  however,  _ 

pasy  to  see  at   once  that  this    j* 
of  intersection  is  the  point  0 
h1,  although  the  former  method     Ij-^^'^O 

not  have  enabled  ns  to   find  ^^' 

,  Ver\'   ni.iuy   interest  in jj  ai>])lications  of  this  principle  ExHinpies 
le  made,  oi  which,  however,  few  belong  strictly  to  our  mfnt  in  one 
t,  and  we  shall  therefore  give  only  an  example  or  two. 
re  know  that  if  a  line  of  given  length  AB  move  with 
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Eumpiw     its  extrciniticB  always  in  two  fixed  lines  OA.OB,  any  point  in 
^tfiSr^  /  it  as  P  describes  an  ellipse.     It  it 

******  -'  required  to   find   the   direction  of 

inotiou  of  P  at  any  instant,  ul,  to 
draw  a  tangent  to  the  ellipse.  BA 
will  {mss  to  its  next  position  bj 
rotating  about  the  point  Q;  found 
by  the  method  of  §  79  by  dnwing 

peri)endiculars  to  OA  and  OB  at  A 

^*  -I  and  B.     Hence  P  for  the  imtanft 

revolves  about  Q,  and  thus  its  direction  of  motion,  or  the  tan- 
gent to  the  ellipse,  is  peq>eudicular  to  QP.  Also  ABin  itB 
motion  always  touches  a  curve  (called  in  geometry  its  envelop); 
and  the  same  principle  enables  us  to  find  the  point  of  the  ca- 
velop  which  lies  in  AB,  for  the  motion  of  tliat  point  nmrt 
evidently  be  ultimately  (that  is  for  a  very  small  displacemeol) 
along  A  B,  and  the  only  point  which  so  moves  is  the  intenee- 
tion  of  AB,  with  the  perpendicular  to  it  from  Q.  Thus  our  ooo- 
St  met  ion  would  enable  us  to  trace  the  envelop  by  points. 

85.  Again,  8upt>ose  AB  to  be  the  beam  of  a  statioiiiiy 
engine  having  a  reciprocating  motion  about  A ,  and  by  a  link  BD 

A D ()   turning  a  crank  CD  about  C 

Detennine    the   relation   be- 

tWiH'ti  the  angular  velocities  sf 

AB  and  CD  in  any  positjon. 

^  £\idently    the    instantaneoif 

^  direction  of  motion   ot  B  n 

tninsverse  to  AB,  and  of  D  transverse  to  CD    heni*e  if  J  A 

CD  pnxluced  meet  in  0,  the  motion  of  BD  is  for  an  install 

a»  if  it  turn«*d  alnjut  0.      From  this  it  may  easily  be  seen  thit 

if  the  nnguhir  velocity  of  AB  be  m»  that  of  CD  is  f.a^pn^ 

A  simihir  process  is  of  course  applicable  to  any  combinalioa 

of  niachinrrv,  and  we  shall  find  it  ver}'  convenient  when  wt 

come  tt>  consider  various  dynamical  problems  coiwt*cted  vith 

virtual  veliM-itics. 

r.iin|i.Mi  86.  Since  in  genoml  anv  movement  of  a  plane  fiiniie  in  iti 

iK.li*  •u.ut    plane  may  1m>  cunsKleriHl  as  a  rotation  aliout  one  point,  it  ii 

'*  e\  ith'Ut  that  two  such  mtfltions  may  in  general  be  compnuiNkd 
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one  ;  and  therefore,  of  course,  the  same  may  be  done  with  compo«i- 
nninber  of  rotations.     Tims  let  .4  and  5  be  the  points  of  SSS/Iw 
figure  about  which  in  succession  the  rotations  are  to  take  p"*"*****" 
5e.      By  rotation  about  A,  B  is  brought  say  to  B^,  and  by  a 
tion  about  B',  A  is  brought  to  ^1^     The  construction  of 
^  gives  us  at  once  the  point  0  and  the  amount  of  rotation 
at  it  which  singly  gives  the  same  effect  as  those  about  A 

B  in  successioa  But  there  is  one  case  of  exception,  viz., 
^n  the  rotations  about  A  and  B  are 
qual  amount  and  in  opposite  direc- 
la.  In  this  case  A'B'  is  e\'idently 
allel  to  AB,  and  therefore  the  com- 
ind    result    is   a   trandation   only.  ^  B* 

at  iff,  if  a  body  revolve  in  succession  through  equal  angles, 
t  in  opiKMite  directions  about  two  parallel  axes,  it  finally 
cea  a  position  to  which  it  could  have  been  brought  by  a 
aple  translation  perpendicular  to  the  lines  of  the  body  in  its 
itial  or  final  position,  which  were  successively  made  axes  of 
tation  ;  and  inclined  to  their  plane  at  an  angle  equal  to  half 
le  supplement  of  the  common  angle  of  rotation. 
87*  Hence  to  compound  into  an  equivalent  rotation  a  rota-  compositio 
an  and  a  translation,  the  latter  being  effected  parallel  to  the  aDdtnmsu 
lane  of  the  former,  we  may  decompose  the  translation  into  pi«ne. 
ro  n)tali«ins  <if  e<[ual  anunint  and  opposite  direction,  compound 
le  of  ihoni  with  the  given  rf)tati()n  by  §  86,  and  then  com- 
>und  the  other  with  the  resultant  rotation  by  the  same  process, 
r  w»»  may  adopt  the  following 
T  simpler  nutluKl.     I>^t  OA  be 
le    translation    c<»nmion   U\   all 
,»ints  in  the  plane,  and  let  BOC 
•i  the   angle   of  rotation  alwut 

».  Bn  being  drawn  so  that  OA  bisects  the  exterior  angle 
0B\  Evidently  there  is  a  jwint  B'  in  BO  produced,  such 
uit  BfC^,  the  si>ace  through  which  the  rotation  carries  it,  is 
4ual  and  opjjosite  to  OA.  Tliis  i)oint  retains  its  former  posi 
on  after  the  i)erfonnance  of  the  compound  oi)eration  ;  so  that 
notation  and  a  translation  in  one  plane  can  be  compounded 
ito  an  equal  n»tation  about  a  different  axis. 
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Compo«itii>D 
of  rutetlooB 
and  tnuwU- 
tloiw  In  one 
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tltlee. 


Hu|trnHi 
tiwn  uf  I 


tivn  uf  Mnall 
mvtiuh* 


In  general  if  the  origin  be  taken  aa  the  point  about  which 
rotation  takes  place  in  the  plane  of  jry,  and  if  it  be  through  •■ 
angle  6y  a  point  whose  co-ordinates  were  originally  x,  jr,  will  haft 
them  changed  to 

or,  if  the  rotation  be  very  small, 

88.  In  coDsidering  the  composition  of  angular  velocitiet 
about  different  axes,  and  other  similar  cases,  we  may  deal 
with  infinitely  small  displacements  only ;  and  it  result*  al 
once  from  the  principles  of  the  differential  calculus,  that  if 
these  displacements  be  of  the  first  order  of  small  quantities^ 
any  point  whose  displacement  is  of  the  Mcond  order  of  small 
quantities  is  to  be  considered  as  rigorously  at  rest  Hence, 
for  instamce,  if  a  Inxly  revolve  through  an  angle  of  the  fint 
onier  of  small  quantities  about  an  axis  belonging  to  the  body 
whi(;h  durmg  the  revolution  is  displaced  through  an  angle  or 
space,  also  of  the  first  onler,  the  displacement  of  any  point  of 
the  body  is  rigorously  what  it  would  have  been  had  the  axis 
been  fixed  during  the  rotation  about  it,  and  its  own  displace- 
ment made  either  b^'foro  f»r  after  this  rotation.  Hence  in  any 
case  of  motion  of  a  rigid  systi*m  the  angular  velocities  about 
a  system  of  axes  moving  with  the  system  are  the  same  at  any 
instant  as  those  about  a  system  tixetl  in  space,  pruvided  only 
that  the  latter  coim-ide  at  the  instant  in  question  with  the 
moveable  oni»s. 

89.  Fnuu  similar  r-ousiderations  follows  also  the  genetil 
principle  of  Superposition  of  »nwU  motions  It  asserts  that  if 
several  causes  act  simultanrotiMy  on  the  same  particle  or  rigid 
ho<ly,  and  if  the  effttet  pn.Hluced  by  each  is  of  the  first  order  of 
small  <iuantities,  tlie  joint  effect  will  l)e  obtaineil  if  wo  consider 
the  caus4's  to  act  saccfAsivdy^  each  taking  the  point  or  %X9Xitm  IB 
tht*  {Hxsitiun  in  which  the  pn^eeiling  one  leff  it  It  is  eridoil 
at  once  tliat  this  is  an  immediati*  deduction  fix^m  the  fact  thil 
tlie  stMontI  (tiller  of  small  quantities  may  Ite  with  rigoroos 
nrcuraev  ni*gleciiHL  This  principle  is  of  wry  great  nse.  ai 
we  hIiuII  tind  in  the  s«'qu«'l ;  its  applications  are  of  comdanl 
•  MTurrenre. 
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A  plane  figure  has  giyen  angular  velocities  about  given  axes  Supeiposi- 
perpendicular  to  its  plane,  find  the  resultant.  motinn^"**^ 

Let  there  be  an  angular  velocity  u>  about  an  axis  at  the 
point  a,  b. 

The  consequent  motion  of  the  point  x,  y  in  the  time  6/  is,  as 
as  we  have  just  seen  (§  87), 

—  (y — h)^  parallel  to  x.  and  {pc  —  c^vi^  parallel  to  y. 
Henoe,  by  the  superposition  of  small  motions,  the  whole  motion 
parallel  to  x  is 

and  that  parallel  to  y 

(x2io  — Saw)^. 

Hence  the  point  whose  co-ordinates  are 

x=  «—  and  y=  ^ 

b  at  rest,  and  the  resultant  axb  passes  through  it.     Any  other 
point  f ,  1}  moves  through  i^xaces 

—  (iy2<»  — »w)5^,  (^  —  2^(0)6^ 
But  if  the  whole  had  turned  about  x,y  with  velocity  fi,  we  should 
have  had  for  the  displacements  of  £ ,  y\ 

Comparing,  we  find  Q=^. 

Hence  if  the  sum  of  the  angular  velocities  be  zero,  there  is  no 
rotadon,  and  indeed  the  above  formulae  show  that  there  is  then 
merely  translation 

2(6«)&  parallel  to  x,  and  —  2(a(i>)8/  parallel  to  y. 
These  formulae  suffice  for  the  consideration  of  any  problem  on 
the  subject. 

90.  Any  motion  whatever  of  a  plane  figure  in  its  own  plane  Rouing  of 
might  be  produced  by  the  rolling  of  a  curve  fixed  to  the  figure  curve. 
upon  a  enrve  fixed  in  the  plane. 

For  we  may  consider  the  whole  motion  as  made  up  of  suc- 
cessive elementary  displacements,  each  of  which  corresponds,  as 
we  have  seen,  to  au  elementary  rotation  about  some  point  in 
the  plane.  Let  Oj,  O,,  0^,  etc.,  be  the  successive  points  of  the 
Jigurt  about  which  the  rotations  take  place,  Oj,  o^,  03,  etc.,  the 
poeitiona  of  these  points  on  the  flane.  when  each  is  the  instan- 
taneous centre  of  rotation.  Then  the  figure  rotates  about  Ox 
(or  Oj.  which  coincides  with  it)  till  O2  coincides  with  0^,  then 


carve  on 
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Romn«  of  about  the  latter  till  0^  coincides  with  o„  and  so  on.  Hence,  if 
we  join  Oi,  O2,  Oj,  etc.,  in  the  plane  of  the  figure,  and  Oj,  o^,  o^ 
etc.,  in  the  fixed  plane,  the  motion  will  be  the  same  as  if  the 
polygon  OiOfii  etc.,  rolled  upon  the  fixed  polygon  0|0]0|et& 
By  supposing  the  successive  displacements  small  enough,  the 
sides  of  these  polygons  gradually  diminish,  and  the  polygons 
finally  become  continuous  curves.     Hence  the  theorem. 

From  this  it  immediately  follows,  that. any  displacement  of  i 
rigid  solid,  which  is  in  directions  wholly  perpendicular  to  i 
fixed  line,  may  be  produced  by  the  rolling  of  a  cylinder  fixed 
in  the  solid  on  another  cylinder  fixed  in  space,  the  axes  of  the 
cylinders  being  parallel  to  the  fixed  line. 

91.  As  an  interesting  example  of  this  theorem,  let  us  recur 
to  the  case  of  §  84  : — ^A  circle  may  evidently  be  circumscribed 
about  OBQA  ;  and  it  must  be  of  invariable  magnitude,  since 
in  it  a  chord  of  given  length  AB  subtends  a  given  angle  0 
at  the  circumference.  Also  OQ  is  a  diameter  of  this  circle, 
and  is  therefore  constant  Hence,  as  Q  is  momentarily  at  rest^ 
the  motion  of  the  circle  ciixjumscribing  OBQA  is  one  of  intemil 
rolling  on  a  circle  of  double  its  diameter.  Hence  if  a  circle  roll 
internally  on  another  of  twice  its  diameter,  any  point  in  its  cir- 
cumference describes  a  diameter  of  the  fixed  circle,  any  other 
point  in  its  plane  an  ellipse.  This  is  precisely  the  same  pro- 
position as  that  of  §  70,  although  the  ways  of  arriving  at  it  an 
very  different  As  it  presents  us  with  a  particular  case  of 
the  HjT)ocycloid,  it  warns  us  to  return  to  the  considenlioi 
of  these  and  kindred  curves  which  give  good  instances  of  kine- 
matical  theorems,  but  which  besides  aie  of  great  use  in  physioi 
generally. 
Cycloids  and  92.  Whcu  a  circlc  rolls  upon  a  straight  line,  a  point  in  iti 
Trochoids,  circmnference  describes  a  Cycloid,  an  internal  point  describes  • 
Prolate,  an  external  one  a  Curtate,  Cycloid.  Tlie  two  litter 
varieties  are  sometimes  called  Trochoida 

The  general  fonn  of  these  curves  will  be  seen  in  the  annexed 
figures ;  and  in  what  follows  we  shall  confine  our  remarks  to 
the  cycloid  itself,  as  of  immensely  greater  consequence  than 
the  others.  The  next  section  contains  a  simple  investigatioD 
of  those  properties  of  the  cycloid  which  are  most  useful  in  our 
subject 
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CycloidA  and 
l^rochoids. 


93.  Let  -45  be  a  diameter  of  the  generating  (or  rolling)  uli^^'y^^Jf/ 
circle,  BC  the  line  on  which  it  rolls.     The  points  A  and  B 
describe  similar  and  equal  cycloids,      ^  p 

of  which  A  QC  and  BS  are  por- 
tions. If  PQR  be  any  subsequent 
position  of  the  generating  circle, 
Q  and  S  the  new  positions  of  A 

and  5,  QPS  is  of  course  a  right 
angle.  If,  therefore,  QR  be  drawn 
I»arallel  to  PS,  PR  is  a  diameter 
of  the  rolling  circle.  Produce  QR 
to   r,  making  RT  =  QR  =  PS, 

Evidently  the  cun^e  AT,  which  is  the  locus  of  T,  is  similar  and 
equal  to  BS,  and  is  therefore  a  cycloid  similar  and  equal  to 
AC  But  QR  is  perpendicular  to  PQ,  and  is  therefore  the  in- 
stantaneous direction  of  motion  of  Q,  or  is  the  tangent  to  the 
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Fjtiicycloids. 

Hypo- 

cycioidn, 


PropertieK  of  cjTcloid  A  QC     Similarly,  PS  is  perpendicular  to  the  cvckid 
the  cycloid.   ^^  ^^  g^  ^^^  ^  ^  therefore  TQ  to  AT  at  T.     Hence  (§  19) 

AQCia  the  evolute  of  A  T,  and  ai-c  -4  Q  =  QT=  2  QR 

94.  When  the  circle  rolls  upon  another  circle,  the  cum 
described  by  a  point  in  its  cii*cuinference  is  called  an  Epicydoidt 
or  a  Hyi)Ocyloid,  as  the  rolling  circle  is  without  or  within  tk 
fixed  circle ;  and  when  the  tracing  point  is  not  in  the  circum- 
ference, we  liave  Epitroclioids  and   Hypotrochoida     Of  the 
latter  we  have  already  met  with  examples,  §  70,  91,  and  othm 
M'ill    be    presently  mentioned      Of  tk 
former,  we  have  in  the  first  of  the  ap- 
pended figures  the  case  of  a  circle  nJl- 
iug  externally  on  another  of  equal  sift  i 
The  cur\'e  in  this  case  is  called  the  Caidioil 
(§  *9)- 

In  the  second,  a  circle  rolls  ex- 
ternally on  another  of  twice  iti 
radius.  Tlie  epicycloid  so  de 
scribed  is  of  importance  in  optici^ 
and  will,  with  others,  be  referred 
to  when  we  consider  the  subject  of 
Caustics  by  reflexion. 

In  the  thinl,  we  have  a  hypo- 
cycloid  tnu3ed  by  the  rolling  of  ow 
circle  internally  on  another  of  four 
times  its  radius. 

Tlie  curve  figured  in  §  72  is  an 

epitrochoid  described  by  a  point  in 

the  plane  of  a  large  circular  diac 

which  rolls  ui>on  a  circular  cylinder 

of  small  diameter,  so  that  the  point 

passes  through    the    axis    of  the 

cylinder. 

That  of  §  74  is  a  hypotrochoid  described  by  a  jjoint  hi  the 

plane  of  a  circle  which  rolls  internally  on  another  of  rather 

more  than  twice  its  diameter,  the  tracing  point  passing  thitmgh 

the  centre  of  the  fixed  circle.     Had  the  diameters  of  the  ciiclw 

been  exactly  as  1  :  2,  §  73  or  §  91  shows  us  that  this  curve  wonM 

have  been  reduced  to  a  single  straight  line. 
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The  genenl  equations  of  this  class  of  corves  arc  Bptcycioids, 

X^(a+b)  cos  e-eb  008^6,  oyT[^et... 

y=(a+ft)8ind — ebsin—r-O, 

where  a  is  the  radius  of  the  fixed,  b  of  the  rolling  circle ;  and  eb 
m  Uie  distance  of  the  tracing  point  from  the  centre  of  the  latter. 

If  a  rigid  solid  body  move  in  any  way  whatever,  sub-  Motionaboiit 
t  only  to  the  condition  that  one  of  its  points  remains  fixed,  •****p***°^ 
sn9  is  always  (without  exception)  one  line  of  it  through  this 
int  common  to  the  body  in  any  two  positions. 
Conaider  a   spherical  surface   within  the  body,  with  its 
lire  at  the  fixed  point  C.    All  points  of  this  sphere  attached 
the  body  will  move  on  a  sphere  fixed  in  space.     Hence  the 
utmction  of  §  79  may  be  made,  only  with  great  circles 
liead  of  straight  lines ;  and  the  same  reasoning  will  apply  to 
ore  that  the  point  0  thus  obtained  is  common  to  the  body 
its  two  positiona    Hence  every  point  of  the  body  in  the 
le  OC»  joining  0  with  the  fixed  point,  must  be  common  to  it 
the  two  positiona    Hence  the  body  may  pass  from  any  one 
sition  to  any  other  by  a  definite  amount  of  rotation  about  a 
ffinite  axis.     And  hence,  also,  successive  or  simultaneous  rota-  composition 
ins  alK>ut  any  number  of  axes  through  the  fixed  point  may  be  °  "* 
imiMiuiuleil  into  one  such  rotation. 

Let  OA,  OB,  be  two  axes  about  which  a  body  moves  with  composition 

,  1      .^*  ofauirular 

angular  Telocities  ca,  caj.  veiociUes. 

Let  the  anit  sphere  be  described  with 
centre  O,  and  cut  these  in  AjB,  Con- 
wdcr  any  other  point  P  on  the  sphere. 
Then  wc  may  (§  89)  treat  the  displace- 
monta  of  P  during  an  infinitely  small 
interval  Si  as  successive. 

The  displacements  of  P  are  in  the 
tangent  plane  at  P.  and  so  is  therefore  their  resultant.     They  are 
re5{iectively  perpendicular  at  P  to  the  arcs  AP^  BP,  their  magni- 
tudes arc  w  sin  APSi  and  W|  sin  BPSij  and  their  directions  contain 

anangle=.4/Vy. 

Take  a  point  /  in  AB,  such  that  tasm  Al=(i) ifi\n  B I.  This 
priint  is  at  rest  since  its  displacements  are  equal  and  opposite. 
Wm,  if  12  be  the  angular  velocity  about  01,  the  displacements 
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MoUon  about 
a  fti«d  |K>liit. 


Parallflfv 
KTani  uf 
anKuUr 
vHitcitim. 


of  B  must  be  equal,  whether  rotation  take  place  about  01  or  OA 
Henoe  H  An  IB  =s  ta  sva  AB. 

As  a  verification,  let  us  consider  the  motion  of  P.     Join  PL 
Then        sin  i4P/_8in  PAI    sin  i4/_sin^  ^  •, 
sin  Z//'/""  sin  Pi?/  '  "sin/^/"sinilP*  t* 
which  is  the  ratio  of  the  displacements  of  P.     Henee  eridentlf 
the  whole  displacement  of  P  is  perpendicular  to  P/,  and  is  dar 
to  a  single  rotation  about  01. 

tnuAPB^ 


Its  magnitude  19        cosin  ^47* 


wnlPB^ 


.n^^^APB     Bin PBI^,     umn AB    .    ,»•. 
wn  PBI     Bin  IPB  sin  IB 

This  is  the  result  which  would  bo  given  by  a  rotation 
about  O/,  the  angular  velocity  being 

o        8ini4^        sini4/:^         ,   ^ 

The  above  fonnulac  show  that  if  lengths  pro])ortioiud  to  the 
respective  angular  velocities  about  them  be  meaaared  offoi 
the  component  and  resultant  axes,  the  lines  so  detannined  will 
be  the  sides  and  diagonal  of  a  |>aral]elojvTam. 

The  following'  method  of  tTeatin>(  the  subject  ia  nsefiil  a 
connexion  with  the  onlinarA'  methods  of  co-onlinate  geomctiy. 
It  contains  also,  as  will  1m*  seen,  an  iude|>endent  demonatiatM 
of  the  parallelnjrram  rif  anj^ular  vehvitirs  ; 

Angular  velocities  0*1,  10,,  ca,  about  the  axes  of  x,  jf,  asd  <  it- 
spectivoly,  produce  in  time  ^  displacements  of  the  point  at  x. jr. f 

(§§  87,  S9), 

Hence  points  for  which 


arc  not  displaced.     These  are  therefore  the  equations  of  the  aoa 
Now  the  i»eriK'ndicuhir  from  a  point  x.  y,  z  to  this  line  is.  tf 
co-ordinate  geometry, 


1 


^  whole  displaceni«'iit  of  x,  y.  z 
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The  actual  displacement  of  x,  y,  r  is  therefore  the  same  as  would  Motionabon 
have  been  produced  in  time  Si  by  a  single  angular  velocity,  •^^^i*®^* 
Q  =  ^•i*  +  ««■  +  »t*,  about  the  axis  determined  by  the  above 
equations. 

Thus  simultaneous  rotations  about  any  number  of  axes  meeting 
in  a  point  may  be  easily  compounded.  Let  co  be  the  angular 
velocity  about  one  of  them  whose  direction-cosines  are  I,  m,  n  ; 
12,  X,  /A,  V  those  of  the  resultant. 

Xfl=2(/«),  /iI2=2(mco),  vfi=2(na)) 
and  ft«=:2«(/a))+2«(ma))+2«(na)), 

whence  the  values  of  X,  /i^  v  follow. 

96,  Hence  the  single  angular  velocity  equivalent  to  three  composition 
co-existent  angular  velocities  about  three  mutually  perpen-  veiSes 
dicular  axes,  is  determined  in  magnitude,  and  the  direction  of  meeting  in 
its  axis  is  found,  as  follows  : — The  square  of  the  resultant  *  ^ 
angular  velocity  is  the  sum  of  the  squares  of  its  components, 

and  the  ratios  of  the  three  components  to  the  resultant  are  the 
direction-cosines  of  the  axia 

Hence  also,  an  angular  velocity  about  any  line  may  be  re- 
solved into  three  about  any  set  of  rectangular  lines,  the  resolu- 
tion in  each  case  being  (like  that  of  simple  velocities)  elGfected 
by  multiplying  by  the  cosine  of  the  angle  between  the  directions. 

Also,  a  rotation  may  be  represented  by  a  line  in  the  direction  of 
its  axis,  whose  length  is  proportional  to  the  angular  velocity  about 
it.  and  such  axes  are  to  be  compounded  as  linear  velocities  are. 

Hence,  just  as  in  §  31  a  uniform  acceleration,  acting  per- 
fiendicularly  to  the  direction  of  motion  of  a  point,  produces  a 
change  in  the  direction  of  motion,  but  does  not  influence  the 
Tilo<:ity ;  SO,  if  a  body  l^e  rotating  about  an  axis,  and  be  sub- 
JKted  to  an  action  tending  to  produce  rotation  about  a  per- 
[kendicular  axis,  the  result  will  be  a  change  of  direction  of  the 
axis  alx)ut  which  the  body  revolves,  but  no  change  in  the 
anrpthir  velocity. 

97,  We  give  next  a  few  useful  theorems  relating  to  the  compowtion 

.   .  .  >,     .  .  of  successive 

conipf>sition  of  successive  finite  rotations.  finite  rou- 

If  a  p^Tamid  or  cone  of  any  form  roll  on  a  similar  pyramid 
fthe  image  in  a  plane  mirror  of  the  first  position  of  the  first)  all 
round,  it  clearly  comes  back  to  its  primitive  position.  This  (as 
all  rolling  of  cones)  is  exhibited  best  by  taking  the  intersection 
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compoBiUon  of  each  with  a  spherical  surface.  Thus  we  see  that  if  a  spheri- 
finite  rota-  cal  polygon  tums  about  its  angular  points  in  succession,  alwaji 
keeping  on  the  spherical  surface,  and  if  the  angle  through  which 
it  tums  about  each  point  is  twice  the  supplement  of  the  an^ 
of  the  polygon,  or,  which  will  come  to  the  same  thing,  if  it  be 
in  the  other  direction,  but  equal  to  twice  the  angle  itself  of  the 
polygon,  it  will  be  brought  to  its  original  position. 

The  polar  theorem  (see  §  134,  below)  to  the  above  is,  that  a 
body,  after  successive  rotations,  represented  by  the  doubles  of 
the  successive  sides  of  a  spherical  polygon  taken  in  order,  is 
restored  to  its  original  position. 

98.  Another  theorem  is  the  following : — 
If  a  p}Tamid  rolls  over  all  its  sides  on  a  plane,  it  leaves  its 
track  behind  it  as  one  plane  angle,  equal  to  the  sum  of  the 
plane  angles  at  its  vertex. 

Otherwise,  in  a  spherical  surface,  a  spherical  polygon  having 
rolled  over  all  its  sides  along  a  great  circle,  is  found  in  the 
same  position  as  if  the  side  first  lying  along  that  circle  had 
been  simply  shifted  along  it  through  an  arc  equal  to  the  poly- 
gon's periphery.  The  polar  theorem  is,  if  a  body  be  made  to 
take  successive  rotations,  represented  by  the  sides  of  a  sjdiencal 
polygon  taken  in  order ;  it  will  finally  remain  as  if  it  had  re- 
volved about  the  axis  through  the  first  angular  point  of  the 
polygon  through  an  angle  equal  to  the  spherical  excess  (§  134) 
or  area  of  the  polygon. 
Motionabout  99.  The  investigation  of  S  90  also  applies  to  this  case ;  and  it 
Rolling  IS  thus  easy  to  show  that  the  most  general  motion  of  a  sphencal 
figure  on  a  fixed  spherical  surface  is  obtained  by  the  rolling  of 
a  curve  fixed  in  the  figure  on  a  curve  fixed  on  the  spbae 
Hence  as  at  each  instant  the  line  joining  C  and  0  contains  a 
set  of  points  of  the  body  which  are  momentarily  at  rest;  the 
most  general  motion  of  a  rigid  body  of  which  one  point  is  fixed 
consists  in  the  rolling  of  a  cone  fixed  in  the  body  upon  a  ooM 
fixed  in  space — the  vertices  of  both  being  at  the  fixed  poini 
Position  of        100,  To  complete  our  kineraatical  investigation  of  the  motiaa 

the  bo«ly  <lac^  ..«!  .  «•# 

to  Riven  rou-  of  a  body  of  which  one  point  is  fixed,  we  require  a  solution  oi 
the  following  problem  : — From  the  given  angular  velocities  rf 
the  body  about  three  rectangular  axes  attached  to  it,  to  de- 
termine the  position  of  the  body  in  space  after  a  given  tima 
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Befer  the  body  to  axes  OX,  OY,  OZ  passing  through  the  Mouonaboa 
fixed  point  0,  and  such  as,  at  a  given  epoch,  coincided  with  PositioSdue 
the  axes  OA,  OB,  OC,  which  move  with  the  body.    From  tionsT"*'^ 
the  given  angular  velocities  about  OA,  OB,  OC,  we  know,  §  95, 
the  position  of  the  instantaneous  axis  01  with  reference  to 
the  body  at  eveiy  instant'    Hence  wc  know  the  conical  surfeu^e 
in  the  body  which  rolls  on  the  cone  fixed  in  spaca     The 
data  are  sufficient  also  for  the  determination  of  this  other 
cone ;  and  these  cones  being  known,  and  the  portions  of  them 
r  which  are  in  contact  at  any  given  instant,  the  motion  is  com- 
'  pletely  determined. 

If  X,  fi,  V  be  the  direction-cosines  of  01  referred  to  OA,  OB, 
OCy  «i,  •hi  *s  tbe  angular  velocities,  and  s  their  resultant, 

by  f  95.  These  two  equations  in  general  contain  t,  by  the  elimi- 
nation of  which  we  get  the  equation  of  the  cone  fixed  in  the  body. 
For  the  cone  fixed  in  space :  if  o-  be  the  radius  of  curvature  of 
ito  trace  on  the  unit  sphere,  p  that  of  the  rolling  trace,  we  see,  by 
(  95,  or  by  (  105  below,  that  if  «  be  the  length  of  the  arc  of  either 
trace  from  a  common  initial  point, 
ds  ^  0 

pa-dt     sin  (sinT^p-f  sin"*<r) 


which,  as  5,  p  and  0  are  known  in  terms  of  t,  gives  o-  in  terms  of  /, 
or  of  5,  as  we  please — ^that  is,  the  equation  to  the  trace  of  the 
fixed  cone. 
A  less  symmetrical  method  is,  however,  often  more  con- 
venient in  applications  to  particular  problems.     If,  for  instance, 
the  position  of  the  body  be  determined  at  any  instant  by  the 

angle  XZC,  by  the  supplement  of  ZCA,  and  by  the  arc  ZC, 
all  on  the  unit  sphere,  the  equations  which  connect  the  rate  of 
change  of  these  quantities  with  the  angular  velocities  about 
the  three  axes  are  very  easily  obtained  by  the  help  of  principles 
already  explained. 

To  understand  the  meaning  of  these  angular  co-ordinates, 
suppose  A,  B,  C  initially  to  coincide  with  X,  Y,  Z  respectively. 
Then  let  the  body  rotate  about  OZ  through  tlie  angle  XZC. 
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Muuiinabuut  Next  let  it  rotate  about  the  uew  {)ositioQ  of  OB  tbroagh  an 

•  flxeUpulut  ^^^^^  ^^^^^^  ^^  ^j^^  ^^  ^^        j^^^  j^^jy^  j^^    j^   ^^^  ^^^^  ^ 

new  position  of  OC  through  an  angle  e(|ual  to  the  sapplemcol 
of  ZCA.    It  will  lie  in  tlie  i>osition  specifieil  by  these  dute 

angles. 

Let  XZC=\I^,  ZCA=ir-if>,  and  ZC=^,  we  hare,  by 
ing  in  succcsriion  the  iDHtantancoua  motioua  of  C  along  and 
pcndicular  to  ZC,  and  the  motion  of  AH  in  ita  own  plane, 

=a»|  8in  <;»+«,  COS  <f»,        Bin  ^  Js^^t  »»n  ^—t#,  coa^ 
and  J<^««^+J=-- 


o«»n«Tmi  101.  We  shall  next  consider  tlie  most  general  iK)i»ible 

UHiiiun  or  a  ••111         n      \  »   1  •        -r-        1  ». 

rigid  bouy.  ut  a  rigid  lN)dy  of  wiuch  no  point  is  nxed  -and  first  we  moH 
prove  the  following  theorem.  Then*  is  one  set  of  parallel 
planes  in  a  rigid  IxmIv  which  are  parallel  to  each  other  in  anj 
two  )HKsitions  of  the  InmIv.  The  jtaraUel  lines  of  the  body  pcr- 
])endicular  to  these  planes  are  of  course  i^arallel  to  each  other 
in  the  two  jKisitions. 

Let  C  and  C  1m»  any  point  of  the  Inxly  in  its  first  and 
|N)sitions.  Move  the  body  with<»ut  rotation  from  ita 
]K).sition  to  a  tliii-d  in  which  the  |)oint  at  if  in  the  strond  poa- 
tion  shall  CK-cupy  its  original  |x>sition  C.  Tlie  pn>ct*ding  de- 
nionstr.it ion  shows  that  thi*re  is  a  line  CO  common  to  the  bodr 
in  its  first  and  thinl  |K)sitions.  Hence  a  line  C'C/  of  the  Icdr 
in  its  second  position  is  ]>andlel  to  the  ssime  line  iX)  in  tbefiiH 
]M)sition.  This  i»f  cours<*  clearly  applies  to  everj'  line  of  the 
l)ody  ]>anillel  to  CO,  and  the  ])lancs  ]K'q>eudicular  to  these  Unci 
alsf)  n'lnain  luinillcl. 

102*  I>*t  S  denote  a  plane  of  the  IkmIv,  the  two  {Nisitiottiiif 
whif'h  an*  parallel.  Move  the  ImmU'  from  its  first  pcwitioa 
without  rotati(»ii.  in  a  direction  ]M'r]H*ndicular  to  N.  till  Scomn 
into  the  plane  of  its  serond  [Htsition.  Then  to  get  the  bodr 
into  its  actual  |iositinn,  such  a  motion  as  is  tn*ate«i  in  §  79  is 
farther  requin-il.  Hut  l»y  Jf  7l»  this  may  U^  effect**!!  by  mCa 
tion  alMiut  a  ceii.iin  axis  ]k  rpendieular  t(»  the  ]dan(*  &*.  onkai 
the  motion  iitpiirtMl  U^lniigs  to  the  (exceptional  ciist*  nf  poiv 
translation.  Hence  (tlilN  eas<*  (*\cept«Nl|  the  liudy  may  hr 
bntn^lit  fmm  the  first    ]>iKition  to  the  second  by  traii.«latk4: 
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through  a  detennlnate  distance  perpendicular  to  a  given  plane,  oenenj 
and  rotation  through  a  determinate  angle  about  a  determinate  ^d^£)dy! 
axis  perpendicular  to  that  plane.    This  is  precisely  the  motion 
of  a  screw  in  its  nut 

108.  In  the  excepted  case  the  whole  motion  consists  of  two 
translations,  which  can  of  course  be  compounded  into  a  single 
one ;  and  thus^  in  this  case,  there  is  no  rotation  at  all,  or  every 
plane  of  it  fulfils  the  specified  condition  for  ^  of  §  102. 

lOl.  Returning  to  the  motion  of  a  rigid  body  with  one  point  PwceMiom 
fixed,  let  us  consider  the  case  in  which  the  guiding  cones,  §  99, 
are  both  circular.     The  motion  in  this  case  may  be  called  Pr^ 
eemonal  Rotation. 

The  plane  through  the  instantaneous  axis  and  the  axis  of  the 
fixed  cone  passes  through  the  axis  of  the  rolling  cone.  This  plane 
turns  round  the  axis  of  the  fixed  cone  with  an  angular  velocity 
il  (see  §  105  below),  which  must  clearly  bear  a  constant  ratio 
to  the  angular  velocity  co  of  the  rigid  body  about  its  instan- 
taneous axi& 

105.  The  motion  of  the  plane  containing  these  axes  is  called 
the  preeemon  in  any  such  case.  What  we  have  denoted  by  SI 
18  the  angular  velocity  of  the  precession,  or,  as  it  is  sometimes 
called,  the  rate  of  precession. 

The  angular  motions  w,  /J  are  to  one  another  inversely  as 
the  distances  of  a  point  in  the  axis  of  the  rolling  cone  from  the 
instantaneous  axis  and  from  the  axis  of  the  fixed  cone. 

For,  let  OA  be  the  axis  of  the  fixed  cone,  OB  that  of  the 
rolling  cone,  and  01  the  instantaneous  axis.  From  any  point 
P  in  OB  draw  PN  perpendicular  to  0/, 
and  PQ  perpendicular  to  OA.  Then  we 
perceive  that  P  moves  always  in  the 
circle  whose  centre  is  Q,  radius  PQ, 
and  plane  perpendicular  to  OA .  Hence 
the  actual  velocity  of  the  point  P  is 
IIQP.  But,  by  the  principles  explained 
above,  §  99,  the  velocity  of  P  is  the 

same  as  that  of  a  point  moving  in  a  circle  whose  centre  is 
A",  plane  perpendicular  to  ON,  and  radius  NP  wliich,  as  this 
radius  revolves  with  angular  velocity  ©,  is  toNP.  Hence 
/igP  =  «.VP,  or  a>:n:.QP:  NP. 
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Precewional 
Rotation. 


I.  Convex 
cone  rolling 
on  convex. 


Let  a  be  the  semivertical  angle  of  the  fixed,  /9  of  the  rolling 
cone.  Each  of  these  may  be  supposed  for  aimplicity  to  be 
acute,  and  their  sum  or  difference  less  than  a  right  an^fr— 
though,  of  course,  the  formulae  so  obtained  are  (like  all  trigono- 
metrical results)  applicable  to  eveiy  possible  case.  We  hive 
the  following  three  cases : — 


aiani3=Qain(a+)9). 


li.  Convex 
cone  rolling 
inside  con- 
cave. 


Let  P  be  negative,  and  let  /3's— jS; 
then  )3'  is  pomtive,  and  we  have 
—  a)8in)3'=Osin(a— /T). 


In  the  preceding,  let  P>^- 
It  may  then  be  oonyeiuflBllj 
written 

(o8ini3'=Qan03'— a), 
a  and  P'  being  Btill  poaHife. 


Cases  of  pre- 

cesstonal 

rotation. 


106.  If,  as  illustrated  by  the  first  of  these  diagrams,  the  i 
is  one  of  a  convex  cone  rolling  on  a  convex  cone,  the  preoefiaAoml 
motion,  viewed  on  an  hemispherical  surface  having  A  for  its 
pole  and  0  for  its  centre,  is  in  a  similar  direction  to  that  ai  the 
angular  rotation  about  the  instantaneous  axi&  This  we  shall 
{xX\,  positive  precessional  rotation.  It  is  the  case  of  a  comnHin 
spinning-top  (peery),  spinning  on  a  very  fine  point  which  re- 
mains at  rest  in  a  hollow  or  hole  bored  by  itself ;  not  sleeping 
upright,  nor  nodding,  but  sweeping  its  axis  roimd  in  a  cone 
whose  axis  is  veiticaL     In  Case  lu.  we  have  likewise  pasitin 
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x^ession.  A  good  example  of  this  occurs  in  the  case  of  a  casesof pre- 
in  spinning  on  a  table  when  its  plane  is  nearly  horizontal  rotation. 
107«  Case  n.,  that  of  a  convex  cone  rolling  inside  a  concave 
e,  gives  an  example  of  negative  precession,  as  when  viewed 
before  on  the  hemispherical  surface  the  direction  of  angular 
bation  of  the  instantaneous  axis  is  opposite  to  that  of  the 
Uing  cone.  This  is  the  case  of  a  symmetrical  cup  (or  figure 
revolution)  supported  on  a  point,  and  stable  when  balanced, 
.,  having  its  centre  of  gravity  below  the  pivot;  when  in- 
Lned  and  set  spinning  non-nutationally.  For  instance,  if  a 
roughton's  top  be  placed  on  its  pivot  in  any  inclined  position, 
id  then  spim  oflF  with  very  great  angular  velocity  about  its 
via  of  figure,  the  nutation  will  be  insensible ;  but  there  will 
\  slow  precession. 

To  this  case  also  belongs  the  precessional  motion  of  the  earth's  Precewion 
ds ;  for  which  the  angle  a  =  23^  27'  28",  while  fi  =  0''-00867.  SoSJ-^ 
T,  if  the  second  diagram  represent  a  portion  of  the  earth's  sur- 
loe  round  the  pole,  the  arc  j1/=  8,552,000  feet,  and  therefore 
le  circumference  of  the  circle  in  which  /  moves  =  52,240,000 
«i ;  and  BI  =  0-88  foot  The  period  of  the  rotation  a>  is  the 
dereal  day ;  that  of  A  is  25,868  years. 

106.  Very  interesting  examples  of  Cases  L  and  m.  are  fur  Pree  rotation 
ished  by  projectiles  of  different  forms  rotating  about  any  axis.  kineticaSy 
hus  the  gyrations  of  an  oval  body  or  a  rod  or  bar  flung  into  JSSt In 
le  air,  belong  to  Class  L  (the  body  having  one  axis  of  less 
toment  of  inertia  than  the  other  two,  equal)  ;  and  the  seem- 
igly  irregular  evolutions  of  an  ill- thrown  quoit  belong  to  Class 
L  (the  quoit  having  one  axis  of  greater  moment  of  inertia  than 
le  other  two,  equal). 

109«  In  various  illustrations  and  arrangements  of  apparatus  commnnica- 
Beful  in  Natural  Philosophy,  as  well  as  in  mechanics,  it  is  laS"  eiocity 
iquired  to  connect  two  bodies,  so  that  when  either  turns  about  tieen  hi- 

certain  axis,  the  other  shall  turn  with  an  equal  angular 
elocity  about  another  axis  in  the  same  plane  with  the  former, 
at  inclined  to  it  at  any  angle.  This  is  accomplished  in 
lechanism  by  means  of  equal  and  similar  bevelled  wheels, 
r  rolling  cones ;  when  the  mutual  inclination  of  two  axes  is 
iven.  It  is  approximately  accomplished  by  means  of  Hooke  s  P^t  "^  '* 
>int,  when  the  two  axes  are  nearly  in  the  same  line,  but  are 
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Flejrible  but 
untwliitable 
cord. 


Universal 
flexure  joint 


Elastic  uni- 
venal  flexure 
joint 


Moving  body 
attached  to  a 
fixed  object 
by  a  univer- 
iMd  flexure 
joint 


required  to  be  free  to  vary  in  their  mutual  indinatioa  A 
chain  of  an  infinitely  great  number  of  Hooke's  joints  may  le 
imagined  as  constituting  a  perfectly  flexible,  untwistable  oord, 
which,  if  its  end-links  are  rigidly  attached  to  the  two  bodieii 
connects  them  so  as  to  fulfil  the  condition  rigorously  without 
the  restriction  that  the  two  axes  remain  in  one  plane.  If  ve 
imagine  an  infinitely  short  length  of  such  a  chain  (still,  hov- 
ever,  having  an  infinitely  great  number  of  links)  to  have  its 
ends  attached  to  two  bodies,  it  will  fulfil  rigorously  the  con- 
dition stated,  and  at  the  same  time  keep  a  definite  point  of  one 
body  infinitely  near  a  definite  point  of  the  other ;  that  is  to 
say,  it  will  accomplish  precisely  for  every  angle  of  inclinatioD 
what  Hooke's  joint  does  approximately  for  small  inclinatioii& 

The  same  is  dynamically  accomplished  with  perfect  accuracy 
for  every  angle,  by  a  short,  naturally  straight,  elastic  wire  of  truly 
circular  section,  provided  the  forces  giving  rise  to  any  resistance 
to  equality  of  angular  velocity  between  the  two  bodies  are  in- 
finitely small  In  many  practical  cases  this  mode  of  connexioo 
is  useful,  and  permits  very  little  deviation  from  the  conditions  of 
a  true  universal  flexure  joint  It  is  used,  for  instance,  in  the  sus- 
pension of  the  gyroscopic  penduluAi  (§  74)  with  perfect  suooeas. 
Of  two  bodies  connected  by  a  universal  flexure  joints  let  one 
be  held  fixed.  The  motion  of  the  other,  as 
long  as  the  angle  of  inclination  of  the  axes 
remains  constant,  will  be  exactly  that  figured 
in  Case  i.,  §  105,  above,  when  the  angles  a  and 
13  are  equal  The  supplement  of  the  ang^ 
A  OB  is  the  mutual  inclination  of  the  axes; 
and  the  angle  A  OB  itself  is  bisected  by  the 
instantaneous  axis  of  the  moving  body.  Hie 
annexed  diagram  shows  a  case  of  this  motioa 
in  which  the  mutual  inclination,  6,  of  the  axes  is  acute.  Ac- 
cording to  the  fonnulae  of  Case  i.,  §  105,  we  have 

ck>  sin  a  =  if2  sin  2a, 
6 


or 


G)  =  2/2  cos  a  =  2/2  sin 


2 


where  q>  is  the  angular  velocity  of  the  moving  body  about  it« 
instantaneous  axis,  0/,  and  /2  is  the  angular  velocity  of  its  pre- 
cession ;  that  is  to  say,  the  angular  velocity  of  the  plane  through 
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tlie  fixed  axis  AA\  and  the  moving  axis  OB  of  the  moving  two  degnes 

^     I  of  flreedom  t* 

DOOjT •  move  enloy- 

Besides  this  motion,  the  moving  body  may  clearly  have  any  SwiS.- 
mgular  velocity  whatever  about  an  axis  through  0  perpen-  ^"^•*** 
dkiilAT  to  the  plane  AOB,  which,  compounded  with  co  round 
0/»  gives  the  resultant  angular  velocity  and  instantaneous  axis. 

Two  oo-ordinates,  B  =  A' OB,  and  <^  measured  in  a  plane  per- 
pendicular to  i40,  firotn  a  fixed  plane  of  reference  to  the  plane 
AOBj  elearij  specify  the  position  of  the  moveable  body  in  this 


110.  Suppose  a  rigid  body  bounded  by  any  curved  surface  to  oenanu 
be  touched  at  any  point  by  another  such  body.     Any  motion  one  rigid 
of  one  on  the  other  must  be  of  one  or  more  of  the  forms  tnguotiier. 
diding,  rolling,  or  spinning.     The  consideration  of  the  first  is 

so  simple  as  to  require  no  comment 

Any  motion  in  which  the  point  of  contact  has  no  velocity 
must  be  rolling  or  spinning  se|)arately,  or  combined. 

Let  one  of  the  bodies  rotate  about  successive  instantaneous 
axes,  all  lying  in  the  common  tangent  plane  at  the  point  of  in- 
sUntaneous  contact,  and  each  passing  through  this  point — tlie 
other  Iwdy  being  fixeil  This  motion  is  what  we  call  rolling, 
or  simple  rolling,  of  the  moveable  body  on  the  fixed 

\  >n  the  other  hand,  let  tlie  instantaneous  axis  of  the  mov- 
ing Uxly  1k»  the  common  nonnal  at  the  point  of  contact. 
This  is  pure  spinning,  and  does  not  change  the  point  of 
contact. 

Let  it  move,  so  that  the  instantaneous  axis,  still  passing 
through  tlu»  point  of  contact,  is  neither  in,  nor  jKiqiendieulnr 
to.  the  tangent  plane.  This  motion  is  combined  rolling  and 
-pinning. 

Let  w  be  the  angular  velocity,  a  the  iuclination  of  the  instan- 
taneous* axis  to  the  Donnal,  then  (o  hid  a  and  o>  cos  a  are  the  angu- 
lar veK>citic8  of  the  rolling  and  spinning  respectively. 

111.  Wlien  a  body  rolls  and  spins  on  another  body,  the  xrare*  of 
tr-ir/  (tf  either  on  the  other  is  the  curved  or  straight  line  along  ""  '"*^ 
which  it  has  bi*en  successively  touched.      If  the  instantaneous 

iixis  is  in  a  nonnal  plane  to  the  traces,  the  rolling  is  called  i>ir^«t 
fitrrrt.      If  not  direct,  the  rolling  may  be  resolved  into  a  direct 
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Oenend 
motion  of 
one  rigid 
hody  tonch- 
ing  another. 


rolling,  and  a  rotation  round  the  tangent  line  to  the  tiaott. 
Imagine  the  traces  constructed  of  rigid  matter,  and  all  the  test 
of  each  body  removed.  We  may  repeat  the  former  motion  with 
these  curves  alona  The  difference  of  the  circumstances  now 
supposed  will  only  be  experienced  if  we  vary  the  direction  of 
the  instantaneous  axia  In  the  former  case,  if  we  do  this  we 
introduce  more  or  less  of  spinning,  and  we  cUter  the  trace  on 
each  body ;  in  the  latter,  we  have  always  the  same  moveable 
curve  rolling  on  the  same  fixed  curve ;  with,  in  addition,  any 
arbitrary  velocity  of  twisting  round  the  common  tangent  The 
consideration  of  this  case  is  very  instructive,  with  r^aid  to  the 
general  problem. 
Curve  rolling  112.  It  may  be  rouglily  imitated  in  practice  by  two  stiff 
wires  bent  into  the  forms  of  the  given  curves,  and  prevented 
from  crossing  each  other  by  a  short  piece  of  elastic  tube  clasp- 
ing them  together. 

First  let  them  be  both  plane  curves,  and  kept  in  one  plane 
We  have  then  pure  rolling,  as  of  one  cylinder  on  another. 

Let  p  bo  the  radius  of  corvaturo  of  the  rolling,  a*  of  the  fixed, 
cylinder ;  <o  the  angular  velocity  of  the  former,  Kthe  linear  velo- 
(y  city  of  the  point  of  contact.    We  have 

For,  in  the  figore,  snppose  P  to  be  at  any  time  the 
point  of  contact,  and  Q  and  p  the  points  which  an 
to  be  in  contact  after  an  interval  dt ;  O,  0'  the 

centres  of  curvature ;  POpssO^  PO'Q=^. 

Then  PQ  =zPp=:  space  described  by  pomi  of 
contact.     In  symbols  p<l>^(r0sz  VdL 

Also,  before  O'Q  and  OP  can  coincide  in  dine- 
tion,  the  former  must  evidently  torn  throqg^  wm 
angle  0+^, 

Therefore  fadt=iO+^\   and  by  eliminatbig  $ 
and  <^,  and  dividing  by  dt^  we  get  the  above  result. 

It  is  to  be  understood  here,  that  as  the  radii  of  curvature  have 
been  considered  positive  hero  when  both  surfaces  are  eonvex, 
the  Dcgativc  sign  must  be  introduced  for  either  radius  when  the 
corresponding  curve  b  concave. 

Hence  the  angular  velocity  of  the  rolling  cur\'e  is  in  thu* 
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case  equal  to  the  product  of  the  linear  velocity  of  the  point  of  Angniar 
contact  by  the  sum  or  diflference  of  the  curvatures,  according  roiuSgTn  L 
as  the  curves  are  both  convex,  or  one  concave  and  the  other  ^^^ 
convex. 

118.  When  the  curves  are  both  plane,  but  in  different  piane  curv* 
planes,  the  plane  in  which  the  rolling  takes  place  divides  the  JuJS  "*"** 
angle  between  the  plane  of  one  of  the  curves,  and  that  of  the 
other  produced  through  the  common  tangent  line,  into  parts 
whose  sines  are  inversely  as  the  curvatures  in  them  respec- 
tively ;  and  the  angular  velocity  is  equal  to  the  linear  velocity 
of  the  point  of  contact  multiplied  by  the  difference  of  the  pro- 
jections of  the  two  curvatures  on  this  plana 

For,  let  PQ,  Pp  be  equal  arcs  of  the  two  carves  as  before,  and 
let  PR  be  taken  in  tiie  common  tangent  (i.e.,  the  intersection  of 
the  pUnes  of  the  curves)  equal  to  either.  Then  Qi2,  pR  are 
ultimately  perpendicular  to  PR. 


^=2. 


H«.oe  pR^—  1^^  ^^ 


Also,  Qi^=a,  the  angle  between  the  planes  of  the  curves. 

We  have        -,  ,     PR>A   ,1      2_   v 
Qp*  = i cos  a). 

Therefore  if  w  be  the  velocity  of  rotation  as  before, 


1       2  cos  a 


pt         ap 

Also  the  instantaneous  axis  b  evidently  perpendicular,  and  there- 
fore the  plane  of  rotation  parallel,  to  Qp.  Whence  the  above. 
In  the  case  of  a=ir,  this  agrees  with  the  result  of  §  112. 

A  good  example  of  this  is  the  case  of  a  coin  spinning  on  a 
table  (mixed  rolling  and  spinning  motion),  as  its  plane  becomes 
gradually  horizontal  In  this  case  the  curvatures  become  more 
and  mon*  nearly  equal,  and  the  angle  between  the  planes  of  the 
curves  smaller  and  smaller.  Thus  the  resultant  angular  velo- 
cit}'  becomes  exceedingly  small,  and  the  motion  of  the  point 
of  contact  very  great  compared  with  it. 

114«  The  preceding  results  are,  of  course,  applicable  to  tor- 
tuous as  well   as  to  plane  curves ;   it  is  merely  requisite  to 
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cunre  rolling  substitute  the  osculating  plane  of  the  former  for  the  plane  of 

on  curve:        ,,       ,    .. 

two  deartes  the  latter. 

Curve  rolling     H^.  We  coiue  next  to  the  case  of  a  curve  rolling,  wither 

th4e  dJ^ea  without  Spinning,  on  a  surface. 

of  freedom.  j|.  j^q^^  ^f  coursc,  roU  ou  any  curve  traced  on  the  sorfaoa 
When  this  curve  is  given,  the  moving  curve  may,  while  rolling 
along  it,  revolve  arbitraiily  round  the  tangent  But  the  com- 
ponent instantaneous  axis  perpendicular  to  the  common  tangent^ 
that  is,  the  axis  of  the  direct  rolling  of  one  curve  on  the  other, 
is  detenninate,  §  113.  If  this  axis  does  not  lie  in  the  sui&oe; 
there  is  spimiing.  Hence,  when  the  tmce  on  the  suifiiice  ii 
given,  there  are  two  independent  variables  in  the  motion ;  the 
space  traversed  by  the  point  of  contact,  and  the  angular  velocity 
about  the  tangent  line  at  that  point 

Tni^re-         116,  If  the  tracc  is  given,  and  it  be  prescribed  ad  a  condi- 

no8pinning  tiou  that  there  shall  be  no  spinning,  the  angular  position  of  the 
rolling  cur\'e  round  the  tangent  at  the  point  of  contact  is  deter- 
minate. For  in  this  case  the  instantaneous  axis  must  be  in  the 
tangent  plane  to  the  surface.  Hence,  if  we  resolve  the  rotation 
into  components  round  the  tangent  line,  and  round  an  axis  per- 
pendicular to  it,  the  latter  must  be  in  the  tangent  plane.  Thus 
the  rolling,  as  of  curve  on  curve,  must  be  in  a  normal  plane  to 
the  surface  ;  and  therefore  at  starting  the  given  curve  must  be 

Twodegreeg  SO  applied  to  its  tracc  on  the  surface  that  the  projections  of  the 

of  freedom.  *■*  ,«, 

two  curves  on  the  tangent  plane  may  be  of  equal  cur\'ature. 

The  cur\'e,  as  it  rolls  on,  must  continually  revolve  about  the 
tangent  line  to  it  at  the  point  of  contact  with  the  surface,  so  •» 
in  ever}'  position  to  fulfil  this  condition. 

Let  a  denote  the  inclination  of  the  plane  of  curvature  of  the 
tracc  to  the  normal  to  the  surface  at  any  point,  a'  the  name  ibr 

the  plane  of  the  rolling  curve;  — ,  — ;  their  curvatures.     We 

P    P 
reckon  a  as  obtuse,  and  a    acute,  when  the  two  curves  lie  oo 
opposite  sides  of  the  tangent  plane.     Then 

1   .     ,      1    . 
— ,sina  =— sma, 

P  P 

which  fixes  a  or  the  position  of  the  rolling  curve  when  the  point 
of  contact  is  given. 

Let  o>  be  the  angular  velocity  of  rolling  about  an  axis  perpen- 
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>  to  the  tangent,  s  that  about  the  tangent,  and  let  V  be  the  AnguUrveio 

^  city  of  direct 

linear  velocity  of  the  point  of  contact.     Then,  since  — ;  cos  a  and  "*"*'*• 

P 

^ —  cos  a  (each  positive  when  the  corves  lie  on  opposite  sides  of 

P 
the  tangent  plane)  arc  the  projections  of  the  two  curvatures  on  a 
plane  through  the  normal  to  the  surface  containing  their  common 
tangpnt,  we  have,  by  §  112, 

«=  V(—7  COPa COS  a), 

P  P 

«'  being  determined  by  the  preceding  equation.  Let  r  and  r 
denote  the  tortuosities  of  the  trace,  and  of  the  rolling  curve,  re- 
spectively. Then,  first,  if  the  curves  were  both  plane,  we  see 
that  one  rolling  on  the  other  about  an  axis  always  perpendicular 
to  their  common  tangent  could  never  change  the  inclination  of 
their  planes.  FIcnce,  secondly,  if  they  are  both  tortuous,  such 
n^ng  will  alter  the  inclination  of  their  osculating  planes  by  an 
indefinitely  »mall  amount  (r  —  r')d8  during  rolling  which  shifts  ADgoiarreio- 

•  --  y         'KT  •!*..        <?*ty  round 

the  point  of  contact  over  an  arc  at.     JNow  a  is  a  known  function  tangent. 
of  «  if  the  trace  is  given,  and  therefore  so  also  is  a.    But  a  —  a 
w  the  inclination  of  the  osculating  planes,  hence 

r{i^-(r-r')}=a. 

117.  Next,  for  one  surface  rolling  and  spinning  on  another,  sarfaceon 
Irst,  if  the  trace  on  each  is  given,  wo  have  tlie  case  of  §  113 
T§  lir>.  c»ne  c\ir\'e  rolling  on  another,  with  this  farther  con - 
(ition,  that  the  former  must  rcrohr  round  the  tangent  to  tlie 
wfi  iiir\t\s  so  a.**  to  keep  tlie  taiigt»nt  planes  of  the  two  surfaces 
•'inciileiit. 

It  is  well  to  obser\'e  that  when  the  points  in  contact,  and  Both  tracM 

.  ,  •    '  n     ^  IIP  prescribe*!  : 

Lf  two  traces,  are  given,  the  position  of  the  moveaule  surface  onedeK^of 

...  ,      ,  ,^,  .      .  freedom. 

*  i^uite  detenuinate,  Unng  found  thus : — rlace  it  in  contact 
vith  the  fixed  surtace.  the  given  points  together,  and  ftpiti  it 
il-.ut  the  eoiunion  iionnal  till  the  tangent  lines  to  the  traces 

•  liiuidf. 

Heiir*-  when  lx»th  the  traces  iire  given  the  condition  of  no 
(pinning  I  aiin<»t  be  imposed.  During  the  rolling  there  must 
u  i:»*neral  1m*  sjanning.  such  as  to  keep  the  tangents  to  the  two 
ru  **s  coincident.  The  instantaneous  axis  of  the  rolling  must 
il-i  >o  rhangi»  as  to  give  not  only  the  rolling  along  the  trace, 
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snrfiftce  on    but  also  the  nccessarv  revolving  about  the  tangent  line  to  hnog 

tnuMBore-    the  tangent  planes  always  to  comcida 

degree  of  In  this  case,  then,  there  is  but  one  independent  variable— 

the  space  passed  over  by  the  point  of  contact,  and  when  the 
velocity  of  the  point  of  contact  is  given,  the  resultant  angular 
velocity,  and  the  direction  of  the  instantaneous  axis  of  the  roll- 
ing body  are  determinate.  We  have  thus  a  sufficiently  detr 
view  of  the  general  character  of  the  motion  in  question,  but  it  is 
right  that  we  consider  it  more  closely,  as  it  introduces  us  veiy 
naturally  to  an  important  question,  the  measurement  of  tbe 
tvnst  of  a  rod,  wire,  or  narrow  plate,  a  quantity  wholly  distinct 
from  the  tortuosity  of  its  axis  (^  7). 

118.  Suppose  all  of  each  surface  cut  away  except  an  infinitdy 
narrow  strip,  including  the  trace  of  the  rolling.  Then  we  have 
the  rolling  of  one  of  these  strips  upon  the  other,  each  haviqg 
at  every  point  a  definite  curvature,  tortuosity,  and  twist 

Twist  119.  Suppose  a  flat  bar  of  small  section  to  have  been  bent 

(the  requisite  amount  of  stretching  and  contraction  of  its  edges 
being  admissible)  so  that  its  axis  assumes  the  form  of  any  plane 
or  tortuous  curva  If  it  be  unbent  without  twisting,  id,  if  the 
curvature  of  each  element  of  the  bar  be  removed  by  bending 
it  through  the  requisite  angle  in  the  osculating  plane,  and  it  he 
found  untwisted  when  thus  rendered  straight,  it  had  no  twid  in 
its  original  form.  This  case  is,  of  course,  included  in  the  geneni 
theory  of  twist,  which  is  the  subject  of  the  following  sectioDa 

Axteand  120.  A  bcut  or  straight  rod  of  circular,  or  any  other  fom 

of  section  being  given,  a  line  through  the  centres,  or  any 
other  chosen  points  of  its  sections,  may  be  called  its  axis.  VbA 
a  line  on  its  side  all  along  its  length,  such  that  it  shall  be  a 
straight  line  parallel  to  the  axis  when  the  rod  is  unbent  and 
untwisted.  A  line  drawn  from  any  point  of  the  axis  perpen- 
dicular to  this  side  line  of  reference,  is  called  the  trangvtrm  of 
the  rod  at  tliis  point 

The  whole  twist  of  any  length  of  a  straight  rod  is  the  angle 
between  the  transverses  of  its  ends.  Tlie  average  twist  is  the 
integral  twist  divided  by  the  length.  Tlie  twist  at  any  point 
is  the  average  twist  in  an  infinitely  short  length  through  this 
point ;  in  other  words,  it  is  the  rate  of  rotation  of  its  transvene 
l)er  unit  of  length  along  it 


tmnsverae. 
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^  Tlic  twist  of  a  curved,  plane,  or  tortuous  rod  at  any  point  is  Twi«t. 
the  rate  of  component  rotation  of  its  transverse  round  its  tangent 
Vae,  per  unit  of  length  along  it 

If  /  be  the  twist  at  any  point,  ftds  over  any  length  is  the  in- 
tegral twist  in  this  length. 

121.  Integral  twist  in  a  curved  rod,  although  readily  de- 
as  above,  in  the  language  of  the  integral  calculus,  can- 
be  exhibited  as  the  angle  between  any  two  lines  readily 

eoDStmetible.  The  following  considerations  show  how  it  is  to 
be  reckoned,  and  lead  to  a  geometrical  constmction  exhibiting 
It  in  a  spherical  diagram,  for  a  rod  bent  and  twisted  in  any 
■aimer  :— 

122.  If  the  axis  of  the  rod  forms  a  plane  curve  lying  in  one  Esttmatioii 
plane,  the  integral  twist  is  clearly  the  difference  between  the  tirut: 
{■diDations  of  the  transverses  at  its  ends  to  its  plana     For  in  a  pi«n« 
if  it  be  simply  unbent,  without  altering  the  twist  in  any  part,  ^^^'^ 
tte  inclination  of  each  transvei-se  to  the  plane  in  which  its 
cnrature  lay  will  remain  unchanged ;  and  as  the  axis  of  the 

lod  now  has  become  a  straight  line  in  this  plane,  the  mutual 
inclination  of  the  transverses  at  any  two  points  of  it  has  become 
equal  to  the  difference  of  their  inclinations  to  the  plane. 

123.  Xo  simple  application  of  this  rule  can  be  made  to  a 
tortuous  curve,  in  conseciuenco  of  the  change  of  the  plane  of 
curvatnn*  fnun  jniint  to  point  along  it;  but,  instead,  we  may 
proeet*«l  thus  :   - 

First.  Let  us  su])pose  the  ])lane  of  curvature  of  the  axis  of  'n  a  curve 
the  wire  to  n»niain  constant  thnnigh  finite  portions  of  the  curve,  plane  por 
and  to  chan«^*  al»rui)tly  by  finite  angles  from  o;ie  such  portion  different 
to  the  next  \a  sup|K)siti<)n  which  involves  no  angu- 
lar jM^ints.  that  is  to  say,  no  infinite  cur\'ature,  in 
the  cur%'e\     I>*t  planes  parallel  to  the  ])lanes  of 
curvature  of  thn^e  successive  portions,  PQ,  QR,  RS 
(not  jihown  in  the  diagram),  cut  a  unit  s])herical  sur- 
face in  the  great  circles  GAG\  ACA\  CE ;   and 
then-ft»n\  of  course  the  mdii  of  the  sphere  parallel 
to  the  tau'^ents  at  the  X)<)ints  Q  and  R  of  the  cur\'e 
where  its  cur\ature  changes  will  cut  its  surface  in 
A  and  C.   the   intersections  of  these  circles.     Let  0  be  the 

F 
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£rtimi^  point  in  which  the  radius  of  the  sphere  parallel  to  the  tangeni 
SirtotT^a    at  P  cuts  the  surface ;  and  let  OH,  AB,  CD  be  parallels  to  tlie 

CIirV6  con-  n      t  t  ■»  n  1  •  T^y^'Tfc*** 

■itftingof  transverses  of  the  bar  drawn  from  the  points  F,  Q,  R  of  iti 
Bon«*ir''  axis.  Then  (§122)  the  twist  fix)m  P  to  Q  is  equal  to  the  dif- 
piuMt.        ference  of  the  angles  HO  A  and  BAG ;  and  the  twist  from 

Q  to  jR  is  equal  to  the  difference  between  BAG  and  DCi'. 

Hence  the  whole  twist  from  P  to  iZ  is  equal  to 

HGA-BAO'+BAC—  DCA\ 

or,  which  is  the  same  thing, 

A'CE+  OAC—  {DCE — EGA). 

Continuing  thus  through  any  length  of  rod,  made  up  of  portiooi 
curved  in  different  planes,  we  infer  that  the  integral  twist  be- 
tween any  two  points  of  it  is  equal  to  the  sum  of  the  exterior 
angles  in  the  spherical  diagram,  wanting  the  excess  of  the  ia* 
clination  of  the  transverse  at  the  second  point  to  the  plane  of 
curvature  at  the  second  point  above  the  inclination  at  the  fint 
point  to  the  plane  of  cur\'aturc  at  the  first  point  The  sum  of 
those  exterior  angles  is  what  is  defined  below  as  the  "  change 
of  direction  in  the  spherical  surface"  from  one  side  of  tbe 
polygon  of  great  circles  to  the  other ;  and  when  the  polygon  ii 
closed,  and  the  sum  includes  all  its  exterior  angles,  it  is  (§  134) 
equal  to  27r  wanting  tlie  area  enclosed.  The  construction  we 
have  made  obviously  holds  in  the  limiting  case,  when  tke 
lengths  of  the  plane  portions  are  infinitely  small,  and  is  therefiie 
applicable  to  a  wire  forming  a  tortuous  curve  with  continnomlj 
varying  plane  of  curvature,  for  which  it  gives  the  folloiriog 
conclusion  :— 
inacontina.  Parallel  to  the  tangent  to  the  axis  of  the  bar,  at  a  point 
toooB  curve,  moving  along  it,  let  a  radms  of  a  umt  sphere  be  drawn,  cutting 
the  spherical  surface  in  a  cur\'e  (being  the  hodograph  of  a  point 
moving  with  constant  velocity  along  the  bar).  From  points  of 
this  curve  draw  parallels  to  the  transverses  of  the  correspond- 
ing points  of  the  bar.  The  excess  of  the  change  of  direction 
(§  135)  from  any  point  to  another  of  the  hodograph,  above  the 
increase  of  its  inclination  to  the  transverse,  is  equal  to  tbe 
twist  in  the  corresponding  part  of  the  bar. 

Tlie  annexed  diagram,   showing   the  hodograph    and  tbe 
parallels  to  the  transverses,  illustrates  this  rula     Thus,  for 
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inttaace,  the  excess  of  the  change  of  direction  in  the  spherical  Estiiiution 
mabce  along  the  hodograph  from  A  to  C,  above  DCS—BATti^^ii^^ 
m  equal  to  the  twist  in  the  bar  between  the  points  of  it  to  SSSSw"*^ 
wiach  A  and  C  correspond.     Or,  -^  ^^^ 

ligain,  if  we  consider  a  portion  of  ^ 

the  bar  fn>m  any  point  of  it,  to 
another  point  at  w*hich  the  tangent 
to  its  axis  is  parallel  to  the  tan- 
gent at  its  first  point,  we  shall  have 
a  clos^  curve  as  the  spherical  hodograph ;  and  if  ii  be  the 
yoint  of  the  htxlograph  corresponding  to  them,  and  AB  and 
AS  the  parallels  to  the  transverses,  the  whole  twist  in  the 
indaded  part  of  the  bar  will  be  equal  to  the  change  of  direction 
aD  round  the  hodograph,  wanting  the  excess  of  the  exterior 
angle  ^^T above  the  angle  BAT;  that  is  to  say,  the  whole 
ftnist  will  lie  equal  to  the  excess  of  the  angle  BAR  above 
fhe  area  enclosed  by  the  hodograph. 

The  principles  of  twist  thus  developed  are  of  vital  import- 
anee  in  the  theor}'  of  rope-making,  especially  the  construction 
and  the  dynamics  of  wire  ropes  and  submarine  cables,  elastic 
ban,  and  spiral  springs. 

12^  Returning  to  the  motion  of  one  surface  rolling  and  ^^ttm  roii 

,  ,  11..  Ingoniur- 

•pinning  on  another,  the  trace  on  each  being  given,  we  may  ^ :  ^^ 
eonsider  that,  of  each,  the  curvature  (§  6),  the  tortuosity  (§  7), 
and  the  twist  reckoiuKl  according  to  transverses  in  the  tangent 
plane  of  the  surface,  are  known ;  and  the  subject  is  fully  spe- 
cified in  ( §  117)  above. 

I^t  —7  aud  —  be  the  curvatures  of  the  traces  on  the  roUinc: 

and  fixcnl  surfaces  respectively ;  a'  and  a  the  incliuations  of  their 
pUncH  of  curvature  to  the  normal  to  the  tangent  plane,  reckoned 
a*i  in  §  lit);  t'  and  t  their  tortuosities;  t'  and  /  their  twists ; 
and  r  the  velocity  of  the  point  of  contact.  All  these  being  known, 
it  is  required  to  find  ; — 

M  the  angular  velocity  of  rotation  about  the  transverse  of  the 
trBces ;  that  is  to  say,  the  line  in  the  tangent  plane  perpendicular 
to  their  tangent  line, 

9  the  angular  velocity  of  rotation  about  the  tangent  line,  and 

^r  .,  .,  of  spinning. 
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SuTftujerou-  We  have 

ing  on  sur- 

fane ;  both  tt  /  *•  /        '  \ 

tncM  given.  CD  =  K  (^  COS  a COS  a) 

P  P 

and  <r=F(-7sina' sin  a) 

P  P 

Surface  roll-       125.  In  the  Same  case,  suppose  the  trace  on  one  only  of 
S^'wiSlout  the  surfaces  to  be  given.    We  may  evidently  impose  the  con- 
epinniug.      jition  of  no  Spinning,  and  then  the  trace  on  the  other  is  deter- 
minate.    This  case  of  motion  is  thoroughly  examined  in  §  137, 
below. 

The  condition  is  that  the  projections  of  the  curvatures  of  the 
two  traces  on  the  common  tangent  plane  must  coincide. 

If  -7  and  —  be  the  curvatures  of  the  rolling  and  statiooaiy 

surfaces  in  a  normal  section  of  each  through  the  tangent  line  to 
the  trace,  and  if  a,  a\  p,  p  have  their  late  meanings, 
p'=r' cos  a',  prsrcosa  (Meunier's  Theorem,  below). 

But  -7  sin  a' =  —  sin  a,  hence  tan  a' =  —tan  a,  the  condition  w- 
P  P  r  ' 

quired. 

Examples  of  126.  If  a  rod  be  bent  along  any  curve  on  a  spherical  sui&o^ 
aid't'5*t  so  that  a  marked  side  line  of  reference  on  it  lies  all  along  is 
contact  with  the  spherical  surface,  it  acquires  no  twist  in  thi 
operation.  For  if  it  is  laid  so  along  any  finite  arc  of  a  small 
circle  it  will  clearly  have  no  twist  And  no  twist  is  prodnoed 
in  continuing  from  any  point  along  another  small  circle  having 
a  common  tangent  with  the  first  at  tliis  point 

If  a  rod  be  bent  round  a  cylinder  so  that  a  line  marked 
along  one  side  of  it  may  lie  in  contact  with  the  cylindfli; 
or  if,  what  presents  somewhat  moi'e  readily  the  view  now  de- 
sired, we  wind  a  straight  ribband  spirally  on  a  cylinder,  the 
axis  of  bending  is  parallel  to  that  of  tlie  cylinder,  and  theirfore 
oblique  to  the  axis  of  the  rod  or  ribband.  We  may  thereffln 
resolve  the  instantaneous  rotation  which  constitutes  the  bendnig 
at  any  instant  into  two  components,  one  round  a  line  peipen- 
dicular  to  the  axis  of  the  bar,  which  is  pure  bending,  and  the 
6ther  round  the  axis  of  the  bar,  which  is  pure  twist 
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The  twist  at  any  point  in  a  rod  or  ribband,  so  wound  on  a  cir-  Examples  oi 
cular  cylinder,  and  constituting  a  uniform  helix,  is  Mdti^^ 

cos  a  sin  a 
r 
if  r  be  the  radius  of  the  cylinder  and  a  the  inclination  of  the 
spiral.     For  if  K  be  the  velocity  at  which  the  bend  proceeds 

along  the  previously  straight  ?rire  or  ribband,  will  be  the 

r 

angular  velocity  of  the  instantaneous  rotation  round  the  line  of 

bending  (parallel  to  the  axis),  and  therefore 


Fcosa  .           ,  Fcosa 
—  —  sm  a  and 


cos  a 


r  r 

are  the  angular  velocities  of  twisting  and  of  pure  bending  respec- 
tively. 

From  the  latter  component  we  may  infer  that  the  curvature  of 
the  helix  is 


a  known  result,  which* agrees  with  the  expression  used  above 
(§  13). 

127.  The  hodograph  in  this  case  is  a  small  circle  of 
the  sphere.  If  the  specified  condition  as  to  the  mode  of 
lanng  on  of  the  rod  on  the  cylinder  is  fulfilled,  the  trans- 
verses  of  the  spiral  rod  will  be  parallel  at  points  along  it  sepa- 
rated by  one  or  more  whole  turns.  Hence  the  integral  twist 
in  a  single  turn  is  equal  to  the  excess  of  four  right  angles 
above  the  spherical  area  enclosed  by  the  hodograph.  If  a  be 
the  inclination  of  the  spiral,  Jtt  —  a  will  be  the  arc-radius  of 
the  ho<lo^T^ph,  and  therefore  its  area  is  27r(l  — sina).  Hence 
the  integral  twist  in  a  turn  of  the  spiral  is  27r  sin  a,  wliich 
agrees  with  the  result  previously  obtained  (§  12G). 

128.  As  a  prelim inar}'  to  the  fuilher  consideration  of  the  cunntiiw 
rolling  of  one  surface  on  another,  and  as  useful  in  various  parts 

of  our  sul)ject,  we  may  now  take  up  a  few  points  connected 
with  the  cur\'ature  of  surfaces. 

The  tangent  plane  at  any  point  of  a  surface  may  or  may  not 
cut  it  at  that  point.  In  the  fonner  case,  the  surface  bends  away 
from  the  tangent  plane  partly  towards  one  side  of  it,  and  partly 
towards  the  other,  and  has  thus,  in  some  of  its  normal  sections, 


86 


PRKUMINAKY  NOTIONa 


Corrmtort 


Sjaelaatle 
•Dd  anil- 
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«un>-atarc«. 


Bam  of  cnr 
rttum  lit 
BorniAl  kvr- 
tloQ<  at  right 
allele*  Ut 
Mcb  utJMr. 


cun-atures  oppositely  directed  to  those  in  otliersw  In  the  UtUrr 
case,  the  surface  on  every  side  of  the  point  bends  awBV  from 
the  same  side  of  its  tangent  plane,  and  the  cun'atures  of  til 
nonnal  sections  are  similarly  dinn-ted.  Tlius  we  may  diviJ«r 
cun-ed  surfaces  into  AnticlaMie  and  SynclaMic,  A  saddle  jnvei 
a  good  example  of  the  former  class ;  a  l)all  of  the  latter.  Cur 
vatures  in  opposite  directions,  with  reference  to  the  tan;:fDt 
plane,  have  of  course  ditieri»ut  signs.  Tlie  outer  p4)rtion  of  an 
anchor-ring  is  synclastic,  the  inner  anticlastic. 

129,  Mcuniers  Theorem, — Tlie  cur\'ature  of  an  oblique  sec 
tion  of  a  surface  is  equal  to  that  of  tlie  nonnal  section  throu}*h 
the  same  tangent  line  multiplied  by  the  secant  of  the  iucliDa- 
tion  of  the  planes  of  the  sections,     lliis  is  evident  from  tbe 
most  elementar}'  considerations  reganling  projections. 

130.  Eviers  TItcarem, — There  are  at  everj-  point  of  a  syn 
cla.Mic  surface  two  normal  st*ctions,  in  one  of  which  the  cur 
vature  is  a  maximum,  in  the  other  a  minimum  ;  and  thes^e  are 
at  right  angles  to  each  other. 

In  an  anticlastic  surface  then»  is  maximum  cnr\'atiire  (but 
in  opposite  directions)  in  the  two  normal  sections  whose  pUoei 
bisect  tlie  angles  between  the  lines  in  which  the  surface  cuU 
its  tangent  plane.  On  account  of  the  difference  of  sign,  the« 
may  1m'  ronsidennl  as  a  maximum  and  a  minimum. 

CJenorally  the  sum  of  the  cur\'atures  at  a  point,  in  any  two 
nonnal  planes  at  right  angles  to  each  other,  is  independent  at 
the  {position  of  these  jdanes. 

If  the  tangent  plane  be  taken  as  that  of  x,  jr,  and  tbe  origii 
at  the  point  of  contact,  the  equmtion  to  the  nirfaee  b  eridntlj 
'unle«8  the  origin  be  i  fiingular  point) 

r=/lx«  +  2/iry+(y+  etc.  (1) 

The  ctir\'aturc  of  tlie  nonnnl  section  which  paaaet  throng  iW 
point  X.  ^,  £  is  ^in  the  limit 

1  _     2r At^  -h  2/;xv4-  Tv* 

If  thf  >«*otion  1m.*  inclined  at  an  anglt*  0  to  the  plane  of  JTZ^lUi 
hvanuvs 


1 


=  2J.4co««^-|-2//Hin^con^-|-rj»in*^}. 


(«) 
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Hence,  if  —  and --  be  curyatures  in  nonnal  sections  at  right  Sum  of  car- 
angles  to  each  other,  5®™^.*?*- 

°                                     '  tiong  at  righ 
1         1          ,                                                                                    angles  to 
1 =  2(/4  +  a)  =  COnstant.                                            each  other. 

(2)  may  be  written 

-={il(l+cofl2^)+2B8in2^+C(l  — cos2tf)) 

=  {^+"(7+^1^=17  cos  2fl+2JB  sin  2fl} 

or  if  ^^^=  R  cos  2a,  2Bz=zR  sin  2a, 

that  is     5=  v^(^— C)«+4jB«,  and  tan  2a=-j^^^, 

A.  —  C 

we  have 

l=/4+C+\/(i4  — (7)«+4^co82(^--a). 

The  maximum  and  minimum  curratures  are  therefore  those  in  Principal 
normal  planes  at  right  angles  to  each  other  for  which  ^  =  a  and  ^l^^na. 

^=a+  — ,  and  are  respectively 

A+c±  sTiA^^ay+iS*. 

Hence  their  product  is  4(^(7— B*). 

If  this  be  positive  we  have  a  synclastic,  if  negative  an  anticlastic, 
surface.  If  it  be  zero  we  have  one  curvature  only,  and  the 
surface  id  cylindrical  at  the  point  considered.  It  is  demonstrated 
(§  152,  below)  that  if  this  condition  is  fulfilled  at  every  point, 
the  surface  is  "  developable  "  (§  139,  below). 

By  (1)  a  plane  parallel  to  the  tangent  plane  and  very  near  it 
cuts  the  surface  in  an  ellipse,  hyperbola,  or  two  parallel  straight 
lines  (a  variety  of  the  parabola),  in  the  throe  cases  respectively. 
This  section,  whose  nature  informs  us  as  to  whether  the  curva- 
ture be  synclastic,  anticlastic,  or  cylindrical,  at  any  point,  was 
called  by  Dupin  the  Indlcatrix. 

131.  Let  P,  JO  be  two  points  of  a  surface  indefinitely  near  shortest  une 
each  other,  and  let  r  be  the  radius  of  curvature  of  a  normal  pointe  on  a 
ct ion  passing  through  them.     Then  the  radius  of  curv' ature '"^  *^*' 
an  oblique  section  through  the  same  points,  inclined  to  the 
rmer  at   an   angle   a,   is  (§  129)  rcosa.      Also  the  length 
3ng  the  normal  section,  from  P  to  j?,  is  less  than  that  along 
e  oblique  section — since  a  given  chord  cuts  ofiF  an  arc  from 
circle,  longer  the  less  is  the  radius  of  that  circle. 
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1S2.  Hence,  if  the  shortest  possible  line  be  drawn  from  one 
point  of  a  surface  to  another,  its  plane  of  curvature  is  every- 
where perpendicular  to  the  surface. 

Such  a  cur\-e  is  called  a  Getxietic  line.  And  it  is  easy  to  se« 
that  it  is  the  line  in  which  a  flexible  and  inextensible  string 
would  touch  the  surface  if  stretched  between  those  pointA»  the 
surface  being  sui)posc»d  smooth. 

133.  If  an  infinitely  narrow  riblmnd  \\e  laid  on  a  surfaot 
along  a  geodetic  line,  its  twist  is  equal  to  the  tortuosity  of  its 
axis  at  each  ix)int.  AVe  have  seen  (§  125)  that  when  one 
body  rolls  on  another  without  spinning,  the  projections  of  tlie 
trace  on  the  common  tangent  plane  agree  in  curvature  at  th« 
point  of  contact.  Hence,  if  one  of  the  surfaces  l)e  a  plane,  and 
the  trace  on  the  other  be  a  geodetic  line,  the  trace  on  the 
plane  is  a  straight  lino.  Conver8<*ly,  if  the  trace  on  the  plane 
be  a  straight  line,  that  on  the  surface  is  a  geodetic  line. 

And,  quite  generally,  if  the  given  trace  l>e  a  geodetic  line; 
the  other  trace  is  also  a  ge<Ml«*tic  line. 

134.  Tlie  area  of  a  spherical  triangle  is  known  to  be  pro 
portional  to  the  "  spherical  excess,"  i.e.,  the  excess  of  the  sua 
of  its  angles  over  two  right  angles,  or  the  excess  of  four  right 
angles  over  the  sum  of  its  exterior  angles.  The  area  of  a 
splierical  iK)lygon  whose  n  sides  an*  })ortions  of  great  circke 
—  !>.,  geodetic  lines — is  to  that  of  the  hemisphere  as  the  excev 
of  four  right  angles  over  the  sum  of  its  exterior  angles  is  to 
four  right  angles.  (We  may  call  this  the  *' splierical  excess 'of 
the  polygoa) 

For  the  aroa  of  a  spherical  triangle  is  known  to  be 

Divide  the  polygr)n   into  n   Hiich  triangles,   with   a 
vertex,  the  angles  almut  which,  of  coun*e.  amount  to  2«". 
Area  =  (8uin  of  intorior  angles  of  triangles  —  fir)r« 
=  (2ir4-Hum  of  interior  angles  of  polygon  —  nw)r* 
ts  (2r  —  sum  of  exterior  angles  of  pel jgon)r*. 
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liven  an  open  or  closed  spherical  polygon,  or  line  on  the  Recipiocai 

ace  of  a  sphere  composed  of  consecutive  arcs  of  great  circles.  S^hwl.^**  * 

e  either  pole  of  the  first  of  these  arcs,  and  the  corresponding 

?s  of  all  the  others  (all  the  poles  to  be  on  the  right  hand,  or 

on  the  left,  of  a  traveller  advancing  along  the  given  great 

le  arcs  in  order).     Draw  great  circle  arcs  from  the  first  of 

je  poles  to  the  second,  the  second  to  the  third,  and  so  on  in 

?r.     Another  closed  or  open  polygon,  constituting  what  is 

ed  the  polar  diagram  to  the  given  polygon,  is  thus  obtained. 

arcs  of  the  second  polygon  are  evidently  equal  to  the 
?rior  angles  in  the  first ;  and  the  exterior  angles  of  the 
)nd  are  equal  to  the  sides  of  the  first  Hence  the  relation 
Keen  the  two  diagrams  is  reciprocal,  or  each  is  polar  to  the 
?r.  The  polar  figure  to  any  continuous  curve  on  a  spherical 
ace  is  the  locus  of  the  ultimate  intersections  of  great  circles 
atorial  to  points  taken  infinitely  near  each  other  along  it. 
Tie  area  of  a  closed  spherical  figure  is,  consequently,  ac- 
iing  to  what  we  have  just  seen,  equal  to  the  excess  of  27r 
ve  the  periphery  of  its  polar. 

135.  If  a  point  move  on  a  surface  along  a  figure  whose  integral 
js  are  geodetic  lines,  the  sum  of  the  exterior  angles  of  this  di^uonia 
v'gon  is  defined  to  be  the  integral  cJtange  of  the  direction  in 
surface. 

u  great  circle  sailing,  unless  a  vessel  sail  on  the  equator,  or 
1  meridian,  her  course,  as  indicated  by  points  of  the  com- 
5  (true,  not  magnetic,  for  the  latter  change  even  on  a  meri- 
i),  perpetually  changes.  Yet  just  as  we  say  her  direction 
s  not  change  if  she  sail  in  a  meridian,  or  in  the  equator,  so 
ought  to  say  her  direction  does  not  change  if  she  moves  in 

great  circle.     Now,  the  great  circle  is  the  geodetic  line  on 

sphere,  and  by  extending  these  remarks  to  other  curved 
faces,  we  sf^  the  connexion  of  the  above  definition  with  that 
hf^  case  of  a  plane  polygon  (§  10). 
\otr. — Wti  cannot  define  integral  change  of  direction  here  by  change  of 

angle  directly  constnictible  from  the  first  and  last  tangents  »  ^rfiee/" 
he  path,  as  was  done  (§  10)  in  the  case  of  a  plane  cun^e  or  trii^  SS^it. 
rgon  ;    but  from  §§  125  and  133  we  have  the  following 
ement : — The  whole  change  of  direction  in  a  curved  surface, 
n  one  end  to  another  of  any  arc  of  a  curve  traced  on  it,  is 
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equal  to  the  change  of  direction  fix)m  end  to  end  of  the  trace  of 
this  arc  on  a  plane  by  pure  rolling. 

136.  Def,  The  excess  of  four  right  angles  above  the  inte- 
gral change  of  direction  from  one  side  to  the  same  side  next 
time  in  going  round  a  closed  polygon  of  geodetic  lines  on  t 
curved  surface,  is  the  integral  curvature  of  the  enclosed  portion 
of  surface.  There  is  no  such  excess  in  the  case  of  a  polygtm 
traced  on  a  plane.  We  shall  presently  see  that  this  corresponds 
exactly  to  what  Gauss  has  called  the  curvatura  integra^ 

Def,  (Gausa)  The  curvatura  integra  of  any  given  portion 
of  a  curved  surface,  is  the  area  enclosed  on  a  spherical  surface 
of  unit  radius  by  a  straight  line  drawn  from  its  centre,  parallel 
to  a  normal  to  the  surface,  the  normal  being  carried  round  the 
boundary  of  the  given  portion. 

The  curve  thus  traced  on  the  sphere  is  called  the  Harograpk 
of  the  given  portion  of  curved  surface. 

The  average  curvature  of  any  portion  of  a  curved  surface  is 
the  integral  cur\'ature  divided  by  the  area.  The  specijie  curva- 
ture of  a  curved  surface  at  any  point  is  the  average  curvature 
of  an  infinitely  small  area  of  it  round  that  point 

137.  The  excess  of  27r  above  the  change  of  direction,  in  a  sur- 
face, of  a  point  moving  round  any  closed  curve  on  it,  is  equal 
to  the  area  of  the  horograph  of  the  enclosed  portion  of  surface. 

Let  a  tangent  plane  roll  without  spinning  on  the  sor&oe  oier 
every  point  of  the  bounding  line.  (Its  instantaneooa  axis  will 
always  lie  in  it,  and  pass  through  the  point  of  contact^  bat  wiH 
not,  as  we  have  seen,  be  at  right  angles  to  the  given  boanding 
curve,  except  when  the  twist  of  a  narrow  ribband  of  the  tor- 
face  along  this  curve  is  nothing.)  Considering  the  anxiliaij 
sphere  of  unit  radius,  used  in  Gauss's  definition,  and  the  moring 
line  through  its  centre,  we  perceive  that  the  motion  of  this  line 
is,  at  each  instant,  in  a  plane  perpendicular  to  the  instan- 
taneous axis  of  the  tangent  plane  to  the  given  surface.  The 
direction  of  motion  of  the  point  which  cuts  out  the  area  on 
the  spherical  surface,  is  therefore  perpendicular  to  this  in- 
stantaneous axis.  Hence,  if  we  roll  a  tangent  plane  on  tke 
spherical  surface  also,  making  it  keep  time  with  the  other,  the 
trace  on  this  tangent  plane  will  be  a  curve  always  porpendienhur 
to  the  instantaneous  axis  of  each  tangent  plane.  The  change 
of  direction,  in  the  spherical  surface,  of  the  point  moving  round 
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and  catting  oat  the  area,  being  eqoal  to  the  change  of  direction  cwratt 
in  its  own  trace  on  ita  own  tangent  plane  (§135),  is  therefore  £^n~ 
eqoal  to  the  change  of  direction  of  the  instantaneous  axis  in  the 
tangent  plane  to  the  given  surface  reckoned  from  a  line  fixed 
relatively  to  this  plane.  But  having  rolled  all  round,  and  being 
in  position  to  roll  round  again,  the  instantaneous  axis  of  the  fresh 
start  must  be  inclined  to  the  trace  at  the  same  angle  as  in  the 
beginning.  Hence  the  change  of  direction  of  the  instantaneous 
axis  in  either  tangent  plane  is  equal  to  the  change  of  direction,  in 
the  given  surface,  of  a  point  going  all  round  the  boundary  of  the 
given  portion  of  it ;  to  which,  therefore,  the  change  of  direction,  in 
the  spherical  surface,  of  the  point  going  all  round  the  spherical  area 
is  equal.  But,  by  the  well-known  theorem  (§  134)  of  the  "  sphe- 
rical excess,"  this  change  of  direction  subtracted  from  2ir  leaves 
Uie  spherical  area.  Hence  the  spherical  area,  defined  according 
to  Gauffl  as  the  curvatura  Integra^  is  equal  to  Stt  wanti&g  the 
change  of  direction  in  going  round  the  boundary. 

It  will  be  perceived  that  when  the  two  rollings  we  have  con- 
sidered are  each  complete,  each  tangent  plane  will  have  come 
back  to  be  parallel  to  its  original  position,  but  any  fixed  line  in 
it  will  have  changed  direction  through  an  angle  equal  to  the 
equal  changes  of  direction  just  considered. 

^ote, — The  two  rolling  tangent  planes  are  at  each  instant 
parallel  to  one  another,  and  a  fixed  line  relatively  to  one  drawn 
at  any  time  parallel  to  a  fixed  line  relatively  to  the  other,  re- 
mains parallel  to  the  last-mentioned  line. 

If,  instead  of  the  closed  curve,  we  have  a  closed  polygon  of  geo- 
detic lines  on  the  given  surface,  the  trace  of  the  rolling  of  its  tangent 
plane  will  be  an  unclosed  rectilineal  polygon.  If  each  geodetic 
were  a  plane  curve  (which  could  only  be  if  the  given  surface  were 
spherical),  the  instantaneous  axis  would  be  always  perpendicular 
to  the  particular  side  of  this  polygon  which  is  rolled  on  at  the 
instant ;  and,  of  course,  the  spherical  area  on  the  auxiliary  sphere 
would  be  a  similar  polygon  to  the  given  one.  But  the  given  sur- 
face being  other  than  spherical,  there  must  be  tortuosity  in  at  least 
one  geodetic  of  the  closed  polygon,  and  generally  in  all  of  them ; 
or,  which  is  the  same  thing,  twist  in  the  corresponding  ribbands 
of  the  surface.  Hence  the  portion  of  the  whole  trace  on  the  second 
rolling  tangent  plane  which  corresponds  to  any  one  side  of  the 
given  geodetic  polygon,  must  in  general  \>e  a  curve ;  and  as  there 
will  generaUy  be  finite  angles  in  the  second  rolling  corresponding 
to  (but  not  equal  to)  those  in  the  first,  the  trace  of  the  second  on 
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2j^^  its  tangent  plane  will  be  an  unclosed  polygon  of  curvea.    Ik 

trace  of  the  same  rolling  on  the  spherical  surface  in  which  it  tahs 
place  will  generally  be  a  spherical  polygon,  not  of  great  dnb 
arcs,  but  of  other  curves.  The  sum  of  the  exterior  angles  of  tUi 
polygon,  and  of  the  changes  of  direction  from  one  end  to  otkr 
of  each  of  its  sides,  is  the  whole  change  of  direction  considered, 
and  is,  by  the  proper  application  of  the  theorem  of  §  134,  eqml 
to  27r  wanting  the  spherical  area  enclosed. 

Or  again,  if,  instead  of  a  geodetic  polygon  as  the  given  cmta^ 
we  have  a  polygon  of  curves,  each  fulfilling  the  condition  tbU 
the  normal  to  the  surface  through  any  point  of  it  is  parallel  to  t 
fixed  plane  ;  one  plane  for  the  first  curve,  another  for  tbi 
second,  and  so  on;  then  the  figure  on  the  auxiliary  spheiieil 
surface  will  be  a  polygon  of  arcs  of  great  circles ;  its  trace  oo  ilf 
tangent  plane  will  be  an  unclosed  rectilineal  polygon ;  and  tbe 
trace  of  the  given  curve  on  the  tangent  plane  of  the  first  roUiag 
will  be  an  unclosed  polygon  of  curves.  The  sum  of  changes  of 
direction  in  these  curves,  and  of  exterior  angles  in  passing  torn 
one  to  another  of  them,  is  of  course  equal  to  the  change  of  direetioa 
in  the  given  surface,  in  going  round  the  given  polygon  of  curvei 
on  it.  The  change  of  direction  in  the  other  will  be  simply  thi 
sum  of  the  exterior  angles  of  the  spherical  polygon,  or  of  its  recti- 
lineal trace.  Kemark  that  in  this  case  the  instantaneous  axis  of 
the  first  rolling,  being  always  perpendicular  to  that  plane  to  wbidi 
the  normals  are  all  parallel,  remains  parallel  to  one  line,  fixed 
with  reference  to  the  tangent  plane,  during  rolling  along  eaek 
curved  side,  and  also  remains  parallel  to  a  fixed  line  in  space. 

Lastly,  remark  that  although  the  whole  change  of  direction  of 
the  trace  in  one  tangent  plane  is  equal  to  that  in  the  trace  on 
the  other,  when  the  rolling  is  completed  round  the  given  circoit; 
the  changes  of  direction  in  the  two  are  generally  unequal  in  any 
part  of  the  circuit.  They  may  be  equal  for  particular  parti 
of  the  circuit,  viz.,  between  those  points,  if  any,  at  which  the  in- 
stantaneous axis  is  equally  inclined  to  the  direction  of  the  trace 
on  the  first  tangent  plane. 

laiogy  be.       138.  It  appears  from  what  precedes,  that  the  same  equality 

id  «urfiicc8  or  identity  subsists   between  "  whole  ciir\-ature "  in  a  plane 

irvffuri     arc  and  the  excess  of  w  above  the  angle  between  the  tenuinal 

tangents,  as  between  "  whole  cur\'ature  "  and  excess  of  2ir  above 

change  of  direction  along  the  boimding  line  in  the  suiface  for 

any  portion  of  a  curved  surface. 
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3r,  accordini;  to  Gauss,  whereas  the  whole  curvature  in  a^^n«io«y*>«'> 

tWOAIl  llOAS 

jie  arc  is  the  ande  between  two  lines  parallel  to  the  terminal  ««d  sarracM 

.  M  regards 

muds,  the  whole  curvature  of  a  portion  of  curve  surface  is  curvature. 

t  solid  angle  of  a  cone  formed  by  drawing  lines  from  a  point 

nallel  to  all  normals  through  its  boundary. 

^        .          ,                   .   chanire  of  direction 
Again,  average  curvature  m  a  plane  curve  is i~~^h ' 

d  specific  curvature,  or,  a**  it  is  commonly  called,  curvature, 

^  .^       chanire  of  direction  in  infinitely  small  length 
■ny  pomt  of  It  = ^ j3^^ '- 6_ . 

tOB  average  curvature  and  specific  cur\'ature  are  for  surfaces 
alogous  to  the  corresponding  terms  for  a  plane  curve. 
Lastly,  iu  a  plane  arc  of  uniforln  curvature,  i.e.,  in  a  circular 

diange  of  direction     1         »    j    .  •  i  j  /     i_  i      v 

c, ii~^ii ^^  '    ^^^  ^^  ^^  easily  proved  (as  below) 

at,  in  a  surface  throughout  which  the  specific  curvature  is 

.^        ^T^chanire  of  direction         integral  curvature      1         , 

liform,-  ®        —       ,or--5 =—»  where 

area  area  pp 

and  p  are  the  principal  radii  of  curvature.  Hence  in  a  sur- 
oc,  whether  of  uniform  or  non -uniform  specific  curvature,  the 
lecific  cur\'ature  at  any  point  is  equal  to  — ?•     In  geometry  of 

ree  dimensions,  pp  (an  area)  is  clearly  analogous  to  p  in  a 

ir\*e  and  plane. 

Consider  a  portion  S,  of  a  surface  of  any  curvature,  bounded 
bv  a  given  closed  curve.  Let  there  be  a  spherical  surface,  radius 
r,  and  C  its  centre.  Through  C  draw  a  radius  to  the  spherical 
Mirface  CQ,  parallel  to  the  normal  at  any  point  P  of  S.  If  this  bo 
done  for  every  point  of  the  boundary  also,  the  points  so  obtained 
enclose  the  spherical  area  used  in  Gauss's  definition.  Now  let 
there  be  an  infinitely  small  rectangle  on  S,  at  P,  having  for  its 
sides  arcs  of  angles  f  and  ^,  on  the  normal  sections  of  greatest 
and  lea!*t  curvature,  and  let  their  radii  of  curvature  be  denoted 
by  p  and  p'.  The  lengths  of  these  sides  will  be  p(  and  p'f  re- 
aped ively.  Its  area  will  therefore  be  pp'CC-  '^^^  correspond- 
ing figure  at  Q  on  the  spherical  surface  will  be  bounded  by  arcs 
of  equal  angles,  and,  therefore,  of  lengths  rf  and  rf  respectively, 
and  it«  area  will  be  r*ff.     Hence  if  da-  denote  this  area,  the  area  Ar^aof  the 

/  ,        borograph. 

of  the  infinitely  small  portion  of  the  given  surface  will  be  ^^  ^     . 
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Area  of  the  In  a  surfaco   for   which  pp    is  oomi'tant,   the  area  is  thov- 

horograph.  OD   U 

fore  ==  — '^  I  I  ^cr  ==  ^p'  X  integral  curvature. 
Flexible  and      139.  A  perfectly  flexible  but  inextensible  surface  is  sos* 

inextensible     •  *-  >'  t> 

suriiMe.  gested,  although  not  realized,  by  paper,  thin  sheet  metal,  oi 
cloth,  when  the  surface  is  plane ;  and  by  sheaths  of  pods,  seed 
vessels,  or  the  like,  when  it  is  not  capable  of  being  stretched 
flat  without  tearing.  The  process  of  changing  the  form  of  t 
surface  by  bending  is  called  "  developing!*  But  the  tenn 
"  Developable  Surface  *'  is  commonly  restricted  to  such  inexten- 
sible surfaces  as  can  be  developed  into  a  plane,  or^  in  commoD 
language,  "  smoothed  flat." 

140.  The  geometry  or  kinematics  of  this  subject  is  a  greit 
contrast  to  that  of  the  flexible  line  (§  14),  and,  in  its  merest 
elements,  presents  ideas  not  very  easily  apprehended,  and 
subjects  of  investigation  that  have  exercised,  and  perhaps  even 
overtasked,  the  powers  of  some  of  the  greatest  mathematiciana 

141.  Some  care  is  required  to  form  a  correct  conception  of 
what  is  a  perfectly  flexible  inextensible  surface.  First  let  «i 
consider  a  plane  sheet  of  paper.  It  is  very  flexible,  and  ¥• 
can  easily  form  the  conception  from  it  of  a  sheet  of  ideil 
matter  perfectly  flexible.  It  is  very  inextensible ;  that  is  to 
say,  it  yields  very  little  to  any  application  of  force  tending  to 
pull  or  stretch  it  in  any  direction,  up  to  the  strongest  it  can 
bear  without  tearing.  It  does,  of  course,  stretch  a  littla  It 
is  easy  to  test  that  it  stretches  when  under  the  influence  of 
force,  and  that  it  contracts  again  when  the  force  is  removed, 
although  not  always  to  its  original  dimensions,  as  it  may  and 
generally  does  remain  to  some  sensible  extent  permanently 
stretched.  Also,  flexure  stretches  one  side  and  condenses  tht 
other  temporarily ;  and,  to  a  less  extent,  permanently.  Under 
elasticity  we  may  return  to  this.  In  the  meantime,  in  con- 
sidering illustrations  of  our  kinematical  propositions,  it  is 
necessary  to  anticipate  such  physical  circumstances. 

Surface  142.  Cloth  wovcn  in  the  simple,  common  way,  very  fine 

in^twodire<5-  musliu  for  iustaucc,  illustrates  a  surface  perfectly  inextensible 
in  two  directions  (those  of  the  warp  and  the  woof),  but  sus- 
ceptible of  any  amount  of  extension  from  1  up  to  %^2  along 
one  diagonal,  with  contraction  from  1   to  0  (each  degree  of 


KINEMATIC&  95 

xtension  along  one  diagonal  having  a  corresponding  deter-  surface 
oinate  degree  of  contraction  abng  the  other,  the  relation  being  iS^two  dira^ 
f*  -I-  «'*)  =  2,  where  1 :  e  and  1  :  e'  are  the  ratios  of  elongation,   ""*' 
i-hich  will  be  contraction  in  the  case  in  which  e  or  «'  is  <  1) 
n  the  other.     What  precedes  supposes  that  the  weaving  is 
square,  in  which  case  the  diagonals  remain  at  right  angles 
:o  one  another.     Oblong  weaving  gives  a  less  simple  relation, 
LhoQgh  easily  determinabla     Cloth  will  hang  very  differently, 
iccording  as  its  rectangles  are  square,  or  oblong  to  any  degree 
rf  inequality. 

143.  The  flexure  of  a  surface  fulfilling  any  case  of  the 
geometrical  condition  just  stated,  presents  an  interesting  sub- 
ject for  investigation,  which  we  are  reluctantly  obliged  to 
forego.  The  moist  paper  drapery  that  Albert  Durer  used  on 
his  little  lay  figures  must  hang  very  differently  from  clotL 
Perhaps  the  stiffness  of  the  drapery  in  his  pictures  may  be  to 
iome  extent  owing  to  the  fact  that  he  used  the  moist  paper  in 
preference  to  cloth  on  account  of  its  superior  flexibility,  while 
unaware  of  the  great  distinction  between  them  as  regards 
extensibility.  Fine  muslin,  prepared  with  starch  or  gum,  is, 
during  the  process  of  drying,  kept  moving  by  a  machine,  which, 
by  producing  a  to-and-fro  relative  angular  motion  of  warp  and 
woof,  stretches  and  contracts  the  diagonals  of  its  structure  alter- 
nately, and  thus  prevents  the  parallelograms  from  becoming 
8tiftened  into  rectangles. 

144.  The  flexure  of  an  inextensible  surface  which  can  be  nexure  of 
plane,  is  a  subject  which  has  been  well  worked  by  geometrical  dTvVioplb/p. 
invest i^'ators  and  writers,  and,  in  its  elements  at  least,  presents 

little  difficulty.  The  first  elementary  conception  to  be  formed 
is,  that  such  a  surface  (if  perfectly  flexible),  taken  plane  in 
the  first  place,  may  be  bent  about  any  straight  line  ruled  on 
it,  so  that  the  two  plane  parts  may  make  any  angle  with  one 
another. 

Such  a  line  is  called  a  "generating  line"  of  the  surface  to  be 
formtHl 

Next,  we  may  bend  one  of  these  plane  parts  about  any  other 
line  which  does  not  (within  the  limits  of  the  sheet)  intersect 
the  former ;  and  so  on.  If  these  lines  are  infinite  in  number, 
and  the  angles  of  bending  infinitely  small,  but  such  that  their 
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pitsvreof    sum  tnay  be  finite,  we  have  our  plane  surface  bent  into  t 
4iTtioi«Me.  cur>'ed  surface,  which  is  of  course  *•  developable  "  (§  139}. 

145.  Lift  a  8<[uare  of  i>a])er,  free  from  folJs,  creaAes,  or 
ragged  eilgea,  gi*ntly  by  one  comer,  or  otheni'ise,  without 
crushing  or  forcing  it,  or  verj'  gently  by  two  points  It  wiD 
hang  in  a  form  which  is  very  rigorously  a  developable  surface; 
for  although  it  is  not  absolutely  inexU'iisible,  yet  the  forces 
which  tend  to  stretch  or  tear  it,  when  it  is  tn'ati*il  iia  above 
describe<i,  are  small  enough  to  proiluce  no  sensible  stretching. 
Indeed  the  greatest  stretching  it  can  exiH?rience  without  tear- 
ing, in  any  dii*ection,  is  not  such  as  can  affect  the  form  of  the 
surface  much  when  sharp  flexun^s,  siugxdar  ]x>int8»  eta,  iit 
kept  clear  of. 

146.  Piisms  and  cylinders  (when  the  lines  of  bending,  §  144, 
are  parallel,  and  finite  in  number  with  finite  angles,  or  infinite 
in  number  with  infinitely  small  angles;,  and  pyramids  and 
cones  (the  lines  of  ben<ling  meeting  in  a  point  if  produced),  an 
clearly  inchuled. 

147.  If  the  generating  lines,  or  line-etlges  of  the  angles  of 
bending,  are  not  parallel,  they  must  miH't.  since  they  arv  in  a 
plane  when  the  surface  is  plane.  If  thi'V  do  not  meet  all  in  one 
point,  they  must  meet  in  several  points :  in  general,  let  each 
one  meet  its  predecess<jr  and  its  successor  in  different  |M)inta. 

148.  There  is  still  no  <litficulty  in  understanding  the  form  oC 
Miy  a  s<[uare,  or  circle,  of  the  plane  surface  when  lient  as  explained 

alN)V(*,  pn»vidiHl  it  does  not  include  any 
of  thcst*  |Niints  of  intersection.  When  the 
>^  nunilHT  is  infinite,  and  the  surface  finitely 

cuned,  the  di'Velopable  lines  will  in  gene- 
ral l>e  tangents  t4)  a  cun*e  ,the  locus  of  the 
]Kiints  of  intci-strtion  when  the  numlierii 
intiniii'  .      This  curve  is  railed  the  ftiyi 
ttj   /rffrt.<sit,n.      The   surfaee  must  clearly. 
when  nnnphtf  aecoiding  to  mathematical 
iili*as\  4  nii>i.st  uf  two  sheet-s  meeting  in 
this  edge  of  re'^'n-»it»n  i  just   as  a  eoiie  consists  of  two  sheets 
meeting  in  the  vert«\  .  be(*aus4*  eaeh  tangent  may  lie  ptxMiuced 
bt*yond  the  {Miint  of  contact,  instead  of  stopping  at  it,  at  in 
the  annexed  diagram. 


rc^ruiiioii. 
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149.  To  eonstract  a  complete  developable  surface  in  two  Pwcticai 
sheets  from  its  edge  of  regression —  of^dSSSj 

Lay  one  piece  of  perfectly  flat,  unwrinkled,  smooth-cut  SS^*^"* " 
paper  on  the  top  of  another.  Trace  any  curve  on  the  upper, 
and  let  it  have  no  point  of  inflec- 
tion, but  everywhere  finite  curva- 
ture. Cut  the  paper  quite  away 
on  the  concave  sida  If  the  curve 
traced  is  closed,  it  must  be  cut  open 
(see  second  diagram). 

The  limits  to  the  extent  that  may 
be  left  imcut  away,  are  the  tangents  dra\vn  outwards  from  the 
two  ends,  so  that,  in  short,  no  portion  of  the  paper  through 
which  a  real  tangent  does  not  pass  is  to  be  left 

Attach  the  two  sheets  together  by  very  slight  paper  or 
muslin  clamps  gummed  to  them  along  the  common  curved 
edga  These  must  be  so  slight  as  not  to  interfere 
sensibly  with  the  flexure  of  the  two  sheets.  Take 
hold  of  one  comer  of  one  sheet  and  lift  the  whole. 
The  two  utill  open  out  into  the  two  sheets  of  a 
developable  surface,  of  which  the  curve,  bending 
into  a  curve  of  double  curvature,  is  the  edge  of 
regression.  The  tangent  to  the  curve  drawn  in 
one  direction  from  the  point  of  contact,  wiU 
always  lie  in  one  of  the  sheets,  and  its  continuation  on  the 
other  side  in  the  other  sheet  Of  course  a  double-sheeted 
developable  polyhedron  can  be  constructed  by  this  process,  by 
starting  from  a  polygon  instead  of  a  cun-a 

150.  A  flexible  but  perfectly  inextensible  surface,  altered  JJ^^^  ^^ 
in  form  in  any  way  possible  for  it,  must  keep  any  line  traced  [urfa^""*^'* 
)n  it  unchanged  in  length;  and  hence  any  two  intersecting 

ines  unchanged  in  mutual  inclination.  Hence,  also,  geodetic 
ines  must  remain  geodetic  lines.  Hence  "  the  change  of 
lirection  "  in  a  surface,  of  a  point  going  round  any  portion  of 
t,  must  be  the  same,  however  tliis  portion  is  bent  Hence 
§  136)  the  integral  curvature  remains  the  same  in  any  and 
nrery  portion  however  the  surface  is  bent  Hence  (§  138, 
7au8^8  Theorem)  the  product  of  the  principal  radii  of  curvature 
it  each  point  remains  unchanged. 
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(irnersi  151.  The  geneitil  statenieut  of  a  converse  proiMieition.  f\ 

tnrxtmwn<i«>  pTesRiui;  the  condition  that  two  >nven  areas  of  curved  suriaoes 

may  be  bent  one  to  fit  the  other,  involves  essentially  some 

mode  of  Rpecifyin<{  corresponding  points  on  the  twa     A  foil 

investigation  of  the  circumstances  would  l)e  out  of  place  heiCL 

surfarrof         152.  lu  ouo  CHsc,  howevcT,  a  Statement  in  the  aimpleit 

upline rur-  possible  terms  is  ai)plicable.     Any  two  surfaces,  in  each  of 

which  the  s])eciiic  curvature  is  the  same  at  all  pointa,  and 

equal  to  that  of  the  othrr,  may  be  l)ent  one  to  fit  the  otheL 

Tlius  any  surface  of  unifonn  positive  specific  curvature  (if.. 

wholly  convex  one  side,  and  concave  the  other)  may  be  bent 

to  fit  a  sphen>  whose  mdius  is  a  mean  proportional  between  iti 

principal  radii  of  cur\'ature  at  any  point    A  surfoce  of  unifoni 

negative,  or  anticlastic,  cur\'ature  would  fit  an  inuiginary  sphere. 

but  the  interpretation  of  this  is  not  understood  in  the  pment 

condition  of  science.    But  practically,  of  any  two  surfaces  of  lui- 

fonn  anticlastic  curvature,  either  may  be  bent  to  fit  the  other. 

{JJ^J^^^^       158.  It  is  to  bo  remarked,  that  geodetic  trigonometiy  on 

•o^hiiiiar-    any  surface  of  unifonn  positive,  or  synclastie  curvature,  i» 

identical  with  spherical  trigonometr}*. 

Tf/i=  ,— .  '  b  =  -f  -, .  r=-7       t  where  1. /.  M  are  the  leopy 

\pp  Spp  Kpp 

of  three  geodetic  IIdch  joining  three  points  on  the  ^iiifaee,  ud 
\{  A,  D^('  denote  the  angles  Iwtweon  the  tangenta  to  the  ( 
lincH  at  tho80  points ;  we  have  f>ix  f|iiantitie8  which  agree  ] 
with  the  three  sides  and  the  three  angles  of  a  certain 
t  riangU* .  A  corresponding  anticUuttic  trigonometrj  crista,  i 
we  are  not  aware  that  it  has  been  worked  out,  for  any  fsoAm  d 
unifonn  anticlastic  curvature.  In  a  geodetic  triangle  on  an  iiMi* 
clastic  surface,  the  sum  of  the  threo  angles  is  of  course  leas  tba 
three*  right  angles,  and  the  difference,  or  *' anticlastic  dcfcct" 
(like  the  '' Hphcrical  excess"),  is  equal  to  the  area  diviiM  !« 
pX  —  />',  when  pand  — p  arc  pohitive. 

Nil. in  154.  We  hav<*  now  to  (*oiisi(kT  the  very  imiiortant  kinema 

tieal  coiKlitions  pn*s4>ute<l  by  the  ehan;^'es  of  volume  ox  figni* 
exiHTieneed  by  a  solid  or  liquid  mn^s,  or  by  a  gntup  of  puint* 
whose  {Mtsitioiis  with  regard  to  <*ueh  other  an*  Hubject  to  knova 
f  olid  it  ions.  Any  "^ueh  detiiiitt*  alteration  (»f  fonn  or  diniensinv 
i"  railed  a  Strain. 
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iS  a  rod  which  becomes  longer  or  shorter  is  strained,  strain. 
,  when  compressed,  is  strained  A  stone,  beam,  or  mass 
^,  in  a  building  or  in  a  piece  of  framework,  if  condensed 
ited  in  any  direction,  or  bent,  twisted,  or  distorted  in  any 
s  said  to  experience  a  strain.  A  ship  is  said  to  "  strain  " 
Launching,  or  when  working  in  a  heavy  sea,  the  different 
of  it  experience  relative  motions. 
5.  If,  when  the  matter  occupying  any  space  is  strained  JJ^JomlJ!" 

way,  all  pairs  of  points  of  its  substance  which  are  initially  f^^^^"* 
al  distances  from  one  another  in  parallel  lines  remain  equi- 
ty it  may  be  at  an  altered  distance ;  and  in  parallel  lines, 
1,  it  may  be,  from  their  initial  direction ;  the  strain  is 
» be  homogeneoua 

5.  Hence  if  any  straight  line  be  drawn  through  the  body  ppopertie« 
initial  state,  the  portion  of  the  body  cut  by  it  will  con-  genwus 
to  be  a  straight  line  when  the  body  is  homogeneously 
3d.     For,  if  ABC  be  any  such  line,  AB  and  BO,  being 
si  to  one  line  in  the  initial,  remain  parallel  to  one  line 

altered,  state ;  and  therefore  remain  in  the  same  straight 

ith  one  another.     Thus  it  follows  that  a  plane  remains 

e,  a  parallelogram  a  parallelogram,  and  a  parallelepiped 

llelepiped. 

r.  Hence,  also,  similar  figures,  whether  constituted  by 

portions  of  the  substance,  or  mere  geometrical  surfaces, 
light  or  curved  lines  passing  through  or  joining  certain 
as  or  points  of  the  substance,  similarly  situated  (i.e., 
I  corresponding  pai-ameters  parallel)  when  altered  ac- 
g  to  the  altered  condition  of  the  body,  remain  similar 
milarly  situated  among  one  another. 
3.  The  lengths  of  parallel  lines  of  the  body  remain  in 
me  proportion  to  one  another,  and  hence  all  are  altered 

same  proportioa  Hence,  and  from  §  156,  we  infer  that 
lane  figure  becomes  altered  to  another  plane  figure  which 
minished  or  magnified  orthographic  projection  of  the  first 
ae  plane.  For  example,  if  an  ellipse  be  altered  into  a  circle, 
ncipal  axes  become  radii  at  right  angles  to  one  another. 

elongation  of  the  body  along  any  line  is  the  proportion 

the  addition  to  the  distance  between  any  two  points  in 
ne  bears  to  their  primitive  distance. 
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^^^Sa^      ^^'  Every  orthogonal  projection  of  an  ellipse  is  an  ellipie 
gjMoas     ^the  case  of  a  circle  being  induded).    Hence,  and  from  §  IM, 
we  see  that  an  ellipse  remains  an  ellipse ;  and  an  ellipaoid  re- 
mains a  surface  of  which  every  plane  section  is  an  ellipse; 
that  is,  remains  an  ellipsoid. 

A  pUme  corvo  remains  (§156)  a  plane  cnnre.  A  sjsIcbi  of  lw» 
or  of  three  straight  Unes  of  reference  (Cartesian)  remains  a  iveli- 
lineal  system  of  lines  of  reference ;  bat,  in  general,  a  i 
system  becomes  oblique. 

be  the  equation  of  an  ellipse  referred  to  any  rectilineal  < 
axes,  in  the  substance,  of  the  body  in  its  initial  state.  Let «  mi 
/3  be  the  proportions  in  which  lines  respectifely  parallel  to  01 
and  OFare  altered.  Thus,  if  we  call  ^  and  ij  the  altered  TahM 
of  X  and  y,  we  have 

which  also  is  the  equation  of  an  ellipse,  referred  to  oUiqae  aus 
at,  it  may  be,  a  different  angle  to  one  another  from  that  cf  the 
given  axes,  in  the  initial  condition  of  the  body. 

Oriigain,lct  g+|!+£*=. 

be  the  equation  of  an  ellipsoid  referred  to,  three  eonjogsle 
metral  planes,  as  oblique  or  rectangular  planes  of  referenee,  is  lb 
initial   condition  of  the  body,     l^t  a,  /3,  y  be  the  pit>purtiw 
in  which  lines  parallel  to  OXy  OY,  OZ  ue  altered ;  so  te  if 
£,  17.  {  be  the  altered  ralues  of  x,  y,  x,  we  have 
f=ar.  fi^fy,  (=yr. 

which  is  the  equation  of  an  ellipsoid,  referred  to  conjugate  & 
metral  planes,  altered  it  may  be  in  mutual  inclination  froai  lho« 
of  the  given  plancM  of  reference  in  the  initial  conditioo  of  iW 
body. 

sirmia  180.  Tilt*  elHpsoid  which  any  surface  of  the  Ixidy  initiallj 

Hpherical  liocomes  in  the  alU^nnl  uiudition,  may,  to  avoid  rir 
cuinhKnitions.  be  called  the  Ktruin  elli^isoid. 
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161.  In  any  absolutely  onrestricted  homogeneous  strain  there  stnin 
re  three  directions  (the  three  principal  axes  of  the  strain  ellip-  ^^^*^^ 
)id),  at  right  angles  to  one  another,  which  remain  at  right  angles 

)  one  another  in  the  altered  condition  of  the  body  (§  158). 
Jong  one  of  these  the  elongation  is  greater,  and  along  another 
»s,  than  along  any  other  direction  in  the  body.  Along  the 
>maining  one,  the  elongation  is  less  than  in  any  other  line 
I  the  plane  of  itself  and  the  first  mentioned,  and  greater  than 
[ong  any  other  line  in  the  plane  of  itself  and  the  second. 

JV^o^— Contraction  is  to  be  reckoned  as  a  n^ative  elongation : 
le  maximum  elongation  of  the  preceding  enunciation  may  be 

minimum  contraction :  the  minimum  elongation  may  be  a 
laximum  contraction. 

162.  The  ellipsoid  into  which  a  sphere  becomes  altered  may 
e  an  ellipsoid  of  revolution,  or,  as  it  is  called,  a  spheroid,  pro- 
ite,  or  oblate.  There  is  thus  a  maximum  or  minimum  elonga- 
ton  along  the  axis,  and  equal  minimum  or  maximum  elongation 
long  all  lines  perpendicular  to  the  axia 

Or  it  may  be  a  sphere ;  in  which  case  the  elongations  are 
qoal  in  aU  directions.  The  effect  is,  in  this  case,  merely  an 
Iteration  of  dimensions  without  change  of  figure  of  any  part 

The  original  volume   (sphere)  is   to    the  new  (ellipsoid)  change  of 
Wdently  as  1  :  o^.  voome. 

168.  The  principal  axes  of  a  strain  are  the  principal  axes  Axe*  of  a 
f  the  ellipsoid  into  which  it  converts  a  sphere.    The  principal  * 
longations  of  a  strain  are  the  elongations  in  the  direction  of 
\s  princi{>al  axes. 

164.  WTien  the  positions  of  the  principal  axes,  and  the  Eion«aUon 

\       .  *  *  '  and  change 

aapiitudes  of  the  prmcipal  elongations  of  a  stram  are  given,  ''J^Tilie" 
be  elongation  of  any  line  of  the  body,  and  the  alteration  of  o^t>»«*»<*y 
ngle  between  any  two  lines,  may  be  obviously  determined  by 
simple  geometrical  construction. 

Analytically  thus : — let  a— 1,  j9— 1,  y  —  1  denote  the  principal 
elongations,  so  that  a,  )9,  y  may  be  now  the  ratios  of  alteration 
along  the  three  principal  axes,  as  we  used  them  formerly  for  the 
ratios  for  any  three  oblique  or  rectangular  lines.  Let  l,  m^  n 
be  the  direction  cosines  of  any  line,  with  reference  to  the  three 
principal  axes.     Thius, 

/r,  mVy  nr 
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Elongation  being  the  three  initial  co-ordinates  of  a  point  P,  at  a  distance 

SdireSSS  OP=r,  from  the  origin  in  the  direction  /,  m,  n;  the  co-ordinates 

of  Se  ^y  ^^  ^®  ®*°^®  point  of  the  body,  with  referenee  to  the  same  rect- 

angular axes,  become,  in  the  altered  state, 

air,  Pmr,  ynr. 
Hence  the  altered  length  of  OP  is 

(a«Z«+j8«m«+7«ii«)*r, 
and  therefore  the  ^^  elongation''  of  the  body  in  that  directioD  \s 

(a«Z«+j8«m«+y«n«)*  — 1. 
For  brevity,  let  this  be  denoted  by  ( —  1,  i.e. 
let  f  =  (a«Z« + j9«m« + 7«n«)*. 

The  direction-cosines  of  OP  in  its  altered  position  are 
al     pm     yn 

T'T'T' 

and  therefore  the  angles  ZOP,  TOP,  ZOP  are  altered  to  having 
their  cosines  of  these  valaes  respectively,  from  having  them  ^ 
the  values  Z,  m,  n. 

The  cosine  of  the  angle  between  any  two  lines  OP  and  0P\ 
specified  in  the  initial  condition  of  the  body  by  the  directioD- 
cosines  t,  m\  n,  is 

U'+  mm'+  nn\ 

in  the  initial  condition  of  the  body,  and  becomes 
a*U'+p*mm+y*nn 

in  the  altered  condition. 
Change  of         165.  With  the  same  data  the  alteration  of  angle  between 

plane  m  the  i        i      ■•  11  -i        1  "J 

b<"»y  any  two  planes  of  the  body  may  also  be  easily  determined, 

either  geometrically  or  analytically. 

Let  /,  m,  n  be  the  cosines  of  the  angles  which  a  plane  makes 
with  the  planes  TOZ,  ZOZ,  X07,  respectively,  in  the  initial 
condition  of  the  body.  The  effects  of  the  change  being  the  sane 
on  all  parallel  planes,  we  may  suppose  the  plane  in  qnestioii  to 
pass  through  0  ;  and  therefore  its  equation  wiU  be 

lx+my+nz=iO. 
In  the  altered  condition  of  the  body  we  shall  have,  as  before, 

^=00?,  rj=fy,  (=yz, 
for  the  altered  co-ordinates  of  any  point  initially  x,  y,  x.     Hence 
the  equation  of  the  altered  plane  is 
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But  the  planes  of  reference  are  still  rectangular,  according  to  our  change  or 
present  supposition.     Hence  the  cosines  of  the  inclinations  of^dy^^^^ 
the  plane  in  question,  to  foZy  ZOJCy  JCOT,  in  the  altered  con- 
dition of  the  body,  are  altered  from  Z,  m,  n  to 
I       m       n 
^'  W  ^' 
respectivelj,  where  for  brevity 

If  we  have  a  second  plane  similarly  specified  by  V,  m\  n',  in  the 
initial  condition  of  the  body,  the  cosine  of  the  angle  between  the 
two  planes,  which  is 

in  the  initial  condition,  becomes  altered  to 
W     mm'     nn' 

166.  Betuming  to  elongations,  and  considering  that  these  conicai  sur- 
re  generally  different  in  different  directions,  we  perceive  tiiat  cJSn^pitiSL 
1  lines  through  any  point,  in  which  the  elongations  have  any 

le  value  intermediate  between  the  greatest  and  least,  must  lie 
1  a  determinate  conical  surfaca  This  is  easily  proved  to  be 
I  general  a  cone  of  the  second  degree. 

For,  in  a  direction  denoted  by  direction  cosines  /,  m,  n,  we 
have 

where  (  denotes  the  ratio  of  elongation,  intermediate  between  a 
the  greatest  and  y  the  least.  This  is  the  equation  of  a  cone  of 
the  second  degree,  /,  m,  n  being  the  direction  cosines  of  a  gene- 
rating line. 

167.  In  one  particular  case  this  cone  becomes  two  planes,  twc,  piancs 
It'  planes  of  the  circular  sections  of  the  strain  ellipsoid.  U)rtion.' 

Let  (=p.     The  preceding  equation  becomes 

a«/« + y«n»  —  j8«(  1  —  m«) = 0 
or  since  1 — m*=/*+w*) 

(a«  —/?«)/•  —  0S»  —  y»)n« =0. 
The  first  member  being  the  product  of  two  factors,  the  equation 
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TwopUncs 
of  aodis* 
tortkNi, 


IwiBf  the 

drcoUr 

Mrtkmiof 

tlMttraln 

•lUpMid. 


is  satisfied  by  putting  cither  =0,  and  therefore  the 
presents  the  two  planes  whose  eqnationf  are 

/(a»-)8-)»  +  n(i8--r*)*=0. 

and  l{a*^P*)h  —  n{P*  —  r«)J=0, 

respectiyely. 

This  is  the  case  in  which  the  given  elongation  is  equal 
to  that  along  the  mean  principal  axis  of  the  strain  ellipeoid. 
Tlie  two  planes  are  planes  through  the  mean  principal  axis  of 
the  ellipsoid,  equally  inclined  on  the  two  sides  of  either  of  the 
other  axes.  The  lines  along  which  the  elongation  is  eqnsl  to 
the  mean  principal  elongation,  all  lie  in,  or  parallel  to,  either 
of  these  two  planes.  This  is  easily  proved  as  follows^  witboil 
any  analytical  investigation. 

168.  Let  the  ellii>8e  of  the  annexed  diagram  represent  the 
section  of  the  strain  ellipsoid  through  the  greatest  and  kul 

principal  axes.     Let  tfOS,  TOT  be 

the  two  diameters    of   this    dlipse. 

which  arc  equal  to  the  mean  piincqial 

axis  of  the  ellipsoid.      Every  plasr 

through  0,  perpendicular  to  the  phoe 

of  the  diagram,  cuts  the  ellipsoid  is 

an  ellipse  of  which  one  i>rincii)al  axis  is  the  diiuneter  is 

wliicli  it  cuts  the  ellipse  of  the  diagram,  and  the  other,  the 

mean  principal   diameter  of  the  elIii>soiiL     Hence  a  phsr 

through  either  88\  or  TT,  peq)endicular  to  the  plsne  of  the 

diagram,  cuts  the  elli()8oid  in  an  elli{ise  of  which  the  tvo 

principal  axes  are  e([ual,  that  is  to  say,  in  a  circle.     Hence  the 

elongations  along  all  lines  in  either  of  these  planes  aie  eqMl 

to  the  elongation  along  the  mean  princii^al  axis  of  the  ilnis 

oUipsoiiL 

169.  TIk'  (Ninsidcnition  of  the  circular  six'tions  of  the  ilitis 

pui^'wiih   ellipsoid  i.s  hi;'hlv  instnictive,  and  leads  to  imrartant  view» 
nut  rhangv       .  :      ^  •  ,     .      o    .  .    .  I 

..f  »..imnr.     With  n'fcn'ncc  to  the  niialysis  of  the  most  gi'neral  chanclcrol 

a  stmin.      First  let  us  sup|M)Si'  thf*n*  to  U*  n«>  alteration  of 

vohimi*  on  th<*  whole,  and  iiritluT  rlongation  nor  c^ntisctkn 

alon^'   the  nn^an  principal    axis.      That    is  to  j*4iy,   lot  /J=  I. 

I 


hisU»rtifiii 
in  pftinllrl 


aihl  y  - 


r-    'S 


h'»LM. 
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Let  OX  and  OZ  be  the  directions  of  elomration  a  —  1  and  Distortion 

^^  in  pM»llel 

ontraction  1 respectively.     Let  A  be  any  point  of  the  SutchaSj? 

«  ^  ofTolume. 

ody  in  its  primitive  condition, 
nd  A.  the  same  point  of  the 
Ilered  body, so Uiat  OA,  =aOA. 
Now,  if  we  take  OC  =  OA, 
ad  if  Cv  be  the  position  of  that 
oint  of  the  body  which  was  in 
km  position  C  initially,  we  shall 

ittve  OC  =  —  OC,  and  therefore 

X;  =  OA.    Hence  the  two  tri- 
logies COA  and  C,OA,  are  equal  and  similar. 

Hence  CA  experiences  no  alteration  of  length,  but  takes  ^°J|^^^{ 
im  slteied  position  C,A,  in  the  altered  position  of  the  body,  ^"'^^^^i^;^ 
Sbnilsriy,  if  we  measure  on  XO  produced,  OA'  and  OAl  equal  tton. 
raspectively  to  OA  and  OA,,  we  find  that  the  line  CA'  ex- 
periences no  alteration  in  length,  but  takes  the  altered  position 

Consider  now  a  plane  of  the  body  initially  through  CA  per- 
pendicular to  the  plane  of  the  diagram,  which  will  be  altered 
into  a  plane  through  C,A,,  also  perpendicular  to  the  plane  of 
the  diagram.  All  lines  initially  perpendicular  to  the  plane  of 
the  dia^Tam  remain  so,  and  remain  unaltered  in  length.  AC 
has  just  lieen  proved  to  remain  unaltered  in  length.  Hence 
^  158)  all  lines  in  the  plane  we  have  just  drawn  remain  un- 
altered in  length  and  in  mutual  inclination.  Similarly  we  see 
that  all  lines  in  a  plane  through  CA\  per^^endicular  to  the 
plane  of  the  diagram,  altering  to  a  plane  through  QA^,  per- 
pendicular to  the  plane  of  the  diagram,  remain  unaltered  in 
length  and  in  nmtual  inclination. 

170.  Tlie  precise  cliaracter  of  the  stmin  we  have  now  under 
ci>nsideration  will  be  elucidated  by  the  following : — Produce 
rr>.  and  take  OC  and  OC  respectively  equal  to  OC  and  OC,. 
.loin  CA,  CA\  C  A,,  and  C-^l,,  by  plain  and  dotted  lines  as 
\\\  xhv  diagram.  Then  we  see  that  the  rhombus  CACA'  (plain 
hn**s  of  the  bo<ly  in  its  initial  state  becomes  the  rhombus 
f' A  f'A     (dotted;   in  the   altered  condition.     Now  imagine 
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Initial  and 
altered  puMi- 
tion  of  lines 
of  no  elonga- 
tion. 


Simple  shear. 


the  body  thus  strained  to  be  moved  as  a  rigid  body  {vl, 
with  its  state  of  strain  kept  unchanged)  till  A,  coinddei 
with  A,  and  (7/  with  C\  keeping  all  the  lines  of  the  diagram 
still  in  the  same  plane.  A!C  will  take  a 
position  in  CA'  produced,  as  shown  in  the 
new  diagram,  and  the  original  and  the 
altered  parallelogram  will  be  on  the  BUiie 
base  AC\  and  between  the  same  paralldi 
AC  and  CAi,  and  their  other  sides  will  be 
equally  inclined  on  the  two  sides  of  a  pe^ 
pendicular  to  them.  Hence,  irrespectiTetf 
of  any  rotation,  or  other  absolute  motion  of  the  body  not  in- 
volving change  of  form  or  dimensions,  the  strain  under  con- 
sideration may  be  produced  by  holding  fast  and  unaltered  the 
plane  of  the  body  through  A(f  perpendicular  to  the  plane  of 
the  diagram,  and  making  every  plane  parallel  to  it  alide^  keep- 
ing the  same  distance,  through  a  space  proportional  to  this 
distance  (t.e.,  different  planes  parallel  to  the  fixed  plane  slide 
through  spaces  proportional  to  their  distances). 

171.  This  kind  of  strain  is  called  a  simple  shear.  The 
plane  of  a  shear  is  a  plane  perpendicular  to  the  undistoited 
planes,  and  parallel  to  the  lines  of  their  relative  motioa  It 
has  (1.)  the  property  that  one  set  of  parallel  planes  temein 
each  unaltered  in  itself;  (2.)  that  another  set  of  parallel  planes 

remain  each  unaltered  in  it8el£  This 
other  set  is  found  when  the  first  set  and 
the  degree  or  amount  of  shear  are  gifen, 
thus : — Let  CC,  be  the  motion  of  one 
point  of  one  plane,  relative  to  a  plane 
KL  held  fixed — the  diagram  being  in  a 
plane  of  the  shear.  Bisect  (7(7,  in  K. 
Draw  NA  perpendicular  to  it  A  plane 
perpendicular  to  the  plane  of  the  dia- 
gram, initially  through  AC,  and  finally  through  AC,,  remains 
unaltered  in  its  dimensions. 

172.  One  set  of  parallel  imdistorted  planes,  and  the  amount 
of  their  relative  parallel  shifting  having  been  given,  we  have 
just  seen  how  to  find  the  other  set  The  shear  may  be  other- 
wise viewed,  and  considered  as  a  shifting  of  this  second  set  of 
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iimllel  planes,  relative  to  any  one  of  them.    The  amount  of 
OB  relative  shifting  is  of  couise  equal  to  that  of  the  first  set, 
Imtively  to  one  of  them. 
]L78«  The  principal  axes  of  a  shear  are  the  lines  of  maxi-  Axes  or 

,  ,  ft  ftheftr. 

nun  elongation  and  of  maximum  contraction  respectively, 
bey  may  be  found  from  the  preceding  construction  (§171), 
HIS  : — In  the  plane  of  the  shear  bisect  the  obtuse  and 
»te  angles  between  the  planes  destined  not  to  become  de- 
vmed.  The  former  bisecting  line  is  the  principal  axis  of 
ongation,  and  the  latter  is  the  principal  axis  of  contraction, 
i  their  initial  positions.  The  former  angle  (obtuse)  becomes 
loal  to  the  latter,  its  supplement  (acute),  in  the  altered  con- 
itian  of  the  body,  and  the  lines  bisecting  the  altered  angles 
re  the  principal  axes  of  the  strain  in  the  altered  body. 

Otherwise,  taking  a  plane  of  shear  for  the  plane  of  the 
lagiain,  let  AB  be  a  line  in  which  it  is  cut  by  one  of  either 
ei  of  pandlel  planes  of  no  distortion. 
>n  any  portion  ABoi  this  as  diameter, 
lescribe  a  semicircle.    Through  C,  its 
Diddle  point,  draw,  by  the  preceding 
xmstniction,  CD  the  initial,  and  CE 
he  final,  {losition  of  an  unstretched 
Line     Join  DA,  DB,  EA,  EB.     DA,DB  axe  the  initial,  and 
EA ,  EB  the  final,  positions  of  the  principal  axes. 

174*  The  ratio  of  a  shear  is  the  ratio  of  elon£(ation  and  con-  Measure  ..r 

*.   •  •       •      1  mi  •  /»  ..,..*  shear. 

irartiun  of  its  pnncipal  axes.  Thus  if  one  prmcipal  axis  is 
flongaltnl  in  the  ratio  1  :  a,  and  the  other  therefore  (§  169)  con- 
iracteti  in  the  ratio  a :  1,  a  is  called  the  ratio  of  the  shear.  It 
will  W  convenient  jjjenerally  to  reckon  this  as  the  ratio  of 
fl«»npiii<»ii ;  that  is  to  say,  to  make  its  numerical  measure 
iirvater  than  unity. 

In  the  diagram  of  §  173,  the  ratio  of  DB  to  EB,  or  of  EA  to 
iLi ,  is  the  ratio  of  the  shear. 

175.  Tlie  amount  of  a  shear  is  the  amount  of  relative 
nioiiiin  fK*r  unit  distance  between  planes  of  no  distortion. 

It  is  ejisily  pnwed  that  this  is  equal  to  the  excess  of  the 

ratio  of  the  shear  al>ove  its  reciprocal 

1  2a 

Since   DCA  =  2DBA,taidiAnDBA=-  wfihii\ei^nDCA=  ,         • 
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But  DEzi^%CNttJiDCN=2CNo&t  DCA. 

„  DE    «a»  — 1  1 

CN  3a  a 

DUpjokbu^      176.  The  planes  of  no  distortion  in  a  simple  shear  an 

ofTiiSlMr.     clearly  the  circular  sections  of  the  strain  ellipooid.     In  tke 

ellipsoid  of  this  case,  be  it  remembered,  the  mean  axis  remaim 

unaltered,  and  is  a  mean  proportional  between  the  greatest  and 

the  least  axis. 

BiMtf^iiiRipie      177,  If  wc  now  su])pose  all  lines  perpendicular  to  the 

a^expan.    plane  of  the  shear  to  be  elongated  or  contracted  in  anj  pm- 

Mned.         portiou,  without  altering  lengths  or  angles  in  the  plane  of  the 

shear,  and  if,  lastly,  we  suppose  every  line  in  the  body  to  he 

elongated  or  contracted  in  some  other  fixed  ratio,  we  have 

clearly  (§  161)  the  most  general  possible  kind  of  strain.    Him 

if  5  be  the  ratio  of  the  simple  shear,  for  which  case  4^  1,  --  aie 

the  three  principal  mtios,  and  if  we  elongate  lines  perpendiciikr 

to  its  plane  in  the  ratio  1  :  m,  without  any  other  chai^  we 

have  a  strain  of  wliich  the  principal  ratios  are 

1 
f ,  m,  _  . 

f 

If  lastly,  wc  elongate  all  lines  in  the  ratio  1  :  a,  we  have  • 
strain  in  which  the  princi]>al  ratios  are 

f 

where  it   is  clear  that  7u,  nm,  and  —  may  have  any  vahs 

whatever.  It  is  of  course  not  necessary  that  nm  be  the  mitt 
priiiciiMil  ratio.  ^M1atcver  they  are,  if  we  call  them  m^  0^yn 
spectivoly,  wo  have* 

«=%'—;  fi  =  ^/oy;  and  iN=    ,   -• 

An«iyi.i«..r        178.  llciicc  any  strain  (a,  fi,  y)  whatever  may  be  viewvd  ^ 
(*oni|M)un(le(I  of  a  unifonn  dilatation  hi  all  directions,  of  Unrar 

Q 

ratio  s'ay.  sii|K»riniposod  on  a  simple   (*l(iiigation   -^  in  ih* 
dinn-tion  of  the  prim'i[Kd  axis  to  which  fi  refers.  siiperiuipoMai 

♦  »n  a  >ini|»lf  shear,  of  rath»  s      (01  of  amount  s'  s^,\n  th- 

7  >  • 

plane  of  the  two  other  prinrip;il  axes. 
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L79.  It  is  clear  that  these  three  elementary  component  Analysis  of 
.ins  may  be  applied  in  any  other  order  as  well  as  that***"**" 
.ed.  Thus,  if  the  simple  elongation  is  made  first,  the  body 
s  altered  most  get  just  the  same  shear  in  planes  perpen- 
cdar  to  the  line  of  elongation,  as  the  originally  unaltered 
ly  gets  when  the  order  first  stated  is  followed.  Or  the 
itation  may  be  firsts  then  the  elongation,  and  finally  the  ^ 

ar,  and  so  on. 

L80.  In  the  preceding  sections  on  strains,  we  have  con-  Di>puee 
^red  the  alterations  of  lengths  of  lines  of  the  body,  and  of  ^y.H^d 
[les  between  lines  and  planes  of  it ;  and  we  have,  in  parti-  ^S^tot^*' 
ar  cases,  founded  on  particular  suppositions  (the  principal  held  nxed. 
s  of  the  strain  remaining  fixed  in  direction,  §  169,  or  one 
either  set  of  undistorted  planes  in  a  simple  shear  remain- 
fixed,  §  170),  considered  the  actual  displacements  of  parts 
the  body  from  their  original  positiona     But  to  complete 
kinematics  of  a  non-rigid  solid,  it  is  necessary  to  take  a 
re  general  view  of  the  relation  between  displacements  and 
iina     It  will  be  sufficient  for  us  to  suppose  one  point  of 
body  to  remain  fixed,  as  it  is  easy  to  see  the  effect  of  super- 
X)sing  upon  any  motion  with  one  point  fixed,  a  motion  of 
islation  without  strain  or  rotation. 

181.  Let  us  therefore  suppose  one  point  of  a  body  to  be 
i  fixed,  and  any  displacement  whatever  given  to  any  point 
X)ints  of  it,  subject  to  the  condition  that  the  whole  substance 
trained  at  all  is  homogeneously  strained. 

Let  OXj  OT,  OZ  be  any  three  rectangular  axes,  fixed  with 
reference  to  the  initial  position  and  condition  of  the  body.  Let 
Xy  y,  zhe  the  initial  co-ordinates  of  any  point  of  the  body,  and 
•3^1)  ^1)  ^1  be  the  co-ordinates  of  the  same  point  of  the  altered  body, 
with  reference  to  those  axes  unchanged.  The  condition  that  the 
strain  is  homogeneous  throughout  is  expressed  by  the  following 
equations : — 

x,  =  lXxyc+[Xy']i/+lXz'y,    \ 

y.=[rx>+[i»+[rz>,  V  (1) 

r.=[Zr}r+[Zy]y+[Zs>,   ) 
where  [Xx},  [JTjf],  etc.,  are  nine  quantities  of  absolutely  arbi- 
trary values,  which  are  the  same  for  all  values  of  or,  y,  z. 
[Xr],  [Tx],  [Zx]  denote  the  three  final  co-ordinates  of  a  point 
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DbpUce-  origiimllj  at  unit  difltancc  along  OX^  from  O.      Tbej  are.  of 

b!?y>  rigiii  course,  proportional  to  the  direction-comues  of  the  ahered  pos- 

Mot^or^'  ^^^^  ^^  ^^^  ^^°^  primitively  coinciding  with  OX.     Stmilairij  fcr 

IT^^  [^y]AYyl[Zyl  etc. 

Let  it  be  required  to  find,  if  possible,  m  line  of  the  bodj  which 
remains  unaltered  in  direction,  daring  the  change  yciied  hv 
[Xx],  etc.  Let  x,  ^,  ;,  and  x„  ^i,  r,,  be  the  co-ordiiiatca  of  the 
primitive  and  altered  position  of  a  point  in  such  a  line.     We 

must  have  ^=-^=li-«,  vhere  c  is  the  elongalioQ  rf  tW  J 

line  in  question. 

Thus  wc  have  a?i=cx,  etc.,  and  therefore 

{[Xx]  —  €)x  -{•[Xy]y  +[^r].-=0, 


[Yx\r+{[Yy\-.]y  +[rrl.=0.    I 

[Zx]x  +[Zy]y+{[Z:]-€;.r=0.    j 


v5* 


From  these  equations,  by  eliminating  the  ratios  xiyzs  aeeotdiaf 
to  the  well-known  algebraic  process,  we  find 

([Xx]-.){[ry]-,){[Zz]-*) 

-[rz][zy]([Zx]-«)-[Zx][x.-]([ry]-.)-[jr,)(rxj((Z:)-.) 

+{Xz]  [  Tx]  [Zjr]  +  [Xy]  f  Yz]  [Zx]  =0. 

This  cubic  equation  is  necessarily  satisfied  by  at  least  ose  ml 
value  of  c,  and  the  two  others  arc  cither  both  real  or  both  ias* 
ginary.  Kach  real  value  of  c  gives  a  real  solntion  of  the  pffohks. 
since  any  two  of  the  preceding  three  equations  with  it,  in  place  ^ 
c,  determine  real  valucH  of  the  ratios  x-.y-.z.  If  the  body  is  rigtf 
(i.e.,  if  the  displacements  are  subject  to  the  condition  oC  ptudaciif 
no  strain),  we  know  (ante,  §  95)  that  there  is  just  one  hit 
common  to  the  body  in  itM  two  positions,  the  axis  roand  which  it 
most  turn  to  pSKS  from  one  to  the  other,  except  in  the  pecaitf 
cases  of  no  rotation,  and  of  rotation  through  two  right  aa^A 
which  aro  treated  below.  Hence,  in  this  case,  the  cubic  eqnaiM 
has  only  one  real,  and  therefore  it  has  two  imaginary,  roots.  TW 
eqnatioiiH  just  formed  solve  the  problem  of  fimiing  the  axi»  «f 
rotation  when  the  data  are  the  actual  displacements  oC  the  p(<at* 
primitively  lying  in  three  given  fixed  ax«*s  of  refert*nce.  OX,  0)'. 
OZ ;  and  it  is  worthy  of  remark,  that  the  practical  anhitiuQ  cf 
this  pntblem  is  founded  on  the  one  real  root  of  a  cubic  whkb 
has  two  imaginary  roots. 

Again,    on    the  other   hand,  let  the  given   displaeeaw«ls  W 
made  so  a.**  t4)  produce  a  strain  of  the  ImhIv  with   no  angolir 


KINEBIATICS.  1 1 1 

acement  of  the  principal  axes  of  the  straiD.     Thus  three  lines  D{8]>iace- 
e  body  remain  unchanged.     Hence  there  most  be  three  real  bi^y,  rigid 
of  the  equation  in  c,  one  for  each  such  axis  ;  and  the  three  Jl^fitV''* 
determined  by  them  are  necessarily  at  right  angles  to  one  jSd  fliJd. 
ler. 

it  if  neither  of  these  conditions  holds,  we  may  have  three 
solutions  and  three  oblique  lines  of  directional  identity ;  or 
aay  have  only  one  real  root  and  only  one  line  of  directional 
:ity. 

D  analytical  proof  of  these  conclusions  may  easily  be  given ; 
we  may  write  the  cubic  in  the  form — 
[X!,],  [Xz]\        cm  [Tz]  +  [Zz],  [Zxl+  [Xx],  [Zy]!! 

[miM    \\[Zf,],m  [^^i[^4  [r^imf 

[Zy],[Zz]\         +««{[Xx]  +  [7y]+[2z]}-«'=0.  (3). 

the  particular  case  of  no  strain,  since  [Xx]^  etc.,  are  then 
/,  not  merely  proportional,  to  the  direction- cosines  of  three 
tally  perpendicular  lines,  we  have  by  well-known  geometrical 
"ems 


[ry],[Fz]=[Zx],etc. 

[2y],  [Zz] 


[Xx],[Xy],[Xz]=l,Hnd 
\[Tx],  [Ty],  [Tz] 
\[Zx],  [Zy\  [Zz] 
ce  the  cubic  becomes 

!-(«-.•)  {[jrx]+[ry]+[Zz]}-«'=o, 

liich  one  root  is  evidently  c=l.  This  leads  to  the  above 
ained  rotational  solution,  the  line  determined  by  the  value  1 
being  the  axis  of  rotation.  Dividing  out  the  factor  1  —  e, 
;et  for  the  two  remaining  roots  the  equation 

1  -  ([Xx]  +  [I>]  +  [Zz]  -  l)e-|-c«=0, 
«  roots  are  imaginary  if  the  co-efficient  of  c  lies  between 
and  —  2.     Now +2  is  evidently  its  greatest  value,  and  for 
case  the  roots  are  real,  each  being  unity.     Here  there  is  no 
ion.     Also  —  2  is  its  lecut  value,  and  this  gives  us  a  pair  of 
es  each  =  —  1,  of  which  the  interpretation  is,  that  there  is 
ion  through  two  right  angles.     In  this  case,  as  in  general, 
line  (the  axis  of  rotation)  is  determined  by  the  equations  (2) 
the  value  +1  for  c ;  but  with  c  =  —  1  these  equations  are 
fied  by  any  line  perpendicular  to  the  former, 
he  limiting  case  of  two  equal  roots,  when  there  is  strain,  is 
nteresting  subject  which  may  be  left  as  an  exercise.     It 
pates  the  cases  in  which  there  is  only  one  axis  of  directional 
tity  from  those  in  which  there  are  three, 
et  it  next  be  proposed  to  find  those  lines  of  the  body  whose 
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DbpUee-  elongations  are  greatest  or  least.    For  this  pnrpoBe  we  nrast 

bl^^d  ^^  equations  expressing  that  Xi*+]ft*+tt*  is  a  maziiniim,  ila 

"^if"  x*+y*+t'=r*,  a  constant.    First,  we  have 

SdflL.  a!,'+y,*+«,'=Ar'+5y'+C!t'+2(«^2+&Kr+carjr)         (4| 

where 

A =[Xxy  +  [Txy + [Zxy  v 

a=[  Jry][  JTz]  +  [Yy-\\Yz^  +  [%][2*]  '  ^ ' 

b={Xz\\Xx-\  +  [rz][rar]  +  [Zs][2ar] 
c=[Xx-]iXy]  +  [Yx-\[Ty\  +  [2jf][Zy] 
The  equation 

ila:«+jB;y«+Cr«+2(^«+6rx+cxy)=ri«  (8) 

where  r,  is  any  constant,  represents  olearlj  the  ellipsoid  whick  t 
spherical  surface,  radius  r„  of  the  altered  body,  would  beeomel 
if  the  body  were  restored  to  its  primitive  condition.  The  proUea 
of  making  Vi  a  maximum  when  r  is  a  given  constant,  leads  to  tk 
following  equations : — 

x«+y«+-r*=r«,  (7) 

xdx+ydy+zdz^O,  I   ^^. 

{Ax+cy+hz)dx+[cx+By-\-az)dy'\'{hx+ay+Cz)dz^Q.\  ''' 
On  the  other  hand,  the  problem  of  making  r  a  mazimom  or  miiii' 
mum  when  r,  is  given,  that  is  to  say,  the  problem  of  finding  niiii- 
mum  and  minimum*  diameters,  or  principal  axes,  of  the  dlipsoU 
(6),  leads  to  these  same  two  differential  equations  (8),  and  oolj 
differs  in  having  equation  (6)  instead  of  (7)  to  complete  the  de* 
termination  of  the  absolute  values  of  x^  y,  and  z.  Hence  the 
ratios  x:y:z  will  be  the  same  in  one  problem  as  in  the  other; 
and  therefore  the  directions  determined  are  those  of  the  praripil 
axes  of  the  eUipsoid  (6).  We  know,  therefore,  by  the  propertiBi 
of  the  ellipsoid,  that  there  are  three  real  solutions,  and  that  the 
-directions  of  the  three  radii  so  determined  are  mutaaDj  rect- 
angular. The  ordinary  method  (Lagrange*s)  for  dealing  with  the 
differential  equations,  being  to  multiply  one  of  them  bj  an  aibi- 
trary  multiplier,  then  add,  and  equate  the  co-effioientB  of  the 
separate  differentials  to  zero,  gives,  if  we  take  —  c  as  the  aihi- 
trary  multiplier,  and  the  first  of  the  two  equations  the  one  multi- 
plied by  it, 

(i4-€)x  +cy 

cx+{B^€)y         +ar=0,     }  (9) 

^         +oyHO-€)z 


I 


7-«)r=0.    j 
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We  maj  ind  whal  c  means  if  we  multiply  the  first  of  these  by  x,  Displace- 
the  aeeood  by  y^  and  the  third  by  z^  and  add ;  because  we  thus  S?/,  rigid 

«*•»»  point  of 

iix«+^'+Cz«+2(ayr+6za:+cay)-€(x«+y«+r«)=0,         l^tfiL. 
or  ri«-.cr«=0, 

which  giTes  <=(-)*•  (10) 

r 

Eliminating  the  ratios  x:y\z  from  (9),  by  the  usual  method,  we 

have  the  well-known  determinant  cubic 

|«c){i9-€)(C-€)-a«(i4-.€)-.6«(J5-€)-c«(C-€)+2aic=0,  (11) 

of  which  the  three  roots  are  known  to  be  all  real.  Any  one  of 
the  three  roots  if  used  for  c,  in  (9),  harmonizes  these  three  equa- 
tions for  the  true  ratios x:y:r;  and,  making  the  co-efficients  of 
X,  jr,  X  in  them  all  known,  allows  us  to  determine  the  required 
ratios  by  any  two  of  the  equations,  or  symmetrically  from  the 
three,  by  the  proper  algebraic  processes.  Thus  we  have  only  to 
detenaine  the  absolute  magnitudes  of  x,  y^  and  r,  which  (7) 
enables  us  to  do  when  their  ratios  arc  known. 

It  is  to  be  remarked,  that  when  [Yz\=[Zy1  lZx']=:[Xz'],  and 
[jrjf]s[Fx],  equation  (3)  becomes  a  cubic,  the  squares  of  whose 
roots  are  the  roots  of  (11),  and  that  the  three  lines  determined 
by  (2)  in  this  case  are  identical  with  those  determined  by  (9). 
Tlie  reader  will  find  it  a  good  analytical  exercise  to  prove  this 
directly  from  the  equations.  It  is  a  necessary  consequence  of 
§  1S3,  below. 

We  have  precisely  the  same  problem  to  solve  when  the  ques- 
tion proposed  is,  to  find  what  radii  of  a  sphere  remain  perpendicular 
to  the  surface  of  the  altered  figure.  This  is  obvious  when  viewed 
geometrically.  The  tangent  plane  is  perpendicular  to  the  radius 
when  the  radius  is  a  maximum  or  minimum.  Therefore,  every 
plane  of  the  body  parallel  to  such  tangent  plane  is  perpendicular 
to  the  radius  in  the  altered,  as  it  was  in  the  initial  condition. 

The  analytical  investigation  of  the  problem,  presented  in  the 
Hecond  way,  is  as  follows  : — 

Let  liOo,+m,y^+n,Zx=0  (12) 

be  the  equation  of  any  plane  of  the  altered  substance,  through 
the  origin  of  co  ordinates.  the  axes  of  co-ordinates  being  the 
nme  fixed  axes,  OX^  OK,  OZ,  which  we  have  used  of  late.  The 
direction  cosines  of  a  perpendicular  to  it  are,  of  course,  propor- 
tional to  /,,  nil,  fi|.  If,  now,  for  x,,  y,,  r,,  we  substitute  their 
values,  as  in  ( 1 ),  in  terms  of  the  co-ordinates  which  the  same 

II 
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Displace- 
ment of  a 
body,  rigid 
or  not,  one 
point  of 
which  in 
held  fixed. 


AnalyHis  of  a 
Mtrain  into 
distortion 
and  rotation. 


Pure  strain. 


i=cm  y 

1  =  €M       j 


(14) 


point  of  the  substance  had  initially,  we  find  the  equation  of  the 
same  plane  of  the  body  in  its  initial  position,  which,  when  the 
terms  are  grouped  properly,  is  this — 

+  {h[Xz]+m,[Yz]+n,[Zz]}z=0  (13) 

The  direction  cosines  of  the  perpendicular  to  the  plane  are  pro- 
portional to  the  co-efficients  of  a?,  y,  z.  Now  these  are  to  be  the 
direction  cosines  of  the  same  line  of  the  substance  as  was  altered 
into  the  line  ^j :  iWi :  w,.  Hence,  if  ^ :  m  :  n  are  quantities  propor- 
tional to  the  direction  cosines  of  this  line  in  its  initial  poeitioD, 
we  must  have 

l,[Xx]+m^[Yx]+n,[Zx]=€l 

l^[X!/]+m,[Yi/]+n,[Zt/] 

h[Xz]+m,[Zz]+n,[Zz] 

where  e  is  arbitrary.  Suppose,  to  fix  the  ideas,  that  /„  m,,  Ri 
are  the  co-ordinates  of  a  certain  point  of  the  substance  in  it< 
altered  state,  and  that  /,  m,  n  are  proportional  to  the  initial  co- 
ordinates of  the  same  point  of  the  substance.  Then  we  shiD 
have,  by  the  fundamental  equations,  the  expressions  for  /i,  nti,  Xi 
in  terms  of  /,  m,  n.  Using  these  in  the  first  members  of  (14). 
and  taking  advantage  of  the  abbreviated  notation  (5),  we  have 
precisely  the  same  equations  for  /,  m,  n  as  (9)  for  x,  y,  z  above. 

182.  From  the  preceding  analysis  it  follows  that  any  homo- 
geneous strain  whatever  applied  to  a  body  generally  changes  a 
sphere  of  the  body  into  an  ellipsoid,  and  causes  the  latter  to 
rotate  about  a  definite  axis  through  a  definite  angla  In 
particular  cases  the  sphere  may  remain  a  sphere.  Also  theie 
may  be  no  rotation.  In  the  general  case,  when  there  is  no 
rotation,  there  are  three  directions  in  the  body  (the  axes  of  the 
ellipsoid)  which  remain  fixed;  when  there  is  rotation,  then 
are  generally  three  such  directions,  but  not  rectangular.  Some- 
times, however,  there  is  but  ona 

183.  ^Vhen  the  axes  of  the  ellipsoid  are  lines  of  the  bod^ 
whose  direction  does  not  change,  the  strain  is  said  to  be  pviv, 
or  unaccompanied  by  rotation.  The  strains  we  have  alieiidjr 
considered  were  more  general  than  this,  being  pure  strains 
accompanied  by  rotation.  We  proceed  to  find  the  analytical 
conditions  of  the  existence  of  a  pure  strain. 
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Let  US,  0S\  OS"  be  the  three  principal  axes  of  the  straiu,  pure»train. 
and  let  /,  m,  n,    /',  w',  n',    /",  m",  n' 

be  their  direction  cosines.  Let  a,  a',  a"  be  the  principal  elonga- 
tions. Then,  if  $,  (\  ("  be  the  position  of  a  point  of  the  un- 
altered body,  with  reference  to  OS,  0S\  0S'\  its  position  in 
the  body  when  altered  will  be  a^,  a'^',  a'^'\  But  if  x,  y,  z  be 
itA  initial,  and  Xj,  ^i,  z^  its  final,  positions  with  reference  io 
OX,  or,  OZ,  we  have 

^=/lr+wy+wj,  f'=  etc.,  £'  =  etc.,  (15) 

and     X,  =:/a^+/'a'^'+/'V'f ,  y,  =  etc.,  z^  =  etc. 

For  ^,  f ',  £  '  substitute  their  values  (15),  and  we  have  x,,  y,,  z^  in 
t*»rnis  of  X,  ^,  r,  expressed  by  the  following  equations : — 
-ra/»    -h  a"  r'*)x+(o/m +o7rM'-fo"rW)y-|-(o/a  -f-aTn'  -|-o"r»')2  \ 
rf-f  a'«i7 +«  m  7 ')jr+(om« -|-o'm'«  +  o"  m"*)y-|-(om»-f  o'iii'r.'-|-o"ni'V>  )  (16) 
r  +«  r7'  -l-a'  n"l '  )j;+(onm+o'w'm'+o"n'W)y-|-(on«  -|-a'n  *    -f  a"  v"^)2, ) 
Hence,  comparing  with  (1)  of  §  181,  wc  have 

[Xx]=a/«+a7'«+a"r*,  etc.;  1  j^ 

[Zy]=[l  j]:=am«+a'm'n'+a"m"w",  etc.  J 
In  these  equations,  /,  /',  /",  m,  m',  m\  «,  n',  m",  are  deducible 
from  three  independent  elementD,  the  three  angular  co-ordinates 
(§  100,  above)  of  a  rigid  body,  of  which  one  point  is  held  fixed ; 
and  therefore,  along  with  a,  a',  a",  constituting  in  all  six  in- 
dependent elements,  may  be  determined  so  as  to  make  the  six 
members  of  these  equations  have  any  six  prescribed  values. 
Hemv  tho  conditions  n<»cessarv  and  suflicient  to  insure  no  rotation 
art' 

[^.'/]=[  1'4  [-V--]=[^--],  [-lC!/]=[  1  >]  (18) 

184*  If  a  bcnly  exjM^rieuce  a  suctvssioii  of  stiuins,  each  iiu-  <*"'" 
•i-omjKanieti  by  station,  its  i-esultin<^  condition  will  <]renemlly  HtrunH 
•  pnniucihle  by  a  stniin  and  a  rotiition.  From  this  follows 
!♦•  n-inarkal)Ie  corollary  that  three  ])iire  stmius  imxluced  one 
ler  another,  in  any  piece  of  matter,  each  without  rotation, 
ay  l>e  s<»  adjusted  as  to  leave  the  body  unstrained,  but  rotat^^l 
Ln)U>:li  s<jme  angle  about  some  axis.  We  shall  have,  later, 
«ist  iniDprtant  and  interesting  applications  to  fluid  motion, 
Uich  ^(iiiftp.  II.)  will  be  proved  to  be  instantaneously,  or  dif- 
T^fntially.  im^tational ;  but  which  may  result  in  leaving  a 
bob*  fluid  nuiss  merely  turned  round  from  its  primitive  posi- 
oii,  as  if  it  had  been  a  rigid  Inxly.  The  following  elementary 
♦•nn.iriral  investigation,  though  not  bringing  out  a  thoroughly 
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cjompodtion  Comprehensive  view  of  the  subject,  afifords  a  rigorous  dem(Hi- 
tuSS.  stration  of  the  proposition,  by  proving  it  for  a  particular  caaa 
Let  us  consider,  as  above  (§  171),  a  simple  shearing  motion ; 
a  point  0  being  held  fixed,  the  matter  of  the  body  in  t 
phme,  cutting  that  of  the  diagram  perpendicularly  in  CD,  to 
move  in  this  plane  from  right  to  left  parallel  to  CD ;  and  so  in 
other  planes  parallel  to  it,  motions  proportional  to  their  dis- 
tances from  0.  Consider  first  a  shear  from  P  to  P^ ;  then 
from  P,  on  to  P^ ;  and  let  0  be  taken  in  a  line  through  P„  per- 
13         p*         p  P'        p  pendiculartoCD.  The 

^-^ \ TT~Z~^^^<^^  shear  from  P  to  P> 

of  course,  the  same  as 
from  F  to  P;,  if  Pf[ 
=  PPr  Suppose,  for 
instance,  P,  P'=P',P,  =  ^P,  P.  Now,  as  we  have  seen  above 
(§  1 73),  the  line  of  the  body,  which  is  th^  principal  axis  of  con- 
traction in  the  shear  from  P  to  P/,  is  OA,  bisecting  the  angle 
POE  at  the  beginning,  and  Oil,,  bisecting  P/OJ?  at  the  end  of 
the  motion.  The  angle  between  these  two  lines  is  half  the  angle 
POFy  that  is  to  say,  is  equal  to  PfiP,  Hence,  if  the  plane 
CD  is  rotated  through  an  angle  equal  to  P,OP,  in  plane  of 
diagram,  in  the  same  way  as  the  hands  of  a  watch,  during  the 
shear  from  P  to  P '  or,  which  is  the  same  thing,  the  shear  from 
P  to  P ,  this  shear  will  be  effected  without  final  rotation  of  te 
principal  axes.  (Imagine  the  diagram  turned  round  till  0^,  to 
along  OA.  The  actual  and  the  newly  imagined  position  of  CD 
will  show  how  this  plane  of  the  body  has  moved  during  such 
non-rotational  shear.) 

Now,  let  the  second  step,  P,  to  P^  be  made  so  as  to  com- 
plete the  whole  shear,  P  to  P^,  which  we  have  proposed  to 
consider.  Such  second  partial  shear  may  be  made  by  the  com- 
mon shearing  process  parallel  to  the  new  position  (imagined  in 
the  preceding  parenthesis)  of  CD,  and  to  make  itself  also  non- 
rotational,  as  its  predecessor  has  been  made,  we  must  tun 
farther  round,  same  way,  through  an  angle  equal  to  P  OP.- 
Thus  in  these  two  steps,  each  made  non-rotational»  we  hM\t 
turned  the  plane  CD  round  through  an  angle  equal  to  P,OP- 
But  now,  we  have  a  whole  shear  PP^ ;  and  to  make  this  as  one 
non-rotational  shear,  we  must  turn  CD  through  an  angle  PJ^P 
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Jy,  which  is  less  than  P.  OP'  by  the  excess  of  POP  above  compoduon 
OP,    Hence  the  resultant  of  the  two  shears,  PP^ » -P,  -P^>  each  itJS^ 
parmtely  deprived  of  rotation,  is  a  single  shear  PP^,  and  a 
tmtion  of  its  principal  axes,  in  the  direction  of  the  hands  of 
watch  through  an  angle  equal  to  POP,  —  POP*. 
185.  Make  the  two  partial   shears  each  non-rotationally. 
stum  from  their  resultant  in  a  single  non-rotational  shear : 
$  conclude  with  the  body  unstrained,  but  turned  through 
I  angle  equal  to  P'OP  —  POF,  in  the  same  direction  as  the 
nds  of  a  watrh. 

Xi  =  Ax+ry+b2 

is  ({  188)  the  most  general  possible  expression  for  the  displace- 
Bienl  of  any  point  of  a  body  of  which  one  point  is  held  fixed, 
flirmined  according  to  any  three  Unes  at  right  angles  to  one 
mnolher,  as  principal  axes,  which  are  kept  fixed  in  direction, 
relatively  to  the  lines  of  reference  OXj  OY,  OZ, 

Similarly,  if  the  body  thus  strained  be  again  non-rotationally 
atrained^  the  most  general  possible  expressions  for  Xf,  ^„  ;„ 
the  co-ordinates  of  the  position  to  which  Xj,  yi,  Zj,  will  be  brought, 
are 

Subbtitutipg  iu  these,  for  x,,  y,,  c,,  their  preceding  expressions, 
in  terms  of  the  primitive  co-ordinates,  x,  y,  z,  we  have  the  follow- 
ing expressions  for  the  co-ordinates  of  the  position  to  which  the 
point  in  question  is  brought  by  the  two  strains  : — 

x,MA,A+c,c+b,b)x+{A,c+cJi+b,a)f/+(A,b+c,a  +  b,a)z 
j^,  =  (r,^-f/Ac-frt,6)j:-f(r,c-f/A/^+a,%+(c.6+y;,rt-f  a,C);: 

Th«  resultant  displacement  thus  represented  is  not  generally  of 
the  non- rotational  character,  the  conditions  (18)  of  §  188  not 
being  fulfilled,  as  we  see  immediately.  Thus,  for  instance,  wo 
tee  that  the  co-efl5cient  of  y  in  the  expression  for  x„  is  not 
occofvanly  equal  to  the  co-efficient  of  x  iu  the  expression  fory,. 
Cor, — If  both  strains  are  infinitely  small,  the  resultant  displace- 
ment is  a  pure  strain  without  rotation.  For  i-l,  B^  C,  ^4,,  ^,,  Oj 
arr  each  infinitely  nearly  unity,  and  a,  ^,  etc.,  each  infinitely 
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small.  Hence,  neglecting  the  products  of  these  iufinitely  smaU 
quantities  among  one  another,  and  of  any  of  them  with  the  differ- 
ences between  the  former  and  unity,  we  have  a  resultant  dis- 
placement 

Xs=     AiAx+  {c+c,)i/+  {b+bi)z 
!/i  —  (ci+c)x+      B,Bi/+{a+a^)z 
z,  =  {b,+b)x+(a,+a)^+       C,Cz 
which  represents  a  pure  strain  imaccompanied  by  rotation. 

uiHpiace-  186'.  The  measurement  of  rotation  in  a  strained  elastic  solid. 

tTric.^  *  or  in  a  moving  fluid,  is  much  facilitated  by  considering  sepa- 
rately the  displacement  of  any  line  of  the  substance.  We  are 
therefore  led  now  to  a  short  digression  on  the  displacement  of 
of  a  curve,  which  may  either  belong  to  a  continuous  sohd  or 
fluid  mass,  or  may  be  an  elastic  cord,  given  in  any  position. 
The  propositions  at  which  we  shall  arrive  are,  of  course,  appli- 
cable to  a  flexible  but  inextensible  cord  (§  14,  above)  as  a 
particular  case. 

It  must   be  remarked,  that  the  displacements  to  be  a>n- 
sidered  do  not  depend  merely  on  the  curves  occupied  by  the 
given  line  in  its  successive  positions,  but  on  the  corresponding 
points  of  these  curves. 
Tan^cntiiii        What  wc  sliall  Call  tangential  displacement  is  to  be  thus 
nlJSt '^^^       reckoned : — Divide  the  undisplaced  curve  into  an  infinite  nmnber 
of  infinitely  small  equal  parts.     The  product  of  the  sums  of 
the  tangential  components  of  the  displacements  from  all  the 
points  of  division,  multiplied  by  the  length  of  each  of  the  in- 
finitely small  parts,  is  the  entire  tangerUial  displacement  of  th 
curve  reckoned  along  the  undisplaced  curve.     The  same  reckon- 
ing carried  out  in  the  displaced  curve  is  the  entire  tanffeniiai 
displacement  reckoiud  on  tlie  displciced  curve. 
Two  IX'.  kon        187.  The  whole  tangential  displacement  of  a  curve  reckoned 
Kontiaidis    iilong  tlic  displaccd  curve,  exceeds  the  whole  tangential  dis- 
tomrand.     placcmcut  reckoned  along  the  undisplaced  curve  by  half  the 
i-ectanghj  under  the    sum    and    difference    of   tlie    absolute 
terminal  displacements,  reckoned  positive  when  the  displace 
ment  of  the  end  towards  which  the  tangential  components  an* 
reckoned   positive  exceeds  that  at  the  other.     This  theorem 
may  be   proved   by  a  <,'eometrical   demonstration  which  th^ 
reader  may  easily  supply. 
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AnaljtioaUj  thus : — Let  a:,  y,  z  be  the  co-ordinates  of  any  Two  reckon- 
point,  P,  in  the  undisplaced  corTe ;  Xi,  yi,  z^  those  of  Pj  the  gentiai  dis- 
point  to  which  the  same  point  of  the  curve  is  displaced.     Let  rompared. 
dx,  dfjf,  db  be  the  increments  of  the  three  co-ordinates  corre- 
sponding to  any  infinitely  small  arc,  ds  of  the  first ;  so  that 

and  let  corresponding  notation  apply  to  the  corresponding 
element  of  the  displaced  curve.  Let  6  denote  the  angle  between 
the  line  PP,  and  the  tangent  to  the  imdisplaced  curve  through 
P;  so  that  we  have 

"^^"—ir  ds^~fr"ds'^-Trds 

where  for  brevity 

being  the  absolute  space  of  displacement.     Hence 

D  cos  Wi=(x,  — x)dir+(yi  — y)</y+(z,  —z)dz. 
Similarly  we  have 

D  cos  e,d$i  =  (x,  — x)dj:,  -f  (y,  — y)rfy,  +  (r,  — z)(fe, 
and  therefore 
/>  cos  ^,  Ai  — />  cos  d(/5= (x,  — x)rf{x,  — x)  +  (^i  — yK^i  — y) 

+  {z,^z)d{z,^z) 
or  />cosd,df,-/>cosdrf»=irf(Z>«). 

To  find  the  difference  of  the  tangential  displacements  reckoned 
the  two  ways,  we  have  only  to  integrate  this  expression.  Thus 
Mv  obtain 

whori'  i)'    and  D   denote  the  displacements  of  the  two  ends. 

188.  Tin.'  entiri*  tangential  displacement  of  a  closed  curve  Tjuigmtmi 
L-  th»»  s;une  whether  reckoned  along  the  undisplaced  or  the  nientofa 
»li-Sj»l;u*tMl  curve. 

189.  Tlif  entii-e  tangential  displacement  fiT>m  one  to  another 
ot  two  rnnt«'nninous  ans,  is  the  same  reckoned  along  either 
li.  along  the  other. 

190.  Tlu*  entire  tangential  disiilacement  of  a  rigid  closed  Rotation  of 

,      ,  ,  ,         ,  .       .  a  rijjitl  cloHOtl 

.  in Vf»  when  n>tated  thn>ugh  any  angle  about  any  axis,  is  eciual  <"r%p. 
ti.  twirr  tht*  area  of  its  jm>jection  on  a  plane  perpendicular  to 
:h«'  axis,  multiplit^d  hy  the  sine  of  the  angle. 

(n)  Prtip. — The  entire  tangential  displacement  round  a  closed  T""}?]^"^'''^ 
rurvc  of  a  hoiuc»geiicnuslv  strained  solid,  is  equal  to  nirnt  in  a 

^  I    ^"W     •  /  (•omp<)n('nt> 

of  Ktrain. 
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Juimntiai  where  P,  Q,  R  denote,  for  its  initial  position,  the  areas  of  itK 

mfliitiiia  projections  on  the  planes  FOZ,  ZOX^  XOY  respectively,  ind 

terms  of  0,  p,  o*  are  as  follows :  — 

~^gr'*'  -=i{[iJy]-[Fz]} 

<r=^{[Tx]-[Xy\] 
To  prove  this,  let,  farther, 

«=i{[2yl+[3'']} 
b^\{[Xz]+[Zx]} 

c=i{[Yx]  +  [Xy]\ 


Thus  we  have 


t/i=zcx+B^+az-^9Z—(rx 


ZiSsbx+ay+Cz+px—zsy 

Hence,  according  to  the  previously  investigated  expression,  we 
have,  for  the  tangential  displacement,  reckoned  along  the  undis- 
placed curve, 

/{{xi  —  x)dx+{i/i  —^)dy+{zi—z)dz} 
=J^d{{A  —  l)x'  +  (B  —  iy+{G—l)z'+2{(^z+bzx+cxs:\ 

+ts{t/dz  —  zdt/)+p{zdx  —  xdz) + oi^xdy — !f^)]  • 
The  first  part,/^t/{ },  vanishes  for  a  closed  curve. 
The  remainder  of  the  expression  is 

v/(ydz  —  zdy)+p/{zdx  —  xdz)+af{xdy — ydx) 
which,  according  to  the  formulss  for  projection  of  areas,  is  eqatl 
to  2Pw+2Qp+2Etr. 

For,  as  in  §  36  (a),  we  have  in  the  plane  of  xy 

/(xdy—ydx)=/r''de 
double  the  area  of  the  orthogonal  projection  of  the  curve  on  thit 
plane ;  and  similarly  for  the  other  integrals. 

(f>)  From  this  and  §  190,  it  follows  that  if  the  body  is  rigid, 
and  therefore  only  rotationally  displaced,  if  at  all,  \Zy\  —  \Yz\ 
is  equal  to  twice  the  sine  of  the  angle  of  rotation  multiplied  by 
the  cosine  of  the  inclination  of  the  axis  of  rotation  to  the  hue 
of  reference  OX, 

(c)  And  in  general  \Zy]  —  \Yz'\  measures  the  entire  tangentiil 
displacement,  divided  by  the  area  on  ZOY^  of  any  closed  corre 
given,  if  a  plane  curve,  in  the  plane  YOZy  or,  if  a  tortuous  carve, 
given  so  as  to  have  zero  area  projections  on  ZOX  and  XOY. 
The  entire  tangential  displacement  of  any  closed  curve  given  is 
a  plane,  A^  perpendicular  to  a  line  whose  direction-oosineB  are 
proportional  to  «,  p,  o-,  is  equal  to  twice  its  area  multiplied  br 
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^'(«*+p*+or*).     Aud  the  eutire  taugeDtial  displacemeut  of  any  Tannntiai 
closed  carve  whatever  is  equal  to  twice  the  area  of  its  projection  mt^^a 
cm  A,  mnltipUed  by  V(»«+p«+<r«).  -J^l" 

In  the  transformation  of  co-ordinates,  »,  p,  <r  transform  by  the  Sf?te2?*^ 
elementary  cosine  law,  and  of  coarse  a*+p*+(r*  is  an  invariant; 
that  is  to  say,  its  valae  is  anchanged  by  transformation  from  one 
set  d  rectangular  axes  to  another. 

(^)  In  non-rotational  homogeneous  strain,  the  entire  tangential 
displacement  along  any  curve  from  the  fixed  point  to  {x,  y,  z)^ 
reckoned  along  the  undisplaced  curve,  is  equal  to 

i{  {A  -  i)x*+{B-iy+(C-  l)z'+2{ayz+bzx+cxt,) }. 
Reckoned  along  displaced  curve,  it  is,  from  this  and  §  187, 

And  the  entire  tangential  displacement  from  one  point  along 
any  curve  to  another  point,  is  independent  of  the  curve,  Le,^ 
is  the  same  along  any  number  of  conterminous  curves,  this  of 
course  whether  reckoned  in  each  case  along  the  undisplaced  or 
along  the  displaced  curve. 

(e)  Given  the  absolute  displacement  of  every  point  to  find  the  Hetem- 
strain.     Let  a,  /3,  y  be  the  components,  relative  to  fixed  axes,  SuiOn!" 
OX,  OT,  OZ,  of  the  displacement  of  a  particle,  P,  initially  in 
the  pi^sition  x,  y,  z.     That  is  to  say,  let  a?+a,  y+/3,  z+y  be  the 
co-ordinates,  in  the  strained  body,  of  the  point  of  it  which  was 
initially  at  x,  y,  2. 

Consider  the  matter  all  round  this  point  in  its  first  and  second 
positions.  Taking  this  point  P  as  moveable  origin,  let  ^,  17,  ( 
he  the  initial  co-ordinates  of  any  other  point  near  it,  and  £1,  y/i,  d 
the  final  co-ordinates  of  the  same. 

The  initial  and  final  co-ordinates  of  the  last-mentioned  point, 
with  reference  to  the  fixed  axes  OX,  OY,  OZ,  will  be 

^+f.  y+V,  2+(y 
and  x-f  a+f ,  y+^+i;,,   •+y+f,, 

respectively  ;  that  is  to  say, 

«+f.-^,  P+Vi-v.  y+C»-f 

are  the  components  of  the  displacement  of  the  point  which  had 
initially  the  co-ordinates  x+f,  y-f  17,  r  +  f,  or,  which  is  the  same 
thing,  are  the  values  of  a,  )3,  y,  when  x,  y,  z  are  changed  into 
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Heton)- 
gtfuetHiti 
strain. 


liomo 

geiieouH 

KtraiiL 

InnnitWy 
sninll  strain 


motion  or 
matter. 


Hence,  by  Taylor's  theorem, 


A       A     da        da     .da 
dp.,  dp       dp. 


dx^     dy 


Cr 


the  higher  powers  and  products  of  f ,  17,  f  being  neglected.  Com 
paring  these  expressions  with  (1)  of  §  181,  we  see  that  thej  ex- 
press the  changes  in  the  co-ordinates  of  any  displaced  point  of 
a  body  relatively  to  three  rectangular  axes  in  fixed  directions 
through  one  point  of  it,  when  all  other  points  of  it  are  displaced 
relatively  to  this  one,  in  any  manner  subject  only  to  the  con- 
dition of  giving  a  homogeneous  strain.  Hence  we  perceive  that 
at  distances  all  round  any  point,  so  small  that  iho  first  terms 
only  of  the  expressions  by  Taylor's  theorem  for  the  differences  of 
displacement  are  sensible,  the  strain  is  sensibly  homogeneous, 
and  we  conclude  that  the  directions  of  the  principal  axes  of  die 
strain  at  any  point  (x,  y,  r),  and  the  amounts  of  the  elongatioD.« 
of  the  matter  along  them,  and  the  tangential  displacements  in 
closed  curves,  are  to  be  found  according  to  the  general  methods 
described  above,  by  taking 

V.  ■  -  ™  =  f 


[-f-l-s+'. 


m=S 


If  each  of  these  nine  quantities  is  constant  (t.e.,  the  same  for  all 
values  oi  Xy  y^  z),  the  strain  is  homogeneous :  not  unless. 

(/)  The  condition  that  the  strain  may  be  infinitely  small  is  that 
da       da      da 


dx 

dy 

dz 

dp 

dp 

dp 

dx' 

dy' 

dz 

dy 

dy 

dy 

dx' 

dy' 

dz 

must  be  each  infinitely  small. 

[g)  These  formulae  apply  to  the  most  general  possible  motion 
of  any  substance,  and  they  may  be  considered  as  the  fundamental 
cMjuations  of  kinematics.  If  we  introduce  time  as  independent 
variable,  we  have  for  component  velocities  i/.  r.  ii\  parallel  to 
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the  fixed  axes  OX^  OY^  OZ,  the  following  expressions ;  x^  y^  z^  t  Must  general 
Inking  independent  variables,  and  a,  )3,  y  functions  of  them  : —      SStter.  **^ 
do.  dS  dy 

''=^dt'''='dt'    ""^dl' 
ih)  If  we  introduce  the  condition  that  no  line  of  the  body  ex- 
I>enence8  any  elongation,  we  have  the  general  equations  for  the 
kinematics  of  a  rigid  body,  of  which,  however,  we  have  had  ^*"j?p  ®', 
enough  already.      The  equations   of  condition  to  express  this  <^  rigid  body 

will  be  six  in  number,  among  the  nine  quantities  -  ^-  ,  etc.,  which 

dx 

ig)  arc.  in  this  case,  each  constant  relatively  to  x,  y,  z.     There 

are  left  three  independent  arbitrary  elements  to  express  any 

angular  motion  of  a  rigid  body. 

(f)  If  the  disturbed  condition  is  so  related  to  the  initial  con-  Non-rou 

dition  that  every  portion  of  the  body  can  pass  from  its  initial  to    "°*  ' 

ita  disturbed  position  and  strain,  by  a  translation  and  a  strain 

without  rotation ;  t.r.,  if  the  three  principal  axes  of  the  strain  at 

any  point  arc  lines  of  the  substance  which  retain  their  parallelism, 

we  nim^t  have,  §  183  (18), 

dP_dy     dy  _da      da  _d§ 

dz^  dy  ^  dx^  dz  '  dy'~  dx  * 

and  if  these  equations  are  fulfilled,  the  strain  is  non-rotational,  ap 

i*p«'cified.     But  these  three  equations  express  neither  more  nor 

Ies.<  than  that  adx-\-Pdy+yds 

is  tlio  difiereutial  of  a  fuuction  of  three  independent  variables. 

Ilnici'  wc  have  the  roiuarkable  proposition,  and  its  converse,  that 

if  /\x,  y,  z)  denote  any  function  of  the  co-ordinates  of  any  point 

*>(  a  Ixniy,  and  if  every  such  point  be  displaced  from  it8  given* 

fiksition  (X,  //,  z)  to  the  point  whose  co-ordinates  are 

tlu-  principal  iixvs  of  the  t^train  at  every  point  are  lines  of  the 
^ubjitanc*'  which  have  retained  their  parallelism.     The  displace 
MKiit  back  from  (j-,,  ^,,  c,)  to  {x.  y,  z)  fulfils  the  same  condition, 
:unl  therefore  we  must  have 


<//\  rf/\  dF^  .,>. 


•It- III 


^.     "^     ^       dy^  *'  '  dz,  '  -frnn 


(fF 
where    /',    denotes  a  function   of  .r,,   y,,  r,.   and         '  ?    etc.,   its 

parti.ll   ditferential  co-efl&cienth  with  reference  to  this  system  of 
>ariables       The  relation  between  A' an<l  F^  is  clearly 


iialvsis 
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geneouH  where  I>  =-r-^+^-r-l--7-r  =  -r-T+ -1    t  +  -j-r  W- 

strain,  cte'  ^  (fy*  ^  ^fc*       cfe,*       cfyi*       dZi* 

This,  of  course,  may  be  proved  by  ordinary  analytical  methods, ' 

applied  to  find  x,  y,  z  in  terms  of  Xi,  ^1,^1,  when  the  latter  are 

given  by  (1)  in  terms  of  the  former. 

(j)  Let  a,  /?,  y  be  any  three  functions  of  x,  y^  z.     Let  dS  be 

any  element  of  a  surface;  /,  m,  n  the  direction-cofdnes  of  ib 

normal. 

the  former  integral  being  over  any  curvilinear  area  bounded  by  a 
closed  curve ;  and  the  latter,  which  may  be  written 

being  round  the  periphery  of  this  curve  line.  To  demonstrate  thb, 
it  is  only  necessary  to  remark  that 

ldS=dydZj  mdS=:dzdx,  ndS^dxdy^ 
and  to  prove  that  between  the  limits  assigned 

(k)  It  is  remarkable  that 

^^„(g-f)+»(S-.£)+»(|-|)i 

is  the  same  for  all  surfaces  having  common  curvilinear  boundary ; 
and  when  a,  /?,  y  are  the  components  of  a  displacement  from  x^t/^  z, 
it  is  the  entire  tangential  displacement  round  the  said  conri- 
linear  boundary,  being  a  closed  curve.  It  is  therefore  this  that  is 
nothing  when  the  displacement  of  every  part  is  non-rotational 
And  when  it  is  not  nothing,  we  see  by  the  above  propositions  and 
corollaries  precisely  what  the  measure  of  the  rotation  is. 
)iiipUice  (Q  Lastly,  We  see  what  the  meaning,  for  the  case  of  no  rotation* 

?on.  ^^  of  J\adx  +  Pdy  +  ydz),  or,  as  it  has  been  caUed,  "  the  displace- 

ment function,"  is.  It  is,  the  entire  tangential  displacement  along 
any  curve  from  the  fixed  point  0,  to  the  point  P  (x,  y,  t).  And 
the  entire  tangential  displacement,  being  the  same  along  all 
different  curves  proceeding  from  one  to  another  of  any  two 
points,  is  equal  to  the  difference  of  the  values  of  the  dispUoe- 
ment  functions  at  those  points. 

f wnu'""        ^®^*  ^®  there  can  be  neither  annihilation  nor  generation 
«>ty  '•        ol  matter  in  any  natural  motion  or  action,  the  whole  quantity' 


J 
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of  a  fluid  within  any  space  at  any  time  must  be  equal  to  the  *«Bqiution 
quantity  originally  in  that  space,  increased  by  the  whole  quan-  nn^r 
tity  that  has  entered  it  and  diminished  by  the  whole  quantity 
that  has  left  it  This  idea  when  expressed  in  a  perfectly  com- 
prehensive manner  for  every  portion  of  a  fluid  in  motion 
constitutes  what  is  called  the  " equation  of  continuity"  a  need- 
lessly confusing  expression. 

192.  Two  ways  of  proceeding  to  express  this  idea  present  int«gi»i 
themselves,  each  afifording  instructive  views  regarding  the  pro-  conunntty. 
perties  of  fluids.     In  one  we  consider  a  definite  portion  of  the 
fluid  ;  follow  it  in  its  motions ;  and  declare  that  the  average 
density  of  the  substance  varies  inversely  as  its  volume.    We 
thus  olvtain  the  equation  of  continuity  in  an  integral  form. 

Let  a,  6,  c  be  tbe  co-ordinates  of  any  point  of  a  moviDg  fluid, 
at  a  particular  era  of  reckoning,  and  let  x,  i/y  zhe  the  co-ordinates 
of  the  position  it  has  reached  at  any  time  t  from  that  era.  To 
upecifj  completely  the  motion,  is  to  give  each  of  these  three  vary- 
ing co-ordinates  as  a  function  of  a,  b,  c,  t. 

Let  &i,  Sb,  Sc  denote  the  edges,  parallel  to  the  axes  of  co-ordi- 
nates, of  a  very  small  rectangular  parallelepiped  of  the  fluid,  when 
/=0.  Any  portion  of  the  fluid,  if  only  small  enough  in  all  its 
dimensions,  must  (§  190,  e),  in  the  motion,  approximately  fulfil 
the  condition  of  a  body  uniformly  strained  throughout  its  volume. 
Hence  if  8a,  86,  8c  are  taken  infinitely  small,  the  corrcHponding 
|H>rtion  of  fluid  must  (§  156)  remain  a  parallelepiped  during  the 
motion. 

If  n.  6,  c  bo  the  initial  co-ordinates  of  one  angular  point  of  this 
parallelepiped;  and  a+Sa,  6,  c;  a,  b+Sb,  c;  a,  6,  c+Sc]  those 
of  the  other  extremities  of  the  three  edges  that  meet  in  it :  the 
co-ordinates  of  the  same  points  of  the  fluid  at  time  /,  will  be 

Hence  the  lengths  and  direction -cosines  of  the  edges  are  re- 
•pectively — 
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Integral 
eqaati«»n  of 
contiuuity. 


^dc'^dc'^dc"^^' 
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The  volume  of  this  parallelepiped  is  therefore 

(Ix  dydz dxdydz      dxdy  dz      dbcdydzdxdydz^tlxdg^  *l'\ha<i^^ 

^da  dbdc      da  dc  dh      db  dc  da      dbdndr.       dcdadb       dc  db  di 

or,  as  it  is  now  usually  written, 
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Now  as  there  can  be  neither  increase  nor  diminution  of  the 
quantity  of  matter  in  any  portion  of  the  fluid,  the  density,  or  tlie 
quantity  of  matter  per  unit  of  volume,  in  the  in6nitely  small  por- 
tion we  have  been  considering,  must  vary  inversely  as  its  volunw 
if  this  varies.  Hence,  if  p  denote  the  density  of  the  fluid  in  the 
neighbourhood  of  (x,  y,  z)  at  time  /,  and  po  the  initial  denntj. 
we  have 


dx 

dy 

dz 

da' 

da' 

da 

dx 

dy 

dz 

db' 

db 

db 

dx 

dy 

dz 

dc' 

dc' 

dc 

=  Po 


(1) 


which  is  the  integral  "  equation  of  continuity." 


193,  Tlie  form  under  which  the  equation  of  continuity  is 
most  commonly  given,  or  the  differential  eq^iutimi  of  eontinuitfi, 
as  we  may  call  it,  expresses  that  the  rate  of  diminution  of  th»' 


KINEMATICS.  127 

ensity  bears  to  the  density,  at  any  instant,  the  same  ratio  as  Differential 
he  rate  of  increase  of  the  volume  of  an  infinitely  small  portion  Sntinu?ty. 
lears  to  the  volume  of  this  portion  at  the  same  instant. 

To  find  it,  let  a,  b,  c  denote  the  co-ordinates,  not  when  ^  =  0, 
but  at  any  time  /  —  dt,  of  the  point  of  fluid  whose  co-ordinates 
are  x,  y,  z  Kt  t ;  so  that  we  have 

according  to  the  ordinary  notation  for  partial  diffierential  co- 
efficients; or,  if  we  denote  by  w,  r,  w,  the  components  of  the 
velocity  of  this  point  of  the  fluid,  parallel  to  the  axes  of  co- 
ordinates, 

X  —  a  =  udt,  y  —  b=vdt,  z  —  c-=.wdi. 
i fence 


dx 
da^ 

du 
-'  +  'da 

dl, 

''^-J^''dl 
da     da    ' 

dz 
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=  ydt; 

da     ' 
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~db^ 

~db 

=■+> 

dz 
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=^.  % 

=  1- 

and,  as  we  must  reject  all  terms  involving  higher  powers  of  dt 
than  the  first,  the  determinant  becomes  simply 

^^^da^'db-^dc^^'' 
This  therefore  expresses  the  ratio  in  which  the  volume  is  aug- 
mented  in  time  dt.      The  corresponding  ratio  of  variation  of 
densit}'  is  yJ^P 

P 

if  iJp  denote  the  diffierential  of  /),  the  density  of  one  and  the  same 

portion  of  fluid  as  it  moves  from  the  position  (a,  &,  c)  to  (x,  ;y,  z) 

ill  the  interval  of  time  from  /  —  dt  to  t.     Hence 

1  Dp  .  du  ,  dv  ,  dw     ^  ,-,x 

Td'+da  +  dl,+  llc='  ('>• 

Here  />,  i/,  r,  tv  are  regarded  as  functions  of  a,  b,  c,  and  /,  and 

the  variation  of  p  implied  in     ^  is  the  rate  of  the  actual  variation 

of  the  density  of  an  indefinitely  small  portion  of  the  fluid  as  it 
moves  away  from  a  fixed  position  (a,  &,  c).  If  we  alter  the 
principle  of  the  notation,  and  consider  p  as  the  density  of  what- 
ever portion  of  the  fluid  is  at  time  t  in  the  neighbourhood  of  the 
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DifferenUai  fixed  point  (a,  b,  c),  and  w,  v,  w  tbe  component  velocities  of  tke 

continuity.  fluid  passing  the  same  point  at  the  same  time,  we  shall  have 

Omitting  again  the  suffixes,  according  to  the  usual  imperfect 
notation  for  partial  differential  co-efficients,  which  on  our  net 
understanding  can  cause  no  embarrassment,  we  thus  hare,  b 
virtue  of  the  preceding  equation, 

I  ,dp  .     dp  .     dp  .      dp.      du      dv  ,  duT    ^ 

dp  ^d{pu)     di^     dipjcl  (3^ 

'  dt^  da   ^   dh  ^    dc  ^  '' 

which  is  the  differential  equation  of  continuity,  in  the  font  ii 
which  it  is  most  commonly  given. 

194.  The  other  way  referred  to  above  (§  192)  leads  im- 
mediately  to  the  differential  equation  of  continuity. 

Imagine  a  space  fixed  in  the  interior  of  a  fluid,  and  consider 
the  fluid  which  flows  into  this  space,  and  the  fluid  which  flows 
out  of  it,  across  different  parts  of  its  bounding  surface,  in  any 
time.  If  the  fluid  is  of  the  same  density  and  incompressible; 
the  whole  quantity  of  matter  in  the  space  in  question  must  re- 
main constant  at  all  times,  and  therefore  the  quantity  flowing 
in  must  be  equal  to  the  quantity  flowing  out  in  any  time.  It 
on  the  contrary,  during  any  period  of  motion,  more  fluid  entas 
than  leaves  the  fixed  space,  there  will  be  condensation  of 
matter  in  that  space ;  or  if  more  fluid  leaves  than  enters,  there 
will  be  dilatation.  The  rate  of  augmentation  of  the  avenge 
density  of  the  fluid,  per  unit  of  time,  in  the  fixed  space  in 
question,  bears  to  the  actual  density,  at  any  instant,  the  same 
ratio  that  the  rate  of  acquisition  of  matter  into  that  space  beiif 
to  the  whole  matter  in  that  space. 

Let  the  space  S  be  an  infinitely  small  parallelepiped,  of  vUeh 
the  edges  a,  )8,  y  are  parallel  to  the  axes  of  co-ordinates,  aid  to 
0?, y,  2  be  the  co-ordinates  of  its  centre ;  so  that  x  ±\ayjf±\f^ 
z  ±  ^  y  are  the  co-ordinates  of  its  angular  points.  Let  p  be  the 
density  of  the  fluid  at  (a?,  y^  z\  or  the  mean  density  tbrough  tk 
space  S^  at  the  time  /.     The  density  at  the  time  /  +  dlT  will  he 

p  -f-  ^  dt\  and  hence  the  quantities  of  fluid  contained  in  the 


KINEMATICS.  129 

Aoace  S.  at  the  times  t  and  t  +  dt.  are  respectively  paBy  and  Differential 

*  '  "  J    r   r-f  equationof 

^p^^  dt)  a)8y.     Hence  the  quantity  of  fluid  lost  (there  will  of  ^«"«"°«^> 

dp 
course  be  an  absolute  gain  if  -^  be  positive)  in  the  time  dt  is 

-^aPydt  (a). 

Now  let  u,VyWhe  the  three  components  of  the  velocity  of  the 
fluid  (or  of  a  fluid  particle)  at  P.  These  quantities  will  be  fimc- 
lions  of  x,  ^y  2  (involving  also  /,  except  in  the  case  of  ^^  steady  "steady 
motion  *'),  and  will  in  general  vary  gradually  from  point  to  point  dUned. 
of  the  fluid ;  although  the  analysis  which  follows  is  not  restricted 
by  this  consideration,  but  holds  even  in  cases  where  in  certain 
places  of  the  fluid  there  are  abrupt  transitions  in  the  velocity, 
as  may  be  seen  by  considering  them  as  limiting  cases  of  motions 
in  which  there  are  very  sudden  continuous  transitions  of  velocity. 
If  •»  be  a  small  plane  area,  perpendicular  to  the  axis  of  a:,  and 
having  its  centre  of  gravity  at  P,  the  volume  of  fluid  which 
flows  aero08  it  in  the  time  dt  will  be  equal  to  u<adt,  and  the 
mass  or  quantity  will  be  puwit.  If  we  substitute  Py  for  (u, 
the  quantity  which  flows  across  either  of  the  sides  )3y  of  the 
paraDelepiped  S,  will  diffier  from  this  only  on  account  of  the 
variation  in  the  value  of  pu ;  and  therefore  the  quantities  which 
flow  across  the  two  sides  j3y  are  respectively 

and  {pu  +  ^a'^-i^}Pydi, 

Hence  a^^^  Pydt,  or  ^^apydt  is  the  excess  of  the  quantity 
dr  dx 

of  fluid  which  leaves  the  parallelepiped  across  one  of  the  faces 

fiy  above  that  which  enters  it  across  the  other.     By  considering 

in  addition  the  efliect  of  the  motion  across  the  other  faces  of  the 

parallelepiped,  we  find  for  the  total  quantity  of  fluid  lost  from  the 

space  Sj  in  the  time  dt^ 

.dipu)    d(pv)^d(^.^^  (6). 

^   dr         dy  dz    *  '  ' 

Equating  this  to  the  expression  (a),  previously  found,  we  have 

I 
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1 


Differential  and  we  deduoe 

SStinuky.  d(jm)     d{pv)  ^d{pw)  ^  dp  .i v 

-^^-^-^-dT-^di-^  ^^^ 

which  is  the  required  equation. 
Freedom  and      195,   Several    references   have  been  made   in   piecediog 

constraint.  *  ^ 

sections  to  the  number  of  independent  variables  in  a  displace- 
ment, or  to  the  degrees  of  freedom  or  constraint  under  which 
the  displacement  takes  placa  It  may  be  well,  therefore,  to 
take  a  general  (but  cursory)  view  of  this  part  of  the  subject 
by  itself. 
Of  a  point  196.  A  free  point  has  three  degrees  of  freedom,  inasmuch  at 
the  most  general  displacement  which  it  can  take  is  lesolvaUe 
into  three,  parallel  respectively  to  any  three  directions,  and  in- 
dependent of  each  other.  It  is  generally  convenient  to  choose 
these  three  directions  of  resolution  at  right  angles  to  one 
another. 

If  the  point  be  constrained  to  remain  always  on  a  gprea 
surface,  one  degree  of  constraint  is  introduced,  or  there  are  left 
but  two  degrees  of  freedom.  For  we  may  take  the  normal  to 
the  surface  as  one  of  three  rectangular  directions  of  lesolutioa 
No  displacement  can  be  effected  parallel  to  it :  and  the  other 
two  displacements,  at  right  angles  to  each  other,  in  the  tangent 
plane  to  the  surface,  are  independent 

If  the  point  be  constrained  to  remain  on  each  of  two  sur- 
faces, it  loses  two  degrees  of  freedom,  and  there  is  left  hrt 
one.  In  fact,  it  is  constrained  to  remain  on  the  curve  whidi 
is  common  to  both  surfaces,  and  along  a  curve  there  is  at  etch 
point  but  one  direction  of  displacement 
Of  j^d  197,  Taking  next  the  case  of  a  free  rigid  system,  we  htn 

evidently  six  degrees  of  freedom  to  consider — three  independent 
displacements  or  translations  in  rectangular  directions  as  i 
point  has,  and  three  independent  rotations  about  three  mutoaDr 
rectangular  axes. 

If  it  have  one  point  fixed,  it  loses  three  d^rees  of  freedom; 
in  fact,  it  has  now  only  the  rotations  above  mentioned. 

This  fixed  point  may  be,  and  in  general  is,  a  point  of  i 
continuous  surface  of  the  body  in  contact  with  a  oontiniioas 
fixed  surface.  Tliese  surfaces  must  be  supposed  **perfecth 
rough,"  so  that  sliding  may  be  impossible 
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If  a  second  point  be  fixed,  the  body  loses  tttn)  more  degrees  Freedona 
of  freedom,  and  keeps  only  one  freedom  to  rotate  about  theSfHrfSd 
line  joining  the  twa  fixed  pointa  "ystem. 

If  a  third  point,  not  in  a  line  with  the  other  two,  be  fixed, 
the  body  is  fixed. 

196.  If  one  point  of  the  rigid  system  is  forced  to  remain 
on  a  smooth  surface,  one  d^ree  of  freedom  is  lost ;  there  remain 
/ire,  two  displacements  in  the  tangent  plane  to  the  surface,  and 
three  rotationa  As  an  additional  d^ree  of  freedom  is  lost  by 
each  successive  limitation  of  a  point  in  the  body  to  a  smooth 
surface,  six  such  conditions  completely  determine  the  position 
of  the  body.  Thus  if  six  points  properly  chosen  oh  the  barrel 
and  stock  of  a  rifle  be  made  to  rest  on  six  convex  portions  of 
the  sur£Eu%  of  a  fixed  rigid  body,  the  rifle  may  be  replaced  any 
number  of  times  in  precisely  the  same  position,  for  the  pur- 
pose of  testing  its  accuracy. 

199.  If  one  point  be  constrained  to  remain  in  a  curve,  there 
remain  four  d^rees  of  freedom. 

If  two  points  be  constrained  to  remain  in  given  curves,  there 
are  four  degrees  of  constraint,  and  we  have  left  two  degrees  of 
freedom.  One  of  these  may  be  regarded  as  being  a  simple 
rotation  about  the  line  joining  the  constrained  points,  a  motion 
which,  it  is  clear,  the  body  is  free  to  receive.  It  may  be  shown 
that  the  other  possible  motion  is  of  the  most  general  character 
for  one  d^ree  of  freedom ;  that  is  to  say,  translation  and  rota- 
tion in  any  fixed  proportions  as  of  the  nut  of  a  screw. 

If  one  line  of  a  rigid  system  be  constrained  to  remain  parallel 
to  itself,  as,  for  instance,  if  the  body  be  a  three-legged  stool 
standing  on  a  perfectly  smooth  board  fixed  to  a  common  window, 
sliding  in  its  frame  with  perfect  freedom,  there  remain  three  dis- 
placements and  one  rotation. 

But  we  need  not  further  pursue  this  subject,  as  the  number 
of  combinations  that  might  be  considered  is  almost  endless ; 
and  those  already  given  suflice  to  show  how  simple  is  the 
determination  of  the  degrees  of  freedom  or  constraint  in  any 
ease  that  may  present  itself 

200.  One  degree  of  constraint  of  the  most  general  character,  ^/»^JJ^ 
is  not  producible  by  constraining  one  point  of  the  body  to  a  °'^J^j""^ 
cun'e  surface  ;  but  it  consists  in  stopping  one  line  of  the  body  ractcr. 
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>n«^BigM  from  longitudinal  motion,  except  accompanied  by  rotation  loand 
|rtb^^  this  line,  in  fixed  proportion  to  the  longitudinal  motion,  erciy 
raot«r.  other  motiou  being  left  unimpeded ;  that  is  to  8ay,  free  rotatioo 
about  any  axis  perpendicular  to  this  line  (two  degrees  freedom) ; 
and  translation  in  any  direction  perpendicidar  to  the  same  line 
(two  degrees  freedom).  These  last  four,  with  the  one  degnt  of 
freedom  to  screw,  constitute  the  five  d^^rees  of  freedom,  which, 
with  one  degree  of  constraint^  make  up  the  six  elementa 
JJJUjjjJ^  201,  Let  a  screw  be  cut  on  one  shaft  of  a  Hooke's  joints  and 
let  the  other  shaft  be  joined  to  a  fixed  shaft  by  a  second  Hooke'n 
joint.  A  nut  turning  on  that  screw  shaft  has  the  meet  genetal 
kind  of  motion  admitted  when  there  is  one  degree  of  oonstimint 
Or  it  is  subjected  to  just  one  degree  of  constraint  of  the  most 
general  character.  It  has  five  degrees  of  freedom ;  for  it  mi^ 
move,  1st,  by  screwing  on  its  shaft,  the  two  Hookers  joints  being 
at  rest ;  2d,  it  may  rotate  about  either  axis  of  the  firat  Hooke  s 
joint,  or  any  axis  in  their  plane  (two  more  degrees  of  freedom : 
being  freedom  to  rotate  about  two  axes  through  one  point); 
M,  it  may,  by  the  two  Hooke's  joints,  each  bending  hare 
translation  without  rotation  in  any  direction  perpendicular  to 
the  link,  or  shaft  between  the  two  Hooke's  joints  (two  moie 
degrees  of  freedom).  But  it  cannot  have  a  motion  of  tmnsla- 
tion  parallel  to  the  line  of  the  link  without  a  definite  propor 
tion  of  rotation  round  tliis  line ;  nor  can  it  have  rotation  nmnd 
this  line  without  a  definite  proportion  of  translation  paimllel 
to  it 

No  simpler  mechanism  can  be  easily  imagined  for  prodncinf! 
one  degree  of  constraint,  of  the  most  general  kind. 

Particular  case  (a). — Step  of  screw  infinite  (stimight  rifling); 
%,€.,  the  nut  may  slide  freely,  but  cannot  turn  Thos  llie 
one  degree  of  constraint  is,  that  there  shall  be  no  rotation  abont 
a  certain  axis.  Tliis  is  the  kind  and  degree  of  freedom  enjoyed 
by  the  outer  ring  of  a  g}Toscope  with  its  fly-wheel  revolving 
infinitely  fast  Tlie  outer  ring  cannot  revolve  about  an  axis 
peq)en(iicular  to  the  plane  of  the  inner  ring,  but  it  may  n^ 
volve  freely  ulx)ut  thither  of  two  axes  at  right  angles  to  tim, 
namely,  the  axis  of  the  fly-whet^,  and  the  axis  of  the  outer. 
n?lative  to  the  inner,  rin^ ;  and  it  is  of  course'  perfectly  fwe  to 
tmnslation  in  any  direction. 
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Particular  case  (6). — Step  of  the  screw  =  0.  In  this  ease  Mechanical 
the  nut  may  run  round  freely,  but  cannot  move  along  the  axis  *"°**"***'° 
of  the  shaft  Hence  the  constraint  is  simply  that  the  body 
can  have  no  translation  parallel  to  the  line  of  shafts,  but  may 
have  every  other  motion.  This  is  the  same  as  if  any  point  of  the 
body  in  this  line  were  held  to  a  fixed  surfaca  This  constraint 
may  be  produced  less  frictionally  by  not  using  a  guiding  sur- 
face, but  the  link  and  second  Hooke's  joint  of  the  present 
arrangement,  the  first  Hooke's  joint  being  removed,  and  by 
pivoting  one  point  of  the  body  in  a  cup  on  the  end  of  the 
link.  Otherwise,  let  the  end  of  the  link  be  a  continuous 
surface,  and  let  a  continuous  surface  of  the  body  press  on  it, 
rolling  or  spinning  when  required,  but  not  permitted  to  slida 

A  single  degree  of  constraint  is  expressed  by  a  single  equation  constraint 
among  the  six  oo-ordinates  specifying  the  position  of  one  rigid  a^^caiiy 
body,  relatively  to  another  considered  fixed.  The  effect  of  this 
on  the  body  in  any  particular  position  is  to  prevent  it  from  getting 
oat  of  this  position,  except  by  means  of  component  velocities  (or 
infinitely  small  motions)  fdlfilling  a  certain  linear  equation  among 
themselves. 

Thus  if  01,  8,,  8,,  84,  8,,  s«  be  the  six  co-ordinates,  and 
/X»i» )=0  the  condition, 

^,^^  + =^ 


18  the  linear  equation  which  binds  the  motion  through  any  par- 
ticular position,  the  special  values  of  ©i,  «,,  s,,  etc.,  for  the 

particukr  position,  being  used  in  — —  and  in  each    of   the   other 

partial  differential  co-efficients  of  F, 

Now,  whatever  may  be  the  co-ordinate  system  adopted,  we 
may,  if  we  please,  reduce  this  equation  to  one  between  three 
velocities  of  translation  «,  r,  ti?,  and  throe  angular  velocities 

<U,.    W„    (!»,. 

Let  this  equation  be 

Au+Bv+Cw+Ao},  +  n'iai+C'<s},=0. 
This  is  equivalent  to  the  following : — 
5-fa(u=0, 
if  7  denote  the  component  velocity  along  or  parallel  to  the  lino 
whose  direction  cosines  arc  proportional  to 
A,  B,  C\ 
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^otutnint 
xpreiuied 
juUytically. 


(d  the  component  angular  velocitj  round  an  axis  through  the 
origin  and  in  the  direction  whose,  direction -ooeines  are  propor* 
tional  to  A\  B\  (7, 

and  laatly,  «=V  ^t^/^+e*  ' 

It  might  be  supposed  that  by  altering  the  origin  of  eo-ordinates 
we  could  do  away  with  the  angular  velocities,  and  leave  only  a 
linear  equation  among  the  components  of  velocity  of  translation. 
It  is  not  so ;  for  let  the  origin  be  shifted  to  a  point  whoee  co- 
ordinates are  f ,  17,  f.  The  angular  velocities  about  the  new  axes, 
parallel  to  the  old,  will  be  unchanged ;  but  the  linear  velocities 
which,  in  composition  with  these  angular  velocities  about  the 
new  axes,  give  co,,  co,,  co,,  Uy  v,  u;,  with  reference  to  the  old,  are 
(§89) 

Hence  the  equation  of  constraint  becomes 

ilu'+i;r'+ati;'+(^'+^f  —  CS7)a>i+etc.=0. 
Now  we  cannot  generally  determine  f,  17,  ^  so  as  to  make  »i, 
etc.,   disappear,   because   this  would  require  throe   conditions, 
whereas  their  co-efficients,  as  functions  of  £,  17,  £  are  not  in- 
dependent, since  there  exists  the  relation 

A{Bi-  Cv)  +B{C$-AC)+C(Ari  -  B$)=0, 
The  simplest  form  we  can  reduce  to  is 

that  is  to  say,  every  longitudinal  motion  of  a  certain  axis  must  be 
accompanied  by  a  definite  proportion  of  rotation  about  it. 


reneralized 
u-ordinatcs. 


202.  These  principles  constitute  in  reality  part  of  the  general 
theory  of  "  co-ordinates"  in  geometry.  The  three  co-ordinates 
of  either  of  the  ordinary  systems,  rectangular  or  polar,  required 
to  specify  the  position  of  a  point,  correspond  to  the  three 
degrees  of  freedom  enjoyed  by  an  unconstrained  point  The 
fa  point  most  general  system  of  co-ordinates  of  a  point  conftists  of 
three  sets  of  surfaces,  on  one  of  each  of  wliich  it  liea  When 
one  of  these  surfaces  only  is  given,  the  point  may  be  any- 
where on  it,  or,  in  the  language  we  have  been  using  above,  it 
enjoys  two  degrees  of  freedom.  If  a  second  and  a  third  sur- 
face, on  each  of  which  also  it  must  lie,  it  has,  as  we  have  seen, 
no  freedom  left :   in  other  words,  its  position   is  completely 
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cified,  being  the  point  in  which  the  three  surfaces  meet,  oeneniixec 

2  analytical  ambiguities,  and  their  interpretation,  in  cases  in  *^^'^*^*® 

icli  the  specifying  surfaces  meet  in  more  than  one  point, 

kI  not  occupy  us  here. 

To  express  this  analytically,  let  '^=a,  ^=A  ^=7  where  of  a  point 

<f>,  0  are  functions  of  the  position  of  the  point,  and  a,  0,  y 

istants,  be  the  equations  of  the  three  sets  of  surfaces,  differ- 

t  values  of  each  constant  giving  the  different  surfigkces  of  the 

[responding  set    Any  one  value,  for  instance,  of  a,  wiU  de- 

inine  one  surCeice  of  the  first  set,  and  so  for  the  others  :  and 

ree  particular  values  of  the  three  constants,  specify  a  parti- 

lar  point,  P,  being  the  intersection  of  the  three  suifaces  which 

ey  determine     Thus  a,  ^,  7  are  the  "co-ordinates"  of  P; 

lich  may  be  referred  to  as  "  the  point  (a,  /3, 7)."    The  form  of 

e  co-ordinate  surfaces  of  the  (y^,  <t>,  0)  system  is  defined  in 

rms  of  co-ordinates  («,  y,  z)  on  any  other  system,  plane  rect- 

gular  co-ordinates  for  instance,  if  -^j  ^,  ^  are  given  each  as 

function  of  {x,  y,  z). 

203.  Component  velocities  of  a  moving  point,  parallel  to  the  origin  of  th 

/.  J-       X         /.Ai-  J-  ^  1  X  differential 

ree  axes  of  co-ordinates  of  the  ordmary  rectangular  system,  are,  caicaios. 
we  have  seen,  the  rates  of  augmentation  of  the  coiTespond- 
l:  co-ordinates.     These,  according  to  the  Newtonian  fluxional 
tation,  are  written  x,y,z;  or,  according  to  Leibnitz's  notation, 

lich  we  have  used  above,  ^  *  ^  *  "57  *    Lagrange  has  com- 

led  the  two  notations  with  admirable  skill  and  taste  in  his 
tcaniqiie  Analytique,  as  we  shall  see  in  Chap.  XL  In  specify- 
1:  the  motion  of  a  point  according  to  the  generalized  system 
co-ordinates,  '^,  ^,  d  must  be  considered  as  varying  with  the 

ae :  '^»  ^>  ^,  or  -^ »  -^ »  -^ »  will  then  be  the  generalized 
mponents  of  velocity :  and  ^,  ^,  6,  or  ■^~ '  "^ ^  "^ '  ^^ 
»  '  ~dt^  '  di^  ^^^  ^  ^^^  generalized  components  of  accelera- 

204.  On  precisely  the  same  principles  we  may  arrange  sets  of  ^f^jJJ"*""*^^' 
-ordinates  for  specifying  the  position  and  motion  of  a  material  8y«^«». 
f5tem   consisting  of  any  finite  number  ol'  rigid   bodies,  or 
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joH>rdUi«i««  material  points,  connected  together  in  any  way.  Thus  if  ^.  ^  0, 
lySan.  etc.,  (Icnotc  any  number  of  elements,  independently  variable 
which,  when  all  given,  fully  specify  its  position  and  cunti^ruim 
tion,  being  of  course  equal  in  number  to  the  degrees  of  freedom 
to  move  enjoyed  by  the  system,  these  elements  are  its  ca-ordim- 
ales.  When  it  is  actually  moving,  their  rates  of  varistioii  per 
G«ii«imUMd  unit  of  time,  or  'Jr,  d>,  etc.,  express  what  we  shall  call  its  flener- 

componenU  f      r  *  c» 

of  Telocity,  alized  component  velocities ;  and  the  rates  at  which  yr,  ^  etc. 
augment  per  unit  of  time,  or  ^,  ^  etc,  its  component  acoelem- 
tiona    Thus,  for  example,  if  the  system  consists  of  a  sin^ 

Kx«mi*i«.  rigid  body  quite  free,  '^,  ^  etc.,  in  number  six,  may  be  three 
common  co-ordinates  of  one  point  of  the  body,  and  three 
angular  co-ordinates  (§  100,  above)  fixing  its  position  relativelv 
to  axes  in  a  given  direction  through  this  point  Then  ^,  ^,  etc.. 
will  be  the  three  components  of  the  velocity  of  this  point,  and 
the  velocities  of  the  three  angular  motions  explained  in  §  1 00. 
as  corresponding  to  variations  in  the  angular  co-ordinates.  Or. 
again,  the  system  may  consist  of  one  rigid  body  supported  on  a 
fixed  axis ;  a  second,  on  an  axis  fixed  relativdy  to  the  tint ;  a 
third,  on  an  axis  fixed  relatively  to  the  second,  and  so  on. 
There  will  be  in  this  case  only  as  many  co-ordinates  as  tbei\* 
are  of  rigid  bodies.  These  co-ordinates  might  be,  for  insUuiiv. 
the  angle  between  a  plane  of  the  first  body  and  a  fixed  planr. 
through  the  first  axis ;  the  angle  between  planes  throng  thr 
second  axis,  fixed  relatively  to  the  first  and  second  bodies^  and 
so  on  ;  and  the  component  velocities,  ^,  ^  etc  would  then  be 
the  angular  velocity  of  the  first  body  relatively  to  directions 
fixe<l  in  8i>ace  ;  the  angular  velocity  of  the  second  body  re- 
latively to  the  first ;  of  the  third  relatively  to  the  second,  and 
so  on.  Or  if  the  system  Ik?  a  sot,  t  in  nunil>er,  of  material 
points  iH^rfectly  frt»e,  one  of  its  3t  co-ordinates  may  U*  the  sum 
of  the  8quan»8  of  their  distances  from  a  certain  |K>int,  eithtr 
fixed  or  moving'  in  any  way  relatively  to  the  system,  ami  thf 
remaining  3i  —  1  may  1h»  angles,  or  may  l»e  mere  ratios  of  di* 
tances  ]»t»twivn  individual  {Miints  of  the  systenu  But  it  i> 
n<*<Mil«sH  t4)  multiply  exuniples  hen».  We  shall  have  illustim 
tions  «*noiigh  of  thr  prinripU*  of  gonemli/AHi  eo-onlinmU%  by 
artual  utw*  of  it  in  Chap.  ii..  aiKl  other  parts  of  thii»  liook. 
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APPENDIX  TO  CHAPTER  I. 

A. — Extension  of  Green's  Theorem. 

It  is  convenient  that  we  should  here  give  the  demonstration 
of  a  few  iheorems  of  pure  analysis,  of  which  we  shall  have 
many  and  most  important  applications,  not  only  in  the  subject 
of  spherical  harmonics,  which  follows  immediately,  but  in  the 
general  theories  of  attraction,  of  fluid  motion,  and  of  the  con- 
duction of  heat,  and  in  the  most  practical  investigations  regard- 
ing electricity,  and  magnetic  and  electro-magnetic  force. 

(a)  Lei  U  and  If  denote  two  fimotionB  of  three  independent 
variables,  x,  y,  r,  which  we  may  conveniently  regard  as  rect- 
angnLur  co-ordinates  of  a  point  f,  and  let  a  denote  a  quantity 
which  may  be  either  constant,  or  any  arbitrary  function  of  the 
variables.  Iteif/fdxdydz  denote  integration  throughout  a  limited 
space  bounded  by  a  closed  surface  8 ;  letJ/dS  denote  integration 
over  the  whole  surfiice  S ;  and  let  d,  prefixed  to  any  function, 
denote  its  rate  of  variation  at  any  point  of  8,  per  unit  of  length 
in  the  direction  perpendicular  to  8  outwards. 

Then 

^^.    AUdV  .  dUdU'  .  dUdlf..    ,   . 


dia^^U)      ^(a.^?)      ^(a«^/) 
^jydH.V'a,^W^fffV'  {  —^  +  —^+-^}^dydz 

d(a^if)      d(a*^)      dia^^f) 
=/jdS.Ua^W'^///U{—^+—^-+      ~^]dxdydz\ 


0) 


«  constant 
Kivea  a 
tlieorein  of 
Oreeii'ii. 


F<»r,  taking  one  term  of  the  first  member  alone,  and  integrating 
••  by  parts,"  we  have 

d(a*-^) 

the  first  integral  being  between  limits  corresponding  to  the  sur* 
face  S ;  that  is  to  say,  being  from  the  negative  to  tho  positive 
<nd  of  the  portion  within  S,  or  of  each  portion  within  5,  of  the 
lino  X  through  the  point  (0,  y,  r).  Now  if  A,  and  A^  denote  the 
inclination  of  the  outward  normal  of  the  surface  to  this  line,  at 
pointi«  where  it  enters  and  emerges  from  S  respectively,  and  if 
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«  constant 

gvesa 
eorem  of 
Green's. 


Equation  of 
the  conduc- 
tion of  heat 


dSt  and  dSi  denote  the  elements  of  the  surfiioe  in  which  it  is  cut 
at  these  points  by  the  rectangular  prism  standing  on  €fydz,  we 
have 

dydz^^coB  A,dSt=^coa  AidSi. 
Thus  the  first  integral,  between  the  proper  limits,  involves  the 

elements  U'a*-y-  cos  AidS^  and-  l/a^^isosA^^ :  the  latter 
cue  ax 

of  which,  as  corresponding  to  the  lower  limit,  is  sabtncted. 

Hence,  there  being  in  the  whole  of  /Sf  an  element  dS^  for  each 

element  (2Si,  the  first  integral  is  simply 

f/lTa^^eoBAdS, 
ax 

for  the  whole  surface.     Adding  the  corresponding  terms  buy 

and  z^  and  remarking  that 

-5- cos  ii+-7- cos  J54— 7- cos  C/=<)c7 
dx  dy  dz 

where  B  and  C  denote  the  inclinations  of  tlie  outward  norm&l 

through  dS  to  lines  drawn  through  d!6i  in  the  positive  direction 

parallel  to  y  and  z  respectively,  we  perceive  the  truth  of  (1). 

(5)  Again,  let  U  and  U'  denote  two  functions  of  x,  y,  r,  which 

have  equal  values  at  every  point  of  8^  and  of  which  the  first 

fulfils  the  equation 

dx     "^      dy      "^      dz 
for  every  point  within  S. 
Then  if  if— C^=w,  we  have 

+#/{(<. ^)'+  (af  )V  (<^^)}dxdydz  (3) 

For  the  first  number  is  equal  identicaUy  to  the  second  memher 
with  the  addition  of 

But,  by  (1)  this  is  equal  to 
d(a: 


(^h 


ti£' 


^)_d(««f)_rf(a.f). 


of  which  each  term  vanishes ;  the  first,  or  the  double  integral,  b^ 
cause,  by  hypothesis,  u  is  equal  to  nothing  at  every  point  diS^vi 
the  second,  or  the  triple  integral,  because  of  (2). 
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(c)  The  seoond  term  of  the  second  member  of  (3)  is  essentiallj  Property  of 
powtive,  provided  a  has  a  real  value,  whether  positive,  zero,  or  i/l^venaver 
negative,  for  every  point  (x,  y,  z)  within  S.     Henoe  the  first  ^' 
member  of  (3)  neoessarily  exceeds  the  first  term  of  the  second 
member.     But  the  sole  characteristic  of  UiB  that  it  satisfies  (2).  Solution 
Hence  IT  cannot  also  satisfy  (2).    That  is  to  say,  CT  being  any  Sl^^te ; 
one  solution  of  (2),  there  can  be  no  other  solution  agreeing  with 
it  at  every  point  of  8,  but  difiering  firom  it  for  some  part  of  the 
qMice  within  S. 

(d)  One  solution  of  (2)  exists,  satisfying  tlie  condition  that  U  proved  to  be 
has  an  arbitrary  value  for  every  point  of  the  surface  S.     For  let  p**"^^^- 
U  denote  any  function  whatever,  which  has  the  given  arbitrary 
▼alue  at  each  point  of  iS> ;  let  u  be  any  function  whatever  which  is 
equal  to  nothing  at  each  point  of  S^  and  which   is  of  any  real 
finite  or  infinitely  small  value,  of  the  same  sign  as  the  value  of 

dr  "^  dfy  ■*■  de 
at  each  internal  point,  and  therefore,  of  course,  equal  to  nothing 
at  every  internal  point,  if  any,  for  which  the  value  of  this  expres- 
non  is  nothing ;  and  let  IT  =  U  +  ffu,  where  6  denotes  any  con- 
stant. Then,  using  the  formulas  of  (5),  modified  to  suit  the 
altered  circumstances,  and  taking  Q  and  Q'  for  brevity  to  denote 

and  the  corresponding  integral  for  I/,  we  have 

Q'  =  Q-2^/^u{^-(a.f)+|.(a.f)+|(a.f)}^.,rf. 

The  co-efficient  of  — 2$  here  is  essentially  positive,  in  conse- 
qaence  of  the  condition  under  which  u  is  chosen,  unless  (2)  is 
satisfied,  in  which  case  it  is  nothing ;  and  the  coefficient  of  0*  is 
esMotially  positive,  if  not  zero,  because  all  the  quantities  in- 
volved are  real.     Hence  the  equation  may  be  written  thus : — 

Q'  =  Q  —  me{n  —  6) 
where  m  and  n  are  each  positive.  This  shows  that  if  any  positive 
value  less  than  n  is  assigned  to  6,  Q'  is  made  smaller  than  Q ;  that 
is  to  say,  unless  (2)  is  satisfied,  a  function,  having  the  same  value 
at  S  as  Uy  may  be  found  which  shall  make  the  Q  integral  smaller 
than  for   U.      In   other   words,    a   function    t/,   which,   having 
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any  prescribed  value  over  the  surfaoc  S^  makes  tlie  inCcgni  Q 
for  the  interior  as  small  as  possible,  must  satisfj  e4iiatiaii  i :! . 
But  the  Q  integral  is  esrientially  positive,  and  thei«f<m  iberv  10  a 
limit  than  which  it  cannot  be  made  smaller.  Hence  that  v  % 
solution  of  (2)  subject  to  the  prescribed  sor&eo  eonditaoiL 

(e)  We  have  seen  (c)  that  there  is,  if  one,  onlj  one,  sulo 
tion  of  (2)  subject  to  the  prescribed  surface  oooditioo,  aad  &(>« 
we  sec  that  there  is  one.  To  recapitulate, — ^we  coodode  that 
if  the  value  of  ^  be  given  arbitrarily  at  every  point  of  any  dosed 
surfiK^,  the  equation 

(Ix^  dx^^dy^  d^^dz^  dz' 
determines  its  value  without  ambiguity  for  every  poini  witkis 
that  surface.  That  this  important  proposition  holds  abo  for  tk 
whole  infinite  space  without  the  surface  S,  follows  firaoi  the  ftt 
ceding  demonstration,  with  only  the  precaution,  thai  the  difayst 
functions  dealt  with  must  be  so  taken  as  to  render  all  the  tripir 
integrals  convergent.  8  need  not  be  merely  a  san^  dowd 
surface,  but  it  may  be  any  number  of  surfaces  endoaiiig  isolated 
portions  of  space.  The  extreme  case,  too,  of  5,  or  any  deUched 
part  of  Sy  an  open  shell,  that  is  a  finite  undoscd  surfaoe,  is  dcarif 
included.  Or  lastly,  S,  or  any  detached  part  of  S^  may  be  as 
infinitely  extended  surface,  provided  the  value  of  C  arbitrahlj 
aNiignod  over  it  be  so  assigned  as  to  render  the  triple  and  dooUr 
iutefn'ids  involved  all  convergent. 


ithjrvt  of 

Kphi'rii'al 
hanumiic 
iin«l}Hii 


iN-hlillinu 
•  •f  •IiIh'Mi  il 

InniMiiih 
fiiiH-litiii- 


B.— Spucuical  Uakmunic  AKALYai& 

The  iiiatheniatical  method  which  has  been  commonly  nf 
ferrtnl  to  by  English  writers  as  that  of  "  Laplace's  Co-efficifnts»* 
but  which  is  here  called  yjfuriail  harmonic  analysii^  has  fur  it* 
object  the  cxpn^^ion  of  au  arbitrary  periodic  function  of  tw\^ 
iiidrpeiulent  variables  in  the  prui»er  form  for  a  laip?  class  i^ 
physical  problems  iiivolviii<{  arbitrur}*  data  over  a  spherica. 
surface,  and  the  di*duction  of  solutions  for  every  fioiut  of  spacr 

{a)  \  sphrrical  harmonir  funciion  is  defined  as  a  homi^gew^'o* 
function,  I',  ttf  jr,  y.  r.  which  Kitisfies  the  e<|nation 


dr^^dr  ^  dz* 


t4> 


It.s  lU'p-ii-  iiKiv  Ik'  au\  |NM«iti\o  or  n^^gative  inlcftrr .  «ir  it  au^ 
Ih   fractional .  or  it  m.i\  Ih<  imapn.ir\. 
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{b)  A  spherical  surface  harmonic  is  the  function  of  two  Deflnftions. 
angular  co-ordinates,  or  spherical  surface  co-ordinates,  which  a 
i^pherioal  harmonic  becomes  at  any  spherical  surface  described 
from  O,  the  origin  of  co-ordinates,  as  centre.  Sometimes  a  func- 
tion which,  according  to  the  definition  (a),  is  simply  a  spherical 
harmonic,  will  be  called  a  spherical  solid  harmonic^  when  it 
is  desired  to  call  attention  to  its  not  being  confined  to  a  spherical 
surface. 

{c)  A  eompleie  spherical  harmonic  is  one  which  is  finite  and 
of  sin^e  value  for  all  finite  values  of  the  co-ordinates. 

An  incomplete  spherical  harmonic  is  a  spherical  harmonic 
which  either  does  not  satisfy  the  fundamental  equation  (4)  for 
space  completely  surrounding  the  centre,  or  does  not  return  to 
the  same  value  in  going  once  round  every  closed  curve. 

(d)  It  will  be  shown,  later,  that  a  complete  spherical  harmonic  is  Algebraic 
necesearily  cither  a  rational  integral  function  of  the  co-ordinates,  complete 
or  reducible  to  one  by  a  &ctor  of  the  form  (x*+jf*+z*)''.  iuumonicn. 

(e)  The  general  problem  of  finding  harmonic  functions  is  most  DifferenUai 
concisely  stated  thus  : —  aLurmonic 

To  find  the  most  general  integral  of  the  equation  "    ^^^^  ^ 

d*it  .  d*u  .  d^u    ^  /.v 

subject  to  the  condition 

du  ,    du  ,    du  /(.v 

th(*  second  of  these  equations  being  merely  the  analytical  exprcs- 
>ioD  of  the  condition  that  ti  is  a  homogeneous  function  of  x,  y^  z 
of  the  degree  n,  which  may  be  any  whole  number  positive  or 
negative,  any  fraction,  or  any  imaginary  quantity. 

(/)  Analytical  expressions  in  various  forms  for  an  absolutely  value  of 
general  integration  of  these  equations,  may  probably  be  found  symbolical 
without  much  difficulty ;  but  with  us  the  only  value  or  interest  ^^^■*''"" 
which  any  such  investigation  can  have,  depends  on  the  avail- 
ability of  its  results  for  solutions  fulfilling  the   conditions   at 
bounding  sur&ces  presented  by  physical  problems.     In  a  very  u»eofcom- 
large  and  most   important  class  of  physical   problems  regard-  cai  bar- 
ing space  bounded  by  a  complete  spherical  surface,  or  by  two  physical 
complete   concentric  spherical  surfaces,  or  by  closed  surfaces  i"^^^*™"* 
differing  very  little  from  spherical  surfaces,  the  case  of  n  any 
positive  or  negative  integer,  integrated  particularly  under  the 
restriction    stated   in   (d)   is    of   paramount    importance.      It 
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•Mofin-  will   be  worked  out  thoroughly  below.     Again,  in  Nmibr 

Siiiltd  bleniB  regarding  eeetions  cut  out  of  i^hcrical  Mpacr*  h\ 

"phyKit-ai  diametral  planes  making  any  angle  with  one  another  ik^  a 

tihietim.  multiple  of  two  right  angles,  or  regarding  spaces  bounded  h\ 

circular  cones  haring  a  common  vertex  and  axis,  and  h 
included  portion  of  two  spherical  surfaces  described  from 
vertex  as  centre,  solutions  for  cases  of  fractional  and  imap 
values  of  n  are  useful.  Lastly,  when  the  subject  is  a  «!••] 
fluid,  shaped  as  a  section  cut  from  the  last  mentioned  spac 
two  planes  through  the  axis  of  the  cones,  inclined  to  one  an 
at  any  angle,  whether  a  sub- multiple  of  «-  or  not,  we  meet 
the  case  of  n  either  integral  or  not,  but  to  be  integrated  nn 
restriction  differing  from  that  specifled  in  {d).  We  i^I 
cordingly,  after  investigating  general  expreasions  for  eoiu 
spherical  harmonics,  give  some  indications  as  to  the  del^-n 
tion  of  the  incomplete  harmonics,  whether  of  fraclk>iM 
imaginary,  or  of  integral  degrees,  which  are  required  fa 
solution  of  problems  regarding  such  portions  of  spherical  ^ 
as  we  have  just  described. 

A  few  formulas,  which  will  be  of  constant  use  in  what  ful 
are  brought  together  in  the  first  place. 
WorkhiK  (g)  Calling  0  the  origin  of  co-ordinates,  and   P  lh«* 

X,  y,  2,  let  Or=r,  hO  that  a:*+y»+-'=r«.  Let  i^.  pre£i< 
any  function,  denote  its  rate  of  variation  per  unit  <if  «{44 
the  direction  OP ;  so  that 

r  dx      r  dg      r  ds 
If  //«  denote  any  homogeneous  function  of  x,  jr.  r  of  or^  t 
have  clearly 

r 

whence  r'^' +,%^ +*^-^'nit.  (5,  or  , 

the  well  known  differential  e(|uatioD  of  a  homogeiMoas  fnnci 
in  which,  of  course,  n  may  have  any  value,  po«liv«  iair 
negative,  fractional,  or  imaginary.     Again,  denoting,  tat  htt 

d'      d*      ft*  ,^^.    .  ^^^  ^         .     differenlialion 
tLr*^dg*^dz*    '  ^ 

VVr-)  =  Mi(w+l)i*-«  * 

A) (to,  if  f/,  m'  denote  any  two  functions, 

fir  fir     dg  dg      OM  m 


formub' 


1 
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whence,  if  u  and  u  are  both  solations  of  (4),  working 

or,  bj  taking  ii=  F„,  a  harmonic  of  degree  n,  and  i<'=r*. 

or,  by  (8)  and  (9), 

V\r^Vn)^m(2n+m+l)r^-*Vn  (12). 

Fmm  this  last  it  follows  that  r~«*~*  V^  is  a  harmonic ;  which, 
being  of  degree  — n— 1,  may  be  denoted  by  F_n-i,  so  that 
we  have 

5^=5,       y  (13),- 

if  n+n'=-l 

a  forroola  showing  a  reciprocal  relation  between  two  solid  bar- 
monidi  which  give  the  same  form  of  surface  harmonic  at  any 
spherical  surface  described  from  0  as  centre.  Again,  by  taking 
ms^l,  in  (9),  we  have 

V'1=0  (14). 

Hence  —  is  a  harmonic  of  degree  —1.     We  shall  see  later  that 

it  is  the  only  complete  harmonic^  of  this  degree. 

If  u  Ih^  any  solution  of  the  equation  y'ti  =  0,  we  have  also 

^  dx       ' 
and  so  on  for  any  number  of  differentiations.      Hence  if  V^  \r 

a  harmonic  of  any  degree  i,        ijju^S  ^  *  harmonic  of  degree 

4— J— I:— /;  or,  as  wc  may  write  it, 

••=r._j_»_,  (15). 


Again,  we  have  a  most  important  theorem  expressed  by  the  JJ*J*"^J"*^"' 


following  equations : — 

//SiSiiljs^O  (16) 

where  dm  denotes  an  element  of  a  spherical  surface,  described 
frvMB  O  as  centre  with  radius  unity ;  jy  an  integration  over  the 
whole  of  this  sur&ce ;  and  Si,  Si'  two  complete  surface  harmonics, 
of  which  the  degrees,  t  and  t',  are  neither  equal  to  one  another 
nor  sQch  that  1  +  r=  — 1.     For,  denoting  the  solid  harmonics 
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'*uJ?**'  ^^^^  "*^  '"''^  ^^  ^'  ^'^^  ^''    ^®'  *°^  ^^^^  ^*'  ^'  ***  ^*  hmwt,  b\ 

the  general  theorem  (1)  of  A  (a),  above,  applied  to  the  nfscr 

between  any  two  spherical  mir&ces  haying  O  for  their  conni'iD 

centre,  and  a  and  Gi  their  radii ; — 

But,  according  to  (7),  ^Fr=— fV,  and  i>rf=- r«.     And  for  Uk 

portions  of  the  bounding  mirface  conatitated  by  the  two  sphcrieal 
surfaces  respectively,  rf<r=aV»,  and  rf<r=fl,  V».  Hence  the  two 
last  equal  members  of  the  preceding  double  iK|uations  beeoiMe 

to  satisfy  which,  when  i  differa  from  T,  and  a***  '•''  from  <i,**'  **. 
(IG)  must  hold. 

The  corresponding  theorem  for  incomplete  spherical  barBMMicii 
is  this : — 
f^D^  Let  Sif  Si'  denote  any  two  incomplete  spherical  mniace  har- 

Upiacc.  monies  of  degrees  f,  T,  difTering  from  one  another,  and  Inniig 

their  sum  different  from  —  1 ;  and  further,  fulfilling  the  ecmiaiAom 
that,  at  every  point  of  the  boundary  of  some  one  pari  of  the 
spherical  surface  either  each  of  them  vanishes,  or  the  rale  ol 
variation  of  each  of  them  perpendicuUr  to  this  booiidarj  nnishn 
and  that  each  is  finite  and  single  in  its  value  at  every  point  ol 
the  enclosed  portion  of  surface ;  then,  with  the  integratioo  // 
limited  to  the  portion  of  surface  in  question,  equation  (16)  1 
The  proof  differs  from  the  preceding  only  in  this,  that  n 
«)f  taking  the  whole  space  between  two  concentric  spherieal  sur 
faces,  we  must  now  take  only  the  part  of  it  enclosed  by  the  < 
having  0  for  vertex,  and  containing  the  boundary  uf  the  i 
area  considered, 
nrraiitpi  (A)  Proceeding  now  to  the  investigation  of  complete  ! 

Mii|.iru*  we  shall  fint  prove  that  every  snch  function  is  either  i 

•rmou  111  integral  in  terms  of  the  co-ordinates  x,  ^.  r,  or  is  made  to  by  s 

•  factor  of  the  form  r". 

Ij4*t  V  bo  any  function  of  x,  ^.  :,  satisfying  the  eqaaSm 

vM=o  (i:> 

at  every  point  within  a  spherical  surface,  N,  described  tnm  Oas 
centre,  with  any  radius  a.  Its  value  at  this  surfiwe,  if  a  I 
functi<m,  of  any  arbitrary  character,  may  be  expanded 
to  the  general  theorem  of  §  51,  WIow,  in  the  foUofwing  Mri«>— 
ir:zza).  r=N.-h.S,  +  .S  + +N,+  ek!.  {m 
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where  5„  S^,.,.Si  denote  the  surface  values  of  solid  spherical 
kmnnoiucs  of  degrees  1,  2,...{,  each  a  rational  integral  function 
for  erery  point  within  S.     But 

5.+5.^+6'.5+...+S,5+  ete.  (19)  Hj™p 

0ro6O  s  pro* 

ij»  a  function   fulfilling  these  conditions,  and  therefore,  as  was  ipuM  within 
proved  above,  A  (c),  V  cannot  differ  from  it.     Now,  as  a  parti-  mlSiJ!!?*^ 
caUur  caMC,  let  K  be  a  harmonic  function  of  positive  degree  t, 

which  inav  be  denoted  by  Si—  :  we  mu8t  have 

.s\^  =  ^0  +  SA  +  ^'.^  +  . .  +Si^,+  etc. 

Thi^  cannot  be  unlesrt  i=i,  Si=Si,  and  all  the  other  functions 
•'^V  •^iT  '^*si  etc.,  vanish.  Hence  there  can  be  no  complete  spheri- 
cal harmonio  of  potdtive  degree,  which  is  not,  as  <S'— ^  ,  of  integral  £^*5toi 

^  ofpo«Uiv6 

degree  and  an  integral  rational  function  of  the  co-ordinates.  p^^^* 

Again,  let  T  be  any  function  satisfying  (17)  for  every  point  rjJJSJ!}  *"** 
without  the  spherical  surface  5,  and  vanishing  at  an  infinite  dis- 
tance in  any  direction ;  and  let,  as  before,  (18)  express  its  surface  Hannonic 
value  at  S.     We  similarly  prove  that  it  cannot  differ  from  oreenvTpit)- 

blem  for 
r  ^   r'    ^   r«    ^ ^   W+i   -ftic.  v-^W-  H,,hcrioal 

Hurfuri?. 

Hence   if,   aiJ  a  particular  ca«c,    V  be  any  complete   harmonic 

*^*  ,  of  negative  degree  k,  we  must  have,  for  all  points  out- 
o 

>ide  >\ 

which  requires  that  #c=  —  (/+ 1),  Sm^Si,  and  that  all  the  other  fune- 
tiomc  S^  S^j  Sti  etc..  vanish.  Hence  a  complete  spherical  harmonic 

-  .  ,  111  a^'^^Si  a'"*"*    ty     ■    Conii»lctr 

••f  negative  degree  cannot  be  other  than  — : — ■ ,  or  ~  —  o,r'  iiann..nii* 

®  ^  r'  +  »  y.ai  +  1      '        of  negative 

where  Sjr*  i*  not  only  a  rational  integral  function  of  the  co- 
«>rdinateii,  as  asserted  in  the  enunciation,  but  is  itself  a  spherical 
harmonic. 

it)  lliuji  we  have  proved  that  a  complete  spherical  harmonic, 
if  of  poMtive.  w  necessarily  of  integral,  degree,  and  is,  besides,  » 
ntioiud  integral  function  of  the  co-ordinates,  or  if  of  negative 

K 
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Orderaand 
degrees  of 
eoiuplete 
barmonios. 


Oenevml 
wprestioDt 
for  curoiileU 
iMrmoiiics. 


Bydifflsr. 
tntUtiun  of 
harmonic  of 
-I. 


Nautier  of 
tnrlrpeudrnt 
hanu'JUiia  of 
any  onl»-r 


degree,  — (^'+1))  ^  necessarily  of  the  form 


where    \\  b 


a  harmonic  of  positive  degree,  i.  We  shall  therefore  call  the  order 
of  a  complete  spherical  harmonic  of  negative  degree,  the  dr^tt 
or  order  of  the  complete  harmonic  of  positive  degree  allied  to  it . 
and  we  shall  call  the  order  of  a  surface  harmonic,  the  dt^gree  of 
order  of  the  solid  harmonic  of  positive  degree,  or  the  order  of  th« 
solid  harmonic  of  negative  degree,  which  agrees  with  it  at  the 
spherical  surface. 

(J)  To  obtain  general  expressions  for  complete  spherical  har 
monies  of  all  orders,  we  may  first  remark  that,  inasmuch  as  i 
constant  is  the  only  rational  integral  function  of  degree  0.  a  cob- 
plcte  harmonic  of  degree  0  is  necessarily  constant.  Hencf,  h} 
what  we  have  just  seen,  a  complete  harmonic  of  the  degree  —  1 

is  necessarily  of  the  form  —     That  this  function  is  a  hanooQM 

we  knew  before,  by  (14). 
Hence,  by  (15),  we  see  that 

''dxidy^d^  (y^-^/+r«)*  y  (21) 

if  i+il+/=i 

where  V-i^x  denotes  a  harmonic,  which  is  clearly  a  eoapleci 
harmonic,  of  degree  —  (t + 1 ).  The  differential  coefficient  here  ia- 
dicated,  when  worked  out,  is  easily  found  to  be  a  fraction,  of  wkick 
the  numerator  is  a  rational  integral  function  of  degree  ^  aad  tkt 
denominator  is  r*''*'*.  By  what  we  have  joal  teen,  tW  momt- 
rator  must  be  a  harmonic ;  and,  denoting  it  by  Tf,  w«  tka*  have 

dxidy'^d^  r  ^^ 

The  number  of  independent  harmonics  of  order  i\ 

1 


V-i. 


y* +.-«)♦  I 


can  thus  derive  by  dtfTcrentiation  from  —  «  is  2i  4- 1 

(i4-2)(i+l) 
2  ' 


there    arc    ^  - — 


differential   coefficients 


For^ahfeMfk 

which  j+il-f/=f,  only  2i  +  l  of  thene  are  independeol 
is  the  Hubjeet  of  differentiation,  inasmuch  as 


lor 

I 


^«       //•      rf« .   1 
dx^^d^^^dz*7 


(»n 
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which  gives  ~  JL  =  (— )   (  ^  +  ")    1.  (23),  Relation 

*  &«"    r         ^       '  ^dx^      dy^'     r  ^*  between 

,    ,  ,  "^  differenUal 

n  beisff  any  iDteger,  and  shows  that,  coeoicienu 

I             ,                              .  ofhanuonica 

or  =( — )  *   -r~~L  (-7—  +-;— )        -: ,  if  /  18  odd. 

^     '      dxidy^^dx*^dy\      dz  r  '  ) 

Hence,  by  taking  /=0,  andy+^=^  >Q  ^^e  fii^t  place,  we  have 

f +1  differential  coefficients  3-7-j-T  ;  ai^<i  by  taking  next  /=1,  and 
dxJdy*^ 

j+i:=i— I,  we  have  1  varieties  of  ,  v--r ;  that  is  to  say,  we  have 
'  dxidy*^ 

in  aD  2i-Hl  varieties,  and  no  more,  when  —  is  the  subject.     It  is 

r 

emsily  Ken  that  these  2t + 1  varieties  are  in  reality  independent. 

We  need  not  stop  at  present  to  show  this,  as  it  will  be  apparent 

in  the  actual  ezpannons  given  below. 

Now  if  //( (x,  y,  z)  denote  any  rational  integral  function  of 

X,  y,  z  of  degree  1,  V^Hi  (x,  y,  z)  is  of  degree  t— 2.     Hence  since 

.     „    ,              (i+2)(f+l)  .        .   ,     ,  «(«— 1) 

m/A  there  are ^ terms,  m  V  Hi  there  are        ^     - 

Hence  if  V  //i=0,  we  have  -^  ""-'  equations  among  the  constant  Complete 

2  hannonic  of 

coefficients,  and  the  number  of  independent  constants  remaining  is  fnveKt1^t!>d 

■_i_ov/  *_L  \\  */  '      1  \  algebraically. 

^'.T-|v.Ti'  _  M'^    ^^  ,  or  2/+1 ;  that  is  to  say,  there  arc  2/+1 

constants  in  the  general  rational  integral  harmonic  of  degree  i. 
But  we  have  seen  that  there  are  2i+l  distinct  varieties  of  dif- 
ferential  coefficients  of  —  of  order  j,  and  that  the  numerator 

r 

of  each  is  a  harmonic  of  degree  1.  Hence  every  complete  har- 
monic of  order  1  is  expressible  in  terms  of  differential  coefficients 

of—.     It  is  impossible  to  form  21  +  1  functions  symmetrically 

among  three  variables,  except  when  2/+1  is  divisible  by  3  ;  that 
is  to  say,  when  i  =  3/i+l,  n  being  any  integer,  a  class  of  cases 
deserving  Bp>ecial  attention.  But  for  every  value  of  1  the  general 
harmonic  may  be  exhibited  as  a  function,  with  2/+1  constants, 
involving  two  out  of  the  three  variables  symmetrically,  Thi.^ 
may  be  done  in  a  variety  of  ways,  of  which  we  choose  the  two 
f«  blowing,  as  being  the  most  useful : — First, 
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General  ex-        V.  ,  d  ^  ',  d  J'^  d         .   ,  d  ,  »~*,  d    *  .  ,  d  ,\\ 

harmonic 

of  order!  ^   i-i  d  ^-*  d  d    ^-*    d   *  d  ^'^.d\ 

Secondly,  let  x+i/v=(,  x — yv=ij  (26), 

where,  as  formerly,  v  is  taken  to  denote  '^ —  1. 

TUs  gives  x=i(^+v),  y=  i  (f  - 1,)   \ 

2v  \  (27); 

where  [a:,  t/]  and  [^,  iy]  denote  the  same  quantity,  expressed  in 
terms  of  a?,  y,  and  of  f ,  iy  respectiyely.  From  these  we  have, 
further, 

,d*.d*.d\r         1     /i   «^     ,  ^\r^        1 

or,  according  to  our  abbreviated  notation,  C-^O). 

„._,   cf*    .  d* 
^        didrj^dz*' 
Then,  as  before, 

Vi  d   ^  d   i'^  d  d   ^-*    d   *  d  \^ 

dJSSuor'''  The  differentiations  here  are  performed  with  great  ease,  by  the 

*«™-  aid  of  Leibnitz's  theorem.     Thus  we  have 

"+"l.2.(i»+i^)(m+M-4)''^ 
and 

_m(m-l).«(«-l)       ,^^a.,^,c^.] 
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Thifl  expression  lesds  at  once  to  a  real  deyelopment,  in  terms  of  ^^^^  trans. 
pokr  oo-ordinates,  thus  : — Let 

r=r  006^,  xssrsin^cos^,  ^=rBin^8in<^  (32)  ; 

no  that  f=r8in^c*^,  iy=:rsin^c"''*  (33). 

Then,  since  fiy=j?*+y»=r*8in*^, 

and 

=  '^l)*^= (f '?)*('•  8»n  ^)*(co6  <^+ V  sin  <^)*=(r  sin  ^)~+»(co8#<^+ vsin  #<^),        • 
where  j=n  —  to  ;  and  if,  further,  we  take  " 

ip,+  B.=B„(|,-f»)v=B;  ;  '^  ^ 


re  have 


n^J)  "^1 2.(m+j»-J)(«+i»-4) 


[■!!•♦•#- 


!.(«+, 


Trigon 
meoloi 
eziMUk- 


<86). 


*  mM-»-H)  ^1.2  (m+«-H)(iii+it— J)  J    / 

Setting  aside  now  constant  factors,  which  have  been  retained 
hitherto  to  show  the  rektions  of  the  expressions  we  have  investi- 
gated, to  differential  co-efficients  of  — ;  and  taking  2  to  denote 

r 

munmation  with  respect  to  the  arbitrary  constants.  A,  A',  B,  B'l 
we  have  the  following  perfectly  general  expression  for  a  complete 
surface  harmonic  of  order  i : — 

>'.  =    2)    (A*coif^Aj'  «n«^)0,^  „,+     2      (B*  <^f>«  t^B/ >»n  #0)  COR  ^Z««.  «)  I 
nherc  #  =  w«v*/i,  and  5(30) 

1  (m+n— J)  ^  i.2.(TO+n— })(m+/i-Hl)  / 

while  iJt«i.«,  differs  firom  ©(»,.«)  only  in  having  m  +  i  +  l  in  place 
<»f  m-Hn,  in  the  denominatorA. 

The  formula  most  commonly  given  for  a  spherical  harmonic 
c»f  order  i  (Laplace,  Micaniqut  C^leste^  li\Te  iii.  chap.  11.,  or 
Murphy's  Electricity^  Preliminary  Prop,  xi.)  is  somewhat  simpler, 
being  as  follows : — 

.S,='2  (A,  cos  5<^+  B,  sin  s4>)  B^*^  (-^7) 

■  ,M    ^  ^    (i-«)(h^-1)      ,_^  ,^  ,  (t-*)(i-*-l)(»-^«-2)(i-#-3)  4^      .    ,      .^^. 

=«o-#(co.-#--j-^jj-,y  c.«,<-.#+  -  ,.,.j2.1t,j2.-.3—  c-^V-etc]      (38). 
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rigono-  where  it  may  be  remarked  that  Q'  means  the  lame  as  B^m •  i^ 

m+n=t,  and  m'>*n=Sy  or  as  c066Z^m,n)  "  m-|-n+l=i  and 
m<^n=ss.  This  may  be  derived  from  the  preceding,  by  algebnk 
modification ;  or  it  may  be  obtained  directly  by  the  method  of 
differentiation  followed  above,  varied  suitably.  But  it  may  sIm 
be  obtained  by  assuming  (with  a«  and  b,  as  arbitrary  constant*) 

which  is  obviously  a  proper  form ;  and  determining  p,  q,  etc..  by 
the  differential  equation  v'F<=0,  with  (29). 

Another  form,  perhaps  the  most  useful,  may  be  obtained  with 
even  greater  ease,  thus  :  Assuming 

K<=2(a,^+ft,i7')(z'— +p,r*-^«fi,+p.z'— •f«i,«+elc.) 
and  determining  /?„  />„  etc.,  by  the  differential   eqaatJoOf  we 
have 

r-^Ko^-tPiT)  if  4.(,^,).,  r^^Kn-i-      4«.(t+l)(t+2).1.2      ^       ^"r-^-. 

which  might  also  have  been  found  easily  by  the  differenliatioii  of 

—    Hence,  eliminating  imaginary  symbols,  and  retaining  the 

notation  of  (37)  and  (38),  we  have 

where  ^(2»+l)(2.+2)...(H-.) 

Where  ^(2H-i)C-J»+3)...(i,-l) 

This  value  of  C  is  found  either  by  comparing  with  (38) /of  which 

the  present  formula  is  an  algebraic  modification ;  or,  perlups  aMrt 

easily,  thus : — We  have,  by  (!J9), 


.^l=(-)2  2'  •        ^—  -V,  tf,-tiseven. 


41 


d2d(     ^     dff    t 
Expanding  the  first  member  in  terms  of  r,  (.  i|.  by  i 
differentiation,  with  reference  first  to  17.  «  times,  and  then  1,  i-^t 
times,  wo  find 

(-)*i.3...(^-iK'^'-l-l)(2»+i?)(i^'+3)...(i+fU'*-'^  4:J 
for  a  term  in  its  numerator;  whence  by  (41^  351,  39),  (40;  «« 
find  a 


/: 
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{k)  It  is  Tery  important  to  remark,  first,  that  important 

//UiL\'da=0  (43)  fflS'tS^ 

where  Ui  and  Ui   denote  any  two  of  the  elements  of  which  V  is  iSia^^ 
composed  in  one  of  the  preceding  expressions ;  and  secondly,  that  ^n^^^on* 

'ef0%in^rf^=O  (44) 

the  case  of  {^=^1  being  of  course  excluded.  For,  taking  r=aj 
the  radius  of  the  spherical  surface ;  and  da = a* do,  as  above ; 
we  have  <fs=sin  6d6d4iy  etc.,  the  limits  of  9  and  <f),  in  the  inte- 
gration for  the  whole  spherical  surface,  being  0  to  ?r,  and  0  to  2?r, 

respectively.     Thus,  since  I     cos«<^  cos«<^  t/<^=0,  we   see   the 

truth  of  the  first  remark ;  and  from  (16)  and  (36)  we  infer  the 
second,  which  the  reader  may  verify  algebraically,  as  an  exercise. 

(/)  Each  one  of  the  preceding  series  may  be  taken  by  either  end,  Expanaiom 
and  used  with  i,  m,  n,  or  s,  one,  any,  or  all  of  them  fractional  or  piete  har- 
imaginary.  Whether  finite  or  infinite  in  its  number  of  terms,  any  coues  and 
series  thus  obtained  expresses  a  harmonic  of  degree  i;  since  it  is  of  ^^  ^^' 
degree  i,  and  satisfies  V*  ^i=0.   In  some  of  these  cases  it  remains 
a  finite  series,  and  if  it  does,  its  application  is  obvious.   K  it  does 
not,  it  may  be  used  if  it  converges,  and,  except  for  particular  limit- 
ing values  of  the  variables,  the  infinite  series  obtained  from  any 
one  of  the  preceding  finite  expressions  taken  by  one  pf  its  two 
ends  will  converge.     Thus  each  of  the  finite  expressions  always 
provides  a  scries  which  converges,  for  any  of  the  fractional  or 
imaginary  values  now  proposed.     (It  is  easily  proved,  in  fact, 
that  when  taken  by  one  end  it  gives  a  divergent  infinite  series, 
and  a  convergent  series  when  taken  by  the  other  end.)    The  deter- 
mination of  values  of  1—5,  which  shall  make  0.  or  --  0      vanish  i^dncUon. 

^         du       i  motion  of 

for  each  of  two  stated  values  of  6,  is  an  analytical  problem  of  high  ^'"^*;!i;.f  be 
interest  in  connexion  with  these  extensions  of  spherical  harmonic  tuvMn  two 

.  •   11      •         1       1    •  1       •  coaxal 

analysis :  and  w  essentially  involved  m  the  physical  application  concH. 
referred  to  above  where  the  spaces  concerned  are  bounded  partly 
by  coaxal  cones.  When  the  boundary  is  completed  by  the  in- 
tercepted portions  of  two  concentric  spherical  surfaces,  functions 
of  the  class  described  in  (o)  below  also  enter  into  the  solution. 
When  prepared  to  take  advantage  of  physical  applications  we 
shall  return  to  the  subject ;  but  it  is  necessary  at  present  to  re- 
strict ourselves  to  these  few  observations. 

(m)  If,  in  physical  problems  such  as  those  already  referred 
to,  the  space  considered  is  bounded  by  two  planes  meeting,  at 
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any  angle  —  ,  in  a  diameter,  and  the  portion  of  spherical  surface 

in  the  angle  between  them  (the  case  of  i  <c  1,  that  is  to  say,  the 
case  of  angle  exceeding  two  right  angles,  not  being  excluded)  the 
harmonics  required  are  aU  of  fractional  degrees,  but  each  a  finite 
algebraic  function  of  the  co-ordinates  £,  17,  {  if  i  is  any  incommen- 
surable number.  Thus,  for  instance,  if  the  problem  be  to  find 
the  internal  temperature  at  any  point  of  a  solid  of  the  shape  in 
question,  when  each  point  of  the  curved  portion  of  its  sui^Me  is 
maintained  permanently  at  any  arbitrarily  given  temperature, 
and  its  plane  sides  at  one  constant  temperature,  the  forms  and 
the  degrees  of  the  harmonics  referred  to  are  as  follows : — 

Degree,  i        HanDrumir. 


DcKTce. 

Harmonic. 

dz  r».+' 

'+2, 

dz*  r"+' 

1+3, 

dz'  r«'+' 

Degree. 
2i, 


24+l,:r«'+ 


Harmonic. 


dz  r*'+> 
d*    f«' 


2^+3,  r--,^ 


24+5, 'r*'+^ 


d»    f«^ 


dz*  r* 


These  harmonics  are  expressed,  by  various  formulse  (36)-(40), 
etc.,  in  terms  of  real  co-ordinates,  in  what  precedes. 

(n)  It  is  worthy  of  remark  that  these,  and  every  other  spherictl 
harmonic,  of  whatever  degree,  integral,  real  but  fractional  or 
imaginary,  are  derivable  by  a  general  form  of  process,  which  in- 
cludes differentiation  as  a  particular  case.     Thus  if  {~3r)  denote* 

an  operation  which,  when  1  b  an  integer,  constitutes  taking  the 
t'*  differential  coefficient,  we  have  clearly 

^  '^driUh+^')^ 

where  ^^  denotes  a  function  of  i,  which,  when  i  is  a  real  integer, 
becomes  ( — ^)*^.  J.|. .  •(*— i). 

The  investigation  of  this  generalized  differentiation  presents  diffi- 
culties which  arc  confined  to  the  valuation  of  P^ ,  and  which  have 
formed  the  subject  of  highly  interesting  mathematical  inveetigi- 
tions  by  Liouville,  Gregory,  Kelland,  and  others. 

If  we  set  aside  the  factor  I\ ,  and  satisfy  ourselves  with  deter- 
minations of  forrns  of  spherical  harmonics,  we  have  only  to  apply 


KINEMATICS.  153 

Leibniti's  and  other  obrious  formulae  for  differentiation  with  any  Expannionii 
fractional  or  imaginary  number  as  index,  to  see  that  the  equiva-  pietThar- 
lent  expressions  above  given  for  a  complete  spherical  harmonic  SSSined 

^  by  common 

of  any  degree,  are  derivable  from  —  by  the  process  of  general-  J^™"^^ 

alized  in- 

ized  differentiation  now  indicated,  so  as  to  include  every  possible  ^^^'^ 
incomplete  harmonic,  of  whatever  degree,  whether  integral,  or 
fractional  and  real,  or  imaginary.  But,  as  stated  above,  those 
expressions  may  be  used,  in  the  manner  explained,  for  incomplete 
harmonica,  whether  finite  algebraic  functions  of  f ,  17,  (,  or  tran- 
scendents expressed  by  converging  infinite  series ;  quite  irrespec- 
tively of  the  manner  of  derivation  now  remarked. 

(o)  To  illustrate  the  use  of  spherical  harmonics  of  imaginary  imaginary 
degrees,  the  problem  regarding  the  conduction  of  heat  specified  ^SSen** 
above  may  be  varied  thus : — Let  the  solid  be  bounded  by  two  SJSc^m 
concentric  spherical  surfaces,  of  radii  a  and  a',  and  by  the  two  ^j^p,^^  ^ 
cones  or  planes,  and  let  every  point  of  each  of  these  flat  or  conical 
.xides  be  maintained  at  any  arbitrarily  given  temperature,  and 
the  whole  spherical  portion  of  the  boundary  at  one  constant  tem- 
perature.   Harmonics  will  enter  into  the  solution,  of  degree 
1   ,  fjrVZTi 

log^ 

where  1  denotes  any  integer.  Converging  series  for  these  and 
the  others  required  for  the  solution  are  included  in  our  general 
formulae  (36)-(40),  etc. 

{p)  The  method  of  finding  complete  Hpherieal  harmonics  by  the  Derivation 

-  ofanyhai- 

differentiation  of  — ,  investigated  above,  has  this  great  advantage,  Smt  o/'*"" 

^  dejrree  —  1 

that  it  shows  immediately  very  important  properties  which  they  c^raVter^'"* 
possess  with  reference  to  the  values  of  the  variables  for  which  a»-<i  n"»njMT 

'^  of  ita  nudfrt. 

1 

they  vanish.  Thus,  inasmuch  as  —  and  all  its  differential  coeffi- 
cients vanish  for  either  x  =  ±  oc,  or  y  =  ±  ac,  or  r  =  ±  oc,  it 
follows  that 

dxJdt/^^  r 
vanishes  j  times  when  x  is  increased  from  —  oc  to  +  ^' 

"     *"        )»       y         jj        V       ii        11 

^^^  >j        *  )j  *  n  )>  J)  » 

The  reader  who  is  not  familiar  with  Fourier's  theory  of  equations, 
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will  have  no  difficulty  in  verifying  for  himself  the  present  applica- 
tion of  the  principles  developed  in  that  admirable  work. 

Thus  it  appears  that  spherical  harmonics  belong  to  the  genenl 
class,  to  which  Sir  William  R.  Hamilton  has  applied  the  designa- 
tion "  Fluctuating  Functions."  This  property  is  essentially  in- 
volved in  their  capacity  for  expressing  arbitrary  functions,  to  the 
demonstration  of  which  we  now  proceed,  in  conclusion. 

(r)  Let  C  be  the  centre  and  a  be  the  radius  of  a  spherical 
surface,  which  we  shall  denote  by  S,  Let  P  be  any  external  or 
internal  point,  and  let /denote  its  distance  ^m  C.  Let  (fcr  de- 
note an  element  of  /S,  at  a  point  E^  and  let  EP=:D.  Then,j(y 
denoting  an  integration  extended  over  5,  it  is  eaftily  proved  that 


and 


I  I  -  ^  =  — when  P  is  external  to  S 

ffdar^  Aira 


when  P  is  within  S 


\ 


(45). 


This  is  merely  a  particular  case  of  a  very  general  theorem  of 
Green's,  included  in  that  of  A  (a),  above,  as  will  be  shown  when 
we  shall  be  particularly  occupied,  lat^r,  with  the  general  theory 
of  Attraction  :  a  geometrical  proof  of  a  special  theorem,  of  which 
it  is  a  case,  will  occur  in  connexion  with  elementary  investiga- 
tions regarding  the  distribution  of  electricity  on  spherical  con- 
ductors :  and,  in  the  meantime,  the  following  direct  evaluation  of 
the  integral  itself  is  given,  in  order  that  no  part  of  the  important 
investigation  with  which  we  are  now  engaged  may  be  even 
temporarily  incomplete. 

Choosing  polar  co-ordinates,  d=EC7P,  and  ^  the  angle  between 
the  plane  of  ECP  and  a  fixed  plane  through  CP,  we  have 

dar=a*6mededi>. 
Hence,  by  integration  from  ^=0  to  <^=27r, 
d^      «     .  r*"  sin  Odd 

D^=a*  —2afcose+f* ; 
DdD , 

«/ 
the  limiting  values  of  D  in  the  integral  being 

/— 0,/+^,  when/:>  a 
and  «— />  «+/»  when/<:  a. 

Hence  we  have 


But 

and  therefore 


111 


Bmede=z- 


r  [dar_2ira 


1 


1 


in  the  two  cases  respectively,  which  proves  (46). 


\  2jra  . 
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(s)  Let  now  F(E)  denote  any  arbitrary  function  of  the  position  Solution  of 
of  E  on  S,  and  let  problem 

„  --  ._,.„.,  for  case  of 

[  [(f*'^a*)F(E)dar  ,.^.    spherical 

W=  I  I /,,  ^      ^ (46).  surface,  ex 

J  J  0  pressed  by 

When /is  infinitely  nearly  equal  to  a,  every  element  of  this  in-  integral. 
togral  will  vanish  except  those  for  which  D  is  infinitely  small. 
Hence  the  integral  will  have  the  same  value  as  it  would  have  if 
F{E)  had  everywhere  the  same  value  as  it  has  at  the  part  of  S 
nearest  to  P ;  and,  therefore,  denoting  this  value  of  the  arbitrary 
function  by  -F(P),  we  have 

u—F{P)[\S^^^^,  when  /  differs  infinitely  little  from  a  ; 

or,  by  (45)  M=47raF(P)  (46'). 

Now,  if  t  denote  any  positive  quantity  less  than  unity,  we  have,  its  expan- 
by  expansion  in  a  convergent  series,  harmonic 

^  =l+Q,c+Q,c»+etc.  (47), 


(1  — •2ecos^+c»)r 
Qi}  Qsf  etc.,  denoting  functions  of  ^,  for  which  expressions  will  be 
investigated  below.  Each  of  them  is  equal  to  +1,  when  ^=0, 
aad  they  are  alternately  equal  to  — 1  and  +1,  when  ^=7r.  It 
is  easily  proved  that  each  is  >-  —  1  and  <:  + 1,  for  all  values  of 
^  between  0  and  tt.  Hence  the  series,  which  becomes  the 
geometrical  series  1  ±  c+e'  ±  etc.,  in  the  extreme  cases,  con- 
verges more  rapidly  than  the  geometrical  series,  except  in  those 
extreme  cases  of  ^=0  and  ^=7r. 

Hence  l  =  i  (i  + ^^f  .  +  Q^^+  etc.)  when/>  a] 

X     \        if    if^  >         ('^)- 

and        4- =_(!+  •^^•^  +  ^';^-+etc.)when/<a 
Da  a  a*  ' 


Now  we  have 


"^D  _aco»6—f 
~df  ~D*~^' 


p a*  ,  ^'d       1 

and  therefore         ~^*     ~~    '^^f'^D^* 

Hence  by  (48),  differentiated,  etc., 
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Hence,  for  u  (46),  we  have  the  following  expannions : — 

1  3/7  5/1* 

-.ji//F(E)d<T+^/yQ,F(E)ar+^//Q,F(E)d<r+...},  when/>« 

and 

--^{//F(E)d<r+^//a.F(E)d<r+^^^^^  },  when/^a  | 

These  series  being  clearly  convergent,  except  in  the  case  of /=fl, 
and,  in  this  limiting  case,  the  unexpanded  value  of  u  having 
been  proved  (46')  to  be  finite  and  equal  to  4vaF{P),  it  follow:} 
that  the  sum  of  each  series  approaches  more  and  more  nearly  to  thiii 
value  when  /  approaches  to  equality  with  a.     Hence,  in  the  limit, 

F{P)=^{//F(E)d<r+3//Q,F{E)d<r+5//Q,F{E)da'+eUi.^ 

which  is  the  celebrated  development  of  an  arbitrary  function  in  a 
series  of  "Laplace's  coefficients,"  or,  as  we  now  call  them. 
spherical  harmonics, 

(t)  The  preceding  investigation  shows  that  when  there  is  one 
determinate  value  of  the  arbitrary  function  F  for  every  point  of 
Sy  the  series  (52)  converges  to  the  value  of  this  function  at  P. 
The  same  reason  shows  that  when  there  is  an  an  abrupt  transitioD 
in  the  value  of  jP,  across  any  line  on  Sy  the  series  cannot  con- 
verge when  P  is  exactly  ortj  but  must  still  converge,  however  near 
it  may  be  to,  this  line. 

Later  we  shall  derive  a  rule  for  the  degree  of  convergence  of 
of  the  series  (52)  in  any  case  according  to  the  charmcter  ci  F. 

(u)  In  the  development  (47)  of  .^ 2gco8^4-g*)^  '  ^^  coeffici- 
ents of  e,  e*,..  .e<,  are  clearly  rational  integral  functions  of  oob^,  of 
degrees  1,  2...I,  respectively.  They  are  given  explicitly  below 
in  (60)  and  (61),  with  ^'=0.  But,  if  x,  y,  z  and  x\y\:' 
denote  rectangular  co-ordinates  of  P  and  of  E  respectively,  we 
have                           ^^    xx+yy'+zz' 


cost 


rr 


where  r={x'+y'+z*)^,  and  r'={x*+y*+z'y.  Hence  de- 
noting,  as  above,  by  Qi  the  coefficient  of  e^  in  the  develc^Hnent. 
we  have 

O  ^Hi[{x,y,z\  [x.y'.z)]  ,-3 

y/f[(j:,  y^  2),  {x\  y\  z')]  denoting  a  symmetrical  function  of  (x, y,  z-. 
and  (^x\y\  r'),  which  is  homogeneous  with  reference  to  either  set 
alone.  An  explicit  expression  for  this  function  is  of  course  fouml 
from  the  expression  for  Qf  in  terms  of  cos  ^. 
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Viewed   as  a   function  of  (jr,  y,  z),  Q^h*^'  is  symmetrical  Biawu  hur- 
roond   0E\  and  as  a  function  of  (a:',  y',  z)  it  is  symmetrical  '°°"**' 
round  OP.     We  shall  therefore  call  it  the  biaxal  harmonic  of 
(x,  y,  z)  (x',  y',  z')  of  degree  i ;  and  Qi  the  biaxal  surface  har- 
monic of  order  t. 

(r)  But  it  is  important  to  remark,  that  the  coefficient  of  any  Expumion 
term,  such  as  x'iy'H'^^  in  it  may  be  obtained  alone,  by  means  of  ®'5^y 
Taylor's  theorem,  applied  to  a  fanction  of  three  variables,  thus : —  tbiorein. 


(1— 2€  co«tf4^)'*~(i^2ir'co«tf4V«)i"-[(aj-^7+(y--y')»+(a--«')«]*  * 
Now  if  ¥{x^  y,  z)  denote  any  Action  of  x,  y,  and  z,  we  have 

where  it  must  be  remarked  that  the  interpretation  of  1.2...^',  when 
y  =  0,  is  unity,  and  so  for  k  and  /  aJso.     Hence,  by  taking 

Fix.  y,  ^)  =  /— i-T— TT-ixi  '  ^®  ^^^^ 

1 _yyy  (~iy-H*-HVVV<     rf/-^*-^*  1 

v^—ar'JH^Fy )•+(»--«')•]*  l-2...i-1.2...*.1.2.../  (ir>dy*<fe'  (2Hy«+2»)i 

a  development  which,  by  comparing  it  with  (48),  above,  we  see 
to  be  convergent  whenever 

a:'*+y*+2'«<xHy«+z*. 

Hence  ExpreMi 

for  biaxn 
hannoni< 
deduced. 


the  summatioD  including  all  terms  which  fulfil  the  indicated  con- 
dition 0+^*+'=0-  I*  ^  ®*^y  ^  verify  that  the  second  member 
ii*  not  only  integral  and  homogeneous  of  the  degree  /,  in  x,  y,  r, 
a£»  it  is  expressly  in  x',  y\  z  \  but  that  it  is  symmetrical  with 
reference  to  these  two  sets  of  variables.  Arriving  thus  at  the 
conclusion  expressed  above  by  (53),  we  have  now,  for  the  function 
there  indicated,  an  explicit  expression  in  terms  of  differential  co- 
efficients,  which,  further,  may  be  immediately  expanded  into  an 
algebraic  form  with  ease. 

{v)  In  the  particular  case  of  x'=0  and  y'=0,  (54)  becomes 
reduced  to  a  single  term,  a  function  of  x,  y,  z  symmetrical  about 
the  axis  0Z\  and,  dividing  each  member  by  r'*,  or  its  equal,  z'*, 
we  have 

^.yv_V___LLl "  _- (55).  Axial  hur 

^  1.2.3...!       ^Z'  (x*+y*+Z«)*  ^       ^    monlcof 

^         ■  k'      ■        /  order  t. 

By  actual  differentiation  it  is  easy  to  find  the  law  of  successive 
derivation  of  the  numerators ;  and  thus  we  find,  with  about  equal 
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Axial  har- 
monic with 
its  co-ordin- 
ates trans- 
formed 
becomes 
biaxal. 


Expansions 
of  the  biaxal 
harmonic, 
of  order  i. 


case,  either  of  the  expansions  (31),  (40),  or  (41),  above,  for  tbe 
case  771=71,  or  the  trigonometrical  formulas,  which  are  of  course 
obtained  by  putting  2;  =  r  cos^  and  a?»  +y*  =  r»  sin»^. 

{w)  K  now,  we  put  in  these,  cos^  =  — — ^^,  ■  ,  introduc- 

ing again,  as  in  (u)  above,  the  notation  (x,  y,  r),  (x\  y\  z\  we 
arrive  at  expansions  of  Qi  in  the  terms  indicated  in  (53). 

(x)  Some  of  the  most  useful  expansions  of  Q<  are  very  readily 
obtained  by  introducing,  as  before,  the  imaginary  co-ordinatefl 
(^,  rji)  instead  of  (x,  y),  aijcording  to  equations  (26)  of  (J),  and 
similarly,  (^',  -q')  instead  of  (x',  y).     Thus  we  have 

^•=(^-f)('?-'»')-»-(^--')'- 

Hence,  as  above, 


Hence 

(rr'Ya-r^i.^Tt-i-^-^^'^"*'^'''''''''      ^'^''"'    — !—    (56). 
(rr)Ci,-r        ^  ^  ^  i.2...j.i.2...iM.2...«d£>rf.,*<fc' (f^+e*)*    ^    ' 

Of  course  wc  have  in  this  case 

I/—  -  ,  • 


and 


cose 


And,  just  as  above,  we  see  that  this  expression,  obviously  a  homo- 
geneous function  of  ^',  ^',  z\  of  degree  t,  and  alAO  of  ij,  (,  ^, 
involves  these  two  systems  of  variables  symmetrically. 

NoWj  as  we  have  seen  above,  all  the  t'*  differential  coefficients 


of—  are  reducible  to  the  2i+l  independent  forms 


^dz^  r 


d  *-^  d   I         d  *-2   ^  Si 


(^)^ 


rfjj  r  '  ^dy      'dri'  r 

Hence  r*  Q,-,  viewed  as  a  function  of  z,  ^,  ij,  is  cxpreswd  bj 
these  2(4-1  terms,  each  with  a  coefficient  involving  z',  ^,  q'. 
And  because  of  the  symmetry  we  see  that  this  coefficient  mmt 
be  the  same  function  of  z',  tj',  (',  into  some  factor  inTolTing 
none  of  either  set  of  variables  (*,  ^,  ij),  («',  ij',  (').  Abo,  bj 
the  symmetry  with  reference  to  ^,  rj'  and  i;,  C,  we  see  that  the 
numerical  factor  must  be  the  same  for  the  terms  nmiluly  involv- 
ing f,  t}'  on  the  one  hand,  and  ij,  ^'  on  the  other.     Henoa, 
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Q,=(rr  y^'[^o(^)  ^(^  -  monicker 


pressed  in 
B)^  metrical 
series  of 
dilTerential 
coefBcients. 


>1 

rhere 


(57). 


e/'). \ 

^*  "1.2.. .#  1.2...(i-5).i.}...(5-i).(25+l)(25+2)...(i+5)i 

The  Talue  of  ^j     is  obtained  thus  : — Comparing  the   coefficient 

id  the  term  (^^')*~*(f'?')*  *°  *^®  numerator  of  the  expression 
which  (56)  becomes  when  the  differential  coefficient  is  expanded, 
with  the  coefficient  of  the  same  term  in  (57),  we  have 

where  M  denotes  the  coefficient  of  «*-  '^  in  r*'+»— --!_ ,  or, 

^  dz^—drf  r  ' 

jji        t 

which  is  the  same,  the  coefficient  of  z'^~*n''  in  r'»*+> — j- „ — 

'  dT^-^dp  r' 

From  this,  with  the  value  (42)  for  if,  we  find  Ei    as  above. 

iy)  We  are  now  ready  to  reduce  the  expansion  of  Q^  to  a  real 
trigonometrical  form.     First,  we  have,  by  (33), 

(f'?')*+(f  ^)'=2  (rr'  sin^sin^')'  co8«(<^-«^')  (59), 

Ix.'t  now 

^^''=sin'«'co8*--(9-^'"^^^'"t""-^^cosf---'^8in«^ 

(/  —  .«)(»-— «—l)(l  — 5  — 2)  (1  —  5  —  3)        i    ,    An    •    An        *     t  /rn\ 

^  4«(5-fl)U+2)  -^^     ^' 

;that  is  to  5ay,  C^^  =  ©  * ,  in  accordance  with  the  previous  no- 
tation,) and  let  the  corresponding  notation  with  accents  apply 
to  $',     Then,  by  the  aid  of  (57),  (58),  and  (59),  we  have 

J^  il  ^<^|).  (gHlL).(^gvi^(^^+^--^)  cos5(<^-<^-)^f  ^;^->  (61), 


Trigono- 
metrical 
exiumslon 

of  which,  however,  the  first  term  (that  for  which  5=0)  must  be        surface 


halved. 

(:)  As  a  supplement  to  the  fundamental  proposition  ./71S»i5irt/s=0, 
(17)  of  (g),  and  the  corresponding  propositions,  (43)  and  (44), 
n'garding  elementary  terms  of  harmonics,  we  are  now  prepared  to 

evaluate  .j5^^7^« 

First,  using  the  general  expression  (37)  investigated  above  for 


hannonio. 


IGO 
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Fund«- 
inenUl 
definite  In- 
iegnUln- 
veatigatcd. 


Si,  and  iDodifying  the  arbitrary  coiutants  to  flail  our  pment  nou- 

tioD,  wc  have 


^'.  =  2  ^ca8(«^+a.)y, 


(•) 


(«^it. 


llcuco 


«»0 


(fill. 


//S*  dzs=:wi^A]  ('(^^y  sill  Ode 

0  J  Q 

To  evaluate  the  defiuite  integral  in  the  second  nienib«T.  we  kaf r 
only  to  apply  the  general  theorem  (52)  for  expansion,  in  term*  «<( 
surface  harmonics,  to  the  particular  case  in  which  the  arbltrvr 

function /'(£J)  is  itself  the  harmonic,  co«#^^^'\      Thai.  rcni<'a- 

bering  (10),  we  have 

coH  s^  a^;^='^^^  I '  timSde  p'  ^^'cw*^  a'*''a        <w» 

Using  here  for  Q;  it»  trigonometrical  expansion  josl  inTettiptcA 
and  performing  the  integration  for  <^'  between  the  stated  lisila 

we  find  that  cos $if>^'   may  be  divided  out,  and  (ooutting  iW 
accents  in  the  residual  definite  integral)  we  ccmclnde, 
/>  .    ^cv(«)x.  i/j         ^  1.2.. .«  1.2.. . (I— s)  M 

This  holds   without   exception   for   the   ease  s  as  0,   in 


the  second  member  becomes  .     It  is  convenient  hen  is 

2i+l 

recul   equation    (44),   which,    when   expressed  in  terns  of  ^^ 
instead  of  (^,m.n)  becomes 

|*%in(^a*'^a':^/a=o  ;«; 

'II  *      * 


where  i  and  t"  must  be  dififercnt.     The  propertie* 

these  two  e«|uationM,  (H5)  and  (6G),  may  be  Tcrified  bj 


/•> 


integrati«>n,  fn>m  the  explicit  expression  (60)  (or  !^^  ;  and 
do  so  will  hi*  a  giHHi,  although  possibly  not  a  very  aaaj,  ua^ifki^  i 


i^ 


CHAPTER  II. 

DYNAMICAL  LAWS  AND  PRINCIPLES. 

5.  Ix  the  preceding  chapter  we  considered  as  a  subject  of  idewof 
jjeoinetrj'  the  motion  of  points,  lines,  surfaces,  and  volumes,  foSS^in^- 
ler  taking  place  with  or  without  change  of  dimensions  and  °    * 

and  the  results  we  there  arrived  at  are  of  course  altogether 
endent  of  the  idea  of  mcUter,  and  of  the  farces  which  matter 
J.  We  have  heretofore  assumed  the  existence  merely  of 
n,  distortion,  etc. ;  we  now  come  to  the  consideration,  not 
V  we  mighi  consider  such  motion,  etc.,  to  be  produced,  but 
i  actual  causes  which  in  the  material  world  do  produce 
The  results  of  the  present  chapter  must  therefore  be 
lered  to  be  due  to  actual  experience,  in  the  shape  either 
jer\'ation  or  experiment.  How  such  experience  is  to  be 
cted  will  form  the  subject  of  a  subsequent  chapter. 

6.  We  cannot  do  better,  at  all  events  in  commencing,  than 
Xe^*-ton  somewhat  closely.     Indeed  the  introduction  to 

rincipia  contains  in  a  most  lucid  form  the  general  foimda- 
of  Dynamica  The  Definitiones  and  AxUyinata  sive  Leges 
r,  there  laid  down,  require  only  a  few  amplifications  and 
onal  illustrations,  suggested  by  subsequent  developments, 
b  them  to  the  present  state  of  science,  and  to  make  a  much 
introduction  to  dynamics  than  we  find  in  even  some  of 
St  modem  treatises. 

7.  We  cannot,  of  course,  give  a  definition  of  Matter  which  Matter. 
itisfy  the  metaphysician,  but  the  naturalist  may  be  con- 

)  know  matter  as  that  which  can  be  jperceived  by  the  senses^ 
that  which  can  be  oMed  upon  by,  or  can  exert,  farce.  The 
and  indeed  the  former  also,  of  these  definitions  involves 
ea  of  Force,  which,  in  i)oint  of  fact,  is  a  direct  object  of  Force. 

L 
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sense ;  probably  of  all  our  senses,  and  ceitaiuly  of  tlie  "  nnis 
cular  sense."  To  our  chapter  on  Propeities  of  Matter  wc  must 
refer  for  further  discussion  of  the  question,  What  is  niaUcr ! 

208.  The  Quantity  of  Matter  in  a  body,  or,  as  we  now  call 
it,  the  Mass  of  a  body,  is  proportional,  accoitiing  to  .Newton,  tn 
the  Volume  and  the  Density  conjointly.  In  ivality,  the  defiiii 
tion  gives  us  the  meaning  of  density  rather  than  of  mass ;  for 
it  shows  us  that  if  twice  the  original  quantity  of  matter,  air  for 
example,  be  forced  into  a  v(»ssel  of  given  capacity,  the  density 
will  be  doubled,  and  so  on.  But  it  also  shows  us  that,  of 
matter  of  unifonn  density,  the  mass  or  quantity  is  proportional 
to  the  volume  or  space  it  occupies. 

Let  M  be  the  mass,  p  the  density,  and  V  the  volume,  of  a  homo- 
geneous body.     Then 

M=Vp; 
if  wc  so  take  our  units  that  unit  of  mass  is  that  of  unit  Tolume  v( 
a  body  of  unit  density. 

If  the  density  vary  from  point  to  point  of  the  body,  wc  have 
evidently,  by  the  above  formula  and  the  elementary  notation  of 
the  integral  calculus, 

M=///pdxdtfdz, 
where  p  is  supposed  to  be  a  known  function  of  x,  y,  z,  and  the 
integration  extends  to  the  whole  space  occupied  by  the  matter  of 
the  body  whether  this  be  continuous  or  not. 

It  is  worthy  of  particular  notice  that,  in  this  detinitiou. 
Newton  says,  if  there  be  anything  which  freely  pervades  the 
intei*stices  of  all  bodies,  this  is  not  taken  account  of  in  estimat- 
ing their  Mass  or  Density. 

209.  Newton  further  states,  that  a  practical  measure  of  the 
mass  of  a  body  is  its  Weight.  His  experiments  on  pendulums. 
by  which  he  establishes  this  most  important  remark,  will  be 
described  later,  in  our  chapter  on  Properties  of  Matter. 

As  will  be  presently  explained,  the  unit  mass  most  conveni- 
ent for  British  measurements  is  an  imperial  pound  of  matter. 

210.  The  Quantity  if  Motion,  or  the  Momentum,  of  a  rigid 
body  moving  without  rotation  is  proportional  to  its  mass  ami 
velocity  conjointly.  The  whole  motion  is  the  sum  of  the  motions 
of  its  seveml  paits.  Thus  a  doubled  mass,  or  a  doubled  velocity. 
would  correi^pond  to  a  double  (quantity  of  motion ;  and  so  on. 
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Heuce,  if  we  take  as  unit  of  momentum  the  momentum  of  Momentum. 
a  unit  of  matter  moving  with  unit  velocity,  the  momentum  of  a 
ina£8  J/  moving  with  velocity  r  is  Mv, 

211.  Change  of  Quantity  of  Motion,  or  Change  of  Momentum,  change  or 
]»roportional  to  the  mass  moving  and  the  change  of  its  velo-  ™*'*"<*"^*"" 
ty  conjointly. 

( *hauge  of  velocity  is  to  be  understood  in  the  geneml  sense 
r  §  27.  Thus,  in  the  figure  of  that  section,  if  a  velocity  re- 
nesented  by  OA  l>e  changed  to  another  represented  by  OC,  the 
lange  of  vehxjity  is  represented  in  maj^iitude  and  direction 

212»  Rate  of  Change  of  Momentum,  or  Acceleration  of  Momcn-  Acceiera* 
m,  is  proportional  to  the  mass  moving  and  the  acceleration  of  momontum. 
s  velocity  conjointly.     Thus  (§  35, 1)  the  rate  of  cliange  of  mo- 
leutum  of  a  falling  body  is  constant,  and  in  the  vertical  direc- 
ou.     Again  (§  35,  a)  the  rate  of  change  of  momentum  of  a 
stss  J/,  describing  a  circle  of  radius  R,  with  uniform  velocity 

\  is  -o-  '    and  is  directed  to  the  centre  of  the  circle ;  that 

to  say,  it  is  a  change  of  direction,  not  a  change  of  speed,  of 
le  motiijiL 

Generally  (§  29),  for  a  body  of  mass  M  moving  anyhow  in 

space  there  is  change  of  momentum,  at  the  rate,  M-ta  in  the  direc- 
ts* 
tion  of  motion,  and  M —  towards  the  centre  of  curvature  of  the 

path  ;  and,  if  we  choose,  we  may  exhibit  the  whole  acceleration 
of  mumcutum  by  its  three  rectangular  components  M^  ^  >  ^^'Jt*  ' 
J/     *  ,  or,  according  to  the  Newtonian  notation,  A/x,  Mg,  Mz. 

213.  The  Vis  Viva,  or  Kinetic  Energy,  of  a  moving  body  is  Kinrtir 
roportional  to  the  mass  and  the  square  of  the  velocity,  con-  '^""^' 
diitly.     If  we  adopt  the  same  units  of  mass  and  velocity  as 
L»fore,  there  is  i^rticular  advantage  in  defining  kinetic  enerf^j- 
i  half  the  product  of  the  mass  and  tlie  square  of  its  velocity. 

214«  Rate  of  Change  of  Kinetic  Energy  (when  defined  as 
x)ve)  is  the  product  of  the  velocity  into  the  component  of 
'celeration  of  momentum  in  the  direction  of  motion. 

For  _(_)  =  ,j/_. 


1 6  4  PRELIMINARY  NOTIONa 

Particle  215.  It  is  to  be  obscrvcd  that,  in  what  precedes,  with  the 

and  iKiint. 

exception  of  the  defiuitiou  of  mass,  we  have  taken  no  account 
of  the  dimensions  of  the  moving  body.  This  is  of  no  con 
sequence  so  long  as  it  does  not  rotate,  and  so  long  as  its  parts 
preserve  the  same  relative  positions  amongst  one  another.  In 
this  case  we  may  suppose  the  whole  of  the  matter  in  it  to  be 
condensed  in  one  point  or  particle.  We  thus  speak  of  a  material 
particle,  as  distinguished  from  a  geometrical  point.  If  the  body 
rotate,  or  if  its  paits  change  their  relative  positions,  then  we 
cannot  choose  any  one  point  by  whose  motions  alone  we  may 
determine  those  of  the  other  points.  In  such  cases  the  momen- 
tum and  change  of  momentum  of  the  whole  body  in  any  direc- 
tion are,  the  sums  of  the  momenta,  and  of  the  changes  of 
momentum,  of  its  parts,  in  these  directions ;  while  the  kinetic 
energy  of  the  whole,  being  non-directional,  is  simply  the  sum 
of  the  kinetic  energies  of  the  several  parts  or  particlea 

Inertia.  216.  Matter  has  an  innate  power  of  resisting  external  in- 

fluences, so  that  every  body,  as  far  as  it  can,  remains  at  rest,  or 
moves  uniformly  in  a  straight  lina 

This,  the  Inertia  of  matter,  is  proportional  to  the  quantity  of 
matter  in  the  body.  And  it  follows  that  some  cavM  is  requisite 
to  disturb  a  body's  uniformity  of  motion,  or  to  change  its  direc- 
tion from  the  natural  rectilinear  path. 

Force  217.  Impressed  Force,  or  Force,  simply,  is  any  cause  which 

tends  to  alter  a  body's  natural  state  of  rest,  or  of  uniform  motion 
in  a  straight  line. 

Force  is  wholly  expended  in  the  Action  it  produces ;  and  the 
body,  after  the  force  ceases  to  act,  retains  by  its  inertia  the 
direction  of  motion,  and  the  velocity  which  were  given  to  it 
Force  may  be  of  divers  kinds,  as  pressure,  or  gravity,  or  friction, 
or  any  of  the  attractive  or  repulsive  actions  of  electricity,  mig 
netism,  etc. 

SKuSIS^""  218.  The  three  elements  specifying  a  force,  or  the  three 
elements  which  must  be  known,  before  a  clear  notiou  of  the 
force  under  consideration  can  be  formed,  are,  its  place  of  ^>pli- 
cation,  its  direction,  and  its  magnitude. 

SStcStion  (^)  ^^®  P^^^  ^^  application  of  a  forca  The  first  case  to  be 
considered  is  that  in  which  the  place  of  application  is  a  pcnnt 
It  has  been  shown  already  in  what  sense  the  term  ''point" 


DYNAMICAL  lAWS  AND  PRINCIPLES.  165 

is  to  be  taken,  and,  therefore,  in  what  way  a  force  may  be  puce  of 
imagined  as  acting  at  a  point  In  reality,  however,  the  place  of  *pp**^***»* 
application  of  a  force  is  always  either  a  surface  or  a  space  of 
three  dimensions  occupied  by  matter.  The  point  of  the  finest 
needle,  or  the  edge  of  the  sharpest  knife,  is  still  a  surface,  and 
acts  as  such  on  the  bodies  to  which  it  may  be  applied.  Even 
the  most  rigid  substances,  when  brought  together,  do  not  touch 
at  a  point  merely,  but  mould  each  other  so  as  to  produce  a 
sur&ce  of  application.  On  the  other  hand,  gravity  is  a  force 
of  which  the  place  of  application  is  the  whole  matter  of  the 
body  whose  weight  is  considered  ;  and  the  smallest  particle  of 
matter  that  has  weight  occupies  some  finite  portion  of  space. 
Thus  it  is  to  be  remarked,  that  there  are  two  kinds  of  force, 
distinguishable  by  their  place  of  application  —  force,  whose 
place  of  application  is  a  surface,  and  force,  whose  place  of 
application  is  a  solid.  When  a  heavy  body  rests  on  the  ground, 
or  on  a  table,  force  of  the  second  character,  acting  downwards, 
is  balanced  by  force  of  the  first  character  acting  upwards. 

(b.)  The  second  element  in  the  specification  of  a  force  is  its  Directi«.ii. 
direction.  The  direction  of  a  force  is  the  line  in  which  it  acts. 
If  the  place  of  application  of  a  force  be  r^arded  as  a  point,  a 
line  through  that  point,  in  the  direction  in  which  the  force 
tends  to  move  the  body,  is  the  direction  of  the  force.  In  the 
case  of  a  force  distributed  over  a  surface,  it  is  frequently  pos- 
sible and  convenient  to  assume  a  single  point  and  a  single  line, 
such  that  a  certain  force  acting  at  that  point  in  that  line  would 
produce  the  same  efiect  as  is  really  produced. 

(r.)  The  third  element  in  the  specification  of  a  force  is  its  Mufciiituric. 
magnitude.  This  involves  a  consideration  of  the  method 
followed  in  dynamics  for  measuring  forces.  Before  measur- 
ing anything,  it  is  necessary  to  have  a  unit  of  measurement, 
or  a  standard  to  which  to  refer,  and  a  principle  of  numerical 
!«)>ecification,  or  a  mode  of  referring  to  the  standard.  These 
will  be  supplied  presently.     See  also  §  258,  below. 

219.  The  Aeeelerative  Effect  of  a  Force  is  proportional  to  AweieraUv 
the  velocity  which  it  produces  in  a  given  time,  and  is  measured 
by  that  which  is,  or  would  be,  produced  in  unit  of  time ;  in 
Mther  words,  the  rate  of  change  of  velocity  which  it  produces. 
This  is  simply  what  we  have  already  defined  as  acceleration,  §  28. 
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220.  The   Meaaure  of  a  Forcf  is  tlie  quantity  of  ni«»ti«>ii 
wliicli  it  prmluci's  in  unit  of  time. 

The  rt*ader,  who  has  been  accustomed  to  speak  of  a  force  «»f  j«» 
many  pounds,  or  so  many  t^ms,  may  be  reasonably  startled  whru 
lie  finds  that  Newton  jjives  no  countenance  to  such  t-xpn^ 
sions.  Tlie  methoil  is  not  correct  unless  it  be  specified  at  what 
part  of  the  earth  s  surface  the  pountl,  or  other  definite  i|uautit} 
of  matter  named,  is  to  l>e  weighetl ;  for  the  weij;ht  of  a  jnvrt* 
quantity  of  matter  differs  in  different  latitutles.  Tlie  clunii^i 
ness  of  this  system  Ls  in  *j!}vat  contrast  to  tin*  rlt^r  an«l  simplt* 
accuracy  of  the  aUsolute  methixl  ju*  statiul  aUive,  to  which 
we  shall  uniformly  adhere,  except  when  we  wish,  in  dencribiof; 
results,  to  state  fon^es  in  tenn>*  of  the  rr macular  of  enfriiwers 
in  any  locality.  Tlius,  let  W  Ik*  the  mass  of  a  l>ody  iu  pooiMb. 
7  the  vel4K*itv  it  would  airquire  iu  falling  for  a  secxind  under  thr 
influence  of  its  weight,  or  the  earth  s  attraction,  and  P  the  ftnif 
of  gravity  ujKm  it.  measuretl  in  kinetic  or  al»solnte  uuitis.  Wr 
thus  havt» 

221.  According  to  the  common  system  fcdiowed  iu  modmi 
mathemati(*al  treatises  on  dynamics,  the  unit  of  uiaas  »  5 
times  th(*  mass  <»f  thf  standard  or  unit  weight  This  df* 
tinition,  giving  a  varying  and  a  very  unnatural  unit  of  inaM*. 
is  excei'dingly  inconvenient.  In  reality,  standanls  of  wi»ij;lit 
are  riufx«%s,  not  forces.  They  an?  employed  primarily  iu  com 
merce  for  the  purpose  of  nit^asuring  out  a  definite  ipianiiiff  of 
matter ;  not  an  amount  of  matter  which  shall  lie  attractni  by 
the  eiirth  with  a  given  force. 

Whereas  a  merchant,  with  a  l>alance  and  a  fM*t  t>f  standaid 
weights,  would  give  his  customers  the  same  quantity  of  the  Mine 
kind  of  matter  however  the  (*arth's  attraction  might  vary,  de 
|>ending  as  he  dtn^s  n|M)n  maMts  for  his  measurement ;  another 
using  a  spring  lialaiicr.  would  defraud  his  tnistomers  in  high 
latitudes,  and  himself  in  low,  if  his  instnmient  W'hich  dr|>eiiib 
on  fones  and  not  on  ma.sses)  wen*  corrertly  ailjust4<l  in  I^iiAhl 

It  is  a  s<<'ondarA*  application  of  our  standards  of  wei|^t  tv 
I'inploy  thrni  tor  tin*  nieasun>nient  of  fortt*,  such  as  sImou 
pn*ssiin*s.  musi'ular  |iower.  etr.  In  all  (*asea  wht*n*  ptmt  ac- 
cuni4y  is  itM)uinMl,  Jin*  results  olitaine<l  by  surh  a  method  havr 
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to  be  reduced  to  what  they  would  have  been  if  the  measure-  standard. .. 
meuts  of  force  had  been  made  by  means  of  a  perfect  spring-  JS«e«,  ^ 
V>alaiice,  grailuated  so  as  to  indicate  the  forces  of  gravity  on  the  iS^ded  for 
standard  weights  in  some  conventional  locality.  mSlt°o7 

It  is  therefore  very  much  simpler  and  better  to  take  the  *"^* 
imperial  pound,  or  other  national  or  international  standard 
weight,  as,  for  instance,  the  gramme  (see  the  chapter  on 
Measures  and  Instruments),  as  the  unit  of  mass,  and  to  derive 
from  it,  according  to  Nei^lon's  definition  above,  the  unit  of 
force.  Tliis  is  the  method  which  Grauss  has  adopted  in  his 
jj^reat  improvement  of  the  system  of  measurement  of  forces ; 
and  by  it  we  have,  and  by  it  only  can  we  have,  an  absolute  unit 
offorct. 

222.  The  formula,  deduced  by  Clairault  from  observation,  ciairftait's 
and  a  certain  theory  regarding  the  figure  and  density  of  the  the  amount 
earth,  may  be  employed  to  calculate  the  most  probable  value 

of  the  apparent  force  of  gravity,  being  the  resultant  of  true 
gravitation  and  centrifugal  force,  in  any  locality  where  no 
pendulum  observation  of  sufficient  accuracy  has  been  made. 
This  formula,  with  the  two  coefficients  which  it  involves, 
corrected  accortling  to  the  best  modem  pendulum  observations 
..-1  iry,  Encyc.  Afetr.,  Figure  of  the  Earth),  is  as  follows  : — 

Let  G  be  the  apparent  force  of  gravity  on  a  unit  mass  at  the 
t-<juator,  and  g  that  in  any  latitude  X ;  then 

^=0(1+005133  8in*X). 

Tlie  value  of  G,  in  terms  of  the  absolute  unit,  to  be  explained 

imnieiiiatelv,  is 

32088. 

Acconling  to  this  formula,  therefore,  polar  gravity  will  be 

^=32088 X  1005133=32  2627. 

223.  Gravit)'  having  failed  to  funiish  a  definite  standard, 
independent  of  locality,  recourse  must  be  had  to  something  else. 
The  principle  of  measurement  indicated  as  above  by  Newton, 

hut  first  introiluced  practically  by  Gauss,  furnishes  us  with  oauiw'aabso 

^  "^        "^  •      n  •     lute  unit. 

what  we  want  According  to  this  pnnciple,  the  unit  force  is 
that  force  which,  acting  on  a  national  standard  unit  of  matter 
during  the  unit  of  time,  generates  the  unit  of  velocity. 
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lusa'sabao-     This  is  kno^^Ti  as  Gauss's  absolute  unit:  absolute,  because 

te  unit 

it  furnishes  a  standard   force  independent  of  the   difFering 
amounts  of  gravity  at  different  localities. 

224.  The  absolute  unit  depends  on  the  unit  of  matter,  the 
imit  of  time,  and  the  unit  of  velocity ;  and  as  the  unit  of  velo 
city  depends  on  the  unit  of  space  and  the  unit  of  time,  there 
is,  in  the  definition,  a  single  reference  to  mass  and  space,  but  a 
double  reference  to  time ;  and  this  is  a  point  that  must  be  par- 
ticularly attended  to. 

225.  The  unit  of  mass  may  be  the  British  imperial  pound ; 
the  imit  of  space  the  British  standard  foot ;  and  the  unit  of 
time  the  mean  solar  second. 

i"5Sit"'°  We  accordingly  define  the  British  absolute  unit  force  as  *'  the 
force  which,  acting  on  one  pound  of  matter  for  one  second, 
generates  a  velocity  of  one  foot  per  second." 

iS*^??"  ^^*  '^^  T^iider  tliis  standard  intelligible,  aU  that  has  to  be 
done  is  to  find  how  many  absolute  units  will  produce,  in  any 
particular  locality,  the  same  effect  as  the  force  of  gravity  on  a 
given  mass.  The  way  to  do  this  is  to  measure  the  efifect  of  gravity 
in  producing  acceleration  on  a  body  unresisted  in  any  way.  The 
most  accurate  method  is  indirect,  by  means  of  the  penduluuL  The 
i^esult  of  pendulum  experiments  made  at  Leith  Fort,  by  Captain 
Kater,  is,  that  the  velocity  acquired  by  a  body  falling  unresisted 
for  one  second  is  at  that  place  32'207  feet  per  second.  The 
preceding  formula  gives  exactly  32*2,  for  the  latitude,  55**  33*. 
which  is  approximately  that  of  Edinburgh.  The  variation  in 
the  force  of  gravity  for  one  degree  of  difference  of  latitude  about 
the  latitude  of  Edinburgh  is  only  -0000832  of  its  own  amount 
It  is  nearly  the  same,  though  somewhat  more,  for  every  degree 
of  latitude  southwards,  as  far  as  the  southern  limits  of  the 
British  Isles.  On  the  other  hand,  the  variation  per  degree 
would  be  sensibly  less,  as  far  north  as  the  Orkney  and  Shetland 
Islea  Hence  the  augmentation  of  gravity  per  degree  firom  south 
to  north  throughout  the  British  Isles  is  at  most  about  niw  of 
its  whole  amoimt  in  any  locality.  The  average  for  the  whole  of 
Great  Britain  and  Ireland  differs  certainly  but  little  from  32'2. 
Our  present  application  is,  that  the  force  of  gravity  at  Edin- 
burgh is  3  2 '2  times  the  force  which,  acting  on  a  pound  for 
a  second,  would  generate  a  velocity  of  one  foot  per  second ;  in 
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ther  words,  32*2  is  the  Dumber  of  absolute  units  which  measures  compariHoi 
he  weight  of  a  pound  in  this  latitude.     Thus,  speaking  very  "^^^  ^^^* 
■ougbly,  the  British  absolute  unit  of  force  is  equal  to  the  weight 
>f  about  half  an  ounce. 

227.  Forces  (since  they  involve  only  direction  and  magni- 
tude) may  be  represented,  as  velocities  are,  by  straight  lines  in 
their  directions,  and  of  lengths  proportional  to  their  magnitudes, 
respectively. 

AJso  the  laws  of  composition  and  i-esolution  of  any  number 
of  forces  acting  at  the  same  point,  are,  as  we  shall  show  later 
(§255),  the  same  as  those  which  we  have  already  proved  to  hold 
for  velocities  ;  so  that  with  the  substitution  of  force  for  velocity, 
§§  26,  27,  are  still  true. 

228.  The  Component  of  a  force  in  any  direction,  sometimes  Effective 
called  the  Effective  Component  in  that  direction,  is  therefore  SfTSSSS" 
found  by  multiplying  the  magnitude  of  the  force  by  the  cosine 

of  the  angle  between  the  directions  of  the  force  and  the  com- 
ponent The  remaining  component  in  this  case  is  perpen- 
dicular to  the  other. 

It  is  veiy  generally  convenient  to  resolve  forces  into  com- 
ponents parallel  to  three  lines  at  right  angles  to  each  other ; 
each  such  resolution  being  effected  by  multiplying  by  the 
cosine  of  the  angle  concerned 

229.  The  point  whose  distances  from  three  planes  at  right  Tiieorem 
angles  to  one  another  are  respectively  equal  to  the  mean  dis- 
tances of  any  group  of  points  from  these  planes,  is  at  a  distance 

from  any  plane  whatever,  equal  to  the  mean  distance  of  the 
iproup  from  the  same  plane.  Hence  of  course,  if  it  is  in  motion, 
its  velocity  perpendicular  to  that  plane  is  the  mean  of  the 
velocities  of  the  several  points,  in  the  same  direction. 

Let  {xi,  yi,  Zi),  etc.,  be  the  points  of  the  group  in  number  t ; 
and  Syy,zhe  the  co-ordinates  of  a  point  at  distances  respectively 
equal  to  their  mean  distances  from  the  planes  of  reference ;  that 
18  to  say,  let 

•        ^  y  £         >  J- 

Thua,  if  pxj  Pt,  etc.,  andp,  denote  the  distances  of  the  points  in 
question  from  any  plane  at  a  distance  a  from  the  origin  of  co- 
ordinates, perpendicular  to  the  direction  (/,  m,  n),  the  sum  of  a 
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TbMimu.  nndpi  will  make  up  the  projection  of  the  broken  line  ^,.  f,.  : 

on  {I,  m,  u),  and  therefore 

;i,=/x,  +  wiy,+ii:,— a,  etc.; 
and  similarly,  p = lx+my+ nz  —  a. 

Substituting  in  this  last  the  expressions  for  7,  g,  z,  we  find 

/>-  ■    -     ' 

which  is  the  theorem  to  be  proved.     Hence,  of  cotimc. 

ceiitrr of  280.  Tlu*  Cfiitrf  of  hitrtiii  of  a  system  of  equal  material 

IHiintd  (wlR'tlier  connected  with  one  another  or  not)  in  the  point 
whose  distance  is  equal  to  their  average  «ILstance  fn>m  an\ 
plane  wliatever  (§  229). 

A  group  of  material  points  of  unequal  ma^^ses  may  alwmva  \^ 
imagined  as  comi)osed  of  a  greater  number  of  equal  material 
IK)ints,  because  we  may  imagine  the  given  material  points 
divided  into  different  numbers  of  very  small  )Nuta  In  any 
case  in  which  the  magnitudes  of  the  given  maaaea  arp  inrom 
mensurable,  we  may  approac*h  as  near  as  we  pleaae  to  a  rigoniiu 
fulfihnent  of  the  prt»eeding  statement,  by  making  the  parta  into 
which  we  divide  them  sufficiently  small. 

On  this  understanding  the  precluding  definition  may  lie  applifil 
to  define  the  centre  of  inertia  of  a  system  of  material  |MmitA. 
whether  given  (Mjual  or  not.  Tlie  result  is  eiptivalent  to  this:  - 
The  centre  of  inertia  of  any  system  of  material  iioints  vhat 
ever  (whether  rigidly  connecUnl  with  one  another,  or  connected  ia 
any  way,  or  (|uite  detached),  is  a  jMnnt  whose  diatanre  fnnnanT 
plane  is  ec^ual  to  the  sum  of  the  products  of  each  mam  into  iH 
distance  from  the  same  plane  divided  by  thesumof  tlie  xsmmeL 
W(!  also  se<*,  from  the  proiK>sition  stated  alM)ve,  tliat  a  point 
whose  distanci*  I'l-oni  thn^e  re<tangiUar  planes  fulfils  this  emi 
dition,  must  fulfil  this  fondition  also  for  ever}*  other  plane. 

The  c<»-onlinateH  of  the  centre  of  inertia,  of  maise ■  V|,  r«. 
«*tc.,  at  |>oints  v-^,..y,.  r,  •.  >,.  y,,  r,\  etc.,  are  given  by  the  feDov 
\\\%  fonnuliv : — 

ir,r, -f-ir,j,-f  etc.        ^wx  ^iry  ^irr 

iri-fM^f-h^***^'  -^'^  -*c  20te 

Tho}(e  fonuula*  arc  perfectly  general  and  can  eaailj  be  |p«t 
into  the  particular  shape  re<)uired  for  any  given  ease.     Tbaa 
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suppose  that,  instead  of  a  set  of  detached  massive  points,  we  centre  of 
have  a  continuoos  distribution  of  matter  through  certain  definite  '"^*^'"- 
portions  of  space ;  the  density  at  x,  y,  z  being  p,  the  elementary 
principles  of  the  integral  calculus  give  us  at  once 

ff/pdxdydz  '  ''^'' 
where  the  integrals  extend  through  all  the  space  occupied  by  the 
moss  in  question,  in  which  p  has  a  value  different  from  zero. 

The  Centre  of  Inertia  or  Mass  is  thus  a  perfectly  definite 
[Mjiut  in  every  body,  or  group  of  bodies.  The  term  Centre,  of 
Gravitij  is  often  very  inconveniently  used  for  it  The  theory 
of  the  resultant  action  of  gravity  which  will  be  given  under 
Abstract  DyDamics  shows  that,  except  in  a  definite  class  of 
distributions  of  matter,  there  is  no  one  fixed  point  which  can 
properly  be  called  the  Centre  of  Gravity  of  a  rigid  body.  In 
ordinary  cases  of  terrestrial  gravitation,  however,  an  approxi- 
mate solution  is  available,  according  to  which,  in  common 
parlance,  the  term  "  Centre  of  Gravity  "  may  be  used  as  equi- 
valent to  Centre  of  Inertia;  but  it  must  be  carefully  re- 
membered that  the  fundamental  ideas  involved  in  the  two 
ilefinitions  are  essentially  different. 

The  second  proposition  in  §  229  may  now  evidently  be 
stat^^l  thus : — The  sum  of  the  momenta  of  the  parts  of  the 
syst4^ni  in  any  direction  is  equal  to  the  momentum  in  the  same 
ilirection  of  a  mass  equal  to  the  sum  of  the  masses  mcjving  with 
a  velocity  equal  to  the  velocity  of  the  centre  of  inertia 

231.  The  Meiiunt  of  any  physical  agency  is  the  numerical  Moi.uM.t 
measure  of  its  importance^    Thus,  the  moment  of  a  force  round 

a  |>oiiit  or  round  a  line,  signifies  the  measure  of  its  importance 
a.s  re^rds  producing  or  balancing  rotation  round  that  point  or 
round  that  line. 

232.  The  Moimnt  of  ja  force  about  a  point  is  defined  as  the  pro-  Moment  of 
durt  of  the  force  into  its  perpendicular  distance  from  the  point.  i'^J^,**/^"* 
It  is  numerically  double  the  ai-ea  of  the  triangle  whose  vertex 

is  the  point,  and  whose  base  is  a  line  i-epresenting  the  force  in 
magnitude  and  direction.  It  is  oft^n  convenient  to  represent  it 
by  a  line  numerically  equal  to  it,  drawn  through  the  voitex  of 
the  triangle  perpendicular  to  its  plane,  through  the  fi*ont  of  a 
kvateh  held  iu  the  plane  ^nth  its  centre  at  the  j>oint,  and  facing 
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Momeatofa  tH)  that  the  furcti  tends  to  turn  round  this  {Mnnt  in  a  dirw:ti*>n 
anuim.  opposito  to  the  hands.  The  moment  of  a  force  round  anj  axi> 
is  the  moment  of  its  comiK)nent  in  any  plane  perpendicular  t«» 
the  axis,  round  the  point  in  which  the  }>lane  is  cut  by  the  axLi 
Here  we  imagine  the  force  resolved  into  two  com|K>nent4,  om* 
parallel  to  the  axis,  which  is  ineffective  so  far  as  rotation  ronml 
the  axis  is  concerned  ;  the  other  perpendicular  to  the  axis  (that 
is  to  say,  having  its  line  in  any  plane  perpendicular  to  the  axisV 
This  latter  com])onent  may  be  called  the  effective  component  nf 
the  force,  with  reference  to  rotation  round  the  axis.  And  it« 
moment  round  the  axis  may  Ije  defined  as  its  moment  lound 
the  nearest  point  of  the  axis,  wliich  is  ecjuivalent  to  the  preced- 
ing definition.  It  is  clear  that  the  moment  of  a  force  rcmod 
any  axis,  is  et^ual  to  the  area  of  the  pn>jection  on  any  plane 
{perpendicular  to  the  axis,  of  the  figure  i^preseniiiig  its  moment 
round  any  point  of  the  axia 
DiffiMiioii  288.  The  projection  of  an  area,  plane  or  curved,  on  any  plane, 
liMioraraM.  is  the  area  includetl  in  the  projection  of  its  bounding  line. 

If  we  imagine  an  area  divided  into  any  number  of  iiarta,  the 
projections  of  these  parts  on  any  plane  make  up  the  projection  of 
the  whole.  But  in  this  statement  it  must  be  understood  thai 
the  areas  of  partial  projections  are  to  be  reckoned  as  positive  if 
particular  sides,  which,  for  brevity,  we  may  call  the  outatde  of 
the  projected  area  and  the  front  of  the  plane  of  projection,  fikce 
the  same  way,  and  negative  if  they  face  oppositely. 

Of  course  if  the  projecteil  surface,  or  any  part  of  it,  be  a  plane 
area  at  right  angles  to  the  plane  of  )>n)j(H!tion,  the  projection 
vanishes.  The  pmjections  of  any  two  shelb  having  a  conunan 
e<lge,  on  any  plane,  are  equal  Tlie  pnijection  of  a  closed  anr- 
face  (or  a  shell  with  evanescent  edge\  on  any  plane,  is  nothing. 
G4|ual  areas  in  one  plane,  or  in  itamllel  planes,  have  eqnal 
pn>jections  on  any  plane,  wliatever  may  Ih»  their  figurea 

Hence  tlie  pnij(H!tion  of  any  plane  figure,  or  of  any  ahelL 
edgeil  by  a  plane  figun*,  on  anotlier  plane,  is  equal  to  ita  anNL 
niultipli<*d  by  the  rosine  of  the  angle  at  which  its  plane  is  in- 
clined to  the  phme  of  projei^tion.  Tliis  angle  is  acute  or  oliCnsr. 
arconling  ns  tlif  outsidt*  of  the  prr>j<H»t4»<l  ar^a.  and  the  front  of 
plan**  of  pMJ<*ctinn.  face  on  the  whole  townnb  the  <«une  pnita. 
or  op|Kvitely.     Hence  lines  representing,  as  above  dewrribed. 
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uiomenis  about  a  point  in  dififerent  planes,  are  to  be  com- 
pounded as  forces  are. — See  an  analogous  theorem  in  §  96. 

2S4.  A  Couple  is  a  pair  of  equal  forces  acting  in  dissimilar  coupie. 
directions  in  parallel  lines.  The  Moment  of  a  couple  is  the 
sum  of  the  moments  of  its  forces  about  any  point  in  their  plane, 
and  is  therefore  equal  to  the  product  of  either  force  into  the 
shortest  distance  between  their  directions.  This  distance  is 
called  the  Arm  oi  the  couple 

The  Axis  of  a  Couple  is  a  line  drawn  from  any  chosen  point 
of  reference  perpendicular  to  the  plane  of  the  couple,  of  such 
magnitude  and  in  such  direction  as  to  represent  the  magnitude 
of  the  moment,  and  to  indicate  the  direction  in  which  the  couple 
tends  to  turn.  The  most  convenient  rule  for  fulfilling  the 
latter  condition  is  this : — Hold  a  watch  with  its  centre  at  the 
point  of  reference,  and  with  its  plane  parallel  to  the  plane  of 
the  coupla  Then,  according  as  the  motion  of  the  hands  is 
contrary  to,  or  along  with  the  direction  in  which  the  couple 
tends  to  turn,  draw  the  axis  of  the  couple  threugh  the  face  or 
through  the  back  of  the  watch.  It  will  be  found  that  a  couple 
is  completely  represented  by  its  axis,  and  that  couples  are  to 
be  resolved  and  compounded  by  the  same  geometrical  construc- 
tions performed  with  reference  to  their  axes  as  forces  or  velo- 
cities, with  reference  to  the  lines  directly  representing  them. 

235.  If  we  substitute,  for  the  force  in  8  232,  a  velocity,  we  Moment  of 

volocitv 

have  the  moment  of  a  velocity  about  a  point;  and  by  intro- 
ducing the  mass  of  the  moving  body  as  a  factor,  we  have  an 
important  element  of  dynamical  science,  the  Moment  of  Moment  Moment  of 

—--,  «  ..  ,  ,,.  ,  momentum. 

turn.     Tlie  laws  of  composition  and  resolution  are  the  same 
as  those  already  explained ;  but  for  the  sake  of  some  simple 
applications  we  give  an  elementary  investigation.    Tlie  moment  f ^"!f|ff„'^, 
of  a  rectilineal  motion  is  the  product  of  its  length  into  the  ^j"};!"*^*' 
distance  of  its  line  from  the  point. 

The  moment  of  the  resultant  velocity  of  a  particle  about 
any  point  in  the  plane  of  the  components  is  equal  to  the 
algebraic  sum  of  the  moments  of  the  components,  the  proper 
sign  of  each  moment  being  determined  as  above,  §  233.  The 
same  is  of  course  true  of  moments  of  displacements,  of  mo- 
ments of  forces,  and  of  moments  of  momentum. 

First,  consider  two  component  motions,  AB  and  AC,  and  let 
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For  two  AD  be  their  resultant  (§  27).  Tlieir  half  inouients  round  the 
mUthma,  poiut  0  are  respectively  the  areas  GAB,  OCA,  Now  OCA. 
oTmomSi'ta,  together  witli  half  the  area  of  the  parallelogram  CABD,  L^ 
the^ium  of*'  equal  to  OBD,  Hence  the  sum  of  the  two  half  momeuU. 
iiiente™"  together  with  half  the  ai-ea  of  the  parallelogram,  is  equal  tn 
tlTtleiiJS"  AOB  togetlier  with  BOD,  tliat  is  to  say,  to  the  area  of  tho 
ISSSitelit  ""^  o  whole  figure  OABD.     But  ABD,  a  part 

rSfnt  in"'^  /j  \*-...  of  tills  figure,  is  equal  to  half  the  area  of 

t  at  p  nc.  .   ..    ..  ^j^^  parallelogi-am ;  and  therefore  the  re- 

mainder, OAD,  is  equal  to  the  simi  of 
>D  the  two  half  moments.     But  OAD  is  half 
the  moment  of  the  resultant  velocity  round 
"3  the  point  0.     Hence  the  moment  of  the 

resultant  is  equal  t<>  the  sum  of  the  moments  of  the  two  com- 
ponents. 

If  there  are  any  number  of  component  rectilineal  motions  in 
one  plane,  we  may  compound  them  in  order,  any  two  taken 
Any  imiuiKjr  togcthcr  firet,  tlicu  a  third,  and  so  on  ;  and  it  follows  tliat  the 
In  one  plane  suui  of  their  momeuts  is  equal  to  the  moment  of  their  resultant. 
by  addition!  It  foUows,  of  course,  that  the  sum  of  the  moments  of  any  number 
of  component  velocities,  all  in  one  plane,  into  which  the  velo- 
city of  any  point  may  be  resolved,  is  equal  to  the  moment  of 
their  resultant,  round  any  point  in  tlieir  plane.     It  follows  also, 
that  if  velocities,  in  diflTerent  directions  all  in  one  plane,  be 
successively  given  to  a  moving  point,  so  that  at  any  time  its 
velocity  Ls  their  resultant,  the  moment  of  its  velocity  at  any 
time  is  the  sum  of  the  moments  of  all  the  velocities  which 
have  been  successively  given  to  it 

Cor, — If  one  of  the  components  always  passes  through  the 
point,  its  moment  vanishes.  Tliis  is  the  case  of  a  motion  in 
which  the  acceleration  is  directed  to  a  fixed  point,  and  we  thu5 
I'eproduce  the  theorem  of  §  36,  a,  that  in  this  case  the  areas  de 
scribed  by  the  radius-vector  are  proporticmal  to  the  times ;  fur. 
jis  we  have  seen,  the  moment  of  velocity  is  double  the  aren 
traced  out  by  the  mdius-vector  in  unit  of  time. 
Moment  236.  Thc  momoiit  of  tlic  velocity  of  a  point  round  any  axl* 

«xfs.'  is  the  moment  of  the  velocity  of  its  projection  on  a  plane  pff- 

])endicular  to  the  axis,  round  the  point  in  which  the  plane  is  cut 
bv  the  axis. 
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The  uioment  of  the  whole  motion  of  a  point  dui'iu*^^  any  Moment  of 
tniie,  round  any  axis,  is  twice  the  area  described  in  that  time  motion! 
I»y  tlie  radius -vector  of  its  projection  on  a  plane  perpendicular  J??" 
U)  that  axis. 

If  we  consider  the  conical  area  traced  by  the  mdius- vector 
drawn  from  any  lixed  point  to  a  moving  point  whose  motion  is 
not  confined  to  one  plane,  we  see  that  the  projection  of  this  area 
»»n  any  plane  through  the  fixed  point  is  lialf  of  what  we  have  just 
defined  as  the  moment  of  the  whole  motion  round  an  axis  per- 
pendicular to  it  through  the  fixed  point  Of  all  these  planes, 
there  is  one  on  which  the  projection  of  the  area  is  greater  than  on 
any  other ;  and  the  projection  of  the  conical  area  on  any  plane 
pi*rp<*ndicular  to  this  plane,  is  equal  to  nothing,  the  proper  in- 
terpretation of  positive  and  negative  projections  being  used. 

If  any  number  of  moving  points  are  given,  we  may  similarly 
ct  insider  the  conical  surface  dcjscribed  by  the  radius- vector  of 
each  drawn  from  one  fixed  point.  The  same  statement  applies 
t4)  the  projection  of  the  many-sheeted  conical  surface,  thus  pre- 
sented. The  resultant  axis  of  the  whole  motion  in  any  finite  Re^uiuut 
time,  round  the  fixed  point  of  the  motions  of  all  the  moving 
lK)ints,  is  a  line  tlurough  the  fixed  point  perpendicular  to  the 
]>Iane  on  which  the  area  of  the  whole  projection  is  greater  than 
on  any  other  plane;  and  the  moment  of  the  whole  motion 
njimd  the  resultant  axis,  is  twice  the  area  of  this  projection. 

The  resultant  axis  and  moment  of  velocity,  of  any  number  of 
moving  points,  relatively  to  any  fixed  point,  are  respectively 
the  resultant  axis  of  the  whole  motion  during  an  infinitely 
short  time,  and  its  moment,  divided  by  the  time. 

nie  moment  of  the  whole  motion  round  any  axis,  of  the 
the  motion  of  any  nimiber  of  points  during  any  time,  is  equal 
to  the  moment  of  the  whole  motion  round  the  resultant  axis 
through  any  point  of  the  former  axis,  multiplied  into  the  cosine 
(►f  the  angle  between  the  two  axes. 

Tlie  resultant  axis,  relatively  to  any  fixed  i)oint,  of  the  whole 
motion  of  any  number  of  moving  points,  and  the  moment  of 
the  whole  motion  round  it,  are  deduced  by  the  same  elemen- 
tary constructions  from  the  resultant  axes  and  moments  of  the 
individual  points,  or  partial  groups  of  points  of  the  system,  as 
the  direction  and  magnitude  of  a  resultant  displacement,  are 
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(leduc(Ml  from  any  i^veii  liii(*H  titul  iiingiiittid€*«  of  coiu|M>n<*iit 
(Ii8})IacenienU. 

Corrospoiulin^'  statements  ajjply,  of  i-ourHc,  U*  the  monieiiti* 
of  velocity  and  of  monientunt 

287*  If  the  point  of  application  of  a  fi»ive  lie  displan^i 
through  a  small  space,  the  resolved  }>art  of  the  displacement  in 
the  direction  of  the  force  has  been  calle<l  its  Virtual  Vrhtdiy 
This  is  {)ositive  or  negative  according  as  the  virtual  velocity  i^ 
in  the  same,  or  in  the  opposite,  direction  to  that  of  the  forw*. 

The  product  of  the  force,  into  the  virtual  veloi*ity  of  iui  point 
of  application,  has  been  called  the  Virtual  Moment  of  the  foire 
These  terms  we  have  introiluced  since  they  stand  in  the  histnnr 
and  developments  of  the  science ;  but.  as  we  sliall  show 
further  on,  they  are  inferior  substitutes  for  a  far  more  usefnl 
set  of  ideas  clearly  laid  down  by  Newton, 

288,  A  force  is  said  to  do  irork  if  its  place  of  applicfttion 
has  a  positive  component  motion  in  its  direction ;  and  the  work 
done  by  it  is  measured  by  the  product  of  its  amount  into  this 
component  motioiL 

Thus,  in  lifting  coals  from  a  pit,  the  amount  of  work  done  i* 
pro])ortional  to  the  weight  of  the  coals  lifted ;  that  is.  to  the 
force  overcome  in  raising  them ;  and  also  to  the  height  thrmifrh 
which  they  are  raisi*(L  The  unit  for  the  measurement  of  w«irk 
adopted  in  practice  by  Iiritish  engineers,  is  that  required  to 
overcome  a  force  equal  to  the  weight  of  a  pound  through  the 
space  of  a  foot ;  and  is  called  a  Foot-Poutui, 

In  pun>ly  scientific  measurements,  the  unit  of  work  U  nnc 
the  foot-i>ound.  but  the  kinetic  unit  force  (§  225)  acting  thiooith 
unit  of  space.  Thus,  for  example,  as  we  shall  show  further  on. 
this  unit  is  adopted  in  measuring  the  work  done  by  an  ekctnc 
rurn*nt.  the  unitn  for  eleotrir  and  magnetic  measuivmenta  hein^ 
foundcMl  uiMtn  the  kinetic  unit  fon*e. 

If  the  Wright  Ih'  raised  obliquely,  as.  for  instance,  aloi^  a 
smooth  incliiH*d  plam*.  the  space  through  which  Uie  furoe  has 
t4>  lie  oven'otiK*  is  im'rea,s4Ml  in  the  ratio  of  the  length  to  the 
ht*ight  of  thf  plane ;  but  the  force  to  1m>  overcome  is  not  the 
wholi*  weight,  but  only  the  n'solvinl  imrt  of  the  weight  panllel 
t4i  the  platH*;  and  this  is  h*s.s  than  the  weight  in  the  ratio  of 
thi*  height  of  tlu*  p1an«*  to  it^  length.     By  multiplying  thmt 
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two  ex{»r«'SsioU8  to^^etlier,  we  tiud,  as  \v(;  might  expect,  that  the  work.ifa 
tniouut  of  work  recjuired  is  unchanged  by  the  substitution  of 
the  ohliipie  for  the  vertical  patli. 

289.  (Jenemlly,  for  any  force,  the  work  done  during  an 
iutlefinitely  small  displacement  of  the  point  of  application  is 
the  virtual  moment  of  the  force  (§  237),  or  is  the  i)roduct  of  the 
n*94>lve«l  part  <if  the  foi*ce  in  the  direction  of  the  displacement 
into  the  displacement. 

From  this  it  ap]Kuii's,  that  if  the  motion  of  the  ])oint  of 
application  be  always  i>er|>endicular  to  the  dii-ection  in  which 
a  force  acts,  such  a  foixje  does  no  work.  Tims  the  nnitual 
iviniial  pressure  lietween  a  fixed  and  moving  Inxly,  as  the 
tension  of  the  coni  to  which  a  pendulum  bob  is  attached,  or 
the  attraction  of  the  sun  on  a  planet  if  the  planet  describe  a 
rin-le  with  the  sun  in  the  centn»,  is  a  case  in  which  no  work  is 
tlone  by  the  foive. 

240.  Tlie  work  done  by  a  foi-cc,  or  liy  a  couple,  uixm  a  iKHly  w..rk..fa 
turning  alK>ut  an  axis,  is  the  product  of  the  moment  of  either*""'**^ 
into  the  angle  (in  ciivular  measui-e)  through  which  the  body 
acted  on  turns,  if  the  moment  remains  the  same  in  all  positions 

'»f  the  iMnly.  If  the  moment  be  vaiiable,  the  above  ass(»i*tion 
Ls  only  true  for  indefinitely  small  displacements,  but  may  be 
iiiadi*  aci'unite  by  employing  the  pi*oj»er  average  moment  of  the 
U\\v  oi  nf  the  couple.     The  pn)of  is  obvious. 

If  Q  be  the  luouieiit  of  the  force  or  couple  for  u  position  of  the 
IhkIv   given   by   the  angle  6,  Q(^i  —  ^o)  if  Q  i«  constaut,  or 

I     Q/it^  =  (^[6x  —  ^o)  where  q  is  the  proper  average  value  of  Q 

when  variable,  is  the  work  done  by  the  couple  during  the  rotation 
froiu  0^  to  $1. 

241.  Work  <lone  on  a  IkkIv  by  a  force  is  alwavs  shown  by  Transfomia 
*   « '»rTi*>|N»nding  incivase  of  vis  viva,  or  knu^tic  energy,  if  no 

'\\f't  forces  act  on  tlu*  l)ody  which  can  do  work  or  have  work 
J.iiM*  a>:ainst  them.  If  work  be  done  against  any  forces,  the 
r.rre;i.*i**  of  kinetic  enei-g}'  is  less  than  in  the  fonner  case  by  the 
tni«iunt  of  work  so  done.  In  virtue  of  this,  however,  the  l)ody 
I « »^^*.>s<'S  an  CMjuivaleiit  in  the  fonn  of  iVr/i/Za/ AW/v/y  (§  273),  Putomini 
t  ix^  physieal  conditions  are  such  that  these  forces  will  act'' 
liuilly.  and  in  the  sime  diivctions,  if  the  motion  of  the  system  is 
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reversed.  Thus  there  may  be  no  cliauge  of  kinetic  t-iifr^v 
produced,  and  the  work  done  may  be  wholly  st(»n*«l  up  a.- 
IM)tential  ener^'y. 

Tlius  a  weight  rwjuires  work  to  raise  it  to  a  h«M>rht.  a  sprio;: 
ref|uire8  work  to  l>end  it,  air  requires  work  to  compn*ss  ii,  etc. : 
but  a  raised  weight,  a  bent  spring,  (*«»nipn>ssod  air,  etc..  an* 
stores  of  energ)'  which  can  be  made  use  of  at  pleasun*. 

2^.  In  what  precedes  we  have  given  8<»me  of  Xe^ioD'* 
DfjinitioiifJt  nearly  in  his  own  words ;  others  have  lnvn  enun 
ciated  in  a  form  more  suitable  to  m<Mleni  meth'Kls  :  anil  j^iuif 
t4*rnis  have  l>een  iutro<lucod  whic;h  were  invenltHi  subbi-«|Ufnt 
to  the  publication  of  the  Principut.  Kut  the  Aj'iomnta,  nrr 
Leffcs  MotxU,  to  which  we  now  procecnl,  are  given  in  XewUm* 
own  words ;  the  two  centuries  which  have  ntnirly  ola|«ed  siuo* 
he  tii"st  gave  them  have  not  shown  a  nwessity  for  any  ailditi^in 
or  modiiicatioiL  Tlie  first  two,  indiH^l,  wrre  ilisctivervti  by 
Galileo,  and  the  third,  in  some  of  its  many  forms,  was  known 
to  Hooke,  Huyghens,  AVallis,  AVren.  and  othero;  befon?  ifc* 
publication  of  the  Principia.  Of  late  there  has  been  a  tendt-nry 
to  split  the  second  law  into  two,  calleil  respectively  the  secomi 
and  third,  and  to  ignore  the  third  entirely,  th«>ugb  using  it 
ilirecthf  in  every  dynamical  problem  ;  but  all  who  have  done  .-• 
Iiave  been  forced  iwiinctly  to  acknowlcHlge  the  onupletcneM  •i 
Newton's  syst4*m,  by  intriHlucing  as  an  axiom  what  b  c*alK**l 
l)'Aleml)ert*s  principle,  which  is  really  Xewtons  ivjt^rted  thinl 
law  in  another  form.  Newton's  own  inter] »i\*tat ion  of  his  thini 
law  directly  [Nunts  out  not  only  l)'Aleml)ert*s  priuci|i|ff*.  Imt 
als4)  the  mo<leni  principh^  of  Work  and  Enerj»y. 

243.  An  Axiom  is  a  pn>i)osition,  the  truth  of  which  biu>I 
1k'  admitted  as  mMiU  as  the  tenns  in  which  it  is  expivsb^xl  air 
clearly  undt^rst^NNl.  Hut.  as  we  shall  show  in  our  ciui|iter  on 
"  KxiK.'rieiice,"  physi(Mil  axioms  art*  axionmtic  to  those  cmly  «hf 
have  sutlicient  kn<iwhdge  of  the  action  of  physical  must-s^  t«* 
enable  them  to  S(*e  at  «mc<*  thfir  nei*4*s.Har}'  truth.  Without 
further  remark  we  shall  give  N<*wlou*s  Thn»e  Laws ;  tt  brini: 
n*memU*nMl  that,  as  the  pn»iH'rties  of  matter  mitjht  have  bcvo 
surh  as  to  nMid(*r  a  totally  ditterent  M*t  of  laws  axiuuiatic,  th«>P* 
laws  mu^it  be  ronsideriMl  as  noting  nn  ctuivictions  drama  (i\*ii: 
oluMnatiou  and  ex{Krinieiit.  h*4  on  intuitive  |iei\v|»Uim. 
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244.  Lex  I.  Corpvs  amne  perseverare  in  statu  stio  quiescendi  Newton's 
Iff  viovendi  unifoi'miter  in  directum^  nisi  quatenus  illud  (i  virihts  " 
impressis  cogiiiir  statujn  suum  mutare. 

Every  body  amtinues  in  its  state  of  rest  or  of  uniform  motio'ii 
in  a  straight  line,  except  in  so  far  as  it  may  be  compelled  by  tw- 
prcjvifd  forces  to  change  that  state. 

2i^.  The  meaning  of  the  term  Rest,  in  physical  science,  Re.t. 
ijinnot  be  absolutely  defined,  inasmuch  as  absolute  rest  nowhere 
existis  in  nature.  If  the  universe  of  matter  were  finite,  its 
centre  of  inertia  might  fairly  be  considered  as  absolutely  at 
rest ;  or  it  might  be  imagined  to  be  moving  with  any  uniform 
velocity  in  any  direction  whatever  through  infinite  space.  But 
it  is  remarkable  that  the  first  law  of  motion  enables  us  (§  249, 
l)elow)  to  explain  what  may  be  called  directional  rest.  Also, 
as  will  be  seen  farther  on,  a  perfectly  smooth  spherical  body, 
made  up  of  concentric  shells,  each  of  uniform  material  and 
ilensity  throughout,  if  made  to  revolve  about  an  axis,  will,  in 
spite  of  impressed  forces,  revolve  with  uniform  angular  velocity,  and 
will  maintain  its  axis  of  revolution  in  an  absolutely  fixed  direc- 
tioiL  Or,  as  will  soon  be  shown,  §  267,  the  plane  in  which  the 
inr)ment  of  momentum  of  the  universe  (if  finite)  round  its  centre 
of  inertia  is  the  greatest,  which  is  clearly  determinable  from 
the  actual  motions  at  any  instant,  is  fixed  in  direction  in  space. 

246.  We  may  logically  convert  the  assertion  of  the  first  law 
uf  motion  as  to  velocity  into  the  following  statements  : — 

Tlie  times  during  which  any  particular  body,  not  compelled 
In-  f(jrce  to  alter  the  speed  of  its  motion,  passes  through  equal 
spaces,  are  equal  And,  again—  Every  other  body  in  the  uni- 
vt^rse,  not  compelled  by  force  to  alter  the  speed  of  its  motion, 
moves  over  equal  spaces  in  successive  intervals,  during  which 
tlio  j>articular  chosen  body  moves  over  equal  spaces. 

247.  The  first  part  merely  expresses  the  convention  uni-  Tinn- 
versally  adopted  for  the  measurement  of  Tijue.     The  earth,  in 

its  rotation  about  its  axis,  presents  us  with  a  case  of  motion  in 
which  the  condition,  of  not  being  compelled  by  force  to  alter 
its  .speed,  is  more  nearly  fulfilled  than  in  any  other  which 
^e  can  easily  or  accurately  observe.  And  the  numerical 
iH-asurement  uf  tune  ])ractically  rests  on  defining  eqval  inter- 
nf.s  nf  time,  a.s  tinuj<  daring  which  the  earth  turiui  through  equal 
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angka.  Tliis  is,  of  course,  a  mere  conventiuu,  and  nt>t  a  law  *»! 
nature ;  and,  as  we  now  see  it,  is  a  ))art  of  Newion's  first  law 

248.  The  remainder  of  the  law  is  not  a  (invention,  hut  a 
great  truth  of  natun»,  which  we  may  illustrate  by  referring  l«» 
small  and  trivial  cases  as  well  as  to  the  grandest  |iiieiH>nienA 
we  can  conceive. 

A  curling-stone,  pi-ojected  along  a  horizontal  surface  of  k^\ 
travels  equal  distances,  except  in  so  far  as  it  is  retartled  by 
friction  and  by  the  resistance  of  the  air,  in  successive  intf?rvaK 
of  time  during  which  the  earth  turns  through  equal  anglt^ 
The  sun  moves  through  equal  {tortious  of  interstellar  s{Nice  in 
times  during  which  the  earth  turns  through  equal  mngltts. 
except  in  so  far  as  the  resistance  of  interstellar  matter,  and 
the  attraction  of  other  bodies  in  the  universe,  alter  his  9Ycr%\ 
and  that  of  the  earth  s  rotation. 

2^«  If  two  material  }K)ints  be  projected  from  one  {loaitkiti. 
A,  at  the  same  instant  with  any  velocities  in  any  directkms. 
and  each  left  to  move  uninfluenced  by  force,  the  line  joining 
them  will  l)e  always  parallel  to  a  fixed  direction.  For  the  law 
lusserts.  as  we  have  seen,  that  AP :  AF ::  AQ\  AQ/\f  P,  Q,  and 
again  P,  Q  are  simultaneous  ]Kisitions;  and  therefore  PQ  l* 
parallel  to  PQ.  Hence  if  four  material  points  O.  P,  Q,  R  an» 
all  projecteil  at  one  instant  from  one  position,  OP,  OQ,  OR 
are  fixed  directions  of  reference  ever  after.  But,  prBctically. 
J^^'  the  determination  of  fixetl  directions  in  siiace,  §  267,  is  vmie  t«> 
depend  upon  the  rotation  of  groups  of  particles  exerting  forvir» 
on  each  other,  and  thus  involves  the  Thinl  Iaw  of  Motioa 

250.  Tlie  whole  law  is  singularly  at  variance  with  the  Uniet« 
of  the  ancient  philosophers,  who  maintained  that  ciirukr  molioii 
is  iK?rfect 

The  l«Ht  cluus4',  ••  nisi  fprntenna^  etc.,  admirably  pnf|iam  for 
the  intHxluction  of  the  secimd  law,  by  conveying  the  idea  that 
it  is  forcr  almw  irhirh  ntn  produce  a  rhttntjr  of  moiiun,  ll»w, 
W(>  natural ly  inquin*.  <1(H's  the  change  of  motion  {mMloml 
<I<*pontl  on  the  magnitude  and  direction  of  the  foivt*  vhirh 
pHMluces  it  ^     And  the  answer  is 

251.  Lkx  II.  MiiUUionem  nutfiU  ptifjiortiim^firm  emt  r\ 
mittriri  impirMtr,  ft  Jirri  srnnit/t'm  Itfwam  rtetam  q^d  rw  •//«! 
ihiprimitur. 
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Chamje  of  motion  is  pi'oportumal  to  the  impressed  force,  and  Newton's 
tcdces  place  in  the  directi<yn  of  the  straight  line  in  which  the  farce 
(frti, 

252.  If  any  force  generates  motion,  a  double  force  will 
generate  double  motion,  and  so  on,  whether  simultaneously  or 
successively,  instantaneously,  or  gradually  applied.  And  this 
motion,  if  the  body  was  moving  beforehand,  is  either  added  to 
the  previous  motion  if  directly  conspiring  with  it ;  or  is  sub- 
tracted if  directly  opposed;  or  is  geometrically  compounded 
with  it,  according  to  the  kiuematical  principles  already  ex- 
plained, if  the  line  of  previous  motion  and  the  direction  of  the 
force  are  inclined  to  each  other  at  any  angle.  (This  is  a  para- 
phrase of  Newton's  own  comment^s  on  the  second  law.) 

253.  In  Chapter  L  we  have  considered  change  of  velocity, 
or  acceleration,  as  a  purely  geometrical  element,  and  have 
seen  how  it  may  be  at  once  inferred  from  the  given  initial  and 
final  velocities  of  a  body.  By  the  definition  of  quantity  of 
motion  (§  210),  we  see  that,  if  we  multiply  the  change  of 
velocity,  thus  geometrically  determined,  by  the  mass  of  the 
body,  we  have  the  change  of  motion  referred  to  in  Newton's 
law  as  the  measure  of  the  force  which  produces  it. 

It  is  to  be  particularly  noticed,  that  in  this  statement  there 
is  nothing  said  about  the  actual  motion  of  the  body  before  it 
was  acted  on  by  the  force :  it  is  only  the  change  of  motion  that 
concerns  us.  Thus  the  same  force  will  produce  precisely  the 
same  change  of  motion  in  a  body,  whether  the  body  ])e  at  rest, 
or  in  motion  with  any  velocity  whatever. 

254.  Again,  it  is  to  be  noticed  that  nothing  is  said  as  to 
the  body  being  under  the  action  of  one  force  only ;  so  that  wc 
may  logically  put  a  part  of  the  second  law  in  the  following 
'apparently)  amplified  form  : — 

When  any  forces  whatever  act  on  a  body,  then,  whether  the  body 
he  originally  at  rest  or  moving  with  any  relocity  and  in  any 
direction,  each  force  produces  in  the  body  the  exact  change  of 
/notion  which  it  irould  have  produced  if  it  had  acted  singly  on 
the  body  originally  at  rest. 

255.  A  remarkable  consequence  follows  immediately  from  comiKwitui 
this  view  of  the  second  law.     Since  forces  are  measured  by  the  "^ '""'*"* 

«  hanges  of  motion  they  produce,  and  their  directions  assigned 
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coinpodtion  by  tlu*  dircctioDS  in  which  these  changes  are  prtMlaced ;  an«l 
since  the  changes  of  motion  of  one  and  the  same  bodv  are  in 
the  directions  of,  and  proportional  to,  the  .changes  of  velocity 
a  single  force,  measured  by  the  resultant  change  of  velocity, 
and  in  its  direction,  will  be  the  equivalent  of  any  number  of 
simultaneously  acting  forces.     Hence 

Tlvc  resultant  of  any  number  offorctJi  {applied  at  one  poini:  u 
to  be  found  by  the  same  geometrical  proceiw  tut  the  resultant  of  amti 
number  of  simultaneous  velocities, 

256.  From  this  follows  at  once  (§27)  the  constructioo  ui 
the  Parallelogram  of  Forces  for  finding  the  resultant  of  twc» 
forces,  and  the  Polygon  of  Forces  for  the  resultant  of  any  nam 
l>er  of  forces,  in  lines  all  through  one  point 

The  case  of  the  ecjuilibrium  of  a  number  of  forres  acting  at 
one  [)oint,  is  evidently  deducible  at  once  from  this ;  for  if  wr 
introduce  one  other  force  equal  and  opposite  to  their  rBsaitant. 
this  will  produce  a  change  of  motion  equal  and  opposite  to  tlw 
resultant  change  of  motion  pnxluced  by  the  given  forces ;  that 
is  to  say,  will  produce  a  condition  in  which  the  point  ex|ir 
riences  no  dmnge  of  motion,  which,  as  we  have  already  seeo«  iii 
the  only  kind  of  rest  of  which  we  can  ever  be  conscioua. 

257.  Though  Newton  p<»rceive<l  that  the  Parallelognun  of 
Foives,  or  the  fundamental  ]>nnciple  of  Statics,  is  essentiaih 
involved  in  the  S4HX)nd  law  of  motion,  and  gave  a  proof  whit  h 
in  virtually  the  same  as  the  preceding,  subsequent  writen  ou 
Statics  (esj^ecially  in  this  country')  liave  very  generally  igiK»iv«i 
the  fact ;  and  the  consequence  has  been  the  introduction  v( 
various  unnecessar}'  Dynamical  Axioms,  more  or  less  ob%'km«, 
but  in  reality  included  in  or  dependent  u|>on  Newtons  lav» 
of  niotinn.  We  have  retaineti  Newton's  methtxl,  not  only  im 
account  of  its  adinimble  simplicity,  but  l»ecause  we  believe  it 
rontains  the  nmst  phili>8ophical  foumlation  for  the  static  a^  wWI 
as  for  the  kin«»tic  brunch  <»f  the  dynamic  scien«*e. 

Mr^^tw.  258.  Hut  the  si^Mind  hiw  i:ivt»s  us  the  ni**nnH  of  meguiurink' 

411.1  !..«•«      fi»nM\  and  also  t)f  nieasuriii*'  tin*  nuiss  t»f  a  UmIv. 

For,  if  we  consider  the  actions  of  various  fon^es  u\Km  Xht^ 
same  ImmIv  for  tHpial  times,  we  evidently  have  change**  t4 
vel<M'ity  prcMhicrd  which  an»  profuniional  to  the  fotrea.  Thr 
chnni^'cs  of  vel«Hity.  then,  give  us  in  this  okne  the  nnvti^  *vf 
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comparing  the  magnitudes  of  diflferent  forces.     Thus  the  velo-  Measure- 
cities  acquired  in  one  second  by  the  same  mass  (falling  freely)  and  niw!' 
at  different  parts  of  the  earth's  surface,  give  us  the  relative 
amounts  of  the  earth's  attraction  at  these  places. 

Again,  if  equal  forces  be  exerted  on  diflferent  bodies,  the 
changes  of  velocity  produced  in  equal  times  must  be  inversely 
as  the  masses  of  the  various  bodies.  This  is  approximately  the 
case,  for  instance,  with  trains  of  various  lengths  started  by  the 
same  locomotive  :  it  is  exactly  realized  in  such  cases  as 
the  action  of  an  electrified  body  on  a  number  of  solid  or  hollow 
spheres  of  the  same  external  diameter,  and  of  diflferent  metals. 

Again,  if  we  find  a  case  in  which  diflferent  bodies,  each  acted 
on  by  a  force,  acquire  in  the  same  time  the  same  changes  of 
velocity,  the  forces  must  be  proportional  to  the  masse?  of  the 
bodies.  This,  when  the  resistance  of  the  air  is  removed,  is  the 
case  of  falling  bodies ;  and  from  it  we  conclude  that  the  weight 
of  a  body  in  any  given  locality,  or  the  force  with  which  the 
earth  attracts  it,  is  proportional  to  its  mass ;  a  most  important 
physical  truth,  which  will  be  treated  of  more  carefully  in  the 
chapter  devoted  to  "  Properties  of  Matter." 

259.  It  appears,  lastly,  from  this  law,  that  every  theorem  of  Transution 
Kinematics  coimectetl  with  acceleration  has  its  counterpart  m  kinematic* 

,  of  a  point 

Kinetics. 

For  instance,  suppose  X,  Y,  Z  to  be  the  components,  parallel 
to  fixed  a;tes  of  a:,  y,  z  respectively,  of  the  whole  force  acting  on 
a  particle  of  mass  M.     We  see  by  §  212  that 

or  M'x=X,My=T,m=:Z. 

AIho,  from  these,  we  may  evidently  write, 

ds  ds  CU  8  8  8 

3fi*_     8X---XS         sy—ys         kz  —  zs 

The  second  members  of  these  equations  are  respectively  the  com- 
ponents of  the  impressed  force,  along  the  tangent  (§  9),  perpen- 
dicular to  the  osculating  plane  (§  9),  and  towards  the  centre  of 
curvature,  of  the  path  described. 


thiitl  law. 
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MeasiiK-  200.  Wc  havt%  bv  means  of  the  first  twu  laws,  arrivetl  at  .t 

""*"t  of  fon'r 

definition  and  a  meastire  of  force ;  and  liave  also  found  how  t** 
compound,  and  therefore  also  how  to  resolve,  forces;  and  alj*-» 
how  to  investigate  the  motion  of  a  single  particle  subj<*ct4Hl  t«» 
given  forcea  But  mon»  is  required  before  we  can  cuniplet«*l> 
understand  the  moi-e  complex  cases  of  motion,  eH|)ecially  thuM- 
in  which  we  have  nmtual  actions  betwei^n  or  amongst  two  or 
more  bodies ;  such  as,  for  instance,  attractions,  <»r  prvssurni,  or 
transference  of  onerg}'  in  any  form.     Tliis  is  iK*rfi»ctlv  supplit**! 

N«wt4>u»  261.  Lex  III.  Avtioni  contrariam  semjftr  tt  trtiuaJffH  t^^ 

tract ioium  :  fdrr  corjx/rum  duorum  actiatiex  in  ne  muiuo  $emft^> 
eaae  cpqualts  ef  in  jxtrtcs  conirarias  dirigi. 

To  even/  action  there  in  alwat/s  an  equal  ami  etmtrafy  rt 
action  :  or,  the  mutual  artiona  of  any  hro  Itotlien  art  ahra^  ftptsti 
and  oppositely  directed, 

262.  If  one  body  presses  or  draws  another,  it  is  pmned  t>r 
drawn  by  this  other  with  an  e<|ual  fon'e  in  the  opposite  dinv- 
tion.  If  any  one  prt^sses  a  stone  with  his  finger,  his  finger  i** 
])ressed  with  the  same  foriM*  in  the  op|)osite  direction  by  tlir 
stone.  A  horse  towing  a  Umt  on  a  canal  is  dnkggitl  Xmck 
wards  by  a  force  ecjual  to  that  which  he  impn*sseiK  on  tin- 
to  wing  n)j>e  ftirwanls.  By  whatever  amount,  and  in  whatevfr 
direction,  one  IxhU  has  its  motion  change<l  by  ini|iQct  upon 
anotlier,  this  other  liody  has  its  motion  cliangeil  by  the  aanir 
amount  in  the  o])i>osit<*  din'cti<»n ;  for  at  f*a(*h  instant  daring 
the  imi^act  the  force  l)etween  them  was  (Hfual  anil  «»piKMite  uo 
the  two.  When  neither  of  the  two  liodies  has  any  ititatiuo 
whether  l>eforc»  or  after  im{)act,  tlie  changes  of  vehnnty  whicli 
they  exiH»rience  ait»  inversely  as  their  masses. 

When  one  ImmIv  attracts  another  fn>m  a  distance,  this  otliri 
attnwts  it  with  an  equal  and  op|)osite  fonv.  Tliis  law  li«»l«U 
not  only  for  the  uttnu!tion  of  gravitation,  but  als<».  as  NVwum 
liimself  n>mark(Hl  and  veritiiMl  by  f*.\{)eriment.  for  luagnrlK 
attractions  :  also  f<»r  el<\trie  fon-t*s,  as  tested  by  Otto  Ctuerickr. 

268.  What  pn'cedt^H  is  foundeil  uikju  Newton's  own  o<ii 
nients  on  the  thinl  law,  and  tht*  actions  and   r«*actioiis  coo 
templateil  ftn»  siniph*  fon-es.      In  th<»  scholium  appcmietl,  lit- 
makes  thi*  following  n^markable  statement,  intnMhiciug  aiK4ltrr 
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syiecification  of  actions  and  reactions  subject  to  lus  third  law,  Newton'H 
the  full  meaning  of  which  seems  to  have  escaped  the  notice  of  ^^^  **^* 
commentators : — 

Si  orstinutivr  agentis  actio  ex  ejus  vi  et  vehcitate  conjunctim  ; 
rt  similiter  resistentis  reactio  cestimetur  conjunctim  ex  ejuspartium 
sinipihtrum  velodtatibus  et  virihus  resistendi  ab  earum  attritione, 
cohasione,  pondere,  et  acccleratione  orinndis;  crurU  actio  et  reactio, 
in  omni  i7is;tmmentoinivi  turn,  sibi  imncem  semper  cequales. 

In  a  previous  discussion  Newton  has  shown  what  is  to  be 
understood  by  the  velocity  of  a  force  or  resistance ;  i.e.,  that  it 
is  the  velocity  of  tlie  point  of  application  of  the  force  resolved 
in  the  direction  of  the  force,  in  fact  proportional  to  the  virtual 
velocity.  Bearing  this  in  mind,  we  may  read  the  above  state- 
ment as  follows : — 

If  the  A  dion  of  an  agent  he  measured  by  iU  amotmt  and  its 
rrlocity  co^xjointly ;  and  if  similarly,  the  Reaction  of  the  resistance 
Im  measured  by  the  velocities  of  its  several  parts  aiul  their  several 
amounts  conjointly,  whetlier  these  aiise  from  friction,  cohesion 
ireight,  or  aeceleration; — Action  and  Reaction,  in  all  amihina- 
ftons  of  machines,  nil  I  be  equal  and  opposite. 

Farther  on  we  shall  give  a  full  development  of  the  conse- 
quences of  til  is  most  imix)rtant  remark. 

264.  Newton,  in  the  passage  just  quoted,  points  out  that  D'Aiemberf 
iorees  of  resistance  against  acceleration  are  to  be  reckoned  as 
n*actions  equal  and  opposite  to  the  actions  by  whicli  the  ac- 
celemtion  is  prmluced.  Tlius,  if  we  consider  any  one  material 
j^iint  of  a  system,  its  i-eaction  against  acceleration  must  be 
♦-qual  and  opposite  to  the  resultant  of  tlie  forces  which  that 
l^^int  experience's,  whether  by  the  actions  of  other  parts  of  the 
system  x\\yon  it,  or  by  tlie  influence  of  matter  not  belonging  to 
tlie  system.  In  other  words,  it  must  be  in  equilibrium  with 
tlu^se  forces.  Hence  Newton's  view  amounts  to  this,  that  all  the 
tbrees  of  the  system,  with  the  reactions  against  acceleration  of 
tlie  material  points  comi)Osing  it,  form  groups  of  equilibrating 
systems  for  these  jx)ints  considered  individually.  Hence,  by 
the  principle  of  superposition  of  forces  in  equilibrium,  all  the 
forces  acting  on  points  of  the  system  form,  with  the  i-eactions 
against  acceleration,  an  equililjrating  set  of  forces  on  the  whole 
system.     Tliis  Ls  the  celebrated  principle  first  explicitly  stated, 
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DAirrabert'i  and  voFV  uscfullv  applied,  by  D'Aloml^ert  in  1742,  ami  <till 

prinrlple.        ,  ,        1  .  »        *  *  ^  ... 

known  by  his  name.     \\e  have  scon,  however,  that  it  la  v»-iv 
distinctly  implied  in  Newton 8  own  interiiretation  of  hU  thirl 
law  of  motioiL     Ah  it  is  usual  to  investi*:ate  the  geneml  equa 
tions  or  conilitions  of  equilihrium,  in  dynamical  treatiitea.  bt* forv 
entering;  in   detail  on  the  kinetic  branch  of  the  Hubject.  thi.<« 
principle  is  found  ])raetically  most  useful  in  showing  how  wr 
may   write   down   at  once   the  equations  of  motion  for  any 
system  for  which  the  ec^uations  of  (Hpiilibrium  have  lieen  in 
vestijjate<l. 
^Jjj^  265.  Every  ri^id  Inxly  may  Ik*  imagined  to  bo  divide«l  into 

^Jjjl*;!^       indefinitely  small  ])artd.      Now.   in   whatever   form   we   may 
i*/J  '^''      eventually  find  a  ;>/iy«>ff/  explanation  of  the  oripn  of  the  fon-i** 
which  act  between  these  ]mrts.  it  is  certain  that  each  sikIi 
small    part  may   l»e   considered   to  lie   held   in   it^   pofiitioii 
relatively  to  the  others  by  mutual  forces  in  lines  joining  tht* ui 

266.  Fn.»ni  this  we  have,  as  immediate  eons<H|uences  nf  th«* 
s<'cond  and  third  laws,  and  of  the  prei*edin«{  theorems  K^latin-^' 
to  Centre  of  Inertia  and  ^^oment  of  Momentum,  a  nuniWr  «if 
important  pn>])<»sitions  such  as  the  following : — 

Moikwof         (a)  The  centre  of  inertia  of  a  rigid  Uxly  moving  in  any 
larrtuofa    manner,  but  fn^*  fn)m  external  fon'es.  moves  unifunuly  in  « 

st might  line. 

(//)  \Vln*n  any  forces  whatever  act  on  the  body,  the  niotiiin  «»f 

the  centiv  of  inertia  is  the  same  as  it  would  have  lieen  h*! 

thest*  ton-es  been  applied  with  their  proper  magnitudes  an^l 

dinrtions  at  that  {Miint  itsidf 
Itiim        ('*'  Since  the  moment  (»f  a  fon*e  mrting  on  a  {larticle  is  the 

same  as  the  moment  of  moment uni  it  prtMhu^>s  in  unit  of  timr. 

the  changes  <»f  nxmient  of  momentum  in  any  two  paru  tif  a 

rigid  ImmIv  due  to  their  mutual  action  an*  <Npial  and  i>p|i«iekit«-. 

Henee  the  moment  <»r  momentum  of  a  rigid  InhU'.  aUuit  any  ax:« 

which  is  fixeil  in  dinvtion.  and  passi's  thnmgh  a  |M»int  whiih 

is  either  tixinl  in  space  or  niov(*s  uiufonnly  in  a  straight  liiH*.  i« 

uiialt«*n*d  by  tin*  mutual  actions  of  the  parts  of  the  boiiy. 
(J>  The  nite  of  iiicreas4*  of  moment  t)f  m(»mentuni,  when  tk* 

InmIv  i.s  acted  oil  by  «*\teriial  forct*s.  is  the  sum  of  the  m^imeotA 

of  th<*S4*  forces  aUitit  tli<*  axi& 

267.  We  shall  for  the  present  take  for  gninte<L  that  the 
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mutual  action  between  two  rigid  bodies  may  in  every  case  be  con«erv». 
imagined  as  composed  of  pairs  of  equal  and  opposite  forces  momentam. 
in  straight  lines.     From  this  it  follows  that  the  sum  of  the  men?of"** 
([uantities  of  motion,  parallel  to  any  fixed  direction,  of  two  ™**"**"  °*" 
rigid  bodies  influencing  one  another  in  any  possible  way,  re- 
mains unchanged  by  their  mutual  action ;  also  that  the  sum 
of  the  moments  of  momentum  of  aU  the  particles  of  the  two 
bodies,  round  any  line  in  a  fixed  direction  in  space,  and  passing 
through  any  point  moving  uniformly  in  a  straight  line  in  any 
direction,  remains  constant     From  the  first  of  these  propositions 
we  infer  that  the  centre  of  inertia  of  any  number  of  mutually 
influencing  bodies,  if  in  motion,  continues  moving  uniformly 
in  a  straight  line,  unless  in  so  far  as  the  direction  or  velocity 
of  its  motion  is  changed  by  forces  acting  mutually  between 
them  and  some  other  matter  not  belonging  to  them ;  also  that 
the  centre  of  inertia  of  any  body  or  system  of  bodies  moves 
just  as  all  their  matter,  if  concentrated  in  a  point,  would  move 
under  the  influence  of  forces  equal  and  parallel  to  the  forces  The^invAri 
really  acting  on  its  different  parts.     From  the  second  we  infer  iVa  plane 
that  tlie  axis  of  resultant  rotation  through  the  centre  of  inei-tia  the*«l^tw 
of  any  system  of  bodies,  or  through  any  point  either  at  rest  or  Mn^ndi^i- 
inoving  uniformly  in  a  straight  line,  remains  unchanged  in  iSufunt 
direction,   and   the   sum   of  moments   of  momenta  round   it 
remains  constant  if  the  system  experiences  no  force  from  with- 
out.    This  principle  is  sometimes  called  Conservatimi  of  Area.^, 
a  ver}'  misleading  designation. 

268.  The  foundation  of  the  abstract  theory  of  energy  is  laid  JJ^J^J^oric 
by  Newton  in  an  admirably  distinct  and  compact  manner  in  the 
sentence  of  liis  scholium  already  quoted  (§  263),  in  which  he 
])oints  out  its  application  to  mechanics.^  The  actio  agentis, 
as  he  defines  it,  which  is  eWdently  equivalent  to  the  product  of 
tlie  effective  component  of  the  force,  into  the  velocity  of  the 
jK>int  on  which  it  acts,  is  simply,  in  modem  English  plirase- 
(»logy,  the  rate  at  which  the  agent  works.  The  subject  for 
measurement  here  is  precisely  the  same  as  that  for  which  Watt, 
a  hundred  years  later,  introduced  the  practical  unit  of  a  "  Horse-  Horac  powe 

>  Tlie  rfailcr  will  remember  that  we  use  the  word  "mechanics"  in  its  true  classical 
fkrDite,  the  science  of  machines,  the  sense  in  which  Newton  himself  used  it,  when  he 
•iisniiiu><^  the  further  consideration  of  it  by  saying  (in  the  scholium  referred  to), 
f'irt^t*m  m^hnfiimm  traet^re  non  eM  hujiu  inAtUutt. 
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ii..n»  i-vrr  fM/ictrJ'  OT  tli<»  Hito  ftt  wliicli  ail  Jii^i'iit  wiirka  whon  i»verc«»iiniii: 
33.000  times  tlie  weij^lit  of  a  immiiuI  throu«;h  tin*  sjiatv  nf  a  f.*»t 
ill  a  iiiiiiuU* ;  tliat  is,  pnMlucitig  550  f«K>t-|Nmii<l8  of  work  |ii-r 
.Mx-ond.  The  unit,  however,  which  is  most  «^»iierHlly  eoiiveiii«*iit  !• 
that  which  Xewttm's  iletiiiitiou  implies,  namely,  the  rati*  of  tioiii.. 
work  in  which  the  unit  of  energy  is  prcMluctHl  in  the  unit  of  tinif 
Kitenoriii  268.  Ijookiii;^  at   Xewtons  woixls  i^§  2i>3j  in  this  li<:ht.  «•- 

.hiunii.^      st»e  that   tliey  may  1m'   lojrically  converteil   into  tlie  folliinini: 
form  :  - 

Work  done  on  any  syst4»m  of  bo<lics  (in  Xeuions  >\aIo 
inent»  the  parts  of  any  machine)  has  its  ec^uivaleut  in  work  ilonf 
against  friction,  molecular  forces,  or  gravity,  if  there  !■•  ih» 
acceleration;  hut  if  there  1>e  acctderation,  i»sirt  of  the  wctrk  L^ 
ex|>emle<l  in  overcoming  the  resistance  to  acceleration,  aii«l  tbr 
aililitional  kinetic  energ\'  developed  is  tHpiivalent  to  tlio  work 
so  s|»ent.     This  is  evident  fn>m  §  214. 

\Mien  part  of  the  work  is  dime  against  molecular  forc«*s.  &« 
in  U'nding  a  spring  ;  or  against  gravity,  as  in  raining  a  weight : 
the  recoil  of  the  spring,  and  the  fall  of  the  weiglit,  aiv  capahk* 
at  any  future  time,  of  n^producing  the  work  originally  expemlnl 
(ij  241).  But  in  Newton's  day,  ami  long  afterwanU.  it  va« 
sup{M>siHl  that  work  was  alMttlnUly  hmt  hy  friction;  and.  indfed. 
this  statement  is  still  to  Ix*  found  even  in  rvciait  autlioritali%r 
tn'ati*^*s.  Ihit  we  must  dt*fer  the  examination  of  this  point  till 
we  coiisith'r  in  its  modem  fonn  tlie  principle  of  ComMrrmtitm  ^ 

270.  If  a  system  of  lunlifs,  given  eitln»r  at  n»»t  or  in 
motion,  W  intluence<l  hy  ni»  forces  from  without,  the  snni  tif  tb^ 
kinetic  enei-gies  of  all  its  |virts  is  augin«*nt«*<l  in  any  time  bran 
amount  ecpial  ti»  the  whtde  wnrk  done  in  that  time  by  tk* 
mutual  fonrs.  wliirh  Wf  may  iiuairinr  tis  acting  lN>twe«»n  it.« 
points.  Whtii  x\\v  liiK's  in  whiili  tlu»s<*  forces  act  rvtuain  all 
unchaiigtHi  in  h'lii^^th.  the  fon*t*s  do  no  work,  and  the  sum  of  tbr 
kiiu'tii"  i'ii«'p.:i«s  nf  tii«»  wholt*  ^yst«•m  n*niains  constant.  11  on 
the  (itlicr  haiitl.  duo  (»f  th«*s«  liufs  varit's  in  h*iigth  during  tkr 
)iioti(»n.  th«*  mutual  fonrs  in  it  will  do  work,  or  will  o»ufl«ni^ 
w<»rk,  acrnnlini;  as  the  distaiMf  varit^s  with  tir  against  then. 
i..i««rn»tiN.  271,  A  liiiiit«-d  nvsti'iu  ol  lNNli«*s  is  said  to  lie  «/yiu»Mwif//« 
ttttt^'rntfirf    m  ^implv  nni.^ rnittrr.  when  font*  is  UUtletvtoinl  iu 
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;>o  the  subject),  if  the  mutual  forces  between  its  parts  alwa}'s 
[>erlbnu,  or  always  consume,  the  same  amount  of  work  during 
uiy  motion  whatever,  by  which  it  can  pass  from  one  particular 
•onfiguration  to  another. 

272.  The  whole  theory  of  enei"gy  in  physical   science  is  Foundation 
Niunded  on  tlie  following  proposition  : —  ottnergy. 

If  the  mutual  forces  between  the  parts  of  a  material  system 
are  independent  of  their  velocities,  whether  relative  to  one 
imother,  or  relative  to  any  external  matter,  the  system  must  be 
lynamically  conservative. 

For  if  more  work  is  done  by  the  mutual  forces  on  the  dift'ei'ent 
parts  of  the  system  in  passing  from  one  particular  configuration 
to  another,  by  one  set  of  paths  than  by  anotlier  set  of  paths,  let 
tlie  system  be  directed,  by  frictionless  constraint,  to  pass  from 
the  first  configuration  to  the  second  by  one  set  of  paths  and  Physical 

1  .*  ,  .       ^  \         .„  ,      axiom  Uiat 

rt'tum  by  the  other,  over  and  over  again  for  ever.     It  will  be  "thePer- 
.1    continual   source    of   energy  without  any  consumption  of  MoUoniH 

.,,.-..  .,1  impowiibic" 

materials,  which  is  miiK)Ssible.  intPodnce<i. 

278.  The  potential  energy  of  a  conservative  system,  in  the  Potential 
Loufiguration  which  it  has  at  any  instant,  is  the  amount  of  work  conMervativc 
that  its  mutual  forces  perform  during  the  passage  of  the  system 
fn»m  any  one  chosen  configuration  to  the  configuration  at  the 
time  refeiTcd  to.  It  is  generally,  but  not  always,  convenient 
to  fix  tlie  particular  configuration  chosen  for  the  zero  of  reckon- 
ing of  iKitential  energy,  so  that  the  potential  enei-g}-,  in  eveiy 
other  configuration  practically  considered,  shall  be  ])Ositive. 

274.  Tlie  potential  energ}'  of  a  consenative  system,  at  any 
instant,  depends  solely  on  its  configuration  at  that  instant,* 
b«Mng,  acconling  to  definition,  the  same  at  all  times  when  the 
syst-i'in  is  bnjught  again  and  again  to  the  same  configuration. 
It  is  therefore,  in  mathematical  language,  said  to  be  a  function 
of  the  co-ordinates  by  which  the  positions  of  the  different  parts 
of  the  system  are  specified  If,  for  example,  we  have  a  con- 
ser\'ative  system  consisting  of  two  material  points ;  or  two  rigid 
iKxlies.  acting  upon  one  another  with  force  dependent  only  on 
the  relative  position  of  a  iwint  belonging  to  one  of  them,  and  a 
point  l>elonging  to  the  other  ;  the  potential  energy  of  the 
system  depends  upon  the  co-ordinates  of  one  of  these  points 
relatively  to  lines  of  i"eference  in  fixe<l  directions  thnnigh  the 
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Potentui      oth(T.     It  will  tlicivfoiv,  ill  geiieml,  ilepvnd  on  thn^  iiulo|it*ii<if nt 

conwrvatiTe  CO  onliiiates,  wlilcli  We  may  conveniently  take  a-s  the  du^tance 

"*"        betwwn  the  two  jMiints,  and  two  angl(*8  8{)ecifying  the  ali}M»Iiit<^ 

diriHition  of  the  line  joining  them.     Thns.  for  example,  \vi  thr 

bodies  be  two  uniform  metal  glolws,  electrifietl  with  any  giv«*u 

quantities  of  electricity,  and  placed  in  an  insulating  nitHiiuni 

such  as  air,  in  a  regi(»n  of  sptice  under  the  influeinre  of  a  vwM 

distant  electritied  IukIv.     The  mutual  action  U'twet* n  tliese  two 

spheres  will  de])end  solely  tm  the  relative  {xisition  of  tkfir 

centres.      It  will  consist  partly  of  gravitation,  de|Kriidiiig  s«iMy 

on  the  distance  l»etween  their  centres,  and  of  ek»clrie  foire. 

which  will  depend  on  the  distance  between  them,  but  mImk  in 

virtue  of  the  inductive  action  of  the  distant  body,  will  depend 

on  the  absolute  direction  of  the  line  joining  their  centrpit     la 

our  divisions  devoted  to  gravitation  and  electricity  rvsjiectively. 

we  shall  investigate  the  portions  of  the  mutual  pot^Mitial  eiiei);)' 

of  the  two  iKMlies  ilei>ending  On  these  two  agencies  sepamtely. 

The  former  we  shall  find  to  l»e  the  ))nMluct  of  their  iiuttdRt 

dividetl  by  the  distance  between  their  centres ;  the  latter  a 

somewhat  complicated  function  of  the  distance  lietweifn  the 

centres  and  the  angle  which  this  line  makes  with  the  directitia 

(»f  the  result4int  electric  force  of  the  distant  electrified  body. 

Or  again,  if  the  system  consist  of  two  balls  of  sofl  in>n,  in  any 

locality  of  the  eailh  s  surface,  their  mutual  action  will  be  partly 

gravitation,  and  partly  due  to  the  magnetism  induced  in  tben 

by  terrestrial   magnetic   forca      The   portii»n   of  the   matnal 

|M)tential  energy  de|K*ndiiig  c»n  the  latter  cause,  will  U>  a  fane- 

tion  of  the  dist^uice  l>etween  their  centn^s  and  the  iuclinatioa 

of  this  line  t4)  the  dinnrtion  of  the  tem*strial  magnetic  fbivr. 

It  will   agn*e  in  math(>matical  expression  with  tlie  pi»Cential 

energ>'  of  I'lectric'  action  in  the  ]>receding  case.  fM>  far  ma  the 

iih'linatioii   is  concerned,  but  the   law  of  variation    with  tlnr 

(listance  will  l>e  less  easily  detenniiUHl. 

iitr«iuio«>  275.  In   natun'   the   hviM»thetical    coiiditii»n  of  8   -*t    u 

<tf%i*tMa      opiMtftfifn/  rift'aUtf  ill  all  cin*umstances  of  motion.     A  uialerui 

»*'*»••«»-  ..lit  .      * 

system  can  n«'ver  Im»  bnmght  through  any  n^tuniiug  cycle  of 

motion  without  s{H*iifling  mon*  work  against  the  mutual  f<*ite» 

of  itM  parts  tliaii  is  guint*d  fmiii  thew  fon*i»H.  U*t*aui»e  no  iv 

lativi*  iiiotioii  can  take  place  without  meeting  with  frictiona! 
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her  forms  of  resistance ;  among  which  ai*e  included  (1.)  ineviuwe 
al  friction  between  solids  sliding  upon  one  another;  (2.)  of  visible 
ances  due  to  the  viscosity  of  fluids,  or  imperfect  elasticity 
)lids  ;  (3.)  resistances  due  to  the  induction  of  electric 
nts ;  (4.)  resistances  due  to  varying  magnetization  imder 
nfluence  of  imperfect  magnetic  retentiveness.  No  motion 
ature  can  take  place  without  meeting  resistance  due  to 
,  if  not  to  all,  of  these  influences.  It  is  matter  of  every 
experience  that  friction  and  imperfect  elasticity  of  solids 
de  the  action  of  all  artificial  mechanisms ;  and  that  even 
I  bodies  are  detached,  and  left  to  move  freely  in  the  air, 
lling  bodies,  or  as  projectiles,  they  experience  resistance 
g  to  the  viscosity  of  the  air. 

le  greater  masses,  planets  and  comets,  moving  in  a  less 
ting  medium,  show  less  indications  of  resistance.^  Indeed 
anot  be  said  that  observation  upon  any  one  of  these  bodies, 
the  exception  of  Encke's  comet,  has  demonstrated  resist- 
But  the  analogies  of  nature,  and  the  ascertained  facts  of 
ical  science,  forbid  us  to  doubt  that  every  one  of  them, 
f  star,  and  every  body  of  any  kind  moving  in  any  part 
•ace,  has  its  relative  motion  impeded  by  the  air,  gas,  vapour, 
ium,  or  whatever  we  choose  to  call  the  substance  occupying 
jpace  immediately  round  it ;  just  as  the  motion  of  a  rifle 
•t  is  impeded  by  the  resistance  of  the  air. 

76,  There  are  also  indirect  resistances,  owing  to  friction  Effect  of 
•<ling  the  tidal  motions,  on  all  bodies  which,  like  the  earth, 
portions  of  their  free  surfaces  covered  by  liquid,  which, 
n^'  as  these  Ixxlies  move  relatively  to  neighbouring  bodies, 
:  kt*ep  drawing  off  energy  from  their  relative  motions. 
5,  if  we  consider,  in  the  first  place,  the  action  of  the  moon 
?,  on  the  earth  with  its  oceans,  lakes,  and  rivers,  we  iHjr- 
?  that  it  must  tend  to  equalize  the  periods  of  the  earth's 
ion  alx)ut  its  axis,  and  of  the  revolution  of  the  two  bodies 
t  their  centre  of  inertia ;  because  as  long  as  these  periods 
r,  the  tidal  action  of  the  earth's  surface  must  keep  sub- 
ing  energy  from  their  motions.     To  view  the  subject  more 

mt<^n,  Princijiia.  (Remarks  on  the  first  law  of  motion.)  **  Majora  autem 
aniin  et  Conietunim  corfioni  motiis  hiioh  et  progrensivos  etcirculares,  in  npatiis 
resistentibos  faciot,  GonKer>'ant  diutiua.*' 
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iiivvitahir     ill  ilcUiil,  iiiul.  ill  tiio  Willie  tiiiits  to  avoid  uiiiieci-ssan*  i-mii 

oTtuimc      plications,  let  us  sujuxwe  the  in«x)n  to  be  a  uuifonii  s|ih«*n«-ml 

wTertiif       l)0(ly.     Thc  mutual  action  and  reaction  of  gravitation  betwt^rn 

*  her  mass  and  the  earth  s,  will  be  (*<|uivaleut  to  a  single  fonv 

in  some  line  througli  her  centre ;   and  must  lie  such  a«  ti» 

impede  the  earth's  mtation  as  long  as  this  is  |>erfonne<l  in  a 

shorter  period  than  the  mo<ms  motion  round  the  eartlt     It 

must  therefore  lie  in  some  such  din*ctiun  as  tlie  line  JUiJin  tin' 

diagram,  which  ivpivsents,  necessarily  with  enonuous  exag^^'W 

Ty        tion,  its  deviation.  OQ,  fn»ni  the  i-arili  • 

centiv.    Now  the  actual  force  on  tlie  ui*n*n 

in  the  line  MQ,  may  lie  reganletl  as  wii 

sisting  of  a  force  in  the  line  MO  towiinl« 

the    earths    centre,    sensibly    equal    in 

amount  to  the  whole  force,  ami  a  cttni- 

jwratively  very  small  force  in  tlie  line 

MT  {)eri»i>iHlicular  to  MO,    Tliis  luttcr 

is  very   nearly  tangential  Uj  the  moon's  |»ath,  and  is  in  tbc 

dinrtion  i^ifh  her  motion.      Such  a  force,  if  suddenly  vtnu 

m(*ncing  to  act,  would,  in  the  first  place,  increase  the  niooo'i 

veloi^ity ;    but  after  a   certain  time  she  would   have  muvvii 

so  much  farther  fnmi  tlu»   earth,  in    virtue  of  this  accelen 

tion,  as  to  have  lost,  by  moving  against  tht*  earth's  attnu:ti«m. 

as  much  velority  as  she  had  gained  by  the  tangi*ntial  accelrn 

ting  foixc     The  effect  of  a  continueil  tmigential  f«irce,  actii^ 

with  the  motion,  but  so  small  in  amount  as  to  make  only  a 

small  deviation  at  any  moment  from  the  circular  fona  nf  the 

orbit,   is  to  gradually  ineivasi>  tht*  distance  from  the  centTil 

body,  and  to  canst*  as  much  again  as  its  own  amount  of  voffc 

to  In*  done  against  the  attrat  tion  of  the  centml  nuMs.  by  Ibr 

kinetic  energy  i»f  mi»tion  lust.    The  circuni*itamH*s  will  U»  rmdily 

undersbNid.  by  roiisith'riiig  this  motion  naind  the  centml  U«b 

in  a  very  gr.nlual  spimi  {»ath  tending  outwanls.      I Vn idtnl  tb^ 

law  nf  foi-ct*  is  the  inverM*  sijuan*  of  th«' distant  «*.  tin-  tangentuil 

(  n)ii]K)nent  nf  «^rnivitv  against  tin-  motion  will  W  twice  as  givat 

as  thi*  di«-tuibiii«:  tangi'ntial   tnice   in   the  din-rtiuu  with  tl^ 

hint  inn  ;  and  tlii-ri'fnn'  nni-  half  nf  the  amount  nf  work  cktii* 

a^^aiii'^t  till*  fnrni<  r.  i^  il«»ii(*  b\  thr  latlii.  and  tlie  otlit-r  half  !•> 

kin<'ti<   (111  r.\  taki-ii  Iimiii   the  iiintinn.     The  iiit«*«'ral  effect  «« 
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lc  moon's  motion,  of  the  particular  disturbiiig  cause  now  under  in^vitaWa 
)nsideration,  is  most  easily  foimd  by  using  the  principle  of  o^^-iwe^'*'^ 
loments  of  momenta.  Thus  we  see  that  as  much  moment  of  ndaf  Srfc- 
lomentum  is  gained  in  any  time  by  the  motions  of  the  centres  ^ 
f  inertia  of  the  moon  and  earth  -relatively  to  their  common 
entre  of  inertia,  as  is  lost  by  the.  earth's  rotation  about  its  axis. 
ilie  sum  of  the  moments  of  momentum  of  the  centres  of  inertia 
>f  the  moon  and  earth  as  moving  at  present,  is  about  4*45  times 
he  present  moment  of  momentum  of  the  earth's  rotation.  The 
iverage  plane  of  the  former  is  the  ecliptic ;  and  therefore  the 
ixes  of  the  two  momenta  are  inclined  to  one  another  at  the 
iverage  angle  of  23**  27  J',  which,  as  we  are  neglecting  the  sun's 
nfluence  on  the  plane  of  the  moon's  motion,  may  be  taken  as 
he  actual  inclination  of  the  two  axes  at  present.  The  resultant, 
>r  whole  moment  of  momentum,  is  therefore  5*38  times  that  of 
.he  earth's  present  i-otation,  and  its  axis  is  inclined  19"*  13'  to 
'he  axis  of  the  earth.  Hence  the  ultimate  tendency  of  the  tides 
B,  to  reduce  the  earth  and  moon  to  a  simple  unifonu  rotation 
irith  this  resultant  moment  round  this  resultant  axis,  as  if  they 
«rere  two  parts  of  one  rigid  body :  in  which  condition  the  moon's 
iistance  would  be  increased  (approximately)  in  the  ratio  1 :  1*46, 
»eing  the  ratio  of  the  square  of  the  present  moment  of  momen- 
um  of  the  centres  of  inertia  to  the  square  of  the  whole  moment 
»f  momentum ;  and  the  period  of  revolution  in  the  ratio  1  :  1*77, 
leing  that  of  the  cubes  of  the  same  quantities.  The  distance 
*'ould  therefore  be  increased  to  347,100  miles,  and  the  period 
♦'Ugthened  to  48*36  days.  Were  there  no  other  body  in 
he  universe  but  the  earth  and  the  moon,  these  two  bodies 
night  go  on  moving  thus  for  ever,  in  circular  orbits  round  their 
ouiuion  centre  of  inertia,  and  the  earth  rotating  about  its  axis  in 
the  same  periiKl,  so  as  always  to  turn  the  same  face  to  the  moon, 
md  therefore  to  have  all  the  liquids  at  its  surface  at  rest  rela- 
tively to  the  solid  But  the  existence  of  the  sun  would  pre- 
vent any  such  state  of  things  from  being  permanent.  Tliere 
A'ould  be  .solar  tides — twice  high  water  and  twice  low  water — in 
lIic  period  of  the  earth's  revolution  relatively  to  the  sun  (that  is 
u>  j«ay,  twice  in  the  solar  day,  or,  which  would  be  the  same 
thing,  the  month).  This  could  not  go  on  without  loss  of  energy 
»y  fluid  friction.     It  is  not  easy  to  trace  the  whole  course  of  the 
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loeritmbia  disturbance  in  the  earth's  and  moon's  motions  which  this  cause 
orrteJuuT'^  would  produce,  but  its  ultimate  effect  must  be  to  bring  the 
earth,  moon,  and  sun  to  rotate  round  their  common  centre  of 
inertia,  like  parts  of  one  rigid  body.  It  would  carry  ns  too 
far  from  our  course  to  investigate  at  present  which  of  all  the 
configurations  fulfilling  this  condition  is  the  one  tliat  would  he 
ultimately  approximated  to.  We  hope,  however,  to  return  to 
the  subject  later,  and  to  consider  the  general  problem  of  the 
motion  of  any  number  of  rigid  bodies  or  material  points  acting 
on  one  another  with  mutual  forces,  under  any  actual  physictl 
law,  and  therefore,  as  we  shall  see,  necessarily  subjtfct  to  loos  of 
eneigy  as  long  as  any  of  their  mutual  distances  vary;  tluU  is  to 
say,  until  all  subside  into  a  state  of  motion  in  circles  round  an 
axis  passing  through  their  centre  of  inertia,  like  parts  of  one 
rigid  body.  It  is  probable  that  tlie  moon,  in  ancient  timei 
liquid  or  viscous  in  its  outer  layer  if  not  throughout,  was  thus 
brought  to  turn  always  the  same  face  to  tlie  eartli. 

277.  We  have  no  data  in  the  present  state  of  science  for 
estimating  the  relative  importance  of  tidal  friction,  and  of  the 
resistance  of  the  resisting  medium  through  which  the  earth  and 
moon  move ;  but  whatever  it  may  be,  there  can  be  hot  one 
ultimate  result  for  such  a  system  as  that  of  the  sun  and  plaaetiL 
if  continuing  long  enough  under  existing  laws,  and  not  dis- 
turlH>d  by  meeting  with  other  moving  masses  in  space  That 
result  is  the  falling  together  of  all  into  one  mass^  which,  although 
rotating  for  a  time,  must  in  th«*  i^nd  come  to  rest  relatirelj  to 
the  surrounding  miHlium. 

278.  The  theorj'  of  energj'  cannot  be  completed  until  w^ 
ari^  able  to  examine  the  physical  influences  wliich  accompany 
loss  of  energy  in  each  of  the  cIass(*A  of  resistance  mentitiiMd 
abov<»,  Ji}  27r).  We  shall  then  «h»  that  in  every  case  in  which 
en<»rgy  is  lost  l>y  n»sistance,  heat  is  generated ;  and  Wf  iihali 
leuni  from  .louli*  s  invt*stigations  that  tlie  qiuuitity  of  heat  ao 
gfUiTiitt'd  is  a  |M»rfectly  definiU'  (H|uivaleut  for  the  enrrvy 
lost  Al.si>  that  in  no  nut u ml  action  is  thfit*  evi*r  a  devek^p 
ment  i»f  «Micrg>'  which  cannot  be  accounted  for  by  the  di» 
apiHuiranro  of  an  (Njual  amount  elik*where  by  means  U 
Htnnv.  known  physi(*al  agency.  Thus  we  sliall  conclude,  that 
if  any  liniit4Ml  |»ortion  of  the  material  universe  could  W  per 
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ztlj  isolated,  so  as  to  be  prevented  from  either  giving  <^n««J^tion 
lergy  to,  or  taking  energy  from,  matter  external  to  it,  the  ^^ 
m  of  its  potential  and  kinetic  energies  would  be  the  same  at 
I  times  :  in  other  words,  that  every  material  system  subject 
no  other  forces  than  actions  and  reactions  between  its  parts, 
a  dynamically  conservative  system,  as  defined  above,  §  271. 
at  it  is  only  when  the  inscrutably  minute  motions  among 
nail  parts,  possibly  the  ultimate  molecules  of  matter,  which 
•nstitute  light,  heat,  and  magnetism ;  and  the  intermolecular 
rces  of  chemical  affinity ;  are  taken  into  accoimt,  along  with 
e  palpable  motions  and  measurable  forces  of  which  we 
come  cognizant  by  direct  observation,  that  we  can  recognise 
e  universally  conservative  character  of  all  natural  dynamic 
lion,  and  perceive  the  bearing  of  the  principle  of  reversibility 
I  the  whole  class  of  natural  actions  involving  resistance,  which 
em  to  violate  it  In  the  meantime,  in  our  studies  of  abstract 
namics,  it  will  be  sufficient  to  introduce  a  special  reckoning 
r  energy  lost  in  working  against,  or  gained  from  work  done 
',  forces  not  belonging  palpably  to  the  conservative  class. 

279.  As  of  great  importance  in  farther  developments,  we 
ove  a  few  propositions  intimately  connected  with  energy. 

280.  Tlie  kinetic  energy  of  any  system  is  equal  to  the  sum  Kinetic 
the  kinetic  energies  of  a  mass  equsl  to  the  sum  of  the  masses  l^»ySem 
the  system,  moving  with  a  velocity  eqxml  to  that  of  its  centre 
inertia,  and  of  the  motions  of  the  separate  parts  relatively  to 

e  centn*  of  inertia. 

F<»r  if  X,  y,  r  be  the  co-ordinates  of  any  particle,  m,  of  the 
gystem  ;  ^,  i;,  f  ita  co-ordinates  relative  to  the  centre  of  inertia; 
and  X,  jjj  J,  the  co-ordinates  of  the  centre  of  inertia  itself;  we  have 
fr»r  the  whole  kinetic  energy 

But  by  the  properties  of  the  centre  of  inertia,  we  have 

2,4^4^=^2r„$=0,  etc.  etc. 
dt  dt      dt       dt 

Hence  the  preceding  is  equal  to 

»^i(f)'+<f+^)HiJ«((f)+$)-+(fn. 

which  proves  the  proposition. 


196 


PREUMIXART  NonON& 


Monrator 
InartU. 


SlSr^of  281.  The  kinetic  energj'  of  rotation  of  a  rigid  sy^t^m  about 

•  ■y«t«»  any  axis  is  (§  96)  expressed  by  Jjnir*®*,  where  m  is  the  ma>4 
of  any  part,  r  its  distance  from  the  axis,  and  m  the  angular 
velocity  of  rotation.  It  may  evidently  N»  written  in  the  fonn 
Jw'Jwir*.  The  factor  Jmr*  is  of  verj'  great  importance  m 
kinetic  investigations,  and  has  been  called  the  Moment  of 
Inertia  of  the  system  al)Out  the  axis  in  question.  The  moment 
of  inertia  alK)ut  any  axis  is  therefore  found  by  summing  tin* 
products  of  the  masses  of  all  the  particles  each  into  the  iM|uarv 
of  its  distance  from  the  axis. 

It  is  worth  while  to  notice  that  the  moment  of  momentum 
of  any  rigid  system  about  an  axis,  being  S^rr^  S'nt^m,  is  th-* 
product  of  the  angular  velocity  into  the  moment  of  inertia. 
If  we  take  a  quantity  1%  such  that 

k  is  called  the  Radius  of  Gyration  alxmt  the  axis  fn»m  which 
r  is  measured.  Tlie  radius  of  gj'ration  about  any  axis  ui  there- 
fore the  distance  from  that  axis  at  which,  if  the  whole  maM 
were  placed,  it  would  have  the  same  moment  of  inertia  as  be 
nywh^i.  fQ^  In  a  fly-wheel,  where  it  is  di*simblo  to  have  as  great  i 
moment  of  inertia  with  as  small  a  mass  as  poa^ible,  within 
certain  limits  of  dimensions,  the  greater  part  of  the  mass  u 
formed  into  a  ring  of  the  largest  admissible  diameter,  and  tbf 
radius  of  this  ring  is  then  ap]»rt>ximately  the  raiiius  of  g^'ntioii 
of  the  whole. 


Radios  of 


Momrat  of 
itwrtU  aNtut 
aajasd*. 


A  rigid  body  being  rcfem»d  to  rcctanguUr  axe« 
through  any  point,  it  is  roqnired  to  find  tho  moment  of  i»?rta 
about  an  axis  through  tho  origin  making  given  angles  witk  th« 
co-ordinate  axon. 

Let  X.  /A.  I'  be  itn  din'ctioii-ciwinfii.     Then  the  di*Uiwe  'r  *i 
the  point  x,  y,  z  fn»ni  it  im,  bv  §  Of*. 

r«=  /*-  — »;v  '+  Fa-  — Xj«-f-  Ay— /4x  «. 
and  thercfiiri' 

which  iiiAV  be  writtni 

.1  A'  4-  ///i«  -\-rv'-^  ia^i I  -  -iftvk — :?yA^, 
whore  /f.  //.  <*are  thf  mnmetiti»  of  iiit-rtia  aUmt  the  axM»  M^ 
a^silmyz,  /i=  -iiirx.  y  =  ^.n.ry.     FnMii  its  doriTatiMti  we  fc«  ikn 
thi^  quantitj  \%  ntsfntinll'/  ptmtiv^,     llenee  when,  bv  •  fwoft 


DYNAMICAL  LAWS  AND  PRINCIPLES.  197 

iJDear  transformation,  it  is  deprived  of  the  terms  containing  the  Moment  of 
products  of  X,  /i,  V,  it  will  be  brought  to  the  form 

where  A,  B,  C  are  essentially  positive.     They  are  evidently  the 
moments  of  inertia  about  the  new  rectangular  axes  of  co-ordinates, 
and  A,  /Ay  V  the  corresponding  direction-cosines  of  the  axis  round 
which  the  moment  of  inertia  is  to  be  found. 
Let  il  >►  5  >  C,  if  they  are  unequal.     Then 

i^hows  than  Q  cannot  be  greater  than  A^  nor  less  than  C.      Also, 
if  il,  ^,  C  be  equal,  Q  is  equal  to  each. 

K  a,  (,  c  be  Uie  radii  of  gyration  about  the  new  axes  of  Xy  y^  z^ 
A^Ma\  B=zMb\  C=Mc\ 
and  the  above  equation  gives 

But  if  Xy  ^j  zhe  any  point  in  the  line  whose  direction-cosines  are 
X,  /A,  V,  and  r  its  distance  from  the  origin,  we  have 

-r-=— £=— =r,  and  therefore 

If,  therefore,  we  consider  the  ellipsoid  whose  equation  is 

a*x*+b*y*+c*z*=^€*y 
we  see  that  it  intercepts  on  the  line  whose  direction -cosines  are 
X,  fly  V — and  about  which  the  radius  of  gyration  is  k,  a  length  r 
which  is  given  by  the  equation 

or  the  rectangle  under  any  radius-vector  of  this  ellipsoid  and 
the  radius  of  gyration  about  it  is  constant.     Its  semi-axes  are 

£«  £t  £t 

evidently  —  ,-_,—  where  c  may  have  any  value  we  may  assign. 
a      o      c 

1  hus  it  is  evident  that 

282.  For  every  rigid  body  there  may  be  described  about  Momentai 
ny  point  as  centre,  an  ellipsoid  (called  Poinsofs  Momental 
Ulipsoid)  which  is  such  that  the  length  of  any  radius- vector  is 
jversely  proportional  to  the  radius  of  gyration  of  the  body 
bout  that  radius- vector  as  axis. 

The  axes  of  this  ellipsoid  are  the  PrindpoJ  Axes  of  inei-tia  pnncipai 

the  body  at  the  point  m  question. 

283.  The  proposition  of  §  280  shows  that  the  moment  of 

ertia  of  a  rigid  body  about  any  axis  is  equal  to  that  which 


axes. 
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^cipai  the  mass,  if  collected  at  the  centre  of  inertia,  would  have  about 
this  axis,  together  with  that  of  the  body  about  a  parallel  axis 
through  its  centre  of  inertia. 

Let  the  origin,  0,  be  the  centre  of  inertia,  and  the  axes  the 
principal  axes  at  that  point.  Then,  by  §§  280,  281,  we  have  for 
the  moment  of  inertia  about  a  line  throngh  the  point  P  (^,  17,  {). 
whose  direction-cosines  are  X,  fi,  v ; 

Substituting  for  Q,  A,  B,  C  their  values,  and  dividing  by  J/, 
we  have 

Let  it  be  required  to  find  X,  /a,  v  so  that  the  direction  specified 
by  them  may  be  a  principal  axis.     Let «  =  A^  +  /A17  +  y£  i.^t 
let  8  represent  the  projection  of  OP  on  the  axis  sought. 
The  axes  of  the  ellipsoid 

(a'+^*  +  n^*+ —  2(i;Cyr+ )=//  (a\ 

are  found  by  means  of  the  equations 

If,  now,  we  take /to  denote  OP,  or  (^+«j*+f*)*,  these  eqoatiow. 
where  p  is  clearly  the  square  of  the  radius  of  gyration 
the  axis  to  be  found,  may  be  written 

etc.  =  etc., 
or  ^a*+r—p)k  —  £s^O, 

etc.  =  etc., 
(a*  — A')X  — ^5=0 

W 


IS 

m—CSy=o  1 
f—p)y=o   ) 


where  K=p — /*.     Hence 

A=.^r^.eto. 

Multiply,  in  order,  by  £,  rf,  (,  add,  and  divide  by  <,  and  vt  g(( 

-^— +-^^+-i!— 1  (A 

a*  --  K^  b*  ^  K^  c*  -^  K  ^^  ^^ 

By  (c)  we  see  that  (A,  fi,  v)  is  the  direction  of  the  nonnal 

the  point  jP,  (f,  17,  ()  of  the  surface  represented  by  the 
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+    ,  ^     ,.=1  (e),  Principal 
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which  is  obviously  a  surface  of  the  second  degree  confocal  with 
the  ellipsoid 

and  passing  through  P  in  virtue  of  (d),  which  determines  K  accord- 
ingly. The  three  roots  of  this  cubic  are  clearly  all  real ;  one  of 
them  is  less  than  the  least  of  a*,  5*,  c*,  and  positive  or  negative 
according  as  P  is  within  or  without  the  ellipsoid  (/).  And  if 
a^:^b^^Cj  the  two  others  are  between  c»  and  &*,  and  between  b*  and 
a*,  respectively.  The  addition  of/*  to  each  gives  the  square  of  the 
radius  of  gyration  round  the  corresponding  principal  axis.    Hence 

284.  The  principal  axes  at  any  point  of  a  rigid  body  are  nor- 
lals  to  the  three  surfaces  of  the  second  order  which  pass  through 

lat  point,  and  are  confocal  with  an  ellipsoid,  having  its  centre  central 
t  the  centre  of  inertia,  and  its  three  principal  diameters  co-     ^^ 
icident  with  the  three  principal  axes  through  these  points, 
nd  equal  respectively  to  the  doubles  of  the  radii  of  gyration 
Dund  them.     This  ellipsoid  is  called  the  Central  Ellipsoid, 

285.  A  rigid  body  is  said  to  be  kinetically  symmetrical  Kinetic 
lK)ut  its  centre  of  inertia  when  its  moments  of  inertia  about  roSSV  ^ 
hree  principal  axes  through  that  point  are  equal;  and  there- ^^° 
ore  necessarily  the  moments  of  inertia  about  all  axes  through 

hat  point  equal,  §281,  and  all  these  axes  principal  axes.  About 
It  unifoiTU  spheres,  cubes,  and  in  general  any  complete  crys- 
alliue  solid  of  the  first  system  (see  chapter  on  Properties  of 
Matter)  are  kinetically  symmetricaL 

A  ri^^nd  l>ody  is  kinetically  symmetrical  about  an  axis  when  roiuui  an 
Ills  axis  is  one  of  the  principal  axes  through  the  centre  of 
tiertia,  and  the  moments  of  inertia  about  the  other  two,  and 
Lerefore  alx)ut  any  line  in  their  plane,  are  equal     A  spheroid, 

square  or  equilateral  triangular  prism  or  plate,  a  circular  ring, 
isc,  or  cylinder,  or  any  complete  crystal  of  the  second  or 
jurtli  system,  is  kinetically  symmetrical  about  its  axis. 

286.  The  only  actions  and  reactions  between  the  parts  of  a  Fnenrv  in 
rstem,  not  belonging  palpably  to  the  conservative  class,  which  aynamicn. 
e  shall  consider  in  abstract  dynamics,  are  those  of  friction 
>tween  solids  sliding  on  solids,  except  in  a  few  instances  in 

hich  we  shall  consider  the  general  character  and  ultimate 
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Biiemrin     results  of  offei'ts  produced  by  viscoaitv  of  HumIs.    iiiiti^rfKt 

abstnict  .  '  .  . 

ajDAinii-a  elasticity  of  solids,  imperfect  electric  couduction,'  ur  iiii|«^rft\'i 
magnetic  retentiveness.  We  shall  als<»,  in  nlistract  dynamics, 
consider  forces  as  applie<l  to  parts  of  a  limit^Ml  syst«*m  urbitrmrilT 
from  without   These  we  shall  call,  for  brevity,  the  applied  fon:f> 

287.  The  law  of  enei^py  may  then,  in  alwtract  d^-uunicat.  !•• 
expressed  as  follows  :- 

The  whole  work  dime  in  any  time,  (m  any  liuiit*.-d  matehjil 
system,  by  applied  forces,  is  e({ual  to  the  whole  eflect  in  ih^ 
forms  of  potential  and  kinetic  energ}*  pnxiuceti  in  the  system 
together  with  the  work  lost  in  friction. 

288.  This  principle  may  l>e  regardeil  as  comprehending  thr 
whole  of  abstract  dynamics,  because,  as  we  now  prooiwd  Ut 
show,  the  conditions  of  equilibrium  and  of  motion,  in  every 
possible  case,  may  be  immediately  derivetl  fn>m  it 

KHaiiibrinm.       289.  A  material  system,  whose  relative  motions  are  unrv 
sisted  by  friction,  is  in  equilibrium  in  any  i»articular  configun 
tion  if,  and  is  not  in  equilibrium  unless,  the  work  done  h\ 
the  applied  forces  is  equal  to  the  {)ot4>ntial  energy  gained,  in  any 
possible  infinitely  small  displacement  from  that  configuimtioiL 
Tliis  is  the  celebrated  principle  of  virtual   vehKities   vhicL 
Ligran^e  made  the  basis  of  his  if/canique  Analtftique, 
iMneipie  290.  To  prove  it,  we  have  first  to  remark  that  the  «tsMii 

vvkidtin  cannot  ])ossibly  move  away  from  any  {^articular  configvimtioii 
except  by  work  l>eing  done  uixm  it  by  the  forces  to  which  it  l« 
subject :  it  is  therefore  in  equilibrium  if  the  stated  coudHaoo  b 
fulfilled.  To  a.<Krertain  that  nothing  less  than  this  condition  cui 
secure  its  equilibrium,  let  us  first  (*«)nsider  a  system  havin;; 
only  one  degree  of  freedom  to  move.  Whatever  forces  art  ttn 
the  whole  syst4'm,  we  may  always  hoM  it  in  equilibrium  by  m 
single  forc*e  appli<Ml  to  any  one  |M)int  of  the  system  in  iU  liDr 
of  motion.  op]x»sitc  to  the  dinK'tion  in  which  it  temla  to  movr 
and  of  su<'h  magnitude  tliat.  in  any  infinitely  small  motion  vu 
lither  dirtM-titui.  it  shall  n*sist.  or  shall  do,  as  murh  work  m  thr 
t»ther  fnn'es.  wlirther  appliiMl  or  internal,  altogether  d«i  or  iv^>t 
Xow.  by  the  principle  of  su|H*q)iisitinii  of  f«>ri^*s  in  «*«(uilil»nab. 
we  might,  without  altering  their  cfUvt.  apply  t4i  any  one  point 
of  th(*  system  such  a  force  its  we  have  just  MH»n  wimld  h<4d  th^ 
system  in  (*<|uilibrium.  and  another  force  (*qunl  and  oppt^itt 
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to  it.     All  the  other  forces  being  balanced  by  one  of  these  two.  Principle 

"  •'  'of  virtuiil 

they  and  it  might  again,  by  the  principle  of  superposition  of  veiocitiea. 
forces  in  equilibrium,  be  removed  ;  and  therefore  the  whole  set 
of  given  forces  would  produce  the  same  effect,  whether  for  * 
<*quilibriiun  or  for  motion,  as  the  single  force  which  is  left 
acting  alone.  This  single  force,  since  it  is  in  a  line  in  which 
the  point  of  its  application  is  free  to  move,  must  move  the 
system.  Hence  the  given  forces,  to  which  this  single  force  has 
been  proved  equivalent,  cannot  possibly  be  in  equilibrium 
unless  their  whole  work  for  an  infinitely  small  motion  is 
nothing,  in  which  case  the  single  equivalent  force  is  reduced 
to  nothing.  But  whatever  amount  of  freedom  to  move  the 
whole  system  may  have,  we  may  always,  by  the  application  of 
frictionless  constraint,  limit  it  to  one  degree  of  freedom  only ; 
— and  this  may  be  freedom  to  execute  any  particular  motion 
whatever,  possible  under  the  given  conditions  of  the  system. 
If,  therefore,  in  any  such  infinitely  small  motion,  there  is 
variation  of  potential  energy  uncompensated  by  work  of  the 
applied  forces,  constraint  limiting  the  freedom  of  the  system  to 
only  this  motion  will  bring  us  to  the  case  in  which  we  have 
just  demonstrated  there  cannot  be  equilibrium.  But  the  appli- 
cation of  constraints  limiting  motion  cannot  possibly  disturb 
equilibrium,  and  therefore  the  given  system  under  the  actual 
conditions  cannot  be  in  equilibrium  in  any  particular  con- 
figuration if  there  is  more  work  done  than  resisted  in  any 
]H>ssible  infinitely  small  motion  from  that  configuration  by  all 
the  forces  to  which  it  is  subject 

291.  If  a  material  system,  under  the  influence  of  internal  Nentna 
and  applied  forces,  var\'ing  according  to  some  definite  law,  is 
balanced  by  them  in  any  position  in  which  it  may  be  placed, 
its  equUibriuui  is  said  to  be  neutral.  This  is  the  case  with  any 
spherical  body  of  uniform  material  resting  on  a  horizontal 
plane.  A  right  cylinder  or  cone,  bounded  by  plane  ends  per- 
pendicular to  the  axis,  is  also  in  neutral  equilibrium  on  a 
horizontal  plane.  Practically,  any  mass  of  moderate  dimensions 
is  in  neutral  equilibrium  when  its  centre  of  inertia  only  is 
fixed,  since,  when  its  longest  dimension  is  small  in  comparison 
with  the  earth's  radius,  gravity  is,  as  we  shall  see,  appmximately 
f<|uivalent  to  a  single  force  through  tliis  ])oiiit. 
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Stable  But  U",  when  displaced  infinitely  little  in  any  direction  from 

^  ^'  a  particular  position  of  equilibrium,  and  left  to  itself,  it  com- 
mences and  continues  vibrating,  without  ever  experiencing 
more  than  infinitely  small  deviation  in  any  of  its  parts,  from 
the  position  of  equilibrium,  the  equilibrium  in  this  position  is 
said  to  be  stable.  A  weight  suspended  by  a  string,  a  uniform 
sphere  in  a  hollow  bowl,  a  loaded  sphere  resting  on  a  horizontal 
plane  with  the  loaded  side  lowest,  an  oblate  body  resting  with 
one  end  of  its  shortest  diameter  on  a  horizontal  plane,  a  plank, 
whose  thickness  is  small  compared  with  its  length  and  breadth, 
floating  on  water,  etc.  etc.,  are  all  cases  of  stable  equilibrium ;  if 
we  neglect  the  motions  of  rotation  about  a  vertical  axis  in  the 
second,  third,  and  fourth  cases,  and  horizontal  motion  in  general 
in  the  fifth,  for  all  of  which  the  equilibrium  is  neutral 
Unstable  If,  ou  the  othcr  hand,  the  system  can  be  displaced  in  any 

«iui  num.  ^^^  j^^  ^  ])osition  of  equilibrium,  so  that  when  left  to  itself 
it  will  not  vibrate  within  infinitely  small  limits  about  the  posi- 
tion of  equilibrium,  but  will  move  farther  and  farther  away  from 
it,  the  equilibrium  in  this  position  is  said  to  be  unstable  Thus 
a  loaded  sphere  resting  on  a  horizontal  plane  with  its  load  as 
high  as  possible,  an  egg-shaped  body  standing  on  one  end,  a 
board  floating  edgeways  in  water,  etc.  etc.,  would  present,  if 
they  could  be  realized  in  practice,  cases  of  unstable  equili- 
brium. 

When,  as  in  many  cases,  the  nature  of  the  equilibrium  varies 
with  the  direction  of  displacement,  if  imstable  for  any  possible 
displacement  it  is  practically  imstable  on  the  whole.  Thus  a 
coin  standing  on  its  edge,  though  in  neutral  equilibrium  for 
displacements  in  its  plane,  yet  being  in  mistable  equilibrium 
for  those  perpendicular  to  its  plane,  is  practically  unstable.  A 
sphere  resting  in  equilibrium  on  a  saddle  presents  a  case  in 
which  there  is  stable,  neutral,  or  unstable  equilibrium,  accord- 
ing to  the  direction  in  which  it  may  be  displaced  by  rolling, 
but,  practically,  it  would  be  unstable 
3[Sire  ^^^'^  292.  The  theory  of  energy  shows  a  very  clear  and  simple 
equilibrium,  tcst  for  discriminating  these  characters,  or  determining  whether 
the  equilibrium  is  neutral,  stable,  or  unstable,  in  any  case.  If 
there  is  just  as  much  work  resisted  as  performed  by  the  applied 
and  internal  forces  in  any  possible  displacement  the  equilibrium 
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is  neutral,  but  not  unless.  If  in  every  possible  infinitely  small  Test  of  the 
displacement  from  a  position  of  equilibrium  they  do  less  work  ©quuibriuni 
among  them  than  they  resist,  the  equilibrium  is  thoroughly 
stable,  and  not  unlesa  If  in  any  or  in  every  infinitely  small 
displacement  from  a  position  of  equilibrium  they  do  more  work 
than  they  resist,  the  equilibrium  is  unstable.  It  follows  that 
if  the  system  is  influenced  only  by  internal  forces,  or  if  the 
applied  forces  follow  the  law  of  doing  always  the  same  amount 
of  work  upon  the  system  passing  from  one  configuration  to 
another  by  all  possible  paths,  the  whole  potential  energy  must 
be  constant,  in  all  positions,  for  neutral  equilibrium;  must 
be  a  piinimiim  for  positions  of  thoroyghly  stable  equilibrium ; 
must  be  either  an  absolute  maximum,  or  a  maximum  for  some 
displacements  and  a  minimum  for  others  when  there  is  unstable 
equilibrium. 

293.  We  have  seen  that,  according  to  D'Alembert's  prin-  De<iuction 
ciple,  as  explained  above  (§  264),  forces  acting  on  the  different  mSSom 
points  of  a  material  system,  and  their  reactions  against  the  Li™?^t?m 
accelerations  which  they  actually  experience  in  any  case  of 
motion,  are  in  equilibrium  with  one  another.  Hence  in  any  actual 
case  of  motion,  not  only  is  the  actual  work  done  by  the  forces 
equal  to  the  kinetic  energy  produced  in  any  infinitely  small  time, 
in  virtue  of  the  actual  accelerations ;  but  so  also  is  the  work 
which  would  be  done  by  the  forces,  in  any  infinitely  small  time, 
if  the  velocities  of  the  points  constituting  the  system,  were  at 
any  instant  changed  to  any  possible  infinitely  small  velocities, 
and  the  accelerations  unchanged.  This  statement,  when  put  in 
the  concise  language  of  mathematical  analysis,  constitutes 
Lagrange's  application  of  the  "  principle  of  virtual  velocities" 
to  express  the  conditions  of  D'Alembert*s  equilibrium  between 
the  forces  acting,  and  the  resistances  of  the  masses  to  accelera- 
tioiL  It  comprehends,  as  we  have  seen,  eveiy  possible  condi  - 
tion  of  every  case  of  motion.  The  "  equations  of  motion"  in 
any  particular  case  are,  as  Lagrange  has  shown,  deduced  from 
it  with  great  ease. 

Let  m  be  the  mass  of  any  one  of  the  material  points  of  the 
system ;  x,  y,  z  its  rectangular  co-ordinates  at  time  i^  relatively 
io  axes  fixed  in  direction  (§  249)  through  a  point  reckoned  as 
fixed  (§  245) ;  and  JT,  F,  Z  the  components,  parallel  to  the  same 
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—  fYi —  are  the  components  of  the  reaction  against  acceleration. 

And  these,  with  JT,  F,  Z,  for  the  whole  system,  must  fulfil  the 
conditions  of  equilibrium.  Hence  if  So:,  8y,  fir  denote  any  arbi- 
trary variations  of  x,  y,  z  consistent  with  the  conditions  of  the 
system,  we  have 

2{(jr-«^)&r+(F-wg)8y+(2-mg)8r}=0      (D, 

where  2  denotes  summation  to  include  all  the  particles  of  the 
system.  This  may  be  called  the  indeterminate,  or  the  variational, 
equation  of  motion.  Lagrange  used  it  as  the  foundation  of  hifl 
whole  kinetic  system,  deriving  from  it  all  the  common  equations  of 
motion,  and  his  own  remarkable  equations  in  generalised  co-ordi- 
nates  (presently  to  be  given).  We  may  write  it  otherwise  as  follows : 

where  the  first  member  denotes  the  work  done  by  forces  equal  to 
those  required  to  produce  the  real  accelerations,  acting  through 
the  spaces  of  the  arbitrary  displacements ;  and  the  second  member 
the  work  done  by  the  actual  forces  through  these  imagined 
spaces. 

K  the  moving  bodies  constitute  a  conservative  system,  and  if 
V  denote  its  potential  energy  in  the  configuration  specified  by 
(x,  y,  z,  etc.),  we  have  of  course  (§§  241,  273) 

5F=  — 2(^&r-H%+Z&),  (3), 

and  therefore  the  indeterminate  equation  of  motion  becomes 

2/w(xSar+j?8^+za2:)  =  — 5F  (4:. 

where  6  V  denotes  the  excess  of  the  potential  energy  in  the  con- 
figuration (x+fia?,  y+5y,  «+S*,  etc.)  above  that  in  the  configura- 
tion (x,  y,  -J,  eto.) 

One  immediate  particular  result  must  of  course  be  the  common 
equation  of  energy,  which  must  be  obtained  by  supposing  &r,  %. 
8z,  etc.,  to  be  the  actual  variations  of  the  co-ordinatea  in  an 
infinitely  small  time  8/.  Thus  if  we  take  &r  =  i^^  eto^  and 
divide  both  members  by  hty  we  have 

2(Zi+  ry+-Zr^)=2m(^+yy+ii)  (Su 

Here  the  first  member  is  composed  of  Newton's  ActUme*  A^entium  ; 
with  his  Reaciiones  Resistentium  so  far  as  friction,  gravity,  and 
molecular  forces  are  concerned,  subtracted :  and  the  aeooiid  e(auuis 
of  the  portion  of  the  fifactiones  due  to  acceleration.     As  we  hare 
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Fccn  above  (§  214),  the  second  member  ir  the  rate  of  increase  of  Kqumtion 
'^m(x*+jf*+Jt*)  per  unit  of  time.     Hence,  denoting  by  v  the  °^^^^- 
Telocity  of  one  of  the  particles,  and  by  W  the  integral  of  the 
first  member  multiplied  by  dt,  that  is  to  say,  the  integral  work 
done  by  the  working  and  resisting  forces  in  any  time,  we  have 

^mv*=W+Eo  (6), 

E^  being  the  initial  kinetic  energy.  This  is  the  integral  equa- 
tion of  energy.  In  the  particular  case  of  a  conservative  system, 
IT  is  a  function  of  the  co-ordinates,  irrespectively  of  the  time,  or 
of  the  paths  which  h|ive  been  followed.  According  to  the  pre- 
vious notation,  with  besides  Vo  to  denote  the  potential  energy  of 
the  system  in  its  initial  configuration,  we  have  W=  F©—  V,  and 
the  integral  equation  of  energy  becomes, 

2imv*=:Vo-V+Eo. 
or,  if  E  denote  the  sum  of  the  potential  and  kinetic  energies,  a 
constant,  ^mv*=E^V  (7). 

The  general  indeterminate  equation  gives  immediately,  for  the 
motion  of  a  system  of  free  particles, 

wj,I',=J',,  Tw,j?,  =  Fi,  Wif,  =  Z,,  m^x^=zA\j  etc. 
Of  these  equations  the  three  for  each  particle  may  of  course  be 
treated  separately  if  there  is  no  mutual  influence  between  the 
particles :  but  when  they  exert  force  on  one  another,  JT,,  F,,  etc., 
will  each  in  general  be  a  function  of  all  the  co-ordinates. 

From  the  indeterminate  equation  (1)  Lagrange,  by  his  method  constraint 
of  multipliers,  deduces  the   requisite  number  of  equations  for  iSto°the^ 
determining  the  motion  of  a  rigid  body,  or  of  any  system  of  con-  ^^uon** 
nected  particles  or  rigid  bodies,  thus : — Let  the  number  of  the 
particles  be  f,  and  let  the  connexions  between  them  be  expressed 
by  n  equations, 

FX^,,y,,z,,x,,  ...)=0    V  (8), 


etc.  etc.  j 


being  the  kinematical  equations  of  the  system.  By  taking  the 
variations  of  these  we  find  that  every  possible  infinitely  small  dis- 
placement &ri,  8yi,  ^1,  ^Xxy  ...  must  satisfy  the  n  linear  equations 

^^&r,.f^-'5y,.fetc.=0,   ^^''Sx,  +  ^^'%,.fetc.=0,ctc.     (9). 
iixx  dyx  "'  or,  oyi 

Multiplying  the  first  of  these  by  X ,  the  second  by  X^  ,  etc., 
adding  to  the  indeterminate  equation,  and  then  equating  the  co- 
efficients of  fir,,  fiyi,  etc.,  each  to  zero,  we  have 
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'dxi       "  dxi 


•+^— »^=^ 


dF  dF 


.+  r,-m, 


^yi_ 


dl* 


=0 


(10). 


etc.  etc. 

These  are  iu  all  3t  equations  to  determine  the  n  unknown 
quantities  X^,  X^^,  ...,  and  the  3t— n  independent  variables  to 
which  Xi,  yi,  ...  are  reduced  by  the  kinematical  equations  (8). 

The  problem  of  finding  the  motion  of  a  system  subject  to  any 
unvarying  kinematical  conditions  whatever,  under  the  action  of 
any  given  forces,  is  thus  reduced  to  a  question  of  pure  analysis. 
In  the  still  more  general  problem  of  determining  the  motion  wheo 
certain  parts  of  the  system  are  constrained  to  move  in  a  specified 
manner,  the  equations  of  condition  (8)  involve  not  only  the  co- 
ordinates, but  also,  f,  the  time.  It  is  easily  seen,  however,  that 
the  equations  (10)  still  hold. 

When  there  are  connexions  between  any  parts  of  a  system,  the 
motion  is  in  general  not  the  same  as  if  all  were  free.  If  we  con- 
sider any  particle  during  any  infinitely  small  time  of  the  motion, 
and  call  the  product  of  its  mass  into  the  square  of  the  dbtance 
between  its  positions  at  the  end  of  this  time,  on  the  two  supposi- 
tions, the  constraint:  the  sum  of  the  constraints  is  a  minimum. 
This  follows  easily  from  (1). 

294.  Wlien  two  bodies,  in  relative  motion,  come  into  con- 
tact, pressure  begins  to  act  between  them  to  prevent  any  parts 
of  them  from  jointly  occupying  the  same  spaca  .  This  force 
commences  from  nothing  at  the  first  point  of  collision,  and 
gradually  increases  per  unit  of  area  on  a  gradually  increasing 
surface  of  contact.  If,  as  is  always  the  case  in  nature,  each 
body  possesses  some  degree  of  elasticity,  and  if  they  are  not  kept 
together  after  the  impact  by  cohesion,  or  by  some  artificial 
appliance,  the  mutual  pressure  between  them  will  reach  a 
maximum,  will  begin  to  diminish,  and  in  the  end  will  come  to 
nothing,  by  gradually  diminishing  in  amount  per  unit  of  area 
on  a  gradually  diminishing  surface  of  contact  The  whole  pro- 
cess would  occupy  not  greatly  more  or  less  than  an  hour  if 
the  bodies  were  of  such  dimensions  as  the  earth,  and  such  d^rees 
of  rigidity  as  copper,  steel,  or  glass.  It  is  finished,  probably, 
within  a  thousandth  of  a  second  if  they  are  globes  of  any  of 
these  substances  not  exceeding  a  yard  in  diameter. 
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295.  The  whole  amount,  and  the  direction,  of  the  "  ImpacV  impact 
experienced  by  either  body  in  any  such  case,  are  reckoned 
according  to  the  "  change  of  momentum  "  which  it  experiences. 

The  amount  of  the  impact  is  measured  by  the  amount,  and  its 
direction  by  the  direction  of  the  change  of  momentum,  which  is 
produced.  The  component  of  an  impact  in  a  direction  parallel 
to  any  fixed  line  is  similarly  reckoned  according  to  the  com- 
ponent change  of  momentum  in  that  directioa 

296.  If  we  imagine  the  whole  time  of  an  impact  divided 
into  a  very  great  number  of  equal  intervals,  each  so  short  that 
the  force  does  not  vary  sensibly  during  it,  the  component 
change  of  momentum  in  any  direction  during  any  one  of  these 
intervals  will  (§  220)  be  equal  to  the  force  multiplied  by 
the  measure  of  the  interval  Hence  the  component  of  the 
impact  is  equal  to  the  sum  of  the  forces  iu  all  the  intervals, 
midtiplied  by  the  length  of  each  interval 

Let  P  be  the  component  force  in  any  direction  at  any  instant, 
r,  of  the  interval,  and  let  /  be  the  amount  of  the  corresponding 
component  of  the  whole  impact.     Then 
I^fPdr, 

297.  Any  force  in  a  constant  direction  acting  in  any  cir-  Time- 
eumstances,  for  any  time  great  or  small,  may  be  reckoned  on 

the  same  principle ;  so  that  what  we  may  call  its  whole  amoimt 
during  any  time,  or  its  "time-integral"  will  measure,  or  be 
measured  by,  the  whole  momentum  which  it  generates  in  the 
time  in  question.  But  this  reckoning  is  not  often  convenient 
or  useful  except  when  the  whole  operation  considered  is  over 
bt'fore  the  position  of  the  body,  or  configuration  of  the  system 
of  IxKlies,  involved,  has  altered  to  such  a  degree  as  to  bring  any 
other  forces  into  play,  or  alter  forces  previously  acting,  to  such 
an  extent  as  to  produce  any  sensible  eflTect  on  the  momentum 
measured.  Thus  if  a  person  presses  gently  with  his  hand, 
during  a  few  seconds,  upon  a  mass  suspended  by  a  cord  or 
chain,  he  produces  an  effect  which,  if  we  know  the  degree  of 
the  force  at  each  instant,  may  be  thoroughly 'calculated  on 
elementary  principles.  No  approximation  to  a  full  determina- 
tion of  the  motion,  or  to  answering  such  a  partial  question  as 
'*  how  great  will  be  the  whole  deflection  produced  V*  can  be 
founded  on  a  knowledge  of  the  "  time-inttgrar  alone.     If,  for 
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instance,  the  force  be  at  first  very  gixjat  and  gradually  dinimuh, 
the  effect  will  be  very  different  from  what  it  would  be  if  the 
force  were  to  increase  very  gradually  and  to  cease  suddenly, 
even  although  the  time-integral  were  the  same  in  the  two 
cases.  But  if  the  same  body  is  "  struck  a  blow,"  in  a  horizontal 
direction,  either  by  the  hand,  or  by  a  mallet  or  other  somewhat 
hard  mass,  the  action  of  the  force  is  finished  before  the  suspend- 
ing coi-d  has  experienced  any  sensible  deflection  from  the  ver 
tical.  Neither  gravity  nor  any  other  force  sensibly  alters  the 
effect  of  the  blow.  And  therefore  the  whole  momentum  at  the 
end  of  the  blow  is  sensibly  equal  to  the  "  amount  of  the  impacC 
which  is,  in  this  case,  simply  the  time-integraL 

298.  Such  is  the  case  of  Kobins'  Ballistic  Pendulum,  a 
massive  block  of  wood  movable  about  a  horizontal  axis  at  a 
considerable  distance  above  it — employed  to  measure  the  velo- 
city of  a  cannon  or  musket-shot.  The  shot  is  fired  into  the  blot*k 
in  a  horizontal  direction  perpendicular  to  the  axis.  The  iiu- 
l)idsive  penetration  is  so  nearly  instantaneous,  and  the  inertia 
of  the  block  so  large  compared  with  the  momentum  of  the  shot, 
that  the  ball  and  pendulum  are  moving  on  as  one  mass  before  the 
pendulum  lias  been  sensibly  deflected  from  the  vertical.  This  is 
the  Essential  peculiarity  of  the  apparatus.  A  sufficiently  great 
force  might  move  it  far  from  the  vertical  in  a  small  fraction 
of  its  time  of  vibratioiL  But  in  order  that  the  time-integral 
may  have  its  simplest  application  to  such  a  case^  the  direction 
of  the  force  would  have  continually  to  change  so  as  to  be 
always  the  same  as  that  of  the  motion  of  the  block. 

299.  Other  illusti-ations  of  the  cases  in  which  the  time- 
integral  gives  us  the  complete  solution  of  the  problem  may  W 
given  without  limit.  They  include  all  cases  in  which  the 
direction  of  the  force  is  always  coincident  with  the  direction 
of  motion  of  the  moving  body,  and  those  special  cases  in  which 
the  time  of  action  of  the  force  is  so  short  that  the  Ixxly's  motion 
does  not,  during  its  lapse,  sensibly  alter  ita  relation  to  the  direc- 
tion of  the  force,  or  the  action  of  any  other  forces  to  which  it 
may  be  subject  Tlius,  in  the  vertical  fall  of  a  body,  the  time- 
integral  gives  us  at  once  the  change  of  momentum ;  and  the 
same  rule  applies  in  most  cases  of  forces  of  brief  duration,  as 
in  a  '*  drive  "  in  cricket  or  golf. 
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800.  The  simplest  case  which  we  can  consider,  and  the  one  £JJ^*^oV™' 
isoally  treated  as  an  introduction  to  the  subject,  is  that  of  the  ■p*»«'«^ 
collision  of  two  smooth  spherical  bodies  whose  centres  before 
collision  were  moving  in  the  same  straight  line.  The  force 
between  them  at  each  instant  must  be  in  this  line,  because  of 
the  symmetry  of  ciicumstances  round  it;  and  by  the  third 
law  it  must  be  equal  in  amount  on  the  two  bodies.  Hence 
(Lex  il)  they  must  experience  changes  of  motion  at  equal  rates 
in  contrary  directions ;  and  at  any  instant  of  the  impact  the 
integral  amoimts  of  these  changes  of  motion  must  be  equal 
Let  us  suppose,  to  fix  the  ideas,  the  two  bodies  to  be  moving 
both  before  and  after  impact  in  the  same  direction  in  one  line  : 
one  of  them  gaining  on  the  other  before  impact,  and  either 
following  it  at  a  less  speed,  or  moving  along  with  it,  as  the 
case  may  be,  after  the  impact  is  completed  Cases  in  which 
the  former  is  driven  backwards  by  the  force  of  the  collision, 
or  in  which  the  two  moving  in  opposite  directions  meet  in 
collision,  are  easily  reduced  to  dependence  on  the  same  formida 
by  the  ordinary  algebraic  convention  with  regard  to  positive 
and  n^ative  signs. 

In  the  standard  case,  then,  the  quantity  of  motion  lost,  up 
to  any  instant  of  the  impact,  by  one  of  the  bodies,  is  equal  to 
that  gained  by  the  other.  Hence  at  the  instant  when  their 
velocities  are  equalized  they  move  as  one  mass  with  a  momen- 
tum equal  to  the  sum  of  the  momenta  of  the  two  before  impact. 
That  is  to  say,  if  v  denote  the  common  velocity  at  this  instant, 
we  have 

(M-\-M')v:=MV+M'V\ 
MV+AfV 

if  If,  M'  denote  the  masses  of  the  two  bodies,  and  F,  V  their 
velocities  before  impact. 

During  this  first  period  of  the  impact  the  bodies  have  been, 
on  the  whole,  coming  into  closer  contact  with  one  another, 
through  a  compression  or  deformation  experienced  by  each, 
and  residting,  as  remarked  above,  in  a  fitting  together  of  the 
two  surfaces  over  a  finite  area  No  body  in  nature  is  per- 
fectly inelastic ;  and  hence,  at  the  instant  of  closest  approxi- 
mation, the  mutual  force  called  into  action  between  the  two 

0 
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Direct  im  bodies  continues,  and  tends  to  separate  them.  Unless  pre- 
siiheres.  vented  by  natural  surface  cohesion  or  welding  (such  as  is 
always  found,  as  we  shall  see  later  in  our  chapter  on  Properties 
of  Matter,  however  hai-d  and  well  polished  the  surfaces  may 
be),  or  by  artificial  appliances  (such  as  a  coating  of  wax,  applied 
in  one  of  the  common  illustrative  experiments ;  or  the  coupling 
applied  between  two  railway  carriages  when  run  together  so  as 
to  push  in  the  springs,  according  to  the  usual  practice  at  rail- 
Effect  of  way  stations),  the  two  bodies  are  actually  separated  by  this 
force,  and  move  away  from  one  another.  Newton  found  that, 
provided  the  impact  is  not  so  violent  as  to  make  any  sensible  per- 
man£nt  indentation  in  cither  body,  the  relative  velocity  of 
separation  after  the  impact  bears  a  proportion  to  their  previous 
relative  velocity  of  approach,  which  is  constant  for  the  same 
two  bodies.  This  proportion,  always  less  than  unity,  ap- 
proaches more  and  more  nearly  to  it  the  harder  the  bodies  are. 
« ^riinenta  ^hus  with  balls  of  comprcsscd  wool  he  found  it  I,  iron  nearly 
the  same,  glass  H-  The  results  of  more  i*ecent  experiments  ou 
the  same  subject  have  confirmed  Newton's  law.  These  will  be 
described  later.  In  any  case  of  the  collision  of  two  balls,  let 
e  denote  this  proportion,  to  which  we  give  the  name  CoefficurU 
of  Restitution;^  and,  with  previous  notation,  let  in  addition 
U,  U'  denote  the  velocities  of  the  two  bodies  aft^r  the  conclusion 
of  the  impact ;  in  the  standard  case  each  being  positive,  but 
fr>*  U.     Then  we  have 

U'—U=^e{V—r) 
and,  as  befoi-e,  since  one  has  lost  as  much  momentum  as  the 
other  has  gained. 

From  these  equations  we  find 

{M'{-M')U^MV-\'M'  r—eM'[  V—V), 
with  a  similar  expression  for  U\ 
Also  we  have,  as  above. 

Hence,  by  subtraction, 

(3f+3r)(u— C^)=ci/'(^— F')=«{3rF— (lf+ir)r+J/F} 

*  In  most  modern  treaiiftes  this  in  called  a  "  coefficient  of  elastidtr,**  wbkli  » 
clearly  a  m intake  ;  Ruggested,  it  may  l)e,  by  Newton*s  words,  but  inoouiUcBt  vitk 
his  facts,  and  utterly  at  variance  witn  modem  language  and  mod«>rn  knowledff  i«- 
garding  elasticity. 
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and  therefore  ^.V 

V—  {/=  ^  F— r).  spheres. 

Of  course  we  have  also 

ir—v=^e(y—r). 

These  results  may  be  put  in  words  thus  : — The  relative  velocity 
of  either  of  the  bodies  with  regard  to  the  centre  of  inertia  of 
the  two  is,  after  the  completion  of  the  impact,  reversed  in 
direction,  and  diminished  in  the  ratio  e:l. 

901.  Hence  the  loss  of  kinetic  energy,  being,  according  to 
§§  267,  280,  due  only  to  change  of  kinetic  energy  relative  to 
the  centre  of  inertia,  is  to  this  part  of  the  whole  as  1  — c^ :  1. 

Thufl 
Initial  kinetic  energy =^(M+M')v*+^M{V—vy  +  iM'{v—V')K 
Final       ,.  „     =i\(M+M')v*+lM(v—U)*+iM\U'^v)\ 

Loes  =J(i_c«){3/(F— i?)«+i/'(y— r)«}. 

802.  ^^^len  two  elastic  bodies,  the  two  balls  supposed  above  DistHimUon 
for  instance,  impinge,  some  portion  of  their  previous  kinetic  2fte?12ptct. 
energ)-  will  always  remain  in  them  as  vibrations.     A  portion 
of  the  loss  of  energy  (miscalled  the  effect  of  imperfect  elas- 
ticity) is  necessarily  due  to  this  cause  in  every  real  case. 

Ijiter,  in  our  chapter  on  Properties  of  Matter,  it  will  be 
jihowu  as  a  result  of  experiment,  that  forces  of  elasticity  are, 
to  a  very  close  degree  of  accuracy,  simply  proportional  to  the 
>t rains    |:J  154>,  within  the  limits  of  elasticity,  in  elastic  solids 
wliich.  like  metals,  glass,  etc.,  bear  but  small  deformations  with- 
out jM-naanent  change.      Hence  when  two  such  bodies  come 
iut<>  collision,  sometimes  with  greater  and  sometimes  with  less 
mutual  vel(M-ity,  but  with  all  other  circumstances  similar,  the 
\el«»i  ities  of  all  particles  of  either  body,  at  corresponding  times 
'»f  th*'  imparts,  will  be  always  in  the  Siiuu*  proporticm.     Hence  xewton« 
th»-  veh»city  of  separation  (jf  the  centres  of  inertia  after  impact  hJ^iTon-*"^ 
will   bear  a  constant  proportion   to  the  previous  velocity  of  J'i!*r/Ji ela-- 
;i|»|irna«  h  ;  which  agrees  with  the  Xewtonian  Ljiw.    It  is  there-  ^*^*^^ 
[.•!v  pn»bal>le  that  a  very  sensible  portion,  if  not  the  whole,  of 
\\\-  hiss  of  energ}'  in  the  visible  motions  of  two  elastic  bodies, 
ift'T  impact,  exjK'rimented  on  by  Newton,  may  have  been  due 
:o  vibi-ations ;  but  unless  some*,  other  cause  also  was  largely 
»|M'rativ»»,  it  is  difficult  to  see  how  the  loss  was  so  much  greater 
;vith  irrin  balls  than  with  glass. 
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iMttribmion       803.  In  certain  definite  extreme  cases,  imamnable  alth'^iurfi 

of  energy 

•rterimpact  not  rcalizalile,  no  energy  will  Ix?  spent  in  vihmtious,  and  th»» 
two  iKxlies  will  separate,  each  niovin;^  simply  as  a  rij:id  hoAj, 
and  having  in  this  simple  motion  the  whole  enei^*  of  work 
done  on  it  bv  elastic  forc»e  during;  the  coUisioiL  For  instaiic<*. 
let  the  two  bodies  be  cylinders,  or  prismatic  bars  with  fl.it  en«U, 
of  the  same  kind  of  substance,  and  of  e(|iial  and  siuiilar  trans- 
verse sections;  and  let  this  substance  have  the  pro|>ertT  of 
comj)ressibility  with  jK^rfect  elasticity,  in  the  din»ction  of  thf 
lenj-th  of  the  bar,  and  of  aKsolute  n^sistance  to  cban;:e  in  everr 
transverse  dimension.  Before  impact,  let  the  two  btHlif?s  b* 
placed  with  their  len^hs  in  one  line,  and  their  tranaverne  ser- 
tions  (if  not  circular)  similarly  situated,  and  let  one  or  both  b^ 
set  in  motion  in  this  line.  The  n»sult.  as  n^pmls  the  motions 
of  the  two  bodies  after  the  collision,  will  be  sensibly  ih^ 
same  if  they  are  of  any  real  onlinary  elastic  solid  matehaL 
provided  the  greatest  transverse  diameter  of  each  is  very  small 
in  compari.son  with  it^  length.  Tiien,  if  the  lengtlis  of  the  tvo 
be  equal,  they  will  separate  after  imiNict  with  the  samt*  relatiTv 
velocity  as  that  with  which  tln*y  appnmcheti.  and  neither  will 
n»tain  any  vibratory  motion  after  the  end  of  the  coUivion. 

304.  If  the  two  bars  an»  of  uui^iual  length,  the  shorttT  will 
after  the  impact,  be  exac^tly  in  the  same  state  a^  if  it  had 
struck  another  of  its  own  length,  and  it  theit*fore  will  move  at 
a  rigid  body  after  the  collision.  But  the  other  will,  along  vitk 
a  motion  of  its  centre  of  gravity,  calculable  from  the  principle 
that  its  whole  momentum  must  i^§  207)  be  changed  by  aa 
amount  equal  exa(*tly  to  the  momentum  gaine«l  or  lo«(t  by  the 
first,  have  also  a  vibratory  motion,  of  which  the  whole  kinHir 
and  jKJtential  «»nergy  will  make  up  the  deficiency  of  vtwrgf 
which  W(*  shall  pn*sently  calculate*  in  the  moti«ms  of  thf  o'Utivf 
of  inertia  For  simplicity,  let  th**  lonp*r  limly  U»  sup|Mi»«\I  l«» 
1k»  at  n*st  U-fun*  the  collision.  Tlirn  the  .short«»r  on^ sinking  it 
will  W  li'tt  at  n^st ;  this  Iwing  rlt»arly  the  n*!«ult  in  the  case  rf 
e=  \  in  the  pnTinling  fonnuhi*  §  3oo  a]tplii*ti  to  the  iui|«M.'t 
of  ono  IhhIv  Mrikiii'4  anotlit*r  of  (>i|ual  mass  pn*v:«>usly  at  rvft 
The  longer  bar  will  move  away  with  the  same  niomt*titum.  and 
therefore  with  less  velivity  of  its  centre  of  inertia,  and  \rm 
kinetic  energy  of  thi<i  motion,  than  the  other  Uidy  ha*l  belbrr 
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impact,  in  the  ratio  of  the  smaller  to  the  greater  mass.  It  will  ^^Ijj^**^"**** 
also  have  a  very  remarkable  vibratory  motion,  which,  when  its  ^^^  impact 
length  is  more  than  double  of  that  of  the  other,  will  consist  of 
a  wave  running  backwards  and  for\^'ards  through  its  length,  and 
causing  the  motion  of  its  ends,  and,  in  fact,  of  every  particle  of 
it,  to  take  place  by  "  fits  and  starts,'*  not  continuously.  The 
full  analysis  of  these  circumstances,  though  very  simple,  must 
be  reserved  until  we  are  especially  occupied  with  waves,  and 
the  kinetics  of  elastic  solids.  It  is  suflScient  at  present  to  re- 
mark, that  the  motions  of  the  centres  of  gravity  of  the  two 
bodies  after  impact,  whatever  they  may  have  been  previously, 
are   given  by  the  preceding   formulae  with    for  e  the  value 

j^  ,  where  M'  and  M  are  the  smaller  and  the  larger  mass  re- 
spectively. 

305.  The  mathematical  theory  of  the  vibrations  of  solid  elastic 
spheres  has  not  yet  been  worked  out ;  and  its  application  to 
the  case  of  the  vibrations  produced  by  impact  presents  con- 
siderable diflBculty.  Experiment,  however,  renders  it  certain, 
that  but  a  small  part  of  the  whole  kinetic  energy  of  the  pre- 
vious motions  can  remain  in  the  form  of  vibrations  after  the 
impact  of  two  equal  spheres  of  glass  or  of  ivory.  This  is 
proved,  for  instance,  by  the  conmion  observation,  that  one  of 
them  remains  nearly  motionless  after  striking  the  other  pre- 
viously at  rest ;  since,  the  velocity  of  the  common  centre  of 
gravity  of  the  two  being  necessarily  unchanged  by  the  impact. 
we  infer  that  the  second  ball  acquires  a  velocity  nearly  equal 
to  that  which  the  first  had  before  striking  it.  But  it  is  to  be 
exf>ected  that  unequal  balls  of  the  same  substance  coming  into 
collision  will,  by  impact,  convert  a  very  sensible  proportion  of 
the  kinetic  energy  of  their  previous  motions  into  energy  of 
vibrations  ;  and  generally,  that  the  same  will  be  the  case  when 
equal  or  unequal  masses  of  different  substances  come  into  colli- 
sion ;  although  for  one  particular  pi-oportion  of  their  diameters, 
depending  on  their  densities  and  elastic  qualities,  this  effect  will 
be  a  minimum,  dnd  possibly  not  much  more  sensible  than  it  is 
when  the  substances  are  the  same  and  the  diameters  equal. 

306.  It  need  scarcely  be  said  that  in  such  cases  of  impact 
as  that  of  the  tongue  of  a  bell,  or  of  a  clock-hammer  striking 


214 


PBELIMINARY  NOTIONS. 


Moment  of 
an  impact 
about  an 


Balliatlc 

pendulum. 


its  bell  (or  spiral  spring  as  in  the  American  clocks),  or  of  piano- 
forte hammers  striking  the  strings,  or  of  the  drum  struck  with 
the  proper  implement,  a  large  part  of  the  kinetic  energj'  of  the 
blow  is  spent  in  generating  vibrationa 

307.  The  Moment  of  an  Impact  about  any  axis  is  derived 
from  the  line  and  amount  of  the  impact  in  the  same  way  as  the 
moment  of  a  velocity  or  force  is  determined  from  the  line  and 
amount  of  the  velocity  or  force,  §§  235,  236.  If  a  body  is 
struck,  the  change  of  its  moment  of  momentum  about  any  axis 
is  equal  to  the  moment  of  the  impact  round  that  axia  But, 
without  considering  the  measure  of  the  impact,  we  see  (§  267) 
that  the  moment  of  momentum  round  any  axis,  lost  by  one 
body  in  striking  another,  is,  as  in  every  case  of  mutual  action, 
equal  to  that  gained  by  the  other. 

Thus,  to  recur  to  the  ballistic  pendulum — the  line  of  motion 
of  the  bullet  at  impact  may  be  in  any  direction  whatever,  but  the 
only  part  which  is  effective  is  the  component  in  a  plane  perpen- 
dicular to  the  axis.  We  may  therefore,  for  simplicity,  consider 
the  motion  to  be  in  a  line  perpendicular  to  the  axis,  though  not 
necessarily  horizontal.  Let  m  be  the  mass  of  the  bullet,  r  its 
velocity,  and  p  the  distance  of  its  line  of  motion  from  the  axis. 
Let  M  be  the  mass  of  the  pendulum  with  the  bullet  lodged  in  it, 
and  k  its  radius  of  gyration.  Then  if  cu  be  the  angular  velocity 
of  the  pendulum  when  the  impact  is  complete, 

f7?t?p=3fj[;*(i>, 
from  which  the  solution  of  the  question  is  easily  determined. 

For  the  kinetic  energy  after  impact  is  changed  (§  241)  into 
its  equivalent  in  potential  energy  when  the  pendulum  reaches  \\a 
position  of  greatest  deflection.  Let  this  be  given  by  the  angle 
6:  then  the  height  to  which  the  centre  of  inertia  is  raised  is 
^(1  —  cos^)  if  h  be  its  distance  from  the  axis.     Thus 


Mk* 


_   .     6        mvp 

2sm  —  = r_  J 

«     Mk^gh 


an  expression  for  the  chord  of  half  the  angle  of  deflection.  In 
practice  the  chord  of  the  angle  $  is  measured  by  means  of  i 
light  tape  or  cord  attached  to  a  point  of  the  pendulum,  vd 
slipping  with  small  friction  through  a  clip  fixed  close  to  the  posi- 
tion occupied  by  that  point  when  the  pendulum  hangs  at  rest. 
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808.   Work  done  by  an  impact  is,  in  general,  the  product  of  w<»rk  done 
the  impact  into  half  the  sum  of  the  initial  and  final  velocities  ^  "^**^ 
of  the  point  at  which  it  is  applied,  resolved  in  the  direction  of 
the  impact     In  tlie  case  of  direct  impact,  such  as  that  treated 
in  §  300,  the  initial  kinetic  energy  of  the  body  is  iMV\  the 
final  ^MU*,  and  therefore  tlie  gain,  by  the  impact,  is 

or,  which  is  the  same. 

But  M{U — V)  is  (§  295)  equal  to  the  amount  of  the  impact 
Hence  the  pro{)osition :  the  extension  of  which  to  the  most 
general  circumstances  is  easily  seen. 

Let  4  be  the  amount  of  the  impulse  up  to  time  r,  and  /  the 
whole  amount,  up  to  the  end,  T.     That  is  to  saj,  lei 

Whatever  may  be  the  conditiouB  to  which  the  body  struck  is 
subjected,  the  change  of  velocity  in  the  point  struck  is  propor- 
tional to  the  amount  of  the  impulse  up  to  any  part  of  its  whole 
time,  »o  that,  if  ^  be  a  constant  depending  on  the  masses  and 
conditions  of  constraint  involved,  and  if  U,  v,  V  denote  the  com- 
ponent velocities  of  the  point  struck,  in  the  direction  of  the 
impulse,  at  the  beginning,  at  the  time  r,  and  at  the  end,  re- 
spectively, we  have 

«•='•+ r  ^'='^+¥- 

Hence,  for  the  rate  of  the  doing  of  work  by  the  force  /*,  at  the 
instant  /,  we  have 

Hence  for  the  whole  work  (IT)  done  by  it, 

=  ci+^i(y-U)=mu+v). 

309.  It  is  worthy  of  remark,  that  if  any  number  of  impacts 
U.-  a]>ith(Kl  to  a  body,  their  whole  ettect  will  be  the  same  whether 
tlit-y  I*  applied  together  or  successively  (provided  that  the 
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wtirkdone  wholc  time  occupied  by  them  be  infinitely  short),  although 
by  Impact  ^^^  ^ork  done  by  each  particular  impact  is  in  general  different 
according  to  the  order  in  which  the  several  impacts  are  applied. 
The  whole  amount  of  work  is  the  sum  of  the  products  obtained 
by  multiplying  each  impact  by  half  the  sum  of  the  components 
of  the  initial  and  final  velocities  of  the  point  to  which  it  is 
applied. 
BquatioM         310.  The  cffcct  of  auv  stated  impulses,  applied  to  a  risid 

of  impulsive  n^-i-^  ..i^-i- 

mouon.        body,  or  to  a  system  ot  material  pomta  or  rigid  bodies  con- 
nected in  any  way,  is  to  be  found  most  readily  by  the  aid  of 
D'Alembert's  principle ;  according  to  which  the  given  impulses, 
and  the  impulsive  reaction  against  the  generation  of  motion, 
measured  in  amount  by  the  momenta  generated,  are  in  equi- 
librium ;  and  are  therefore  to  be  dealt  with  mathematically  by 
applying  to  them  the  equations  of  equilibrium  of  the  system- 
Let  Pi,  Qiy  Ri  be  the  component  impulses  on  the  first  particle, 
/Wi,  and  let  Xi,  ^j,  i,  be  the  components  of  the  velocity  in- 
stantaneously acquired  by  this  particle.     Component  forces  equal 
to  (Pi  —  w?,i?i),  (Gi  —  Wj^i),  ...  must  equilibrate  the  system, 
and  therefore  we  have  (§  290) 

2{(P  —  wir)8a;+((3  — my)ay+(/2  — mi;aj}=0  (a; 

where  &r,,  Syi,  ...  denote  the  components  of  any  infinitely  small 
displacemeuto  of  the  particles  possible  under  the  conditions  <^ 
the  system.  Or,  which  amounts  to  the  same  thing,  since  any 
possible  infinitely  small  displacements  are  simply  proportional  to 
any  possible  velocities  in  the  same  directions, 

'2{{P  —  mx)u+{Q  —  m:^)v+{Q  —  mz)w]=^0  (b) 

where  t/,,  Vi,  Wi  denote  any  possible  component  velocities  of  the 
first  particle,  etc. 

One  particular  case  of  this  equation  is  of  course  had  by  suppos- 
ing Wi,  r,,  ...  to  be  equal  to  the  velocities  ir,,  y,,  ...  mctoally 
acquired ;  and,  by  halving,  etc.,  we  find 

2(P.ix+aiy+/?.ii)=r  (c) 

where  T  denotes  the  energy  of  the  motion  generated.  Thii 
agrees  with  §  308  above. 

SSiSTSt?'        311*  Euler  discovoi-ed  that  the  kinetic  enei^-  acquired  from 

{J^^y     rest  by  a  rigid  body  in  virtue  of  an  impulse  fulfils  a  maximum- 

minimum  condition      Lagrange*  extended  this  proposition  U) 

»  Mt*eanique  Annlytique,  *»<*•  partis,  S»»  Mction,  f  87. 
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a  system  of  bodies  connected  by  any  invariable  kinematic  re-  SrhSpaSiv 
lations,  and  struck  with  any  impulses.  Delaunay  found  that  it  °*°"**'^ 
is  really  always  a  maximum  when  the  impulses  are  given,  and 
when  different  motions  possible  under  the  conditions  of  the  system, 
and  fulfilling  the  law  of  energy  [§  308  above,  or  §  310  (c)],  are 
considered.  Farther,  Bertrand  shows  that  the  energy  actually 
acquired  is  not  merely  a  "  maximum,"  but  exceeds  the  energy 
of  any  other  motion  fulfilling  these  conditions ;  and  that  the 
amount  of  the  excess  is  equal  to  the  energy  of  the  motion  which 
must  be  compounded  with  either  to  produce  the  other. 

Let  x(,  ifi  ...  be  the  component  velocities  of  any  motion  what- 
ever fuIfiUing  the  equation  (c),  which  becomes 

i2(Px'+Qy'+i?i')  =  r=i2m(x'«+y'«+i'«)  (d). 

If,  then,  we  take  Xi  —  x,'=  m„  ^,  — y/=i  v^  etc.,  we  have 
T—  r=j2m{(2ir— .w)w+...} 

=2m(irw+yi;+iu7)  —  i2m(u«+t;*.+u;«)     («). 
But,  by  (6), 

'2m{xu+iv+^w)=^^Pu+Qv+Ew) ; 
and,  by  (c)  and  (^f), 

:^Pu+Qu+Rw)=^2T—2r. 
Hence  («)  gives 

which  is  Bertrand's  result. 

312.  The  energy  of  the  motion  generated  suddenly  in  a  i;£n'im- 
mass  of  incompressible  liquid  given  at  rest  completely  filling  i»»^«'v«^y 
a  vessel  of  any  shape,  when  the  vessel  is  suddenly  set  in 
motion,  or  when  it  is  suddenly  bent  out  of  shape  in  any  way 
whatever,  subject  to  the  condition  of  not  changing  its  volume, 

is  Ifss  than  the  energy  of  any  other  motion,  it  can  have  with  the 
same  motion  of  its  hounding  surface.  The  considemtion  of  this 
theorem,  which,  so  far  as  we  know,  was  first  published  in 
the  Cambridge  and  Dublin  Mathematical  Journal  [Feb.  1849], 
has  led  us  to  the  general  minimum  property  proved  below 
regarding  motion  acquired  by  any  system  when  any  given  velo- 
citirs  are  generated  suddenly  in  any  of  its  parts. 

313.  The  method  of  generalized  co-ordinates  explained  J^^^pJ/J*^. 
Bh*}\e  (§  204)  is  extremely  useful  in  its  application  to  the  ^^JJJjJ^f^^ 
dynamics  of  a  system ;  whether  for  expressing  and  working  co-oruiuat 
out  the  details  of  any  particular  case  in  which  there  is  any 
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Impulsive  finite  number  of  degrees  of  freedom,  or  for  proving  general 
motion  re-  principles  applicable  even  to  cases,  such  as  that  of  a  liquid,  as 
generalized  described  in  the  preceding  section,  in  which  there  may  be  an 
infinite  number  of  degrees  of  freedom.  It  leads  us  to  generalize 
the  measure  of  inertia,  and  the  resolution  and  composition  of 
forces,  impulses,  and  momenta,  on  dynamical  principles  corre- 
sponding with  the  kinematical  principles  explained  in  §  204, 
which  gave  us  generalized  component  velocities :  and,  as  we 
shall  see  later,  the  generalized  equations  of  continuous  motion 
are  not  only  very  convenient  for  the  solution  of  problems,  but 
most  instructive  as  to  the  nature  of  relations,  however  compli- 
cated, between  the  motions  of  different  parts  of  a  system.  In 
the  meantime  we  shall  consider  the  generalized  expressions  for 
the  impulsive  generation  of  motion.  We  have  seen  above 
(§  308)  that  the  kinetic  energy  acquired  by  a  system  given  at 
rest  and  struck  with  any  given  impulses,  is  equal  to  half  the 
sum  of  the  products  of  the  component  forces  multiplied  each 
into  the  corresponding  component  of  the  velocity  acquired  by 
its  point  of  application,  when  the  ordinary  system  of  rectangular 
co-ordinates  is  used.  Precisely  the  same  statement  holds  on 
Generalized  the  generalized  system,  and  if  stated  as  the  convention  agreed 
Vti^^^  upon,  it  suffices  to  define  the  generalized  components  of  im- 
meSum.  pulsc,  tliosc  of  vclocity  having  been  fixed  on  kinematical 
principles  (§  204).  (Jeneralized  components  of  momentum 
of  any  specified  motion  are,  of  course,  equal  to  the  generalized 
components  of  the  impulse  by  which  it  could  be  generated  from 
rest 

(a)  Let  \pj<f>yOj ,..  be  the  generalized  co-ordinates  of  a  material 
system  at  any  time;  and  let  ^,  <^,  ^,  ...  be  the  correspoDding 
generalized  velocity  -  components,  that  is  to  say,  the  rates  at 
which  ip,  <f>,  $,  ,,,  increase  per  unit  of  time,  at  any  instant,  m 
the  actual  motion.  If  0:1,^1,  Zi  denote  the  common  rectangnlir 
co-ordinates  of  one  particle  of  the  system,  and  x^  ^1,  it  ita  com- 
ponent velocities,  we  have 

etc.  etc. 

Hence  the  kinetic  energy,  which  \a  2im(i'*+y*+i'),  in  teraa 
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of  rectangular  co-ordinates,  becomes  a  quadratic  function  of 
yJTy  4^,  etc.,  when  expressed  in  terms  of  generalized  co-ordinates, 
so  that  if  we  denote  it  by  T  we  have 

r=i{(^,^)^«+(<^,*)<^«+-..+2(v^,*)^<A+...}  (2),  ^^^ 

where  (^,  ^),  (^,  <^),  (^,  <^),  etc.,  denote  various  functions  of  the  '<*'  kinetic 
co-ordinates,  determinable  according   to  the  conditions  of  the 
system.     The  only  condition  essentially  fulfilled  by  these  co- 
efficients is,  that  they  must  give  a  finite  positive  value  to  T  for 
all  values  of  the  variables. 

(b)  Again  let  (Xj,  Fj,  Zi),  (X„  F„  Z,),  etc.,  denote  component 
forces  on  the  particles  (x,,  yi,  r,),  (ar„  y„  z,),  etc.,  respectively; 
and  let  (dxi,  Sy,,  &,),  etc.,  denote  the  components  of  any  in- 
finitely smaU  motions  possible  without  breaking  the  conditions  of 
the  system.  The  work  done  by  those  forces,  upon  the  system 
when  so  displaced,  will  be 

2(^8a:-f-ray-fZ&)  (8). 

To  transform  this  into  an  expression  in  terms  of  generalized  co- 
ordinates, we  have 

etc.  etc. 


and  it  becomes 
wLere  . 


^8^-f*8</»-fetc.  (5), 


^  =  5:(Tjy-f  rJ^-fZ^)     ]  Generalized 

ay  dy  dyp       I  coraponenU, 

^^^^'^d<i>^^  d<i>^^d<t) 

etc.  etc. 

Theso  quantities,  "4^,  4>,  etc.,  are  clearly  the  generalized  com- 
fHments  of  the  force  on  the  system. 

Let  "^P,  4>,  etc.,  denote  component  impulses,  generalized  on  the 
fiame  principle ;  that  is  to  say,  let 

>P=  r^^dt,  *=  /  ^^dt,  etc.,  of  impuiH*. 

Jo  '      Jo 

where  ^,  4>,  ...  denote  generalized  components  of  the  continuous 

force  acting  at  any  instant  of  the  infinitely  short  time  r,  within 

which  the  impulse  is  completed. 

If  this  impulse  is  applied  to  the  system,  previously  in  motion 


220 


PREUMINARY  NOTIOXa 


apnlsive 
nention  of 
otiun  re- 
rredto 
tneraltzed 
M>rdinate8. 


omonta  in 

nniof 
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in  the  manner  specified  above,  and  if  3^,  8^,  «.,  denote  the  re- 
sulting augmentations  of  the  components  of  velocity,  the  means 
of  the  component  velocities  before  and  after  the  impulse  will  be 

V^+i«f ,  ^+i«<^,  ... . 
Hence,  according  to  the  general  principle  explained  above  for 
calculating  the  work  done  by  an  impulse,  the  whole  work  done 
in  this  case  is 

?(f+iW+f(<^+i«<^)+etc. 
To  avoid  unnecessary  complications,  let  us  suppose  3^,  S<j>j  etc., 
to  be  each  infinitely  small.     The  preceding  expression  for  the 
work  done  becomes 

?^+t<^+etc.; 
and,  as  the  effect  produced  by  this  work  is  augmentation  of 
kinetic  energy  from  TtoT+  ST,  we  must  have 

ar=^V^+t<^+etc. 

Now  let  the  impulses  be  such  as  to  augment  yjr  to  ^+3^,  and  to 
leave  the  other  component  velocities  unchanged*     We  shall  hare 


^^+f<^+etc.=^3f 


dT 


Dividing  both  members  by  3^,  and  observing  that  -^-  is  a  linear 

dy 

function  of  Y^,  9,  etc.,  we  see  that  --.- ,  -•-.  ,  etc.,  must  be  equal 


to  the  coefficients  of  yjr,  <^, . 


5^^     Sir 

^'     y  dT 

respectively  in  — -  . 
dy^ 


(c)  From  this  we  see,  further,  that  the  impulse  required  to  pro- 
duce the  component  velocity  ^  from  rest,  or  to  generate  it  in  the 
system  moving  with  any  other  possible  velocity,  has  for  its  com- 
ponents 

(^,^)^,  (^,<A)f  (^,^)V^,etc. 
Hence  we  conclude  that  to  generate  the  whole  resultant  velocity 
(^,  <^,  ...)  from  rest,  requires  an  impulse,  of  which  the  com- 
ponents, if  denoted  by  £,  17,  (, ... ,  arc  expressed  as  follows : — 
f  =(^,  ^)V^+(</>,  ^)<^+(»,  ^)^+. 

etc. 

where  it  must  be  remembered  that,  as  seen  in  the  original  ex- 
pression for  Tj  from  which  they  are  derived,  (^,  ^)  means  the 
same  thing  as  (^,  ^),  and  so  on.     The  preceding  expressions  are 


(U 
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the  differential  coefficients  of  T  with  reference  to  the  velocities ;  Momenta  in 

ai    a  •    A.  tcrniB  of 

that  IS  to  saj,  vdocitiea. 

.    dT  dT     .    dT  ,Q. 

^^d^' "^^d^' ^s'  •  ^'^- 

{d)  The  second  members  of  these  equations,  being  linear  func- 
tions ofyjryif),,,.^  we  may,  by  ordinary  elimination,  find  ^,  <^,  etc., 
in  terms  of  $,  17,  etc.,  and  the  expressions  so  obtained  are  of 
coarse  linear  functions  of  the  last-named  elements.  And,  since 
7*  is  a  quadratic  function  of  ^,  <^,  etc.,  we  have 

From  this,  on  the  supposition  that  T,  ^,  <^,  . . .  are  expressed  in  moSenu 
terms  of  f,  17,  ... ,  we  have  by  differentiation  Si^*^**^' 

Now  the  algebraic  process  by  which  V"?  <^>  etc.,  are  obtained  in 
terms  of  $,  rj,  etc.,  shows  that,  inasmuch  as  the  coefficient  of  <^  in 
the  expression,  (7),  for  f,  is  equal  to  the  coefficient  of  yjr,  in  the 
expression  for  17,  and  so  on ;  the  coefficient  of  17  in  the  expres- 
sion for  yjr  must  be  equal  to  the  coefficient  of  $  in  the  expression 
for  4>,  ^^^  ^  0^ ;  ^^^t  ^  ^^  ^J) 

dyfr_d4^     df_dl 

dv^di  '  dCdS  '       ' 

Hence  the  preceding  expression  becomes 


and  therefore 


Similarly  ^=  j  "  '  ®^ 


(10) 


VclocitiM 
in  tcrmii  of 
momenta. 


dr, 

These  expressions  solve  the  direct  problem, — to  find  the  velo- 
city produced  by  a  given  impulse  (^,  ly,.-))  ^l^en  we  have  the 
kinetic  energy,  Ty  expressed  as  a  quadratic  function  of  the  com- 
ponents of  the  impulse. 

[e]  If  we  consider  the  motion  simply,  without  reference  to  the 
impulse  required  to  generate  it  from  rest,  or  to  stop  it,  the  quanti- 
ties ^,  17,  ...  are  clearly  to  be  regarded  as  the  components  of  the 
momentum  of  the  motion,  according  to  the  system  of  generalized 
co-ordinates. 
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reuliSS^bi-  (/)  The  following  algebraic  relation  will  be  useful  :— 

'SBn  If+vMCM  etc.=^^,+iy<A,  +  f^,+  etc.  (11  , 

tw^oUoM.  where,  ^,  iy,  ^,  <f>,  etc.,  having  the  same  signification  as  before, 

^/»  V^y  f/>  ^^^'i  dtinote  the  impulse-components  corresponding  to 
any  other  values,  yjr^,  «^  ,  ^^,  etc.,  of  the  velocity-components.  It 
is  proved  by  observing  that  each  member  of  the  equation  becomes 
a  symmetrical  function  of  yjr,  yjr^ ;  <^,  <j>^ ;  etc. ;  when  for  $^,rj^,  etc., 
their  values  in  terms  of  ^^,  <f>^,  etc.,  and  for  f ,  17,  etc.,  their  valuer 
in  terms  of  ^,  <^,  etc.,  are  substituted. 

ot'gl^^^        314.  A  material  system  of  any  kind,  given  at  rest,  and 
ortiiStes      subjected  to  an  impulse  in  any  specified  direction,  and  of  any 
of  J^aT^""  given  magnitude,  moves  off  so  as  to  take  the  greatest  amount 
of  kinetic  energy  whicb  the  specified  impulse  can  give  it 

Let  ^,17,...  be  the  components  of  the  given  impulse,  and 
yjr,  <^,...  the  components  of  the  actual  motion  produced  by  it, 
which  are  determined  by  the  equations  (10)  above.  Now  let  us 
suppose  the  system  be  guided  by  means  of  merely  directive  con- 
straint, to  take,  from  rest,  under  the  influence  of  the  given 
impulse,  some  motion  (^^,  <^,,...)  different  from  the  actual 
motion;  and  let  £^,  17^,...  be  the  impulse  which,  with  this  con- 
,  straint  removed,  would  produce  the  motion  (yjr  ,   ^^,...).      We 

shall  have,  for  this  case,  as  above, 

But  $^  —  $,  rf—rj....  are  the  components  of  the  impulse  ex- 
perienced in  virtue  of  the  constraint  we  have  supposed  introduced. 
They  can  neither  perform  nor  consume  work  on  the  system  when 
moving  as  directed  by  this  constraint ;  that  is  to  say, 

(f-^)^,  +  ('?,-'»)«^,+(f-i)^,+etc.=0  (1-2*: 

and  therefore 

Hence  we  have 

2(7'-  r,)=^(f --f  ,)+,(<^-<^J+etc. 

={$-Oif-f,)+iv-ri,){<i>-4.)+otc. 

+f(f-f)+'J,(<^-<^,)+etc. 
But,  by  (11)  above,  we  have 

l{^—i,)+v,i'h-'f>,)+^t^-=($—Oi'.+in—v.)^,+etc., 

and  therefore,  by  (12),  each  vanishes :  and  wc  have 

2(r-r,)=(f-f  )(f-f  )  +  (>,-i,,)(^<^,)+et«.     (13) ; 
that  is  to  say,  T  exceeds  T^  by  the  value  of  the  kinetic  energt 
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that  would  be  generated  by  an  impulse  (f— ^,,  Vl,,  f— C>  etc.)  Theorem* 
applied  wmply  to  the  system,  which,  of  course,  is  essentially  ^^H"^ 
positive.     In  other  words,  ITJ^^ 

315.  If  the  system  is  guided  to  take,  under  the  action  of  a 
given  impulse,  any  motion  (•^,,  ^^, . . .)  different  from  the  natural 
motion  (y^,  ^,  . . .),  it  will  have  less  kinetic  energy  than  that  of 
the  natural  motion,  by  a  difference  equal  to  the  kinetic  energy 
of  the  motion  (-^ — y^^,  <f> — ^^, . . .). 

Cor.  If  a  set  of  material  points  are  struck  independently 
by  impulses  each  given  in  amount,  more  kinetic  energy  is 
generated  if  the  points  are  perfectly  free  to  move  each  in- 
dependently of  all  the  others,  than  if  they  are  connected  in  any 
way.  And  the  deficiency  of  energy  in  the  latter  case  is  equal 
to  the  amount  of  the  kinetic  energy  of  the  motion  which 
geometrically  compounded  with  the  motion  of  either  case  would 
give  that  of  the  other. 

(a)  Hitherto  we  have  either  supposed  the  motion  to  be  fully  given,  Problems 
and  the  impulses  required  to  produce  them,  to  be  to  be  found ;  or  involve  im- 
tbe  impulses  to  be  given  and  the  motions  produced  by  them  to  be  veiaci\ie<i. 
to  be  found.     A  not  less  important  class  of  problems  is  presented 
by  supposing  as  many  linear  equations  of  condition  between  the 
impulses  and  components  of  motion  to  be  given  as  there  are  de- 
grees of  freedom  of  the  system  to  move  (or  independent  co-ordi- 
nates).    These  equations,  and  as   many  more  supplied  by  (8) 
or  their  equivalents  (10),  suflSee  for  the  complete  solution  of  the 
problem,  to  determine  the  impulses  and  the  motion. 

(6)  A  very  important  case  of  this  class  is  presented  by  prescrib- 
ing, among  the  velocities  alone,  a  number  of  linear  equations  with 
constant  terms,  and  supposing  the  impulses  to  be  so  directed  and 
related  as  to  do  no  work  on  any  velocities  satisfying  another  pre- 
scribed set  of  linear  equations  with  no  constant  terms  ;  the  whole 
number  of  equations  of  course  being  equal  to  the  number  of  inde- 
pendent co-ordinates  of  the  system.  The  equations  for  solving 
this  problem  need  not  be  written  down,  as  they  are  obvious  ;  but 
the  following  reduction  is  useful,  as  affording  the  easiest  proof  of 
the  minimum  property  stated  below. 

(c)  The  given  equations  among  the  velocities  may  be  reduced 
to  a  set,  each  homogeneous,  except  one  equation  with  a  constant 
term.  Those  homogeneous  equations  diminish  the  number  of  de- 
gree«*  of  freedom  ;  and  we  may  transform  the  co-crdinates  so  as 
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Problems  to  have  the  number  of  iudependent  co-ordinmtefl  dimiiiiilMd  ac- 

invSiJe**S^  cordingly.      Farther,  we  may  choiisc  the  new  co-ordinaiet*  fo 

^^uS^  ^^^^  ^^®  linear  function  of  the  Telocitieii  in  the  single  e<|uatiMi 

with  a  constant  term  may  be  one  of  the  new  ▼eloeity-compooentii . 
and  the  linear  functions  of  the  velocities  appearing  in  the  eqnatioB 
connected  with  the  prescribed  conditions  as  to  the  impalKt  may 
be  the  remaining  Telocity-components.  Thus  the  impalse  wiU 
fulfil  the  condition  of  doing  no  work  on  any  other  componeBt 
velocity  than  the  one  which  is  given,  and  the  general  problea — 

Geneni  pro        316.  Given  anv  imiterial  svstein  at  rest.     I^et  anv  uarts  of 
it  be  set  in  motion  suddenly  with  any  specified  velocities  po« 
sible,  according  to  the  conditions  of  the  system;  and  let  its 
other  parts  he  influenced  only  by  its  connexions  with  tboie. 
It  is  rei^uired  to  find  the  motion  : 

takes  the  following  very  simple  form  : — An  impalse  of  Um  cka 
racter  specified  as  a  particular  component,  aeeording  to  iW 
generalized  method  of  co-ordinates,  acts  on  a  material  tjilni; 
its  amount  being  such  as  to  produce  a  given  velocity -eonpoaeBt 
of  the  corresponding  type.  It  is  required  to  find  the  moUom. 
The  solution  of  course  is  to  be  found  from  the  equations 

f=^,         i,=:0,         f=0,etc.,  05) 

which  are  the  8|)ecial  cfjuations  of  condition  of  the  problem ;  aad 
the  general  kinetic  equations  (7),  or  (10).  Choosing  the  latter. 
and  denoting  by  [^^fj  [f  lyj  etc.,  the  coefficienU  of  jf^,  ff ^,  ete^ 
in  n  we  have 

for  the  result. 

This  result  possesses  the  remarkable  property,  tkat  tW 
kinetic  energy  of  the  motion  expressed  by  it  is  leM  than  thai  c/ 
any  other  motion  which  fulfils  the  prescribed  cimdilioii  as  to 
velocity.  For,  if  ^,  17  ,  f ,  etc.,  denote  the  impuliies  reqaitvd  to 
produce  any  other  motion,  ^  ,  5^^,  ^  .  etc.,  and  7*  the  carrrspoo4< 
ing  kinetic  energy,  we  have,  by  (9), 

27',=ff.-f^*^,-ff.^.+  etc. 
But  by  ,11), 

since,  by  (15^,  we  have  i;  =  n,  fs=0,  etc.     Hence 
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Now  let  also  this  second  case  (^^,  <^,,...)  of  motion  fulfil  the  pre-  G«nerai 
scribed  yelocity-condition  ^,  =  -4.     We  shaU  have  ^^  ^^ 

.     ^  +(^-^)(<^-<^)+(C-f)(^-^)+..., 

since  ^^—^=0,  i|=0,  f=0,....  Hence  if  S  denote  the  kinetic 
energy   of  the  motion   generated  from  rest,   by  the   impulse 

22;=27'+2a;  (17) 

But  C  is  essentiaUy  positive  and  therefore  T^j  the  kinetic  energy 
of  any  motion  fulfilling  the  prescribed  velocity-condition,  but 
differing  from  the  actual  motion,  is  greater  than  T  the  kinetic 
energy  of  the  actual  motion ;  and  the  amount,  S)  of  the  differ- 
ence is  given  by  the  equation 

24 =iyx^,  -  <i>)+ui — ^)+..-  as)- 

In  other  words, 

817.  The  solution  of  the  problem  is,  that   The  motion  Kineuc 
tually  taken  by  the  system  is  that  which  has  less  ^^^^^^S^^^e 
leigy  than  any  other  motion  fulfilling  the  prescribed  velocity 
•nditions.     And  the  excess  of  the  energy  of  any  other  such 
otion,  above  that  of  the  actual  motion,  is  equal  to  the  energy 

the  motion  that  would  be  generated  by  the  action  alone  of 
e  impulse  which,  if  compounded  with  the  impulse  producing 
e  actual  motion,  would  produce  this  other  supposed  motion. 

In  dealing  with  cases  it  would  rarely  happen  that  the  use  of  the 
particular  co-ordinate  system  required  for  the  application  of  the 
solution  (16)  could  be  convenient ;  but  in  all  cases,  even  in  such 
as  in  examples  (2)  and  (3)  below,  which  involve  an  infinite 
number  of  degrees  of  freedom,  the  minimum  property  now  proved 
afibrds  an  easy  solution. 

Example  (I).  Let  a  smooth  plane,  constrained  to  keep  moving  impact  of 
with  a  given  normal  velocity,  gr,  come  in  contact  with  a  free  rigid  rigid  plane 
body  at  rest :  to  find  the  motion  produced.     The  velocity  con-  nuu»  on  a 
dition  here  is,  that  the  motion  shall  consist  of  any  motion  what-  body  at 
ever  giving  to  the  point  of  the  body  which  is  struck  a  stated  ^^^ 
velocity,  q,  perpendicular  to  the  impinging  plane,  compounded 
with  any  motion  whatever  giving  to  the  same  point  any  velocity 
parallel  to  this  plane.     To  express  this  condition,  let  u,  r,  w  be 
rectangular  component  linear  velocities  of  the  centre  of  gravity, 
and  let  8,  p,   o-  be  component  angular  velocities  round  axes 
through  the  centre  of  gravity  parallel  to  the  lines  of  reference. 

P 
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Thus,  i£  Xy  ^y  z  denote  the  co-ordinates  of  the  point  etruck, 
relatively  to  these  axes  through  the  centre  of  gravity,  and  if 
I,  m,  n  be  the  direction-cosines  of  the  normal  to  the  impinging 
plane,  the  prescribed  velocity-condition  becomes 

(u+pz  —  (n/)l+{v+(TX — tsz)m+(w+9y — px)n==  —  q     (a), 

the  negative  sign  being  placed  before  q  on  the  understanding 
that  the  motion  of  the  impinging  plane  is  obliquely,  if  not  directly, 
towards  the  centre  of  gravity,  when  /,  w?,  n  are  each  positive. 
If,  now,  we  suppose  the  rectangular  axes  through  the  centre  of 
gravity  to  be  principal  axes  of  the  body,  and  denote  by  3//^,  i/^*, 
Mh*  the  moments  of  inertia  round  them,  we  have 

This  must  be  made  a  minimum  subject  to  the  equation  of  con- 
dition (a).  Hence,  by  the  ordinary  method  of  indeterminate 
multipliers, 

Mu  +  \l=:0,  Mv+\m=:0,  Mw+kn=0  \ 

jy/»s-f  X(ny— mz)=0,  Mg*p+\{t—nx)=:Oy  if^V-f  A.(wj:— /y)=0  J 
These  six  equations  give  each  of  them  the  value  of  one  of  the 
six  unknown  quantities  t/,  r,  w,  ts,  /d,  o*,  in  terms  of  A  and  data. 
Using  the  values  thus  found  in  (a),  we  have  an  equation  to  de- 
termine X ;  and  thus  the  solution  is  completed.  The  first  three 
of  equations  (c)  show  that  A.,  which  has  entered  as  an  indeter- 
minate multiplier,  is  to  be  interpreted  as  the  measure  of  the 
amount  of  the  impulse. 

Example  (2).  A  stated  velocity  in  a  stated  direction  is  com- 
municated impulsively  to  each  end  of  a  flexible  incxtensible  cord 
forming  any  curvilineal  arc  :  it  is  required  to  find  the  initial 
motion  of  the  whole  cord. 

Let  Xy  y,  z  be  the  co-ordinates  of  any  point  P  in  it,  and  x,  y,  i 
the  components  of  the  required  initial  velocity.  Let  also  s  be 
the  length  from  one  end  to  the  point  P. 

K  the  cord  were  extensible,  the  rate  per  unit  of  time  of  the 
stretching  per  unit  of  length  which  it  would  experience  at  P,  in 
virtue  of  the  motion  x,  y,  i,  would  be 

dx  dsb     dy  dp     dz  dz 
ds  ds      ds  ds      dsds 

llonce,  as  the  cord  is  incxtensible,  by  hypothesis. 


dx  dJb     dy  dy     dz  dz^ 
ds   ds      ds   ds      dsds" 


(fl) 
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Subject  to  this,  the  kincmatical  condition  of  the  system,  and      Genemtiun 

of  motion 
by  impulso 


y=:r>whena=0        if=v'   V 
z=w)  z^w' ) 


f. 


f. 


cord  or 
chain. 

/  denoting  the  length  of  the  cord,  and  (u,  v,  w)y  {u\  v',  w)y  the 
components  of  the  given  velocities  at  its  two  ends :  it  is  required 
to  find  X,  y^  z  at  every  point,  so  as  to  make 

a  minimum,  ^  denoting  the  mass  of  the  string  per  unit  of  length, 
at  the  point  P,  which  need  not  be  uniform  from  point  to  point ; 
and  of  course 

diz=z(dx''>tdy'-\-dz^)^  (c) 

Multiplying  (a)  by  A,  an  indeterminate  multiplier,  and  proceeding 
as  usual  according  to  the  method  of  variations,  we  have 

in  which  we  may  regard  x,  ^,  z  as  known  functions  of  5,  and  this 
it  is  convenient  we  should  make  independent  variable.  Inte- 
grating *'  by  parts"  the  portion  of  the  first  member  which  contains 
X,  and  attending  to  the  terminal  conditions,  we  find,  according  to 
the  regular  process,  for  the  equations  containing  the  solution 

These  three  equations  suffice  to  determine  the  four  unknown 
<|uantities,  a:,  y,  i,  and  A..  Using  them  to  eliminate  x^  ^,  z 
from  (a),  we  have 

Supposing  now,  for  simplicity,  that  s  is  independent  variable,  and 
performing  the  differentiation  here  indicated,  with  attention  to 
the  following  relations : — 

dx^  dx  d*x 

ds'^'"     ''  ds  ds*^ 

ds  ds*^-'^^d8'^  +••—"» 
and   the  expression  (§  9)  for  p,  the    radius   of  cur\'ature,    we 
fin<l 
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The  inierpretaiioii  of  (c)  is  Teiy  olmoos.  It  showB  Uwl  A  b  tkr 
impaLiife  tenmon  at  the  point  P  of  the  string;  and  that  the 
Telocity  which  this  point  acquires  insUntaneoasly  b  the  resnltant 

of  —  ^  tangential,  and  —   towards  the   centre  of  eurraliirr. 

The  differential  equation  (f)  Uierefore  shows  the  kw  of  trans 
mission  of  the  instantaneoos  tension  along  the  string,  and  prorcs 
that  it  depends  solely  on  the  mass  of  the  cord  per  unit  of  len^^h  in 
each  part,  and  the  curyatnre  from  point  to  point,  hat  not  at  all 
on  the  plane  of  conrature,  of  the  initial  form.  Thos,  for  instance, 
it  will  be  the  same  along  a  helix  as  along  a  circle  of  the  same 
cnnratare. 

With  reference  to  the  fulfilling  of  the  six  terminal  eqnattoiis,  a 
difficolty  occm^  inasmuch  as  x,  ^,  i  are  expressed  hy  (d)  imB»e> 
diately,  without  the  introduction  of  fredi  arhitrary  oonsUnts,  in 
terms  of  X,  which,  as  the  solution  of  a  differential  equation  of  the 
second  degree,  involves  only  two  arbitrary  constants.  The  ex- 
planation  is,  that  at  any  point  of  the  cord,  at  any  iastaat,  may 
velocity  in  any  direction  perpendicular  to  the  tangent  aay  be 
generated  without  at  all  altering  the  condition  of  the  cord  even  at 
points  infinitely  near  it.  This,  which  seems  clear  enoa|^  with 
out  proof,  may  be  demonstrated  analytically  by  transfofBiBg  the 
kinematical  equation  (a)  thus.  Let /be  the  component  tangen- 
tial velocity,  q  the  component  velocity  towards  the  centre  of  evr 
vature,  and  p  the  component  velocity  perpendicular  to  the 
osculating  plane.  Using  the  elementary  formulss  for  the  direction 
cosines  of  these  lines  (f  9),  and  remembering  thil  s  it  i 
pendent  variable,  we  have 

SnbatitaUng  these  in  (a)  and  raduoing,  we  find 

ds     p 

a  form  of  the  kinematical  equation  of  a  flexible  line  which  will  be 
of  much  use  to  us  later. 

We  see,  therefore,  that  if  the  tangential  components  of  the  ha 
pressed  terminal  velocities  have  any  prescribed  valoM,  we  maj 
give  besides,  to  the  ends,  any  velocities  whatever  perpeadteiilar  to 
the  tangents,  without  altering  the  motion  acquired  by  any  p^rt  «f 
the  cord.  From  this  it  is  clear  also,  that  the  direction  of  tW 
terminal  impulses  are  necessarily  tangential ;  or,  m  other  < 


(.^ 
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that  an  impulse  inclined  to  the  tangent  at  either  end,  would  ^^^^ 
senerate  an  infinite  transverse  velocity.  ^y  impulse 

To  express,  then,  the  terminal  conditions,  let  F  and  F  be  the  extensible 
tangential  velocities  produced  at  the   ends,  which  we   suppose  chain. 
known.    We  have,  for  any  point,  P,  as  we  have  seen  above, 

and  hence  when 

1  tx        \  W 

and  when  s^L =-=J^    I 

^  fA    cb  } 

which  suffice  to  determine  the  constants  of  integration  of  (d). 
Or  if  the  data  are  the  tangential  impulses,  /,  /',  required  at  the 
ends  to  produce  the  motion,  we  have 
when  1=0,  A=/,   ) 

and  when  ,=i,  A=/'    /  ^*^ 

Or  if  either  end  be  free,  we  have  A=0  at  it,  and  any  prescribed  con- 
dition as  to  impulse  applied,  or  velocity  generated,  at  the  other  end. 
The  solution  of  this  problem  is  very  interesting,  as  showing 
how  rapidly  the  propagation  of  the  impulse  falls  off  with  ^'  change 
of  direction*'  along  the  cord.  The  reader  will  have  no  difficulty 
in  illustrating  this  by  working  it  out  in  detail  for  the  case  of  a 

cord  either  uniform  or  such  that  /i-r-  is  constant,  and  given  in 

the  form  of  a  circle  or  helix.  The  results  have  curious,  and 
dyuamically  most  interesting,  bearings  on  the  motions  of  a  whip 
lash,  and  of  the  rope  in  harpooning  a  whale. 

Example  (3).  Let  a  mass  of  incompressible  liquid  be  given  at  impuiMive 
rest  completely  filling  a  closed  vessel  of  any  shape ;  and  let,  by  incompres- 
suddenly  commencing  to  change  the  shape  of  this  vessel,  any  ■  ^  ®  "^" 
arbitrarily  prescribed  normal  velocities  be  suddenly  produced  in 
the  liquid  at  all  pobts  of  its  bounding  surface,  subject  to  the 
condition  of  not  altering  the  volume  :   It  is  required  to  find  the 
instantaneous  velocity  of  any  interior  point  of  the  fluid. 

Let  X,  y,  z  be  the  co-ordinates  of  any  point  P  of  the  space 
occupied  by  the  fluid,  and  let  u,  v,  w  be  the  components  of  the 
generated  velocity  of  the  fluid  at  this  point.  Then  p  being  the 
density  of  the  fluid,  and  /)!/  denoting  integration  throughout  the 
ffpace  occupied  by  the  fluid,  we  have 

T^/Mp(u'  +  v'+w*)dxdi/dz  (a) 
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imputeire  which,  subject  to  the  kinematical  condition  {§  193), 

motion  of  ^,,        j,,      ^,-, 

Incompres-  ^J.^J.™— O  (b) 

iible Ifqnid.  dx^  d^^  dz 

must  be  the  least  possible,  with  the  given  sur&ce  values  of  the 
normal  component  velocity.    By  the  method  of  variation  we  have 

But  integrating  by  parts  we  have 

and  if  /,  m,  n  denote  the  direction  cosines  of  the  normal  at  any 
point  of  the  surface,  dS  an  element  of  the  surface,  and  J/  in- 
tegration over  the  whole  surface,  we  have 

jyX{Sud^dz+Svd2dx+8wdxdi/)=jy'X.{l^u+m&v-^nSw)dS=0, 
since  the  normal   component  of  the  velocity  is   given,  which 
requires  that  l8u+mSv+n8w=0.     Using  this  in   (c),  {d)^  and 
equating  the  coefficients  of  ^,  Bu,  8w,  we  have 

dk  dk  d\  ,      V 

These,  used  to  eliminate  u,  v,  w  from  (6),  give 

dx^p  dx^^dy'p  dy'^dz'p  dz^  ^  ' 

an  equation  for  the  determination  of  A,  whence  by  {e)  the 
solution  is  completed. 

The  condition  to  be  fulfilled,  besides  the  kinematical  equation 
(b),  amounts  to  this  merely, — ^that  p{udx+vdy+wdi)  must  be 
a  complete  differential.  If  the  fluid  is  homogeneous,  p  is  con- 
stant, and  udx+vdi/+wdz  must  be  a  complete  differential;  id 
other  words,  the  motion  suddenly  generated  must  bo  of  the 
*^  non-rotational"  character  [§  190,  (i)]  throughout  the  fluid  maw 
The  equation  to  determine  X  becomes,  in  this  case, 

dx^^dy^^dz*     "  ^ 

From  the  hydrodyuamical  principles  explained  later  it  will 
appear  that  X,  the  function  of  which  p{udx+V€fy+uHb)  v 
the  differential,  is  the  impulsive  pressure  at  the  point  (op,  jr,  2) 
of  the  fluid.  Hence  we  may  infer  that  the  equation  (/),  with 
the  condition  that  X  shall  have  a  given  value  at  every  point 
of  a  certain  closed  surface,  has  a  possible  and  a  determinati' 
solution  for  every  point  within  that  surface.     This  is  preciselj 
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• 
the  same  problem  as  the  determination  of  the  permanent  tempo-  impulsive 
rature  at  any  point  within  a  heterogeneous  solid  of  which  the  "ncomprea- 
sorface  is  kept  permanently  with  any  non-uniform  distribution  **^*®  **^*^ 
of  temperature  over  it,  (/)  being  Fourier's  equation  for  the 
uniform  conduction  of  heat  through  a  solid  of  which  the  conduct- 
ing power  at  the  point  (a?,  y,  z)  is  —     The  possibility  and  the 

P 
determinateness  of  this  problem  were  both  proved  above  [Chap.  i. 
App.   A,    (c)]  by  a  demonstration,   the   comparison  of  which 
with  the  present  is  instructive.     The  other  case  of  superficial 
condition — that  with  which  we  have  commenced  here — shows 

that  the  equation  (/),  with  '^z  +  ^^  +  «  ^  given  arbitrarily 

for  every  point  of  the  surface,  has  also  a  possible  and  single 
solution  for  the  whole  interior  space.  This,  as  we  shall  see  in 
examining  the  mathematical  theory  of  magnetic  induction,  may 
also  be  inferred  from  the  general  theorem  (e)  of  App.  A  above, 
by  supposing  a  to  be  zero  for  all  points  without  the  given  surface, 

and  to  have  the  value  —  for  any  internal  point  {x,  y,  z). 
P 

318,  Maiipertuis'  celebrated  principle  of  Least  Action  has  Lc^t action 
l>een,  eveu  up  to  the  present  time,  regarded  rather  as  a  cniious 
and  somewhat  perjJexing  property  of  motion,  than  as  a  useful 
<niide  in  kinetic  investigations.  We  are  strongly  impressed 
with  the  conviction  that  a  much  more  profound  importance 
^-ill  be  attached  to  it,  not  only  in  abstract  dynamics,  but  in  tlie 
thcfiry  of  the  several  branches  of  physical  science  now  beginning; 
Ui  receive  dynamic  explanations.  As  an  extension  of  it,  Sir 
W.  R  Hamilton^  has  evolved  his  method  of  Varying  Action, 
which  undoubtedly  must  become  a  most  valuable  aid  in  future 
^^'cneralizations. 

Wliat  is  meant  by  "  Action"  in  these  expressions  is,  unfor-  Action. 
tunately,  something  very  different  from  the  Actio  Af/cntis  de- 
fined by  Newt<jn,  and,  it  must  be  athnitted,  is  a  much  less 
judiciously  chosen  word.     Taking  it,  however,  as  we  find  it, 
now  universally  used  by  writers  on  dynamics,  we  define  the 
Action  of  a  Mommj  System  as  proportional   to  the  average  Time  aver 
kinetic  energy,  which  it  has  possessed  for  the  time  from  any  JSei^-. 
convenient  epoch  of  reckoning,  multiplied  by  the  time.     Ac- 

»  Phil.  Trans.  1834-1835. 
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Tim*  aver  cording  to  the  unit  generally  adopted,  the  action  of  a  sjstem 
mm  which  has  not  varied  in  its  kinetic  energy,  is  twice  the  amount 
of  the  enei^  multiplied  by  the  time  from  the  epoch.  (>r  if 
the  eneigy  has  been  sometimes  greater  and  sometimes  less, 
the  action  at  time  t,  is  the  double  of  what  we  may  call  the 
time-inUgnU  of  the  eneigy,  that  is  to  say,  is  denoted  in  the 
integral  calculus  by 

where  T  denotes  the  kinetic  eneigy  at  any  time  t,  between 
the  epoch  and  t. 

Let  m  be  the  mass,  and  v  the  vekm^  at  time  r,  of  any  one  id 
the  material  points  of  whioh  the  system  is  compotad.     We  baiv 

r=2;jiitr«  (I), 

and  therefore,  if  A  denote  the  action  at  time  r. 


=  r2mr«rfr  (2). 


A 

This  may  be  pat  otherwise  by  taking  dk  to  denote  the  qiaee  de- 
scribed by  a  particle  in  time  <fr,  so  that  orfrasd^,  and  therefbre 

A^fLmvdt  (8), 

or,  if  X,  jf,  r  be  the  rectangular  co-ordinates  of  hi  at  any  time, 

A  ^fZm(xdx+ydy+kdx)  (4). 

Uence  we  might,  as  many  writers  in  fact  have  TirtaiBy  done, 
define  action  thus  : — 

**''*^m"'        The  action  of  a  system  is  equal  to  the  sum  of  the  ateem^ 
««»<•.         momenta  for  the  spaces  described  by  the  particlea  from  any 

era  each  multiplied  by  the  length  of  its  path. 
ixMt  •tuon.  319.  The  principle  of  Least  Action  is  this :— Of  all  the 
different  sets  of  paths  along  which  a  conservative  sjTrtem  may 
be  guided  to  move  from  one  configuration  to  another,  with  tht 
sum  of  it8  iKitential  and  kinetic  energies  equal  to  a  given  coo 
slant,  that  one  for  which  the  action  is  the  least  is  such  that 
i\u*  system  will  n.Hjuin»  imly  to  be  started  with  the  pioprr 
velocities,  to  move  along  it  uii^ded. 

Let  X,  y,  2  be  the  co-ordinates  of  a  particle,  hi,  of  the  syiKm, 
at  timo  r,  and  V  the  potential  encrg}'  of  the  system  in  its  |iaffti- 
ouUu'  configuration  at  thin  iutttant ;  and  let  it  be  required  to  lad 
the  way  to  pass  from  one  given  configuration  to  another  wtt 
velocities  at  each  inatant  Katii«fying  the  condition 

-iw(jr*+y'+i')-h  »'=£:,  a  conMant  (5v 
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80  that  A,  or  Least  acUon 

/2m{xdx+^di/+zdz) 
may  bo  the  least  possible. 

By  the  method  of  variations  we  must  have  6i4=0,  where 
SA  =z/^m{xd8x+^d8if+zd^+8xdx+8yd^+8zdz)        (6). 
Taking  in  this  dx=xdr,  dy=ydr,  dz=zdr^  and  remarking  that 

2m(x&r+yfiy+i8i)=52'  (7), 

we  have 

/lm(hxdx+^dy+^dz)=z  C  hTdr  (8). 

Also,  by  integration  by  parts, 

where  [...]  and  { ... }  denote  the  yalaes  of  the  quantities  enclosed, 
at  the  beginning  and  end  of  the  motion  considered,  and  where, 
farther,  it  must  be  remembered  that  dx=zxdT,  etc.  Hence, 
from  above, 

SA=  {2m(x&r+y8y+i&) }  —\;2m{xSx+y8y+zSz)'] 

+  r  rfT[82'-2m(xfia:+^8y+i&)]  (9). 

This,  it  may  be  observed,  is  a  perfectly  general  kinematical  expres- 
sion, unrestricted  by  any  terminal  or  kinetic  conditions.  Now 
in  the  present  problem  we  suppose  the  initial  and  final  positions 
to  be  invariable.  Hence  the  terminal  variations,  Sx,  etc.,  must 
all  vanish,  and  therefore  the  integrated  expressions  {•••}}[•>•]  dis- 
appear. Also,  in  the  present  problem  ST=  —  SF,  by  the  equation 
of  energy  (5).  Hence,  to  make  8^4  =  0,  since  the  intermediate 
variations,  &r,  etc.,  are  quite  arbitrary,  subject  only  to  the  con- 
ditions of  the  system,  we  must  have 

lm{x^+j/Si/+28z)+8V=0  (10), 

which  [(4),  §  293  above]  is  the  general  variational  equation  of 
motion  of  a  conservative  system.  This  proves  the  proposition. 
Hence  also  it  follows  that 

320,  In  any  unguided  motion  whatever,  of  a  ^conservative  why  cajie* 
system,  the  Action  from  any  one  stated  position  to  any  other,  action"^3 
though  not  necessarily  a  minimum,  fulfils  the  stationary  condi-    **" 
twn,  that  is  to  say,  the  condition  that  the  variation  vanishes, 
which  securer  either  a  minimum  or  maximum,  or  maximimi- 
minimum. 

This  can  scarcely  be  made  intelligible  without  mathematical 
language.     Let  (x„  y„  z,),  (a?,,  y„  z;,),  etc.,  be  the  co-ordinates 
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tattonary  of  pafticles,  m,,  m„  etc.,  composing  the  system ;  at  any  time  t  of 

^**®°  the  actual  motion.     Let  V  be  the  potential  energy  of  the  system, 

in  this  configuration ;  and  let  E  denote  the  given  value  of  the 

sum   of  the  potential  and  kinetic  energies.     The  equation  of 

energy  is — 
i{m,(x,«+^,*+^,«)+m.(ix«+j^.«+V)+etc.}+  V=E    (1). 

Choosing  any  part  of  the  motion,  for  instance  that  from  time  0  to 

time  ty  we  have,  for  the  action  during  it, 

A=f[{E-V)dr=El-j[vdr  (11). 

Let  now  the  system  be  guided  to  move  in  any  other  way  possible 
for  it,  with  any  other  velocities,  from  the  same  initial  to  the  same 
final  configuration  as  in  the  given  motion,  subject  only  to  the 
condition,  that  the  sum  of  the  kinetic  and  potential  energies  shall 
still  be  E,  Let  (j?/,  y/  z/),  etc.,  be  the  co-ordinates,  and  F' 
the  corresponding  potential  energy ;  and  let  (ir/,  y/,  z, ),  etc., 
be  the  component  velocities,  at  time  r  in  this  arbitrary  motion ; 
equation  (2)  still  holding,  for  the  accented  letters,  with  only  E 
unchanged.     For  the  action  we  shall  have 

A'^Et'—Trdr  (12). 

J  0 

where  t'  is  the  time  occupied  by  this  supposed  motion.     Let  now 

6  denote  a  small  numerical  quantity,  and  let  £i,  i^i,  etc.,  be  finite 

lines  such  that 

^/ —  ^i  _  y\ — Vi  _2\  —  ^1  _a?/ — ^*=ctc  =^ 

V — V 

The  "  principle  of  stationary  action  *'  is,  that  — g —  vanishes 

when  0  is  made  infinitely  small,  for  every  possible  deviation 

(^1^)  ^1^)  etc.)  from  the  natural  way  and  velocities,  subject  onlv 

to  the  equation  of  energy  and  to  the  condition  of  passing  through 

the  stated  initial  and  final  configurations :  and  converselj,  that  if 

y y 

— ^ —  vanishes  with  9  for  every  possible  such  deviation,  from  a 
u 

certain  way  and  velocities,  specified  by  (a?i,  y,,  2,),  etc.,  as  the 

co-ordiuat«8  at  /,  this  w&y  and  these  velocities  are  such  that  the 

system  unguided  will  move  accordingly  if  only  started  with  proper 

velocities  from  the  initial  configuration. 

Jt^oii"/^  321,  From  this  principle  of  statioiiaiy  action,  fouuilod,  a.** 

we  have  seen,  on  a  comparison  between  a  natural  motion,  and 
any  other  motion,  arbitmrily  guided  and  subject  only  to  the 
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law  of  energy,  the  initial  and  final  configurations  of  the  varying 
system  being  the  same  in  each  case ;  Hamilton  passes  to  the 
consideTation  of  the  variation  of  the  action  in  a  natural  or 
ungnided  motion  of  the  system  produced  by  varying  the  initial 
and  final  configurations,  and  the  siyn  of  the  potential  and 
kinetic  energies.    The  result  is,  that 

322.  The  rate  of  decrea^  of  the  action  per  unit  of  increase 
of  any  one  of  the  free  (generalized)  co-ordinates  (§  204)  speci- 
fying the  initial  configuration,  is  equal  to  the  correspond- 
ing (generalized)  component  momentum  [§  313,  (c)]  of  the 
actual  motion  from  that  configuration  :  the  rate  of  increase  of 
the  action  per  unit  increase  of  any  one  of  the  free  co-ordi- 
nates specifying  the  final  configuration,  is  equal  to  the  corre- 
sponding component  momentum  of  the  actual  motion  towards 
this  second  configuration  :  and  the  rate  of  increase  of  the  action 
per  unit  increase  of  the  constant  sum  of  the  potential  and  kinetic 
energies,  is  equal  to  the  time  occupied  by  the  motion  of  which 
the  action  is  reckoned. 

To  prove  this  we  must,  in  our  previous  expression  (9)  for  8^, 
now  suppose  the  terminal  co-ordinates  to  vary ;  hT  to  become 
^E—hVy  in  which  8i^  is  a  constant  during  the  motion ;  and  each 
set  of  paths  and  velocities  to  belong  to  an  unguided  motion  of 
the  system,  which  requires  (10)  to  hold.     Hence 
hA  =  {:^m{x^+y^y+'zhz)}—\;2>m(xhx+y^y'\-z^']+thE  (13). 
If,  now,  in  the  first  place,  we  suppose  the  particles  constituting 
the  system  to  be  all  free  from  constraint,  and  therefore  (x,  y,  z) 
for  each  to  be  three  independent  variables,  and  if,  for  distinct- 
ness, we  denote  by  (a?/,  y/,  z^)  and  (xi,  y^  Zx)  the  co-ordinates 
of  Wi  in  its  initial  and  final  positions,  and  by  (i?/,  t//,  i/)»  {^liVu  ^\) 
the  components  of  the  velocity  it  has  at  those  points,  we  have, 
•from  the  preceding,  according  to  the  ordinary  notation  of  partial 
differential  coefficients, 

dA  ,  ,     dA  ,  ,     dA  /     X 

^,  =  -m,x,,    ^-^=-rn,y,,    _=-m,z,,ctc. 

dA  .  dA  .  dA  .      .  \       / 1 4  \ 

^=m.x„        ^-=m,y,.         ^^-=m,z.,  etc.         /       (14). 

In  these  equations  wc  must  suppose  ^1  to  be  expressed  as  a  func- 
tion of  the  initial  and  final  co-ordinates,  in  all  six  times  as  many 
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arying  independent  variables  as  there  are  of  particles ;  and  £J,  one  more 

'^^^  variable,  the  sum  of  the  potential  and  kinetic  energies. 

If  the  system  consists  not  of  free  particles,  but  of  particles  con- 
nected in  any  way  forming  either  one  rigid  body  or  any  number 
of  rigid  bodies  connected  with  one  another  or  not,  we  might,  it  is 
true,  be  contented  to  regard  it  still  as  a  system  of  free  particles, 
by  taking  into  account,  among  the  impressed  forces,  the  forces 
necessary  to  compel  the  satisfaction  of  the  conditions  of  con- 
nexion. But  although  this  method  of  dealing  with  a  system  of 
connected  particles  is  very  simple,  so  far  as  the  law  of  energy 
merely  is  concerned,  Lagrange's  methods,  whether  that  of  *'  equa- 
tions of  condition,''  or,  what  for  our  present  purposes  is  much 
more  convenient,  his  ^'  generalized  co-ordinates,"  relieve  us  from 
very  troublesome  interpretations  when  we  have  to  consider  the 
displacements  of  particles  due  to  arbitrary  variations  in  the  con- 
figuration of  a  system. 

Let  us  suppose  then,  for  any  particular  configuration  (x„  yi,ti) 
(a?„  y„  2;,)...,  the  expression 
mi(ii&rx+^,3yi+ii&,)+etc.,  to*become  fS^+iy&^+fS^+etc.  (15), 
when  transformed  into  terms  of  ^,  <^,  0. . .,  generalized  co-ordin- 
ates, as  many  in  number  as  there  are  of  degrees  of  freedom  for 
•    the  system  to  move  [§  313,  (c)} 

The  same  transformation  applied  to  the  kinetic  energy  of  the 
system  would  obviously  give 

imi(:r,«+y,«+i,«)+etc.=J(^^+i7t^+ff+etc.)  (16). 
and  hence  £,  17,  (,  etc.,  arc  those  linear  functions  of  the  generalized 
velocities  which  we  have  designated  aa  '^  generalised  oomponenU) 
of  momentum ;"  and  which,  when  T,  the  kinetic  energy,  is  ex- 
pressed as  a  quadratic  function  of  the  velocities  (of  course  with, 
in  general,  functions  of  the  coordinates  ^,  ^,  9,  etc.,  for  the  co- 
efficients) are  derivable  from  it  thus : 

.     dT  dT       .    dT      .  .... 

Hence,  taking  as  before  non-accented  letters  for  the  seoond,  and 
accented  letters  for  the  initial,  configurations  of  the  ByBt&an  re 
spectively,  we  have 

dA  .,    dA  ,    dA         ^     , 

dA     f,         dA  dA     ^    .  .|ov 

dA 
and,  as  before,  -7^=^ 

dE 
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These  equations  (18),  inclading  of  course  (14)  as  a  particular  case,  Varying 
express  in  mathematical  terms  the  proposition  stated  in  words  ^^^^"^ 
above,  as  the  Principle  of  Varying  Action, 

The  yalnes  of  the  momenta,  thus  (14)  and  (18)  expressed  in 
terms  of  differential  coefficients  of  A^  must  of  course  satisfy  the 
eijuation  of  energy.     Hence,  for  the  case  of  free  particles, 

Or,  in  general,  for  a  system  of  particles  or  rigid  bodies  connected 
in  any  way,  we  have  (16)  and  (18), 

*-^+^^+«t°=2(S-n  (21) 


^dtf'^^^^  d0 

where    ^,    <^,    etc.,    are    expressible    as    linear    functions    of 

dA     dA 

-=j  f  -~  )  etc.,  by  the  solution  of  the  equations 

dA     \ 
(\^,  W+(^,  *)^+(^,  ¥+eto.=f =;5^ 

(^,\^)^+(«^,*)^+(^,«)^+etc.='J=^    /  (23); 

etc.  etc. 

and  Yy  <l>\  etc.,  as  similar  functions  of  —-77-,  >  —31-/  >  etc.,  by 

dy         d4> 

dA 
(i'>  f  )f +(f ,  «^')<^'  +  (f ,  e')^'+etc.=f  =  -^, 

(<^'.f)^'+(<^'.<^')<^'+(*',e')^'+etc.=V=-^,     I       ^^^' 

etc.  etc.  / 

where  it  must  be  remembered  that  (^,  ^),  (^,  <^),  etc.,  are  func- 
tions of  the  specifying  elements,  ^,  <^,  ^,  etc.,  depending  on  the 
kinematical  nature  of  the  co-ordinate  system  alone,  and  quite 
independent  of  the  dynamical  problem  with  which  we  are  now 
concerned ;  being  the  coefficients  of  the  half  squares  and  the 
products  of  the  generalized  velocities  in  the  expression  for  the 
kinetic  energy  of  any  motion  of  the  system;  and  that  (^',  ^'), 
{\p\  <^'),  etc.,  are  the  same  functions  with  \p\  <^',  etc.,  written  for 
)/^,  ^,  6,  etc. ;  but,  on  the  other  hand,  that  il  is  a  function  of  all  the 
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^ring  elements  ^,  4>,  etc.,  ^',  <^',  etc.     Thus  the  first  member  of  (21) 

is  a  quadratic  function  of    3-,  ,     -j  ,    etc.,   with   coefficients, 

dip      d<t> 

known  functions  of  ^,  ^,  etc.,  depending  merely  on  the  kine- 
matical  relations  of  the  system,  and  the  masses  of  its  parts,  bat 
not  at  all  on  the  actual  forces  or  motions;  while  the  second 
member  is  a  function  of  the  co-ordinates  ^,  <^,  etc.,  depending 
on  the  forces  in  the  dynamical  problem,  and  a  constant  expressing 
the  particular  value  given  to  the  sum  of  the  potential  and  kinetic 
energies  in  the  actual  motion  ;  and  so  for  (22),  and  ^',  <^',  etc. 

It  is  remarkable  that  the  single  linear  partial  differential  equa- 
tion (19)  of  the  first  order  and  second  degree,  for  the  case  of 
firee  particles,  or  its  equivalent  (21),  is  sufficient  to  determine  a 
function  Aj  such  that  the  equations  (14)  or  (18)  express  the 
momenta  in  an  actual  motion  of  the  system,  subject  to  the  given 
forces.  For,  taking  the  case  of  free  particles  first,  and  differen- 
tiating (19)  stiU  on  the  Hamiltonian  understanding  that  A  is 
expressed  merely  as  a  function  of  initial  and  final  co-ordinates, 
and  of  E,  the  sum  of  the  potential  and  kinetic  energies,  we  have 


^^l.dA    d'A      dA    d*A      dA  d'A            ^dV 
m^dx  dxjdx     dy  dx^dy     dz  dx,dz'            dx 

But,  by  (14) 

1   dA      .      I  dA     .      , 

m,d^r""m,^r^^'''^' 
and  therefore 

d*A          dx       d*A           dy,         dxi       d*A            dz 
rfr,*        'dx,     dx,dy,        'dx,        '  dy,     dx,dz,        'rfr, 

dx, 
dz. 

d}A           dxt         dx,       .^ 
- — -— =m,^— =mi  ,  -  »  etc. 
dx,dxt         dx,         or. 

Using  these  properly  in  the  preceding  and  taking  half;  and  writ 
ing  out  for  two  particles  to  avoid  confusion  as  to  the  meaning 
of  2,  we  have 

Now  if  we  multiply  the  first  member  by  dt^  we  have  clearly  the 
change  of  the  value  of  m,x,  due  to  varying,  still  on  the  Hamil- 
tonian supposition,  the  co-ordinates  of  aU  the  points,  that  is  to  say. 
the  configuration  of  the  system,  firom  what  it  is  at  any  moment  to 
what  it  becomes  at  a  time  dt  later ;  and  it  is  therefore  the  actual 
change  in  the  value  of  mx,^  in  the  natural  motion,  from  the  time,  /. 
when  the  configuration  is  (a:,,  y„  r„  x,,...,  JST),  to  the  time 
t-^dt.     It  is  therefore  equal  to  Xidt,  and  hence  (25)  becomt^ 
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dV 
dxi 
dV        .  dV         ..  dV 


simply  7WiXi  =  — -^  •     Similarly  we  find  IvS^^ 


Wiyi  =  — 3— >  miZiss  — -=-i  wiji:,  =  — -7->  etc. 
c^i  osj  aa?. 

But  these  are  [§  293,  (4)]  the  elementary  differential  equations 

of  the  motions  of  a  conservative  system  composed  of  free  mutually 

influencing  particles. 

If  next  we  regard  Xi,  ^1,  Ziy  x,,  etc.,  as  constant,  and  go 

through  precisely  the  same  process  with  reference  to  Xi\  yi\  Zi\  x^\ 

etc.,  we  have  exactly  the  same  equations  among  the  accented 

letters,  with  only  the  difference  that  —A  appears  in  place  of  A ; 

dV 
and  end  with  m  1X1=^—1  from  which  we   infer   that,  if  (20) 

(tX\ 

is  satisfied,  the  motion  represented  by  (14)  is  a  natural  motion 
through  the  configuration  (x/,  y/  r/,  x^\  etc.) 

Hence  if  both  (19)  and  (20)  are  satisfied,  and  if  when  Xi=Xx\ 

^1=^/,  2i='?i',  a?t=J^i',  etc.,  we  have  3— =  —  3 — >  >    etc.,    the 

dxi         dxi 

motion  represented  by  (14)  is  a   natural  motion   through  the 

two  configurations  (a?/,  y,',  z,',  x,',  etc.),  and  (xi,  yi,  z,,  x„ 

etc.)     Although  the  signs  in  the  preceding  expressions  have  been 

fixed  on  the  supposition  that  the  motion  is^ow  the  former,  to  the 

latter  configuration,  it  may  clearly  be  from  either  towards  the  other, 

since  whichever  way  it  is,  the  reverse  is  also  a  natural  motion 

(§  271),  according  to  the   general   property  of  a  conservative 

system. 

To  prove  the  same  thing  for  a  conservative  system  of  particles 

f»r  rigid  bodies  connected  in  any  way,  we  have,  in  the  first  place, 

from  (18) 

dri_d^       dC__d^        ..  /o^ 

where,  on  the  Hamiltonian  principle,  we  suppose  ^,  <^,  etc.,  and 
^,  ly,  etc.,  to  be  expressed  as  functions  of  \^,  <^,  etc.,  \p\  <f>',  etc., 
and  the  sum  of  the  potential  and  kinetic  energies.  On  the  same 
supposition,  differentiating  (21),  we  have, 

'l'dl  +  '>'d^  +  ^^^^^^  ('^)' 

But,  by  (26),  and  by  the  considerations  above,  we  have 

where  (  denotes  the  rate  of  variation  of  ^  per  unit  of  time  in  the 
actual  motion. 


240  PRELDONABT  NOTIONS. 

Vising  Again,  we  have 

if,  as  in  Hamilton's  system  of  canonical  equations  of  motion,  we 
suppose  ^,  <^,  etc.,  to  be  expressed  as  linear  functions  of  f ,  iy,  etc., 
with  coefficients  involving  ^,  <^,  6^  etc.,  and  if  we  take  D  to  denote 
the  partial  di£ferentiation  of  these  functions  with  reference  to  the 
system  £,  f?,...^,  4^v"i  regarded  as  independent  variables.  Let 
the  coefficients  be  denoted  by  [^,  ^],  etc.,  according  to  the  pUn 
followed  above ;  so  that,  if  the  formula  for  the  kinetic  energy  be 
^=i{[^,  ^]f'+[<^,  *]'?'+.. .+2[^,  *]£'?+  etc,}  (30), 
we  have 

^=^=[^,  ^]f+[^,  ^l-J+l^,  fl]f+  etc. 

^=^=[*,  m+ii',  *>+[*.  *]f+  otc.  j  (81> 

etc.  etc. 

where  of  course  [^,  ^],  and  [<^,  ^],  mean  the  same. 

Hence  ^■^={>l',il^-^=['i>,n -; 

and  therefore,  by  (29), 

+  etc.+4|^l€-  +^,'+  etc.  +2^^+etc 
whence,  by  (28),  we  see  that 
This,  and  (28)  reduce  the  first  member  of  (27)  to  2^  +^ 


=^|+^+**«-+*^.' 


and  therefore,  halving,  we  conclude 

f  +  ^=-^^,  and  similarly,   ,+_  =  _—,  etc.,  (88). 
These,  in  all  as  many  differential  equaUons  as  there  an  of  vari 
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MeSy  i/^j  ^,  etc.,  suffice  for  determining  them  in  terms  of  t  and  Varying 
twice  as  many  arbitrary  constants.  But  every  solution  of  the  •®**°°' 
dynamical  problem,  as  has  been  demonstrated  above,  satisfies 
(21)  and  (23) ;  and  therefore  it  must  satisfy  these  (33),  which  we 
have  derived  from  them.  These  (33)  arc  therefore  the  equations 
of  motion,  of  the  system  referred  to  generalized  coordinates,  as 
many  in  number  as  it  has  of  degrees  of  freedom.  They  are  the 
Hamiltonian  explicit  equationcr  of  motion,  of  which  a  direct  de- 
monstration will  be  given  below.  Just  as  above,  it  appears 
therefore,  that  if  (21)  and  (22)  are  satisfied,  (18)  expresses  a 
natural  motion  of  the  system  from  one  to  another  of  the  two  con- 
figurations (^,  4>,  $,...)  (^',  4>\  B\  ...).     Hence 

823.  The  determination  of  the  piotion  of  any  conservative  chincter- 
aystem  from  one  to  another  of  any  two  configurations,  when  the  tion. 
sum  of  its  potential  and  kinetic  energies  is  given,  depends  on  the 
determination  of  a  single  function  of  the  co-ordinates  specifying 
those  configurations  by  means  of  two  quadratic  partial  dififer- 
ential  equations  of  the  first  order,  with  reference  to  those  two 
sets  of  co-ordinates  respectively,  with  the  condition  that  the 
corresponding  terms  of  the  two  differential  equations  become 
separately  equal  when  the  values  of  the  two  sets  of  co-ordinates 
agrea  The  function  thus  determined  and  employed  to  express 
the  solution  of  the  kinetic  problem  was  called  the  Characteristic 
Function  by  Sir  W.  R  Hamilton,  to  whom  the  method  is  due. 
It  is,  as  we  have  seen,  the  "  action"  from  one  of  the  configura- 
tions to  the  other ;  but  its  peculiarity  in  Hamilton's  system  is, 
that  it  is  to  be  expressed  as  a  function  of  the  co-ordinates  and 
a  constant,  the  whole  energy,  as  explained  above.  It  is  evi- 
dently symmetrical  with  respect  to  the  two  configurations, 
changing  only  in  sign  if  their  co-ordinates  are  interchanged. 

Since  not  only  the  complete  solution  of  the  problem  of  chonicteiis- 
motion  gives  a  solution,  A,  of  the  partial  differential  equation  otm^o^ 
(19)  or  (21),  but,  as  we  have  just  seen  [§  322  (33),  etc.], 
every  solution  of  this  equation  corresponds  to  an  actual  pro- 
blem relative  to  the  motion,  it  becomes  an  object  of  mathe- 
matical analysis,  which  could  not  be  satisfactorily  avoided,  to 
find  what  character  of  completeness  a  solution  or  integral  of 
the  differential  equation  must  have  in  order  that  a  complete  in- 
tegral of  the  dynamical  equations  may  be  derivable  from  it — a 
question  which  seems  to  have  been  first  noticed  by  Jacobi.  What 

Q 
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Complete 
integral  of 
chaiecteriB* 
tie  eqaetlon. 


Oenenliolo- 
tionofche* 
nMsterlatic 
equation. 


is  called  a  '*  complete  integral'*  of  the  differential  equation ;  tliat 
is  to  say,  an  expression, 

^=^+/'(^,<^,^,...a,)3,...)  (34), 

for  A  satisfying  it  and  involving  the  same  number,  i\  let  us  sup- 
pose, of  independent  arbitrary  constants,  Aq,  a,  )3,...  as  there  are 
of  the  independent  variables,  ^,  <f>,  etc. ;  leads,  as  he  found,  to  t 
complete  final  integral  of  the  equations  of  motion,  expressed  as 
follows : — 


dp' 


and,  aa  above, 


(86). 


where  e  is  the  constant  depending  on  the  epoch,  or  era  of  reckon- 
ing, chosen,  and  ^,  |$,...  are  t— 1  other  arbitrary  constants,  con- 
stituting in  all,  with  E,  a,  )3,...,  the  proper  number,  2i,  of  arbi- 
trary constants.  This  is  proved  by  remarking  that  (35)  are  the 
equations  of  the  '^  course "  (or  paths  in  the  case  of  a  system  of 
free  particles),  which  is  obvious.     For  they  give 


d  dF J.      d  dF J.  ,  d  dF  ^ 

''^'di;  ip^'^-^M  d^'^'^+de  d^'^^+- 


(87), 


From 


(88), 


etc.  etc. 

in  all  t — 1  equations  to  determine  the  ratios  d^:d4>:  dO 
these,  and  (21),  we  find 

d\p^d^_de^ 
i'  4^^  6"' 
[since  (37)  are  the  same  as  the  equationa  which  we  obtain  by 
differentiating  (21)  and  (23)  with  reference  to  a,  )9,...  succes- 
sively, only  that  they  have  rf\P,  rf^,  dO^...  in  place  of  ^,  ^,  ^,...]. 
A  perfectly  general  solution  of  the  partial  differential  equation, 
that  is  to  say,  an  expression  for  A  including  every  function  of 
^,  4>i  0,... which  can  satisfy  (21)  may  of  course  be  found,  by  the 
regular  process,  from  the  complete  integral  (34),  by  eliminating 
il«,  a,  /3,. . .  from  it  by  meana  of  an  arbitrary  equati<m 

/(^,  a,  ^,...>0, 
and  the  (t'^l)  equations 

dF       dF 

dA.       da         Ifi 
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where /denotes  an  arbitrary  function  of  the  t  element,  Ao,  a,  j8, ...  oeneniioiii- 
now  made  to  be  variables  depending  on  ^,  <^,...     But  the  f uil  ^°^'j^' 
meaning  of  the  general  eolation  of  (21)  will  be  better  understood  e<i^**o«>- 
in  connexion  with  the  physical  problem  if  we  first  go  back  to  the 
Hamiltonian  solution,  and  then  from  it  to  the  general.     Thus, 
first,  let  the  equations  (35)  of  the  course  be  assumed  to  be 
satisfied  for  each  of  two  sets  ^,  ^,  0,  ...,  and  ^',  ^',  e\  ...,  of 
the  co-ordinates.     They  will  give  2(t— 1)  equations  for  determin- 
ing the  2(i— 1)  constants  a,  ft  ...,  gi,  |p, ...,  in  terms  of  ^,  ^, ..., 
^\  <fi\  ,,,jto  fulfil  these  conditions.     Using  the  values  of  a,  ft  . . ., 
so  found,  and  assigning  A^  so  that  A  shall  vanish  when  ^=  ^', 
^=^',  etc.,  we  have  the  Hamiltonian  expression  for  A  in  terms  of 
^,  ^,  . . .,  ^\  4>\  . . .,  and  E^  which  is  therefore  equivalent  to  a 
''complete  integral''  of  the  partial  differential  equation  (21). 
Now  let  ^\  4^\  . . .,  be  connected  by  any  single  arbitrary  equation 

f(f ,  <{>',  ...)=o  (89), 

and  by  means  of  this  equation  and  the  following  (t— 1)  equations, 
let  their  values  be  determined  in  terms  of  ^,  ^,  ...,  and  E: — 
dA       dA       dA 

rff  d^'  d& 
Substituting  the  values  thus  found  for  ^',  ^',  0\  etc.,  in  the 
Hamiltonian  Ay  we  have  an  expression  for  Ay  which  is  the  general 
solution  of  (21).  For  we  see  immediately  that  (40)  expresses  that 
the  values  of  A  are  equal  for  all  configurations  satisfying  (89), 
that  is  to  say,  we  have 

dA  , ,  /  ,  dA  , ,  /  ,  ^ 

when  ^',  i^'y  etc.,  satisfy  (39)  and  (40).  Hence  when,  by  means 
of  these  equations,  ^',  4*y ...,  are  eliminated  from  the  Hamiltonian 
expression  for  Ay  the  complete  Hamiltonian  differential 

becomes  merely 

where  (-tt),  etc.,  denote  the  differential  coefficients  in  the  Hamil- 
tonian expression.  Hence,  A  being  now  a  function  of  ^,  ^,  etc., 
both  as  these  appear  in  the  Hamiltonian  expression  and  as  they 
are  introduced  by  the  elimination  of  ^',  </^',  etc.,  we  have 
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Oenendtolu-  dA       ,dA .     dA      ,dA.      ^  /mq, 

racteriiUc  dip       ^d\p"    d<p      ^d<p^' 

equation.  ^^j  therefore  the  Dew  expression  satisfies  the  partial  differential 

equation  (21).  That  it  is  a  completely  general  solution  we  see, 
because  it  satisfies  the  condition  that  the  action  is  equal  for  all 
configurations  fulfilling  an  absolutely  arbitrary  equation  (39). 

For  the  case  of  a  single  free  particle,  the  interpretation  of  (39) 
is  that  the  point  {x\y\z)  is  on  an  arbitrary  surface,  and  of  (40) 
that  each  line  of  motion  cuts  this  surface  at  right  angles.     Hence 
824.  The  most  general  possible  solution  of  the  quadratic, 
partial,  dififerential  equation  of  the  first  order,  which  Hamilton 
showed  to  be  satisfied  by  his  Characteristic  Function  (either 
terminal  configuration  alone  varying),  when  interpreted  for  the 
case  of  a  single  free  particle,  expresses  the  action  up  to  any  point 
{x,  y,  z),  from  some  point  of  a  certain  arbitrarily  given  surface, 
from  which  the  particle  has  been  projected,  in  the  direction  of 
the  normal,  and  with  the  proper  velocity  to  make  the  sum  of 
the  potential  and  actual  energies  have  a  given  value.     In  other 
words,  the  physical  problem  solved  by  the  most  general  solu- 
tion of  that  partial  differential  equation,  is  this  : — 
^op«rties  of     i^t  free  particles,  not  mutually  influencing  one  another,  be 
•qiMi  acUoiL  projected  normally  from  all  points  of  a  certain  arbitrarily  given 
surface,  each  with  the  proper  velocity  to  make  the  sum  of  its 
potential  and  kinetic  energies  have  a  given  value.    To  find,  for 
the  particle  which  passes  through  a  given  point  {x,  y,  z),  the 
"action"  in  its  course  from  the  surface  of  projection  to  this 
point.     The  Hamiltonian  principles  stated  above,  show  that 
the  surfaces  of  equal  action  cut  the  paths  of  the  partieles  at 
right  angles  ;  and  give  also  the  following  remarkable  properties 
of  the  motion  : — 

If,  from  all  points  of  an  arbitrary  sutCeu^,  particles  not 
mutually  influencing  one  another  be  projected  with  the  proper 
velocities  in  the  directions  of  the  normals  ;  points  which  they 
reach  with  equal  actions  lie  on  a  surface  cutting  the  paths  at 
right  angles.  The  infinitely  small  thickness  of  the  space  be- 
tween any  two  such  surfaces  corresponding  to  amounts  of 
action  differing  by  any  infinitely  small  quantity,  is  inversely 
proportional  to  the  velocity  of  the  particle  traversing  it ;  being 
equal  to  the  infinitely  small  difference  of  action  divided  by  the 
whole  momentum  of  the  particla 
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Let  X,  /*,  V  be  the  direction-cosines  of  the  normal  to  the  sur-  j^^Jt!'^**,' 
face  of  equal  action  throngh  (x,  y,  «).    We  have  equal  «cttoi 

dA 

X=  ^ r ,  etc-  (1) 

Bat  —=mx,  etc.,  and,  if  9  denote  the  resultant  velocity, 

,dA*  ,  dA*    dA\i  ,„, 

Hence  A=  — ,  u=i^  ,  v=s— > 

q  q         9 

which  proves  the  first  proposition.  Again,  if  SA  denote  the  in- 
finitely small  difference  of  action  from  {x,  y,  z)  to  any  other 
point  (ap+&r,  y+5y,  z+dz)^  we  have 

Let  the  second  point  be  at  an  infinitely  small  distance,  e,  from 
the  first,  in  the  direction  of  the  normal  to  the  surface  of  equal 
action  ;  that  is  to  say,  let 

Srs^X,  fy=rf/i,  Izzszev^ 

Hence,  by  (1),         ^-<^.+'^y^.)  (3); 

whence,  by  (2)  «=—  (4), 

which  is  the  second  proposition. 

825.  Irrespectively  of  methods  for  finding  the  "  character-  J^p*«*  * 
istic  function"  in  kinetic  problems,  the  fact  that  any  case  of  action. 
motion  whatever  can  be  represented  by  means  of  a  single 
function  in  the  manner  explained  in  §  323,  is  most  remarkable, 
and,  when  geometrically  interpreted,  leads  to  highly  important 
and  interesting  properties  of  motion,  which  have  valuable 
applications  in  various  branches  of  Natural  Philosophy.  One 
of  the  many  applications  of  the  general  principle  made  by 
Hamilton^  led  to  a  general  theoiy  of  optical  instruments,  com- 
prehending the  whole  in  one  expression. 

Some  of  its  most  direct  applications ;  to  the  motions  of 
planets,  comets,  etc.,  considered  as  free  points,  and  to  the  cele  - 
brated  problem  of  perturbations,  known  as  the  Problem  of  Three 
Bodies,  are  worked  out  in  considerable  detail  by  Hamilton 

>  On  the  Theory  of  Syttemi  of  Bay$,    Trans.  R.I.A.,  1824,  18d0,  1882. 
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EzAmpiesof  (Phil.  Trav3.,  1834-35),  and  in  various  memoirs  by  Jacobi, 

VAryioK 

action.  Liouville,  Bour,  Donkin,  Cayley,  Boole,  etc.  The  now  aban- 
doned, but  still  interesting,  corpuscular  theory  of  light  furnishes 
a  host  of  good  ones.  In  this  theory  light  is  supposed  to 
consist  of  material  particles  not  mutually  influencing  one 
another,  but  subject  to  molecular  forces  from  the  particles  of 
bodies — not  sensible  at  sensible  distances,  and  therefore  not 
causing  any  deviation  from  uniform  rectilinear  motion  in  a 
homogeneous  medium,  except  within  an  indefinitely  small  dis- 
tance from  its  boundary.  The  laws  of  reflection  and  of  single 
refraction  follow  correctly  from  this  hypothesis,  which  therefore 
suffices  for  what  is  called  geometrical  optics. 
Appucation  We  hope  to  return  to  this  subject,  with  sufficient  detail, 
optics,  m  treating  of  Optics.  At  present  we  limit  ourselves  to  state 
a  theorem  comprehending  the  known  rule  for  measuring  the 
magnifying  power  of  a  telescope  or  microscope  (by  comparing 
the  diameter  of  the  object-glass  with  the  diameter  of  pencil 
of  parallel  rays  emerging  from  the  eye  piece,  when  a  point  of 
light  is  placed  at  a  great  distance  in  front  of  the  object-glass), 
as  a  pai-ticular  case. 
ofaaiSrie  826.  Let  any  number  of  attracting  or  repelling  masses,  or 
particle.  perfectly  smooth  elastic  objects,  be  fixed  in  space.  Let  two 
stations,  0  and  (/  be  chosea  Let  a  shot  be  fired  with  a  stated 
velocity,  V,  from  0,  in  such  a  direction  as  to  pass  through  O. 
There  may  clearly  be  more  than  one  natural  path  by  which  this 
may  be  done ;  but,  generally  speaking,  when  one  such  path  is 
chosen,  no  other,  not  sensibly  diverging  from  it,  can  be  A)und ; 
and  any  infinitely  small  deviation  in  the  line  of  fire  from  0,  will 
cause  the  bullet  to  pass  infinitely  near  to,  but  not  through,  Q. 
Now  let  a  circle,  with  infinitely  small  radius  r,  be  described 
round  0  as  centre,  in  a  plane  perpendicular  to  the  line  of  fire 
from  this  point,  and  let — all  with  infinitely  nearly  the  same 
velocity,  but  fulfilling  the  condition  that  the  sum  of  the  poten- 
tial and  kinetic  energies  is  the  same  as  that  of  the  shot  from  0— 
bullets  be  fired  from  all  points  of  this  circle,  all  directed  infinitely 
nearly  parallel  to  the  line  of  fire  from  0,  but  each  precisely  so  as 
to  pass  through  0\  Let  a  target  he  held  at  an  infinitely  small 
distance,  a',  beyond  0\  in  a  phme  perpendicular  to  the  line  of 
the  shot  reaching  it  from  0.  The  bullets  fired  from  the  cir- 
cumference of  the  circle  round  0,  will,  after  passing  through 
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,  Strike  this  target  in  the  circumference  of  an  exceedingly  Application 
lall  ellipse,  each  with  a  velocity  (corresponding  of  course  to  gpuc«.  or 
i  position,  under  the  law  of  energy),  differing  infinitely  little  single  p«^ 
)m  V,  the  common  velocity  with  which  they  pass  through 

Let  now  a  circle,  equal  to  the  former,  be  described  round 
,  in  the  plane  perpendicular  to  the  central  path  through  C, 
id  let  bullets  be  fired  fix)m  points  in  its  circumference,  each 
Lth  the  proper  velocity,  and  in  such  a  direction  infinitely 
tarly  parallel  to  the  central  path  as  to  make  it  pass  through 

These  bullets,  if  a  target  is  held  to  receive  them  perpen- 

V 
cularly  at  a  distance  a  =  a'y, »  beyond  0,  will  strike  it  along 

.6  circumference  of  an  ellipse  equal  to  the  former  and  placed 
.  a  corresponding  position ;  and  the  points  struck  by  the 
dividual  bullets  will  correspond  in  the  manner  explained 
Jow.  Let  P  and  R  be  points  of  the  first  and  second 
roles,  and  Q  and  Q  the  points  on  the  first  and  second  targets 
hich  bullets  from  them  strike  ;  then  if  P*  be  in  a  plane  con- 
ining  the  central  path  through  ff,  and  the  positiou  which  Q 
ould  take  if  its  ellipse  were  made  circular  by  a  pure  strain 
I  183) ;  Q  and  Q  are  similarly  situated  on  the  two  ellipses. 

For,  if  XOr  he  a  plane  perpendicular  to  the  central  path 
through  0 ;  and  X'O'Y'  the  correRponding  plane  through  0' .  Let 
A  be  the  "  action  "  from  0  to  0\  and  ^  the  action  from  a  point 
P(x,  y,  z),  in  the  neighbourhood  of  O,  specified  with  reference 
to  the  former  axes  of  co-ordinates,  to  a  point  F\x\  y\  r'), 
in  the  neighbourhood  of  0\  specified  with  reference  to  the  latter. 

The  function  <^  —  A  vanishes,  of  course,  when  x  =  0,  y  =  0, 
«  =  0,  x'=  0,  y'=  0,  2'=  0.     Also,  for  the  same  values  of  the 

CO  ordinates,    its    differential    coefficients   ~   ,     ^  -  ,    and    -^ , 

ax       dy  ax 

- ?)  ,  must  vanish,  and  —  ,   —  ,  ,  must  be  respectively  equal  to 
ay  dz  dz 

V  and   V\  since,  for  any  values  whatever  of  the  co-ordinates, 

-  and  - ,  -  are  the  component  velocities  parallel  to  the  two  lines 
dx  dy 

OX^  OYy  of  the  particle  passing  through  V\  when  it  comes  from 

/>  and  —  ^  /  and  — .  ,  are  the  components  parallel  to  0X\  0  Y\ 
*  dx  dy 

of  the  velocity  through  F  directed  so  as  to  reach  P.     Hence  by 

Taylor's  (or  Maclaurin's j  theorem  we  have 
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ippllcaUon    <l>  —  A=s  —  Vz'  +  Vz 

fe.;.''  -h2(r,Z)y^+...+2{r,Z>V+... 

^^^•-  4.2{Jr,  ^')xx'+2(F,  r)yy+2(Z,  Z')zz' 

+2(jr,  r>y+2(;r,z>z'+...+2{z,  r>y}+/2,    (i). 

where  (JT,  -^),  (A",  F),  etc.,  denote  constants,  viz.,  the  values  of 

the  differential  coefficients  — ? ,  —-X-  >  etc.,  when  each  of  the 
or*     dxdy 

six  co-ordinates  x,  y,  z,  a:',  y',  z'  vanishes ;  and  R  denotes  the 
remainder  after  the  terms  of  the  second  degree.  According  to 
Cauchy's  principles  regarding  the  convergence  of  Taylor's  theorem, 
we  have  a  rigorous  expression  for  ^  —  A  in  the  same  form,  with- 
out 22,  if  the  coefficients  {X^  X\  etc.,  denote  the  values  of  the 
differential  coefficients  with  some  variable  values  intermediate 
between  0  and  the  actual  values  of  x,  y,  etc.,  substituted  for  these 
elements.  Hence,  provided  the  values  of  the  differential  co- 
efficients are  infinitely  nearly  the  same  for  any  infinitely  small 
values  of  the  co-ordinates  as  for  the  vanishing  values,  R  becomes 
infinitely  smaller  than  the  terms  preceding  it,  when  x,  y,  etc., 
are  each  infinitely  small.  Hence  when  each  of  the  variables 
X,  y,  r,  x\  y\  z  is  infinitely  small,  we  may  omit  R  in  the  ex- 
pression (1 )  for  <^  —  A,  Now,  as  in  the  proposition  to  be  proved, 
let  us  suppose  z  and  z  each  to  be  rigorously  zero :  and  we  have 

g=(jr,;r)x+(jr,  r)y+(x,  jr>'+(jr,  rv; 
^y=(  J',  Y)y^{x,  F)x+(F,  jr')x'+(r,  yy. 

These  expressions,  if  in  them  we  make  x=0,  and  y=0,  be- 
come the  component  velocities  parallel  to  OJT,  OF,  of  a  particle 
passing  through  0  having  been  projected  from  P.     Hence,  if 

(,  17,  (  denote  its  coordinates,  an  infinitely  small  time,  ~  ,   after 

it  passes  through  0,  we  have  C  =  a,  and 

f={(z.z>'+(jr,rv}«  ,  ij={(r,jry+(r.r)y')« ,  (2). 

Here  f  and  17  are  the  rectangular  co-ordinates  of  the  point  Q'  b 
which,  in  the  second  case,  the  supposed  target  ia  struck.  And 
by  hypothesis  x'«+y'«=r*  (8). 

K  we  eliminate  x\  y  between  these  three  equatiuna,  we  have 
clearly  an  ellipse ;  and  the  former  two  express  the  relation  of  the 
"corresponding"  points.  Corresponding  equations  with  x  and 
y  for  X  and  y' ;  with  f ,  17'  for  f  iy ;  and  with  —  (JT,  XY 
-  ( F,  X\  -  {X,  r),  -  ( F,  F'),  in  place  of  (X,  X),  (X,  F). 
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{Y,  A"),  (F,  Z'),  express  the  first  case.  Hence  the  proposition, 
as  is  most  easily  seen  by  choosing  OX  and  O'X'  so  that  (X,  Y') 
and  {YyX')  may  each  be  zero. 

827.  The  most  obvious  optical  application  of  this  remarkable  AppUcatton 
result  is,  that  in  the  use  of  any  optical  apparatus  whatever,  if  opuS?"**** 
the  eye  and  the  object  be  interchanged  without  altering  the 
position  of  the  instrument,  the  magnifying  power  is  imaltered. 
This  is  easily  understood  when,  as  in  an  ordinary  telescope, 
microscope,  or  opera-glass  (Galilean  telescope),  the  instrument 
is  symmetrical  about  an  axis,  and  is  curiously  contradictory  of 
the  common  idea  that  a  telescope  "  diminishes "  when  looked 
through  the  wrong  way,  which  no  doubt  is  true  if  the  telescope 
is  simply  reversed  about  the  middle  of  its  length,  eye  and 
object  remaining  fixed.  But  if  the  telescope  be  removed  from 
the  eye  till  its  eye-piece  is  close  to  the  object,  the  part  of  the 
object  seen  will  be  seen  enlarged  to  the  same  extent  as  when 
viewed  with  the  telescope  held  in  the  usual  manner.  This  is 
easily  verified  by  looking  from  a  distance  of  a  few  yards, 
in  through  the  object-glass  of  an  opera-glass,  at  the  eye  of 
another  person  holding  it  to  his  eye  in  the  usual  way. 

The  more  general  application  may  be  illustrated  thus : — Let 
the  points,  0,  (/  (the  centres  of  the  two  circles  described  in 
the  preceding  enunciation),  be  the  optic  centres  of  the  eyes  of 
two  persons  looking  at  one  another  through  any  set  of  lenses, 
prisms,  or  transparent  media  arranged  in  any  way  between 
them.  If  their  pupils  are  of  equal  sizes  in  reality,  they  will 
be  seen  as  similar  ellipses  of  equal  apparent  dimensions  by  the 
two  observers.  Here  the  imagined  particles  of  light,  projected 
from  the  circumference  of  the  pupil  of  either  eye,  are  substituted 
for  the  projectiles  from  the  circumference  of  either  circle,  and 
the  retina  of  the  other  eye  takes  the  place  of  the  target  receiv- 
ing them,  in  the  general  kinetic  statement. 

328.  If  instead  of  one  free  particle  we  have  a  conservative  AppUcaUoi 
system  of  any  number  of  mutually  influencing  free  particles,  the  frw  matu- 
same  statement  may  be  applied  with  reference  to  the  initial  uufparucu 
position  of  one  of  the  particles  and  the  final  position  of  another,  or 
with  reference  to  the  initial  positions,  or  to  the  final  positions  of 
two  of  the  particles.     It  serves  to  show  how  the  influence  of  an 
infinitely  small  change  in  one  of  those  positions,  on  the  direction 
of  the  other  particle  passing  through  the  other  position,  is  re- 
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Application  latod  tx)  the  influence  on  the  direction  of  the  former  particle 
free  rauS-°  passing  thiough  the  fonner  position  produced  by  an  infinitely 
fngptrt?ciM,  small  change  in  the  latter  position.  A  coiTesponding  statement, 
e»u«»l*"  in  terms  of  generalized  co-ordinates,  may  of  course  be  adapted 
'^  to  a  system  of  rigid  bodies  or  particles  connected  in  any  way. 

All  such  statements  are  included  in  the  following  very  general 
proposition : — 

The  rate  of  increase  of  any  one  component  momentum,  corre- 
sponding to  any  one  of  the  co-ordinates,  per  unit  of  increase  of 
any  other  co-ordinate,  is  equal  to  the  rate  of  increase  of  the  com- 
ponent momentum  corresponding  to  the  latter  per  unit  increase 
or  diminution  of  the  former  co-ordinate,  according  as  the  two  co- 
ordinates chosen  belong  to  one  configuration  of  the  system,  or 
one  of  them  belongs  to  the  initial  configuration  and  the  other  to 
the  final 

Let  tp  and  x  he  two  out  of  the  whole  number  of  co-ordinates 
coDBtituting  the  argument  of  the  Hamiltonian  characteristio  func- 
tion A  ;  and  f ,  rj  the  corresponding  momenta.  We  hare 
[§322(18)]  dA_        dA_ 

the  upper  or  lower  sign  being  used  according  as  it  ia  a  final  or 
an  initial  co-ordinate  that  is  concerned.     Hence 

drfdx         dx  dip  ' 

and  therefore  --?  =  -^  , 

dx     d^ 

if  both  co-ordinates  belong  to  one  configuration,  or 

dx  drf ' 

if  one  belongs  to  the  initial  configuration,  and  the  other  to  the 
final,  which  is  the  second  proposition.  The  geometrical  inter- 
pretation of  this  statement  for  the  case  of  a  free  particle,  and  Iwo 
co-ordinates  both  belonging  to  one  position,  its  final  position,  for 
instance,  gives  merely  the  proposition  of  §  824  above,  for  the 
case  of  particles  projected  from  one  point,  with  equal  veloeities  b 
all  directions ;  or,  in  other  words,  the  case  of  the  arbitrary  sur- 
face of  that  enunciation,  being  reduced  to  a  point.  To  complete 
the  set  of  variational  equations  derived  firom  §  822  we  have 

-7-  =  ±  -7^  which  expresses  another  remarkable  property  of  con- 
servative motion. 
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829.  Lagrange's  generalized  form  of  the  equations  of  motion  LagrMig«*t 
has  been  already  alluded  to  (8  293).  We  shall  now  give  it,  S^  of  the 
and  a  few  examples  of  its  applicatioa  mouon. 

As  above,  §  293,  we  have  generally 

2[{^-mx)&r+...]=0  (1). 

Now  suppose  the  equations  of  condition  of  the  system  (§  298) 
to  be 

^.  (a?i,  yi, -fi,  ar„  ...,0=0:    ) 

^..(a^uyi,^!,^.,  •••,  0=0,  >  (2). 

etc.  etc.  ) 

It  is  required  to  transform  (1)  into  an  equation  involviug  only 
the  time  and  the  generalized  co-ordinates  ^,  <^,  6^  etc.,  with  their 
variations  Sip,  S<^,  B$,  etc. 

We  have,  since  each  of  the  co-ordinates  x,,  yi,  r,,  Xt^  etc.,  b 
in  general  a  function  of  /,  ^,  <^,  0,  etc., 

where  (-j-)  vanishes  if  t  be  not  explicitly  involved  in  (2),  i.e.,  if 

the  kinematical  relations  do  not  vary  with  the  time. 
The  kinetic  energy  is  therefore 

=i2-{[(f)+gl^  +  ^^  +  -?+[(f)-hctc.]'4-[(|)+etc.].}(4). 

which  is  a  quadratic  function  of  yjrj  <^,  etc.,  the  generalized  com- 
ponents of  velocity — homogeneous  only  when  (as  in  §  313,  a)  the 
kinematical  relations  are  invariable. 

This  gives  for  the  partial  differential  coefficient  with  respect  to 
^,  BO  far  as  it  is  explicitly  contained  in  7] 

with  similar  expressions  for  the  others. 

To  effect  the  required  transformation  of  the  general  equation 
(1),  it  is  sufficient  to  operate  ou  one  term,  as  xSx.  We  have,  since 
dSx 


•5r=^' 


xSx=—{xSx)'-xSx  (6). 


Now  Sx^^-j-ySi/^+^jSih+eto, 

ay  u<p 
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•gnmM'i  since  these  belong  to  the  configuration  at  some  definite  instant. 

!!S^the  [This  remark  explains  the  assertion  of  §  293,  that  the  equatiomi 

^tton.  of  ^9j  j^^i^  ^^^^  jf  ^3)  jj^^^l^^  ^  explicitly.] 

But,  by  (3), 

dx     dx     ^. 

df   # 

Hence  &r=— 78^+^6^+etc. 

With  these  values  we  find,  exhibiting  only  the  terms   in   5^ 
and  8^, 

Also 

In  (7)  and  (8)  the  terms  in  8^  are  equal. 
By  (6),  (7),  and  (8)  we  now  see  that 

2mic&r = 2m  { --(i&r) -- jp&r  } 

+8<^{...}+etc. 
Hence  by  inspection  of  (4)  and  (5), 

2m(ijar+^8y+2&)=8^{J^(^)_g}+8^{...}+etc.       (9). 

But  the  first  member  is,  by  (1),  equal  to 
2{Z&r+F6^+Z8r}, 
or  in  generalized  co-ordinates  [§  315  (5)], 

Equating  this  to  the  second  number  of  (9),  we  have  the  required 
transformation  of  (1). 

Hence,  as  3^,  S^,  etc.,  arc  independent,  we  hare,  for  the  e<]ua- 
tions  of  motion 
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aW^    #"     >  (io),SSS^ 

etc.        etc.       J  SSSr"* 

of  which  the  number  is,  of  course,  the  same  as  that  of  the  degrees 
of  freedom.    If  the  system  be  a  conservative  one,  and  if  Fbe  the  Conseirative 
potential  energy,  we  have  ayatem. 

-SF='«F8^+...  [§293(3)], 
and  the  generalized  equations  become 

dt^dT     ^^         ^^    \  (11). 


etc.  etc.       ) 

When  the  kinematical  relations  are  invariable,  that  is  to  say,  Hunuton's 
when  /  does  not  appear  in  the  equations  of  condition  (2),  the  '°™* 
equations  of  motion  may  be  put  under  a  slightly  different  form 
first  given  by  Hamilton,  which  is  often  convenient ;  thus : — Let 
r,  "^y  <^,  ...,  be  expressed  in  terms  of  ^,  17,  ...,  the  impulses  re- 
quired to  produce  the  motion  from  rest  at  any  instant  [§313  {d)\ ; 
80  that  T  will  now  be  a  homogeneous  quadratic  fimction,  and 
^,  <^,  ...  each  a  linear  function,  of  these  elements,  with  coeffi- 
cients— functions  of  ^,  </>,  etc.,  depending  on  the  kinematical 
conditions  of  the  system,  but  not  on  the  particular  motion. 
Thus,  denoting,  as  in  §  822  (29),  by  D,  partial  differentiation  with 
reference  to  {,  17,  ...,  ^,  </>.  ...,  considered  as  independent  vari- 
ables, we  have  [§  318  (10)] 

"^^-ar  *=^'  ••  ^^^^' 

and,  allowing  d  to  denote,  as  in  what  precedes,  the  partial  dif- 
ferentiations with  reference  to  the  system  ^,  <^,  ...,  ^,  <^,  ...,  we 
have  [§  318,  (8)] 

,A     ,=g,  ...  (.8). 

The  two  expressions  for  T  being,  as  above,  §  313, 
t;(v;,v^)^'  +  ...+2(,^,.^)f^+...}=i{[^,^]^'  +  ...+2[^,<^]^i,+  ...}(l4), 
tbe  second  of  these  is  to  be  obtained  from  the  first  by  substitut- 
ing for  V',  <^,  . . .,  their  expressions  in  terms  of  ^,  i;,  ...     Hence 
^T _dT    dTH     dTH         _dr,t^  ^,     }_1'La. 

_dT,    i  (t^T      ?r        \_dT,jT 
-dil'^fb[\^di'^'^li,^--)-d<p^^'d4>' 
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HAmflUm't 

fonnof 

Lagrange** 

geoerauMd 

eqiiatioiia  of 

motion. 


From  this  we  conclude 
Dr         dT 


■*  Canonical 
fonn  "  of 
Hamilton*! 
gen«raleqaa* 
nona  of  mo- 
tion of* 
oonaenratiTe 
•yatom. 


(15). 


(16). 


"bT  dT 

Hence  Lagrange's  equations  become 

the  same  as  those  (33)  which  we  derived,  in  §  322,  from  Hamil- 
ton's partial  differential  equation  for  his  characteristic  function 
and  his  expression  of  the  motion  by  means  of  it. 

If  we  put  ^=^4-^^,  we  have  ^='^,y  and  therefore 

330.  Hamilton's  form  of  Lagrange's  equations  of  motion  in 
terms  of  generalized  co-ordinates,  expresses  that  what  is  re- 
quired to  prevent  any  one  of  the  components  of  momentum 
from  varying  is  a  corresponding  component  force  equal  in 
amount  to  the  rate  of  change  of  the  kinetic  energy  per  unit 
increase  of  the  corresponding  co-ordinate,  with  all  components 
of  momentum  constant :  and  that  whatever  is  the  amount  of 
the  component  force,  its  excess  above  this  value  measures  the 
rate  of  increase  of  the  component  momentunL 

In  the  case  of  a  conservative  system,  the  same  statement 
takes  the  following  form  : — The  rate  at  which  any  component 
momentum  increases  per  imit  of  time  is  equal  to  the  rate,  per 
unit  increase  of  the  corresponding  co-ordinate,  at  which  the 
sum  of  the  potential  energy,  and  the  kinetic  energy  for  con- 
stant momenta,  diminishes.  This  is  the  celebrated  *'  canonical 
form "  of  the  equations  of  motion  of  a  system,  though  why  it 
has  been  so  called  it  would  be  hard  to  say. 

Let  U  denote  the  algebraic  expression  for  the  som  of  the 
potential  energy,  in  terms  of  the  co-ordinates,  ^,  ^,  ...,  and  the 
kinetic  energy  in  terms  of  the  co-ordinates  and  the  components 
of  momentum,  f ,  ^,  . . .     Then 

the  latter  being  equivalent  to  (12),  since  the  potential  energy  does 
not  contain  ^,  17,  etc. 

In  the  following  examples  we  shall  adhere  to  Lagrange's  fonn 
(10),  as  the  most  convenient  for  such  applications. 


)n 

r  f 

:>  etc.      I 


(17). 
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Example  (A.) — Motion  of  a  single  point  (m)  referred  to  polar  Enmpietof 
oo-ordinates  (r,  0,  ^).     From  the  well-known  geometry  of  this  SjSJLjJi 
case  we  see  that  8r,  rBO^  and  rsm0S<l>  are  the  amounts  of  linear  JJJ^J^ 
displacement  corresponding  to  infinitely  small  increments,  3r,  80,  motion- 
s' of  the  co-ordinates :  also  that  these  displacements  are  respec- 
tiTely  in  the  direction  of  r,  of  the  arc  rSO  (of  a  great  circle) 
in  the  plane  of  r  and  the  pole,  and  of  the  arc  rainO^  (of  a 
small  circle  in  a  plane  perpendicular  to  the  axis) ;  and  that  they 
are  therefore  at  right  angles  to  one  another.     Hence  if  F,  G,  H 
denote  the  components  of  the  force  experienced  by  the  point,  in 
theae  three  rectangular  directions,  we  have 

F=i2,  0r=8,  and  i^rsin^s*; 
/{,  6,  #  being  what  the  generalized  components  of  force  (§  818) 
become  for  this  particular  system  of  co-ordinates.     We  also  see 
that  r,  rdf  and  r  sin^<^  are  three   components  of  the  velocity, 
along  the  same  rectangular  directions.     Hence 

r=im(r«+r«^+r«8in«^<^«). 
From  this  we  have 

dT        ,    dT  .    dT         .  .  . . , 

dr  dO  d<p 

^=mr(^«+sin«d<^«),  ^=mr«8in^cos^<^«,  ^=0. 
Henoe  the  equations  of  motion  become 

m{~^—r(6*+sm*e<i>*)}     =F, 

m{^^^  — r«sin^C08^<^«}  =:Gr, 

JSn^  =^rsin^; 

di 

or,  according  to  the  ordinary  notation  of  the  differential  calculus, 

m^(r«siu«^^*)  =//r8in^. 

If  the  motion  is  confined  to  one  plane,  that  of  r,  ^,  we  have 

=0,  and  therefore  //  =  0,  and  the  two  equations  of  motion 

which  remain  are 

d^r         de\       „        d,    M      ^ 
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These  equations  might  have  been  written  down  at  once  in  terms 
of  the  second  law  of  motion  from  the  kinematical  investigation  of 

§  32,  in  which  it  was  shown  that  --— — r-r- »   and (r^ — ) 

dt*  dl*  r  dr    di 

are  the  components  of  acceleration  along  and  perpendicolar  to 
the  radius-vector,  when  the  motion  of  a  point  in  a  plane  is  ex- 
pressed according  to  polar  co-ordinates,  r,  $, 

The  same  equations,  with  <^  instead  of  B,  are  obtained  from  the 
polar  equations  in  three  dimensions  bj  putting  6  s=  \v,  which 
implies  that  G  =  0,  and  confines  the  motion  to  the  plane  (r,  <^). 

Example  (B.) — Two  particles  are  connected  by  a  string ;  one 
of  them,  7n,  moves  in  any  way  on  a  smooth  horizontal  plane,  and 
the  string,  passing  through  a  smooth  infinitely  small  aperture  in 
this  plane,  bears  the  other  particle  m',  hanging  vertically  down- 
wards, and  only  moving  in  this  vertical  line :  (the  string  re- 
maining always  stretched  in  any  practical  illustration,  but,  in 
the  problem,  being  of  course  supposed  capable  of  transmitting 
negative  tension  with  its  two  parts  straight.)  Let  /  be  the  whole 
length  of  the  string,  r  that  of  the  part  of  it  from  m  to  the  aperture 
in  the  plane,  and  let  B  be  the  angle  between  the  direction  of  r 
and  a  fixed  line  in  the  plane.     We  have 


dT     .    ^    ,,. 
dr  ' 


d6 


Also,  there  being  no  other  external  force  than  gm\  the  weight 
of  the  second  particle, 

R=:^gm\     e=0. 
Hence  the  equations  of  motion  are 

{m+m)r'-mr6*=''m'g,    m-^')'-^=0. 

dt 

The  motion  of  m'  is  of  course  that  of  a  particle  influenced  only 

by  a  force  towards  a  fixed  centre ;  but  the  law  of  this  force,  P 

(the  tension  of  the  string),  is  remarkable.     To  find  it  we  have 

(§  32),  P=m(— i^4-r^*)-     But,  by  the  equations  of  the  motion, 

f-r^«=-.  -^-l-(^+r^.)   and  ^=-^  , 

where  h  (according  to  the  usual  notation)  denotes  the  moment 
of  momentum  of  the  motion,  being  an  arbitrary  constant  of  in- 
tegration.    Hence 
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mm'   ,         h*        . 


m+m  m* 

The  particular  case  of  projection  whicli  gives  m  a  circular  motion  case  of 
and  leaves  m'  at  rest  is  interesting,  inasmuch  as  (§  360,  below)  u^dunf^u* 
the  motion  of  m  is  stable,  and  therefore  m!  is  in  stable  equi-  ^"^o^®.^ 
librium. 

Example  (C.) — A  rigid  body  is  supported  on  a  fixed  axis,  and  Exampiea 
another  rigid  body  is  supported  on  the  first,  by  another  axis; 
the  motion  round  each  axis  being  perfectly  free. 

Case  [a). — The  second  axis  parallel  to  the  first.  At  any  time, 
/,  let  ^  and  ^  be  the  inclinations  of  a  fixed  plane  through  the 
fifst  axis  to  the  plane  of  it  and  the  second  axis,  and  to  a 
pfane  through  the  second  axis  and  the  centre  of  inertia  of  the 
second  body.  These  two  co-ordinates,  <^,  ^,  it  is  clear,  com- 
pletely specify  the  position  of  the  body.  Now  let  a  be  the  dis- 
tance of  the  second  axis  from  the  first,  and  b  that  of  the  centre 
of  inertia  of  the  second  body  from  the  second  axis.  The  velocity 
of  the  second  axis  will  be  a4>\  and  the  velocity  of  the  centre 
of  inertia  of  the  second  body  will  be  the  resultant  of  two  velocities 

a<^,  and  6^, 

in  lines  inclined  to  one  another  at  an  angle  equal  to  ^  —  <^,  and 
its  8f|uare  will  therefore  be  equal  to 

Hence,  if  m  and  m'  denote  the  masses,  j  the  radius  of  gyration 
of  the  first  body  about  the  fixed  axis,  and  k  that  of  the  second 
body  about  a  parallel  axis  through  its  centre  of  inertia ;  we  have, 
according  to  §§  280,  281, 

r=i{77/j«<^«  +  m'[a»«^«+2ai#cos(«^--</>)+6«^«-fA«^«]}. 

Hence  we  have, 

ftj-4>']-m'a*<i>+m'ab cofi{\p^4>)ylr;  — ^=m'a6cos(^— </>)<^4-m  (&*-f  ^^')^; 

dyfr 

The  most  general  supposition  we  can  make  as  to  the  applied  forces, 
is  equivalent  to  assuming  a  couple,  ^,  to  act  on  the  first  body,  and 
a  couple,  ^,  on  the  second,  each  in  a  plane  perpendicular  to  the 
axes  ;  and  these  are  obviously  what  the  generalized  components  of 
stress  become  in  this  particular  co-ordinate  system,  <^,  \p.  Hence 
the  equations  of  motion  are 

R 
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{mj'+vi'a*)'<i>  +  m'ab^'^°^J'~  '^^^-m'ab  8m(^-<^)#=*, 


dt 

at 
If  there  is  no  other  applied  force  than  gravity,  and  if,  as  we  may 
suppose  without  losing  generality,  the  two  axes  are  horizontal,  the 
potential  energy  of  the  system  will  be 

^mA(l-cos<^)+^m'{a[l-.cos(<^+^)]+6[l  — co8(v^+^)]}, 
the  distance  of  the  centre  of  inertia  of  the  first  body  from  the 
fixed  axis  being  denoted  by  hy  the  inclination  of  the  plane 
through  the  fixed  axb  and  the  centre  of  inertia  of  the  first  body, 
to  the  plane  of  the  two  axes,  being  denoted  by  A,  and  the  fixed 
plane  being  so  taken  that  <^=0  when  the  former  plane  is  vertical. 
By  differentiating  this,  with  reference  to  <^  and  ^,  we  therefore 
have 

— ^^gmh  sin<^+^'a  sin(</>+i4),  — ^zszgmh  sin(^+^). 
We  shall  examine  this  case  in  some  detail  later,  in  connexion 
with  the  interference  of  vibrations,  a  subject  of  much  importance 
in  phjTsical  science. 

When  there  are  no  applied,  or  intrinsic  working,  forces,  we 
have  ^=0  and  '*F=0  :  or,  if  there  are  mutual  forces  between  the 
two  bodies,  but  no  forces  applied  from  without,  ^+'^=0.  In 
either  of  these  cases  we  have  the  following  first  integral : — 

(7w/«+mV)<^+m'a^cos(«^— <^)(<^+^)+m'{ft«+it«)^=aC; 
obtained  by  adding  the  two  equations  of  motion  and  integrating. 
This,  which  clearly  expresses  the  constancy  of  the  whole  moment  of 
momentum,  gives  <^  and  "^  in  terms  of  {^^"—4)  ^^^  (^^^)  Using 
these  in  the  integral  equation  of  energy,  provided  the  mutual  forces 
are  of  the  conservative  class,  we  have  a  siiigle  equation  between 

\7~      '  (^ — ^)'  ^"^  constants,  and  thus  the  full  solution  of 

the  problem  is  reduced  to  quadratures. 

Case  (b), — The  second  axis  perpendicular  to  the  first.  Thi« 
case  we  suggest  as  an  exercise  for  the  student.  We  may  return 
to  it  later,  as  its  application  to  the  theory  of  centrifugal  chrono- 
metric  regulators  is  very  important. 

Example  (D.) — Qyroscopic  pendulum, — A  rigid  body,  P,  is 
attached  to  one  axis  of  a  universal  flexure  joint  (§  109),  of  which 
the  other  is  held  fixed,  and  a  second  body,  Q,  is  supported  on  P  by 
a  fixed  axis,  in  line  with,  or  parallel  to,  the  first-mentioned  arm  of 
the  joint.     For  simplicity,  we  shall  suppoec  Q  to  be  kineticallj 
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symmetrical  about  its  beariog  axis,  and  OB  to  be  a  principal  Oyrowopic 
axis  of  a  supposed  rigid  body,  PQy  composed  of  P  and  a  mass 
equal  to  Q  collected  the  centre  of  inertia  of  Q  and  attached  to  P, 
Let  AO  he  the  fixed  arm,  0  the  joint,  OB  the  movable  arm 
bearing  the  body  P,  and  coinciding  with,  or  parallel  to,  the  axis 
of  Q.  Let  BOA'=^e ;  let  <^  be  the  angle  which  the  plane  AOB 
makes  with  a  fixed  plane  of  reference,  through  OA^  chosen  so  as 
to  contain  the  principal  axis  of  moment  (E  of  the 
imagined  rigid  body,  PQ^  when  OB  is  placed 
in  line  with  A0\  and  let  yp  be  the  angle  between 
a  plane  of  reference  in  Q  through  its  axis  of 
symmetry  and  the  plane  AOB,  These  three 
coordinates  (tf,  ^  v^)  clearly  specify  the  position  ^  * 
of  the  system  at  any  time,  L  Let  the  moments 
of  inertia  of  the  imagined  rigid  body  PQ,  round 
its  principal  axis  OB^  and  its  other  two,  be  de- 
noted by  ^,  S,  €  ;  and  let  gi',  *§'  be  the  mo-  ^ 
ments  of  inertia  of  Q  round  its  bearing  axis,  and  any  perpen- 
dicular axis  through  its  centre  of  inertia,  respectively. 

We  have  seen  (§  109)  that,  with  the  kind  of  joint  we  have  sup- 
posed at  0,  every  possible  motion  of  a  body  rigidly  connected  with 
OB,  is  resolvable  into  a  rotation  round  0/,  the  line  bisecting  the 
angle  AOB,  and  a  rotation  round  the  line  through  0  perpen- 
dicular to  the  plane  AOB,  The  angular  velocity  of  the  latter 
is  6,  according  to  our  present  notation.  The  former  would  give 
to  any  point  in  OB  the  same  absolute  velocity  by  rotation  round 
01,  that  it  has  by  rotation  with  angular  velocity  <^  round  AA'  -, 
and  is  therefore  equal  to 

sin^'OjB  /       sin^  j     «;.,/, 
sm  FOB         cos^^^       ^      ^ 

This  may  be  resolved  into  2<^sin«^^=<^(l  — cos^)  round  OB, 
and  2<^8ini^cosJ^=<^8in^  round  the  perpendicular  to  OB,  in 
plane  A  OB,  Again,  in  virtue  of  the  symmetrical  character  of 
the  joint  with  reference  to  the  line  01,  the  angle  <^,  as  defined 
above,  will  be  equal  to  the  angle  between  the  plane  of  the  body 
P,  which  coincided  with  the  fixed  plane  of  reference  when  <^=0, 
and  the  plane  AOB.  Hence  the  axis  of  the  angular  velocity 
^sind,  is  inclined  to  the  principal  axis  of  moment  ^  at  an  angle 
equal  to  <^.  Resolving  therefore  this  angular  velocity,  and  6, 
into  components  round  the  axes  of  ^  and  C,  we  find,  for  the 
whole  component  angular  velocities  of  the  imagined  rigid  body 
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GyrriKoric  pQ    rouud   thcso   axes,  ^sin^coe^+rfrin^,  and— ^nn^Mti^ 

4-dcos<^,  respectively.      The  whole  kinetio  energj,   T,  bemf 

compoMid  of  that  of  the  imagined  rigid  body  PQ,  and  that  of  Q 

about  axes  through  its  centre  of  inertia,  we  therefore  hare 

2 r==  ^(1— cos^)«<^«  +  g(<^sin^co«<^+ ^sin<^)«  +  e (l/»iii^«n^- (Jct^M^  • 

4.a'{^-<^l— cos^);«+B'  **rfin»d+<^^ 

Hence  °^=a'{^_^l_coH«)},  -^=0, 

7=  ^(l— co8^)«^+  )}(<^in^co8<^4-^8in<^)8indcof><^+C(^)»iii^9iD^— (^cw^Mni 
d<p     " 

•  ■XT 

=  —  fi(<^sin^cos«^4-^8in<^){^sin^flin<^— ^co8<^)  +  (r  (<^jio^8in^-(Jco94»i^«i 
.  =  8(<^siu^co84^4-^sin<^)8in<^ — (f  (^8in^8in<^^^ccw<^^co«^+5'rf, 

and  -js  =11(1 — cos^;sin^<^«  +  J8co8^co8<^<^8in^co8^4-^8in^) 

+  (rco8^8in<^(<^in^sin</> — ^cos<^)4- A'sin^^j^— (1 — cosd;^}  +  ||  »iii^< 
Now  let  a  couple,  G,  act  on  the  body  (2,  in  a  plane  perpendi- 
cular to  its  axis,  and  let  A,  J/,  .V  act  on  P,  in  the  plane  perpcn 
dicular  to  0/^,  in  the  plune  A' OB,  and  in  the  plane  through  oB 
perpendicular  to  the  diagram.     If  ^  is  kept  conMant,  and  ^ 
varied,  the  couple  O  will  do  or  resist  work  in  simple  additioo 
with  L.     Hence,  resolving  L'\-G  and  A' into  componentu  nHind 
01,  and  perpendicular  to  it,  rejecting  the  latter,  and  remembering 
that  2sinJ^<^  is  the  angular  velocity  round  O/,  we  have 
*=2«inJ^{-(A4-G)8ini^+A'cosi^;  =  {--;L+G):i--coi«;+.VKL< 
Also,  obviouiily 

Using  thcfc  several  expressions  in  Lagrange's  general  forms,  we 
have  the  equati«>ns  of  motion  of  the  system.     They  will  be  U 
great  uko  to  us  later,  when  we  shall  consider  several  partktilar 
ca«*os  of  nMiiarkablt*  intort'<t  and  of  very  great  importance 
KMini.i.*  Kxanipff  (K).  —  Mittittn  tit' a  narticlr  rrt'rrrrtl  in  nttntimj  nrrf 

CUDttllU'- 1.  ,  ,,  »-'^  •*  •!**. 

lift  X,  y,  J  hi'  the  e«»  onliiiatvj*  of  a  moving  particle  rt«ferrrd  t«> 
axrs  rointiiig  with  a  ctm>tant  or  varying  angular  vrKK*ity  r\4in-i 
tlie  axis  OZ.  Let  j-,,  //,,  r.  be  iis  co  ordinat4^  refcnrtHl  to  the 
same  axis,  OX,  and  two  axes  0A\,  0}\,  tixed  in  the  plane  per- 
j»endicular  t«»  it.      W«»  haM* 

jr,  =x  cc»s<y—  t/ t<'\uO,  ^1  ssx  sin^4*,V cos^ ; 

>,  => cojif?— V  sin^—  (J" sinf?4-y  co^(?)rf.  y,  «etc- 
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where  By  the  angle  JTj  OX,  must  be  considered  as  a  given  func-  Exampien  of 
tionof/.     Hence  '^p, 

r=  im{x'+y'+i'+2(^-yi)^+(aj'+y')^')  '^Z±^ot 

dT        ..       .    dT        ,.  ,     A,  dT  ""•K"'- 

^=m{ye+xe%  g:=m(-i^+3,^'),  g.  0. 
Also, 

and  hence  the  equations  of  motion  are 

X,  Yy  Z  denoting  simply  the  components  of  the  force  on  the 
particle,  parallel  to  the  moving  axes  at  any  instant.  In  this 
example  t  enters  into  the  relation  between  fixed  rectangular  axes 
and  the  co-ordinate  system  to  which  the  motion  is  referred ;  but 
there  is  no  constraint.  The  next  is  given  as  an  example  of  vary  - 
ing,  or  kinetic,  constraint. 

Example  (F). — A  particle,  influenced  hy  any  forces,  and  at- 
lacked  to  one  end  of  a  string  of  which  the  other  is  moved  with  any 
constant  or  varying  velocity  in  a  straight  line.  Let  6  be  the 
inclination  of  the  string  at  time  /,  to  the  given  straight  line,  and 
4>  the  angle  between  two  planes  through  this  line,  one  containing 
the  string  at  any  instant,  and  the  other  fixed.  These  two  co- 
ordinates (6^  <t>)  specify  the  position,  P,  of  the  particle  at  any 
instant,  the  length  of  the  string  being  a  given  constant,  a,  and 
the  distance  OE,  of  its  other  end  E,  from  a  fixed  point,  O,  of  the 
line  in  which  it  is  moved,  being  a  given  function  of  t,  which  we 
shall  denote  by  it.  Let  .r,  y,  z  be  the  co-ordinates  of  the  particle 
nferred  to  three  fixed  rectangular  axes.  Choosing  OX  as  the  given 
straight  line,  and  YOX  the  fixed  plane  from  which  </>  is  measured, 
we  have 

x=/i  +  acos^,  »/=rt  sin^cos<^,  ;=«  sin^8in</>, 
j:=w  — c/sin^^; 
and  for  y,  z  we  have  the  same  expression  as  in  Example  A. 
Hence 

T=\m{u^  —  luOaf^mB)  -f  K 
where  C  denotes  the  same  as  2' with  r  =  0,  and  r=flr,  in  that 
example.  Hence,  denoting  as  there,  by  G  and  //  the  two  com- 
j>onents  of  the  force  on  the  particle,  perpendicular  to  El\  respec- 
tively in  the  plane  of  6  and  perpendicular  to  it,  we  find,  for  the 
two  required  equations  of  motion, 
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Examples  of 
the  use  of 
Lagrauge's 
generalized 
equations  of 
motion. 


IW  {  a  (^ — BluO  C08^^*  )  - 


.8in^5}  =  ff,  and  ma^^^!0^^H, 
at 


Kinetics  of 
a  perfect 
Uqoid. 


These  show  that  the  motion  is  the  same  as  if  E  were  fixed,  and 
a  force  equal  to  —  rnu  were  applied  to  the  particle  in  a  direction 
parallel  to  EX',  a  result  that  might  have  been  arrived  at  at  once 
by  superimposing  on  the  whole  system  an  acceleration  equal  and 
opposite  to  that  of  Ey  to  effect  which  on  P  the  force  —  mu  is 
required. 

881.  Problems  in  fluid  motion  of  remarkable  interest  and 
importance,  not  hitherto  attacked,  are  very  readily  solved  by 
the  aid  of  Lagrange^s  generalized  equations  of  motion.  For 
brevity  we  shall  designate  a  mass  which  is  absolutely  incom- 
pressible, and  absolutely  devoid  of  resistance  to  change  of  shape, 
by  the  simple  appellation  of  a  liquid.  We  need  scarcely  say 
that  matter  perfectly  satisfying  this  definition  does  not  exist 
in  nature :  but  we  shall  see  (under  properties  of  matter)  how 
nearly  it  is  approached  by  water  and  other  common  real 
liquids.  And  we  shall  find  that  much  practical  and  interesting 
information  regarding  their  true  motions  is  obtained  by  deduc- 
tions from  the  principles  of  abstract  dynamics  applied  to  the  ideal 
perfect  liquid  of  our  definition.  We  shall  see  later,  under  hydro 
dynamics,  that  the  motion  of  a  homogeneous  liquid,  whether  of 
infinite  extent,  or  contained  in  a  finite  closed  vessel  of  any 
fonn,  with  any  rigid  or  flexible  bodies  moving  through  it,  if  it 
has  ever  been  at  rest,  is  the  same  at  each  instant  as  that  deter- 
minate motion  (fulfilling,  §  312,  the  condition  of  having  the 
least  possible  kinetic  energy)  which  would  be  impulsively 
produced  from  rest  by  giving  instantaneously  to  every  part 
of  the  bounding  surface,  and  of  the  surface  of  each  of  the  solids 
within  it,  its  actual  velocity  at  that  instant.  So  that,  for 
example,  however  long  it  may  have  been  moving,  if  all  these 
surfaces  were  suddenly  or  gradually  brought  to  rest,  the  whole 
fluid  mass  would  come  to  rest  at  the  same  tima  Hence,  if 
none  of  the  surfaces  is  flexible,  but  we  have  one  or  more  rigid 
bodies  moving  in  any  way  under  the  influence  of  any  forces, 
through  the  liquid,  the  kinetic  energy  of  the  whole  motion 
at  any  instant  will  depend  solely  on  the  finite  number  of  co- 
ordinates and  component  velocities,  specifying  the  position  and 
motion  of  those  bodies,  whatever  may  be  the  positions  readied 
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by  particles  of  the  fluid  (expressible  only  by  an  infinite  number  Hydro- 
of  co-ordinates).     And  an  expression  for  the  whole  kinetic  eSipi^ 
energy  in  terms  of  such  elements,  finite  in  number,  is  precisely  piiStiSrof 
what  is  wanted,  as  we  have  seen,  as  the  foundation  of  Lagrange's  eoSt^^of 
equations  in  any  particular  case.  motion. 

It  will  clearly,  in  the  hydrodjnamical,  as  in  all  other  cases,  bo 
a  homogeneoos  quadratic  function  of  the  components  of  velocity, 
if  referred  to  an  invariable  co-ordinate  system;  and  the  coefficients 
of  the  several  terms  will  in  general  be  functions  of  the  co-ordinates, 
the  determination  of  which  follows  immediately  from  the  solution 
of  the  minimum  problem  of  Example  (3),  §  317,  in  each  particular 
case. 

Example  (1.) — A  ball  set  in  motion  through  a  mass  of  incom- 
pressible fluid  extending  infinitely  in  all  directions  one  side  of  an 
infinite  plane,  and  originally  at  rest.  Let  Xj  y,  z  be  the  co- 
ordinates of  the  centre  of  the  ball  at  time  /,  with  reference  to 
rectangular  axes  through  a  fixed  point  0  of  the  bounding  plane, 
with  OX  perpendicular  to  this  plane.  K  at  any  instant  either 
component  y  ox  z  oi  the  velocity  be  reversed,  the  kinetic  energy 
will  clearly  be  unchanged,  and  hence  no  terms  yz,  zx,  or  xy  can 
appear  in  the  expression  for  the  kinetic  energy :  which,  on  this 
account,  and  because  of  the  symmetry  of  circumstances  with 
reference  to  y  and  z,  is 

T=^{Px*  +  Q{y^+^^)}, 
Also,  we  see  that  P  and  Q  are  functions  of  x  simply,  since  the 
circumstances  are  similar  for  all  values  of  y  and  z.     Hence,  by 
differentiation, 

dT     ^.    dT     ^.    dT     ^. 

and  the  equations  of  motion  arc 

^.,  .  dQ, .  dQ.. 

Principles  sufficient  for  a  practical  solution  of  the  problem  of 
determining  P  and  Q,  will  be  given  later.     In  the  meantime,  it 
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is  obvious  that  each  decreases  as  x  increases.     Hence  the  equa- 
tions of  motion  show  that 

332.  A  ball  projected  through   a  liquid  perpendicularly 
on  thh  mo-    from  an  infinite  plane  boundary,  and  influenced  by  no  other 


Effect  of  a 
rigid  plane 


tion  of  a  ball  •' 

through  a  forccs  than  those  of  fluid  pressure,  experiences  a  gradual  ac- 
celeration, quickly  approximating  to  a  limiting  velocity  which 
it  sensibly  reaches  when  its  distance  from  the  plane  is  many 
times  its  diameter.  But  if  projected  parallel  to  the  plane,  it 
experiences,  as  the  resultant  of  fluid  pressure,  a  resultant  attrac- 
tion towards  the  plane.  The  former  of  these  results  is  easily 
proved  by  first  considering  projection  towards  the  plane  (in 
which  case  the  motion  of  the  baU  will  obviously  be  retarded), 
and  by  taking  into  account  the  general  principle  of  reversibility 
(§272)  which  has  perfect  application  in  the  ideal  case  of  a  per- 
fect liquid.  The  second  result  is  less  easily  foreseen  without 
the  aid  of  Lagrange's  analysis ;  but  it  is  an  obvious  consequence 
of  the  Hamiltonian  form  of  his  equations,  as  stated  in  general 
terms  in  §  330  above.  In  the  precisely  equivalent  case,  of  a 
liquid  extending  infinitely  in  all  directions,  and  given  at  rest ; 
and  two  equal  balls  projected  through  it  with  equal  velocities 
perpendicular  to  the  line  joining  their  centres — the  result  that 
the  two  balls  will  seem  to  attract  one  another  is  most  re- 
markable, and  very  suggestive. 

Example  (2.) — A  solid  of  revolution  moving  through  a  liquid 
80  as  to  keep  its  axis  always  in  one  plane.  Let  a>  be  the  angular 
velocity  of  the  body  at  any  instant  about  any  axis  perpendicular 
to  the  fixed  plane,  and  let  u  and  q  be  the  component  velocities 
along  and  perpendicular  to  the  axis  of  figure,  of  any  chosen  point, 
C7,  of  the  body  in  this  line.  By  the  general  principle  stated  in 
§  331  (since  changing  the  sign  of  u  cannot  alter  the  kinetic 
energy),  wc  have 

T=\{Au^+Bq^+li'ia^+Ef^)  (a), 

where  A^  By  fi\  and  E  are  constants  depending  on  the  figure  of 
the  body,  its  mass,  and  the  density  of  the  liquid.  Now  let  r  denote 
the  velocity,  perpendicular  to  the  axis,  of  a  point  which  we  shall 
call  the  centre  of  reaction y  being  a  point  in  the  axis  and  at  a  dis- 

2B 
E* 


Hydro- 
dynamical 
examples 
conUnued. 


tance 


''-iB 


from  C,  so  that  (§  87)  q^v—^-^tu.    Then,  denotiDg 
by  /i,  we  have  T==i{Au*+Bv*+fua*)  (a). 
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Let  X  and  y  be  the  co-ordiDates  of  the  centre  of  reaction  relatively  Jydro- 
to  any  fixed  rectangular  axes  in  the  plane  of  motion  of  the  axis  examples 
of  figure,  and  let  0  be  the  angle  between  this  line  and  OX,  at  plication  of 
any  instant,  so  that  eq^S^^a  of 

0)  =  ^,  M  =  ircos^+y  sin^,  v  =  -irsin^+y  cos^  (6).  °'°**''"' 

Substituting  in   T,   differentiating,  and   retaining  the   notation 
II,  V  where  convenient  for  brevity,  we  have 

—J  =  /*^,    -vr  =  Au coaO—Bv sin^,    —.-Au smO+Bv cobO, 


Hence  the  equations  of  motion  are 


(c). 


fie^(A'-B)uv  =  L,  ^ 

d(Au  cosO— BvBmS)  _  d{Au  sing+J^rcos^)  _  ^  >  (d), 

di  "^'  dt  -^ ) 

where  X,  Y  are  the  component  forces  in  lines  through  C  parallel 
to  OX  and  0  F,  and  L  the  couple,  applied  to  the  body. 

Denoting  by  X,  (,  rj  the  impulsive  couple,  and  the  components 
of  impulsive  force  through  C  required  to  produce  the  motion  at 
•ny  instant,  we  have  of  course  [§  313  (c)], 

^     dT       ^   .    dT  dT  ,  , 

and  therefore,  by  (c),  and  (6), 

u=-l(^co«(9+T,sin(9),     r  =  -l(-^sin(94-,eos(9),     <^  =  A        (/) 
A  Ji  fJi 


^  -  {-^-  +    yy-)^+(j~;^)sin^cos^, 

y  -  (j— ^^)sin^cos(9^  +  (--^-+^-  h 
and  the  equations  of  motion  become 


0;); 


The  simple  case  of  X^O,  y=0,  L  =  0,  is  particularly  interesting. 
In  it  ^  and  ?;  are  each  constant,  and  we  may  therefore  choose  the 
axes  OX  J  0}",  so  that  rj  shall  vanish.  Thus  we  have  by  {g)  two 
first  integrals  of  the  equations  of  motion, 

and  the  first  of  equations  (h)  becomes 
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Motion  of 
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through  a 
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defined. 


In  this  let,  for  a  moment,  2^  =  <^,  and 


A-B 


—     $*=gW,  It  becomes 


which  is  the  equation  of  motion  of  a  common  pendulum,  of  mass 
W,  and  moment  of  inertia  /a  round  its  fixed  axis,  if  ^  be  the 
angle  from  the  position  of  equilibrium  to  the  position  at  time  t. 
As  we  shall  see,  under  kinetics,  the  final  integral  of  this  equation 
expresses  <t>  in  terms  of  t  by  means  of  an  elliptic  function. 
By  using  the  value  thus  found  for  6  or  i<^,  in  (A:),  we  have 
equations  giving  x  and  y  in  terms  of  /  by  common  integration ; 
and  thus  the  full  solution  of  our  present  problem  is  reduced  to 
quadratures.  The  detailed  working  out  to  exhibit  both  the  actual 
curve  described  by  the  centre  of  reaction,  and  the  position  of 
the  axis  of  the  body  at  any  instant,  is  highly  interesting.  It  is 
very  easily  done  approximately  for  the  case  of  very  small  angular 
vibrations;  that  is  to  say,  when  either  ^4— ^  is  positive,  and 
^  always  very  small,  or  A—B  negative,  and  ^  very  nearly 
equal  to  \Tr,  But  without  attending  at  present  to  the  final  integ- 
rals, rigorous  or  approximate,  we  see  from  (k)  and  (/)  that 

333.  If  a  solid  of  revolution  in  an  infinite  liquid,  be  set  in 
motion  round  any  axis  perpendicular  to  its  axis  of  figure,  or 
simply  projected  in  any  direction  without  rotation,  it  will  move 
with  its  axis  always  in  one  plane,  and  every  point  of  it  moving 
only  parallel  to  this  plane  ;  and  the  strange  evolutions  which 
it  will,  in  general,  perform,  are  perfectly  defined  by  comparison 
with  the  common  pendulum  thus.  First,  for  brevity,  we  shall 
call  by  the  name  of  quadrantal  pendulum  (which  will  be  further 
exemplified  in  various  cases  described  later,  imder  electricity 
and  magnetism ;  for  instance,  an  elongated  mass  of  soft  iron 
pivoted  on  a  vertical  axis,  in  a  "uniform  field  of  magnetic 
force"),  a  body  moving  about  an  axis,  according  to  the  same 
law  with  reference  to  a  quadrant  on  each  side  of  its  position  of 
equilibrium,  as  the  common  pendulum  with  reference  to  a  half 
circle  on  each  side. 

Let  now  the  body  in  question  be  set  in  motion  by  an  im- 
pulse, f,  in  any  line  through  the  centre  of  reaction,  and  an 
impulsive  couple  in  the  plane  of  that  line  and  the  axia  This 
will  (as  will  be  proved  later  in  the  theory  of  statical  couples) 
have  the  same  effect  as  a  simple  impulse  f  (applied  to  a  point, 
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not  of  the  real  body,  connected  with  it  by  an  imaginary  in-  J'jjjf^  °/ 
nitely  light  framework)  in  a  certain  line,  which  we  shall  call  JJ^IJ^** 
he  line  of  resultant  impulse,  or  of  resultant  momenta,  being  ^v^^"^- 
>arallel  to  the  former  line,  and  at  a  distance  from  it  equal  to 

-T '    The  whole  momentum  of  the  motion  generated  is  of  course 

'§  295)  equal  to  f.  The  body  will  move  ever  afterwards 
according  to  the  following  conditions  : — (1.)  The  angular  velo- 
city round  the  centre  of  reaction  follows  the  law  of  the  quad- 
rantal  pendulum.  (2.)  The  distance  of  the  centre  of  reaction 
from  the  line  of  resultant  impulse  varies  simply  as  the  angular 
velocity.  (3.)  The  velocity  of  the  centre  of  reaction  parallel 
to  the  line  of  impulse  is  found  by  dividing  the  excess  of  the 
whole  constant  energy  of  the  motion  above  the  part  of  it  due 
to  the  angular  velocity  round  the  centre  of  reaction  by  haK  the 
momentum.  (4.)  If  -4,  B,  and  /i  denote  constants,  depending 
on  the  mass  of  the  solid  and  its  distribution,  the  density  of  the 
liquid,  and  the  form  and  dimensions  of  the  solid,  such  that 

p    ^     X* 

Y  >  ^  J  — -  are  the  linear  velocities,  and  the  angular  velocity, 

respectively  produced  by  an  impulse  f  along  the  axis,  an  im- 
pulse f  in  a  line  through  the  centre  of  reaction  perpendicular 
to  the  axis,  and  an  impulsive  couple  X  in  a  plane  through  the 
axis ;  the  length  of  the  simple  gravitation  pendulum,  whose 
motion  would  keep  time  with  the  periodic  motion  in  question, 

is  j^f^  — ^  >  and,  when  the  angular  motion  is  vibratory,  the 

vibrations  will,  according  as  -4  >  J3,  or  -4  <:  5,  consist  of  the 
axis,  or  of  a  line  perpendicular  to  the  axis,  vibmting  on 
each  side  of  the  line  of  impulse.  The  angular  motion  will 
in  fact  be  vibratory  if  the  distance  of  the  line  of  resultant 
impulse  from  the  centre  of  reaction    is   anything   less  than 

J- — V  D  cosa  where  a  denotes  either  the  inclination  of  the  im- 
pulse to  the  initial  position  of  the  axis,  or  its  complement,  as  -4  or 
B  is  the  greater.  In  this  case  the  path  of  the  centre  of  reaction 
will  }ye  a  sinuous  curve  symmetrical  on  the  two  sides  of  the 
line  of  impulse ;  every  time  it  cuts  this  line,  the  angular  motion 
will  reverse,  and  the  maximum  inclination  will  be  attained; 
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Motion  of      and  every  time  the  centre  of  reaction  is  at  its  greatest  distance 

revolution     on  either  side,  the  angular  velocity  will  be  at  its  greatest, 

liquid.  positive  or  negative,  value,  and  the  linear  velocity  of  the  centre 

of  reaction  will  be  at  its  least.     If,  on  the  other  hand,  the 

line  of  the  resultant  impulse  be  at  a  greater  distance   than 

V       .»     cosa  from  the  centre  of  reaction,  the  angular  motion 

will  be  always  in  one  direction,  but  will  increase  and  diminish 
periodically,  and  the  centre  of  reaction  will  describe  a  sinuous 
curve  on  one  side  of  that  line ;  being  at  its  greatest  and  least 
deviations  when  the  angular  velocity  is  greatest  and  least 
At  the  same  points  the  curvature  of  the  path  will  be  greatest 
and  least  respectively,  and  the  linear  velocity  of  the  describ- 
ing point  will  be  least  and  greatest. 

334.  At  any  instant  the  component  linear  velocities  along 

c  COsd 

and  perpendicular  to  the  axis  of  the  solid  will  be  —-y—  and 
j^    respectively,  if  0  be  its  inclination  to  the  line  of  resultant 

impulse ;   and  the  angular  velocity  will   be  ^  if  y  be  the 

distance  of  the  centre  of  reaction  from  that  lina  The  whole 
kinetic  energy  of  the  motion  will  be 

2A  '^  2B  "*"  2fi  ' 
and  the  last  term  is  what  we  have  referred  to  above  as  the 
part  due  to  rotation  round  the  centre  of  reaction.  To  stop 
the  whole  motion  at  any  instant,  a  simple  impulse  equal  and 
opposite  to  f  in  the  fixed  "  line  of  resultant  impulse "  will 
suffice  (or,  of  course,  an  equal  and  parallel  impulse  in  any  line 
through  the  body,  with  the  proper  impulsive  couple,  according 
to  the  principle  abeady  referred  to). 

335.  From  Lagrange's  equations  applied  as  above  to  the  case 
of  a  solid  of  revolution  moving  through  a  liquid,  the  couple 
which  must  be  kept  applied  to  it  to  prevent  it  from  tunung  is 
immediately  foimd  to  be 

uv{A  —  B), 

if  u  and  v  be  the  component  velocities  along  and  perpendicular 
to  the  axis,  or  [§  332  (/)] 
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^AA B)mi  2d  Motion  of 

i oT» '  *  ^^^^  ^^ 

Ji.AJj  revolution 

if,  as  before,  f  be  the  generating  impulse,  and  0  the  angle  be-  uquid! 
tween  its  line  and  the  axis.  The  direction  of  this  couple  must 
be  such  as  to  prevent  0  from  diminishing  or  from  increasing, 
according  as  -4  or  J?  is  the  greater.  The  former  will  clearly 
be  the  case  of  a  flat  disc,  or  oblate  spheroid  ;  the  latter  that  of 
an  elongated,  or  oval- shaped  body.  The  actual  values  of  A 
and  B  we  shall  leam  how  to  calculate  (hydrodynamics)  for 
several  cases,  including  a  body  bounded  by  two  spherical  sur- 
faces cutting  one  another  at  any  angle  a  submultiple  of  two 
right  angles  ;  two  complete  spheres  rigidly  connected  ;  and  an 
oblate  or  a  prolate  spheroid. 

336.  The  tendency  of  a  body  to  turn  its  flat  side,  or  its  observed 
length  (as  the  case  may  be)  across  the  direction  of  its  motion  p**®°°™*"»- 
through  a  liquid,  to  which  the  accelerations  and  retardations  of 
rotatory  motion  described  in  §  333  are  due,  and  of  which  we 
have  now  obtained  the  statical  measure,  is  a  remarkable  illus- 
tration of  the  statement  of  §  330 ;  and  is  closely  connected 
with  the  dynamical  explanation  of  many  curious  observations 
well  known  in  practical  mechanics,  among  which  may  be  men- 
tioned ;  that  the  towing  rope  of  a  canal  boat,  when  the  rudder  is 
left  straight,  takes  a  position  in  a  vertical  plane  cutting  the  axis 
before  its  middle  point ;  that  a  boat  sculled  rapidly  across  the 
direction  of  the  wind,  always  (unless  it  is  extraordinarily  uns^Tn- 
mc'trical  in  its  draught  of  water,  and  in  the  amounts  of  surface 
exposed  to  the  w4nd,  towards  its  two  ends)  requires  the  weather 
oar  to  be  worked  hardest  to  prevent  it  from  running  up  on  the 
wind,  and  that  a  sailing  vessel  generally  "carries  a  weather  helm" 
for  the  same  reason  ;  that  in  a  heavy  gale  it  is  exceedingly  diffi- 
cult, and  often  found  impossible,  to  get  a  ship  out  of  "  the 
trough  of  the  sea,"  and  that  it  cannot  be  done  at  all  without 
rapid  motion  ahead,  whether  by  steam  or  sails ;  that  an 
elongated  rifle-bullet  requires  rapid  rotation  about  its  axis  to 
keep  its  point  foremost.  The  curious  motions  of  a  flat  disc, 
oyster- shell,  or  the  like,  when  dropped  obliquely  into  water, 
resemble,  no  doubt,  to  some  extent  those  described  in  §  333. 
But  it  must  be  remembered  that  the  real  circumstances  differ 
greatly,  because  of  fluid  friction,  from  those  of  the  abstract  pro- 
blem, of  which  we  take  leave  for  the  present. 
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Slightly  337.  By  the  help  of  Laffrange's  form  of  the  equations  of 

disturbed  ^.  o  «««  T      •  X      .1  .1 

equilibrium,  motion,  §  329,  we  may  now,  as  a  preliminary  to  the  considera- 
tion of  stability  of  motion,  investigate  the  motion  of  a  system 
infinitely  little  disturbed  from  a  position  of  equilibrium,  and 
left  free  to  move,  the  velocities  of  its  parts  being  initially  in- 
finitely small.  The  resulting  equations  give  the  values  of  the 
independent  co-ordinates  at  any  future  time,  provided  the  dis- 
placements cantirtue  infinitely  small;  and  the  mathematical 
expressions  for  their  values  must  of  course  show  the  nature  of 
the  equilibrium,  giving  at  the  same  time  an  interesting  example 
of  the  coexistence  of  small  motions,  §  89.  The  method  con- 
sists simply  in  finding  what  the  equations  of  motion,  and  their 
integrals,  become  for  co-ordinates  which  differ  infinitely  little 
from  values  corresponding  to  a  configuration  of  equilibrium — 
and  for  an  infinitely  small  initial  kinetic  energy.  The  solution 
of  these  differential  equations  is  always  easy,  as  they  are  linear 
and  have  constant  coefficients.  If  the  solution  indicates  that 
these  differences  remain  infinitely  small,  the  position  is  one  of 
stable  equilibrium  ;  if  it  shows  that  one  or  more  of  them  may 
increase  indefinitely,  the  result  of  an  infinitely  small  displace- 
ment from  the  position  of  equilibrium  may  be  a  finite  departure 
from  it — and  thus  the  equilibrium  is  unstable. 

Since  there  is  a  position  of  equilibrium,  the  kinematic  relations 
must  be  invariable.     As  before, 

T=  4{(^,  l^)^'+(«^,  «^)^'+2(f,  *)^^+etc.  ... }  (1) 

which  cannot  be  negative  for  any  values  of  the  co-ordinates. 
Now,  though  the  values  of  the  coefficients  in  this  expression  are 
not  generally  constant,  they  are  to  be  taken  as  constant  in  the 
approximate  investigation,  since  their  variations,  depending  on 
the  infinitely  small  variations  of  ^,  <^,  etc.,  can  only  give  rise  to 
terms  of  the  third  or  higher  orders  of  small  quantities.  Hence 
Lagrange's  equations  become  simply 

and  the  first  member  of  each  of  these  equations  is  a  linear  func- 
tion of  ^,  <^,  etc,  with  constant  coefficients. 

Now,  since  we  may  take  what  origin  we  please  for  the  gene- 
ralized co-ordinates,  it  will  be  convenient  to  assume  that  ^,  ^  ^ 
etc.,  are  measured  from  the  position  of  equilibrium  oonsidered ; 
and  that  their  values  are  therefore  always  infinitely  small. 
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Hence  infinitely  small   quantities    of   higher    orders  being  sughtiy 
neglected,  and  the  forces  being  supposed  to  be  independent  of  the  eqambrimi 
Telocities,  we  shall  have  linear  expressions  for  "^j  ^,  etc.,  in 
terms  of  v^,  ^,  etc.,  which  we  may  write  as  follows : — 

*  =  aV+i>+c'^-f....  V  (3). 

etc.  etc.         ) 

Equations  (2)  consequently  become  linear  differential  equations 
of  the  second  order,  with  constant  coefficients ;  as  many  in  number 
as  there  are  variables  ^,  <^,  etc.,  to  be  determined. 

The  regular  processes  explained  in  elementary  treatises  on  dif- 
ferential equations,  lead  of  course,  independently  of  any  particular 
relation  between  the  coefficients,  to  a  general  form  of  solution 
(§  343  below).  But  this  form  has  very  remarkable  characteristics 
in  the  case  of  a  conservative  system ;  which  we  therefore  examine 
particularly  in  the  first  place.     In  this  case  we  have 

where  V  is,  in  our  approximation,  a  homogeneous  quadratic  func- 
tion of  v^,  <^,...  if  we  take  the  origin,  or  configuration  of  equili- 
brium, as  the  configuration  from  which  (§  273)  the  potential 
energy  is  reckoned.  Now,  it  is  obvious,*  from  the  common 
theory  of  the  transformation  of  quadratic  functions,  that  we  may. 


'  For  in  the  first  place  any  such  assumption  as 

etc.,  etc. 
gives  equations  for  yjr,  <^,  etc.,  in  terms  of  ^^,  <^^,  etc.,  with  the  same 
coefficients.  A,  B,  etc.,  if  these  are  independent  of  t.  Hence  (the 
co-ordinates  being  i  in  number)  let  the  quadratic  expression  for  2T 
in  terms  of  ^*,  <^',  V"*^,  etc.,  be  reduced  to  the  form  ^/+<^/-f ...  by 
proper  assignment  of  values  to  A,  By  ete.  This  may  be  done  arbi- 
trarily, in  an  infinite  number  of  ways,  without  the  solution  of  any  alge- 
braic equation  of  degree  higher  than  the  first ;  as  we  may  easily  see 
by  working  out  a  synthetical  process  algebraically  according  to  the 
analogy  of  finding  first  the  conjugate  diametral  plane  to  any  chosen 
diameter  of  an  ellipsoid,  and  then  the  diameter  of  its  elliptic  section, 
conjugate  to  any  chosen  diameter  of  this  ellipse.     Now  let 

etc.,  etc., 
where  /,  m,  ...,  /',  m\  ...  satisfy  the  equations 
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Simplified 
expressions 
for  the 
kinetic  and 
potential 
energies. 


Int^pmted 
equations 
of  motion. 


bj  a  determinate  linear  transformation  of  the  co-ordinates,  reduce 
the  expression  for  2T,  which  is  essentially  positive,  to  a  sum  of 
squares,  of  generalized  component  velocities,  and  at  the  same  time 
F  to  a  sum  of  the  squares  of  the  corresponding  co-ordinates,  each 
multiplied  by  a  constant,  which  may  be  either  positive  or  nega- 
tive, but  is  essentially  real.  Hence  ^,  <^,...  maybe  so  chosen 
that 

T=i(^^+<^*+etc.),   ) 
and  r=i(a^Hi8</»*-f  etc.  j 


(4), 
Hence 


a,  P,  etc.,  being  real  positive  or  negative  constants. 
Lagrange's  equations  become 

^=-ai/',      ^=— ^<^,  etc.,  (5). 

The  solutions  of  these  equations  are 

^=^sin(/>/a+€),     <l>=A'8iii{WP+€'),  etc.  (6), 

Ay  €,  A\  c',  etc.,  being  the  arbitrary  constants  of  integration. 
Hence  we  conclude  the  motion  consists  of  a  simple  harmonic 
variation  of  each  co-ordinate,  provided  that  a,  /?,  etc.,  are  all  posi- 
tive. This  condition  is  satisfied  when  F  is  a  true  minimum  at 
the  configuration  of  equilibrium  ;  which,  as  we  have  seen  (§  292), 
is  necessarily  the  case  when  the  equilibrium  is  stable.  If  any 
one  or  more  of  a,  ^,  ...  vanishes,  the  equilibrium  might  be  either 
stable  or  unstable,  or  neutral ;  but  terms  of  higher  orders  in  the 
expansion  of  V  in  ascending  powers  and  products  of  the  co-ordin- 
ates would  have  to  be  examined  to  test  it ;  and  if  it  were  stable, 
the  period  of  an  infinitely  small  oscillation  in  the  value  of  the 
corresponding  co-ordinate  or  co-ordinates  would  be  infinitely 
great.  If  any  or  all  of  a,  /?,  y,  ...  are  negative,  V  is  not  a  mini- 
mum, and  the  equilibrium  is  (§  292)  essentially  unstable.     The 


/r-f ///m'-f-...=0,  l'l"  +  m'in'  +  ..,=Oy  etc., 
and  /*-f  m»-|-...  =  l,  /'*-f  ^'•4-...  =  l,  etc. 

We  shall  still  have,  obviously,  the  same  form  for  2 1)  that  is . — 

And,  according  to  the  known  theory  of  the  transformation  of  quadratic 
functions,  we  may  find  /,  m,  ...,  /',  m\  ...  so  as  to  make  the  products 
of  the  co-ordinates  disappear  from  the  expression  for  F,  and  give 

where  a,  /?,  y,  etc.,  are  the  roots,  necessarily  real,  of  an  equation  of 
the  ith  degree  of  which  the  coefficients  depend  on  the  coefficients  of 
the  squares  and  products  in  the  expression  for  Fin  terms  of  ^^,  <^ , 
etc.  Later  [(7)  and  (8)  of  §  343],  a  single  process  for  carrying  out 
this  investigation,  when  T  and  F  are  given  as  any  two  homogeDeoos 
quadratic  functions,  will  be  indicated. 
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form  (6)  for  the  solution,  for  each  co-ordinate  for  which  this  is  the  infinitely 
case,  becomes  ima^nar j,  and  is  to  be  changed  into  the  exponential  tnrbance 
fonn,  thus ;  for  instance,  let  a= — a',  a  being  po^tive.     Thus    ataSe^ui- 

libriunL 

^=^€-^V«'+5«-V«'  (7) 

wbieh  (unless  the  disturbance  is  so  adjusted  as  to  make  the 
arbitrary  constant  A  vanish)  indicates  an  unlimited  increase 
in  the  deviation.  This  form  of  solution  expresses  the  approxi- 
mate law  of  &lling  away  from  a  configuration  of  unstable  equili- 
brium. In  general,  of  course,  the  approximation  becomes  less 
and  less  accurate  as  the  deviation  increases. 

One  example  for  the  present  will  suffice.  Let  a  solid,  im-  Example  of 
mersed  in  an  infinite  liquid  (§  331),  be  prevented  from  any  motion  placements. 
of  rotation,  and  left  only  freedom  to  move  parallel  to  a  certain 
fixed  plane,  and  let  it  be  influenced  by  forces  subject  to  the  con- 
servative law,  which  vanish  in  a  particular  position  of  equilibrium 
Taking  any  point  of  reference  in  the  body,  choosing  its  position 
when  the  body  is  in  equilibrium,  as  origin  of  rectangular  co- 
ordinates OXy  OTj  and  reckoning  the  potential  energy  from  it, 
we  shall  have,  as  in  general, 

2T=zA±*+By*+2Cxjf',  2V=ax*+bt/*+2cxy, 
the  principles  stated  in  §  331  above,  allowing  us  to  regard  the 
oo-ordiuates  x  and  y  as  fully  specifying  the  system,  provided 
always,  as  is  understood,  that  if  the  body  is  given  at  rest,  or  is 
brought  to  rest,  the  whole  liquid  is  at  rest  at  the  same  time.  By 
solving  the  obviously  determinate  problem  of  finding  that  pair  of 
conjugate  diameters  which  are  in  the  same  directions  for  the  ellipse 

Ax^  +  Bi/* +2Cxi/:=zQonBt.j 
and  the  ellipse  or  hyperbola, 

ax* + hy*  +  2cxy = const., 
and  choosing  these  as  oblique  axes  of  co-ordinates  (a:,,  ^i),  we 
shall  have 

2r=^iir,«  +  i9,^,«,  and  2F=a,a:i'-f  6,yx*. 
And,  as  i4,,  i^i  are  essentially  positive,  we  may,  merely  to  shorten 
our  expressions,  take  Xx>JA ,  =  ^,  y,  JZ?,  =  </> ;  so  that  we  shall  have 

the  normal  expressions,  according  to  the  general  form  shown 
above. 

The  interpretation  of  the  general  solution  is  as  follows  : — 

338.  If  a  conse^^'ative  system  is  infinitely  little  displaced 
^m  a  configuration  of  stable  i^qnilibrinni,  it  will  ever  after 
brate  about  this  configuration,  remaining  infinitely  near  it ; 

s 
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uf^mire-  ©ach  particle  of  the  system  performing  a  motion  which  is  com- 
SStefy  small  poscd  of  simplc  harmonic  vibrations.  If  there  are  i  degrees  of 
Xuracon-  freedom  to  move,  and  we  consider  any  system  (§  202)  of  gene- 
SqSmbriSiIi!  ralized  co-ordinates  specifying  its  position  at  any  time,  the 
deviation  of  any  one  of  these  co-ordinates  from  its  value  for  the 
configuration  of  equilibrium  will  vaiy  according  to  a  complex 
harmonic  function  (§  68),  composed  in  general  of  i  simple 
harmonics  of  incommensurable  periods,  and  therefore  (§  67) 
the  whole  motion  of  the  system  will  not  recur  periodically 
through  the  same  series  of  configurations.  There  are  in  general, 
however,  i  distinct  determinate  displacements,  which  we  shall 
pi^mellte  ^^  ^'^^  nornml  displacements,  fulfilling  the  condition,  that  if  any 
femiT*""'  one  of  them  be  produced  alone,  and  the  system  then  left  to 
itself  for  an  instant  at  rest,  this  displacement  will  diminish  and 
increase  periodically  according  to  a  simple  harmonic  function 
of  the  time,  and  consequently  every  particle  of  the  system 
will  execute  a  simple  harmonic  movement  in  the  same  period. 
This  result,  we  shall  see  later,  includes  cases  in  which  there 
are  an  infinite  number  of  degrees  of  freedom ;  as  for  instance 
a  stretched  cord ;  a  mass  of  air  in  a  closed  vessel ;  waves  in 
water,  or  oscillations  in  a  vessel  of  water  of  limited  extent,  or 
an  elastic  solid ;  and  in  these  applications  it  gives  the  theory 
of  the  so  called  "  fundamental  vibration,"  and  successive  "  har- 
monics" of  the  cord,  and  of  all  the  different  possible  simple 
modes  of  vibration  in  the  other  cases. 
S^*ama2g*  339.  If,  as  may  be  in  particular  cases,  the  periods  of  the 
period*.  vibrations  for  two  or  more  of  the  normal  displacements  are  equal, 
any  displacement  compounded  of  them  will  also  fulfil  the  con- 
dition of  a  normal  displacement  And  if  the  system  be  dis 
placed  according  to  any  one  such  normal  displacement,  and 
projected  with  velocity  corresponding  to  another,  it  will  execute 
a  movement,  the  resultant  of  two  simple  harmonic  movements 
in  equal  periods.  The  graphic  representation  of  the  variation 
of  the  corresponding  co-onlinates  of  the  system,  laid  down  as 
two  rectangular  co-ordinates  in  a  plane  diagram,  will  conse- 
quently (§  65)  be  a  circle  or  an  ellipse ;  which  will  therefore, 
of  course,  be  the  form  of  the  orbit  of  any  particle  of  the  system 
which  has  a  distinct  direction  of  motion,  for  two  of  the  displace- 
ments in  question.     But  it  must  be  remembered  that  some  of 
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he  principal  parts  (as  for  instance  the  body  supported  on  the  Graphic 
ixed  axis,  in  the  illustration  of  §  330,  Example  C)  may  have  tion. 
)iily  one  degree  of  freedom ;  or  even  that  each  part  of  the 
system  may  have  only  one  degree  of  freedom,  as  for  instance  if 
rtie  system  is  composed  of  a  set  of  particles  each  constrained  to 
remain  on  a  given  line,  or  of  rigid  bodies  on  fixed  axes,  mutually 
influencing  one  another  by  elastic  cords  or  otherwise.  In  such 
a  case  as  the  last,  no  particle  of  the  system  can  move  otherwise 
than  in  one  line  ;  and  the  ellipse,  circle,  or  other  graphical  re- 
presentation of  the  composition  of  the  harmonic  motions  of  the 
system,  is  merely  an  aid  to  comprehension,  and  not  a  repre- 
sentation of  any  motion  actually  taking  place  in  any  part  of 
the  system. 

340*  In  nature,  as  has  been  said  above  (§  278),  every  system 
uninfluenced  by  matter  external  to  it  is  conservative,  when 
the  ultimate  molecular  motions  constituting  heat,  light,  and 
magnetism,  and  the  potential  energy  of  chemical  affinities, 
are  taken  into  accoimt  along  with  the  palpable  motions 
and  measurable  forces.  But  (§275)  practically  we  are  obliged  Dinsipative 
to  admit  forces  of  friction,  and  resistances  of  the  other  classes  '^'  °" 
there  enumerated,  as  causing  losses  of  energy  to  be  reckoned, 
in  abstract  dynamics,  without  regard  to  the  equivalents  of 
heat  or  other  molecular  actions  which  they  generate.  Hence 
when  such  resistances  are  to  be  taken  into  account,  forces 
opposed  to  the  motions  of  various  parts  of  a  system  must 
be  introduced  into  the  equations.  According  to  the  approxi- 
mate knowledge  which  we  have  from  experiment,  these  forces 
are  independent  of  the  velocities  when  due  to  the  friction  of 
solids ;  and  ai^e  simply  proportional  to  the  velocities  when  due 
to  fluid  viscosity  directly,  or  to  electric  or  magnetic  influences, 
with  corrections  depending  on  var>  ing  temperature,  and  on  the 
varying  configuration  of  the  system.  In  consequence  of  the 
last -mentioned  cause,  the  resistance  of  a  real  liqvid  (which  is 
always  more  or  less  viscous)  against  a  body  moving  very  rapidly 
through  it,  and  leaving  a  great  deal  of  irregular  motion,  such  as  views  of 
*  eddies,"  in  its  wake,  seems  to  be  nearly  in  proportion  to  the  resisuncet* 
square  of  the  velocity  ;  although,  as  Stokes  has  shown,  at  the  inj  through 
lowest  speeds  the  resistance  is  probably  in  simple  proportion  to 
the  velocity,  and  for  all  speeds  may,  it  is  probable,  be  approxi- 
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stokea'pro-  iiiately  expressed  as  the  sum  of  two  terms,  one  simply  as  the 
velocity,  and  the  other  as  the  square  of  the  velocity. 

Friction  of  341,  The  cfifect  of  friction  of  solids  rubbing  against  one 
another  is  simply  to  render  impossible  the  infinitely  small 
vibrations  with  which  we  are  now  particularly  concerned  ;  and 
to  allow  any  system  in  which  it  is  present,  to  rest  balanced 
when  displaced  within  certain  finite  limits,  from  a  configuration 
of  frictionless  equilibrium.  In  mechanics  it  is  easy  to  estimate 
its  effects  wdth  suflBcient  accuracy  when  any  practical  case  of 
finite  oscillations  is  in  question.  But  the  other  classes  of  dis- 
sipative  agencies  give  rise  to  resistances  simply  as  the  velocities, 

Resisuncea  without  the  coiTections  referred  to,  when  the  motions  are  iu- 

varying  as  ^  '  ^ 

veiorities.  finitely  small ;  and  can  never  balance  the  system  in  a  configura- 
tion deviating  to  any  extent,  however  small,  from  a  configuration 
of  equilibrium  without  friction.  In  the  theory  of  infinitely 
small  vibrations,  they  are  to  be  taken  into  account  by  adding 
to  the  expressions  for  the  generalized  components  of  force, 
terms  consisting  of  the  generalized  velocities  each  multiplied 
by  a  constant,  which  gives  us  equations  still  remarkably  amen- 
able to  rigorous  mathematical  treatment  The  result  of  the 
integration  for  the  case  of  a  single  degree  of  freedom  is  very 
simple ;  and  it  is  of  extreme  importance,  both  for  the  explana 
tion  of  many  natural  phenomena,  and  for  use  in  a  large  variety 
of  experimental  investigations  in  Natural  Philosophy.  Partial 
conclusions  from  it,  in  the  first  place,  stated  in  general  terms, 
are  as  follows  : — 

342.  If  the  resistance  is  less  than  a  certain  limit,  in  any 
particular  case,  the  motion  is  a  simple  harmonic  oscillation, 
with  amplitude  decreasing  by  equal  proportions  in  equal  suc- 
cessive intervals  of  tima  But  if  the  resistance  exceeds  this 
limit,  the  system  when  displaced  from  ita  position  of  equili 
brium,  and  left  to  itself,  returns  gradually  towards  its  position 
of  equilibrium,  never  oscillating  through  it  to  the  other  side, 
and  only  reaching  it  after  an  infinite  time. 

In  the  unresisted  motion,  let  ti?  be  the  rate  of  acceleration, 
when  the   displacement   is  unity  ;   so  that  (§  67)  we  have 

T=  —  :  and  let  the  rat<^  of  retardation  due  to  the  resistauro 
n 

corresponding  to  unit  velocity  be  k     Then  the  motion  is  of  the 
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eillatoiy  or  non-oscillatory  class  according  as  A;  <  2n  or  i  >  ^Jrtanc© 
k     In  the  first  case,  the  period  of  the  oscillation  is  increased  varying  u 

'  *  velocity  in  a 

H  simple  mo< 

J  the  resistance  from  T  to  T-rrr* in ,  and  the  rate  at  which  **on. 

le  Napierian  logarithm  of  the  amplitude  diminishes  per  unit 
'  time  is  \k. 
343*  The  general  solution  of  the  problem,  to  find  the  motion  infinitely 

,        .  1  .       n  1  n  n        1  1  small  motion 

a  system  having  any  number,  %,  of  degrees  of  freedom,  when  of  acuasipa- 
ifinitely  little  disturbed  from  a  position  of  equilibrium,  and 
ft  to  move  subject  to  resistances  proportional  to  velocities, 
lows  that  the  whole  motion  may  be  resolved,  in  general 
iterminately,  into  2t  different  motions  each  either  simple 
irmonic  with  amplitude  diminishing  according  to  the  law 
ated  above  (§  342),  or  non-oscillatory,  and  consisting  of  equi- 
oportionate  diminutions  of  the  components  of  displacement 

equal  successive  intervals  of  time. 

For  the  case  of  one  degree  of  freedom,  the  differential  equation 
of  motion  is 

of  which  the  complete  integral  is 

^={il8inn'/+Bco8n7}€-*w  where  n'=V(n*  — |ifc*), 
or,  which  is  the  same, 

V^=((7c-»/'+(7'€'^/')«"**'S  where  n  =V(i^*  — n«). 
A  and  B  in  one  case,  or  Cand  C  in  the  other,  being  the  arbitrary 
constants  of  iiitegration.     Hence  the  propositions  stated  in  §  342 
for  this  case. 

The  most  general  suppositions  we  can  make  regarding  the  in- 
finitely small  motions  of  a  system  give,  as  the  differential  equa- 
tions, 

etc.  etc. 

(forces  of  the  non- conservative  class,  dependent  on  position  not 
on  motion,  being  not  excluded  unless  the  relations  i=a',  c^a\ 
etc.,  hold). 

The  theory  of  simultaneous  linear  differential  equations  with 
constant  coefficients  shows  that  the  general  solution  for  each 
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Inflnitely 
small  niotiou 
of  a  dissipa- 
tive  system. 


element  is  the  sum  of  particular  solutions,  and  that  a  particular 
solution  is  of  the  form 

^=/€^',  <f>=m€^\  etc.  (2). 

Assuming,  then,  this  to  be  a  solution,  and  substituting  in  the 
differential  equations,  we  have 


^,m_ 


V^+A(a7+Sm+...)+a7+6'm  +  ...=0 


(3) 


etc.  etc. 

where  S  denotes  the  same  homogeneous  quadratic  function  of 
/,  m,  ...,  that  T  18  of  yjr,  <f>y  ,.,  These  equations,  t  in  number, 
determine  A  by  the  determinantal  equation 


=0 


(4) 


if  ^,  B,  C,  A\  B\  C,  etc.,  denote  the  coefficients  of  /,  m,  n,  etc.,  in 

_^  ,  .^  ,  etc.,  which  are  of  course  subject  to  the  relations 
dl     dm 

B=A',  C=:A",  C'=B'\  etc.  (6). 

The  equation  (4)  is  of  the  degree  2i,  in  X ;  and  if  any  one  of  its 
roots  be  used  for  A  in  the  i  linear  equations  (3),  these  become 
harmonized  and  give  the  t — 1  ratios  / :  m,  I :  n,  etc. ;  and  we  have 
then,  in  (2)  a  particular  solution  with  one  arbitrary  constant,  /. 
Thus,  from  the  2t  roots,  when  unequal,  we  have  2t  distinct  par- 
ticidar  solutions,  each  with  an  arbitrary  constant ;  and  Uie  addi- 
tion of  these  solutions,  as  explained  above,  gives  the  general 
solution.  Cases  in  which  there  are  equal  roots  leave  a  corre- 
sponding number  of  degrees  of  indeterminateness  in  the  ration 
liniy  / :  n,  etc.,  and  so  allow  the  requisite  number  of  arbitrary 
constants  to  be  made  up. 

When  the  forces  not  dqe  to  motion  are  of  the  conservative  class, 
we  have 

i=a',  c=a\  c'ssb"  (6) 

a,  by  etc.,  being  such  that 

V=:^{a^+2biH>+2cipe+...+b'4^*+2c'4^+...). 
When  gi,  Ip,  31',  Jp',  etc.,  are  cither  all  positive,  or  when  thoee  of 
them  which  are  negative  are  limited  to  such  magnitudes  as  they 
could  have  in  nature,  roots  of  the  equation  for  X,  if  real,  must 
be  negative,  or  if  imaginary  must  have  their  real  parts  negative ; 
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80  that  every  particular  solution  may  be  composed  of  terms  of  infinitely 
either  of  the  forms  XfiSSpa 

CcP^Binqtj  or  Cc-P',  tiveByBtem. 

where  p  is  essentially  positive.  This  we  see  because  terms  such 
as  Cc^sin^^,  would  represent  a  motion  returning  again  and  again 
with  continually  increasing  energy  through  the  configuration  of 
equilibrium.  The  mathematical  analysis  of  these  conditions,  which 
has  not,  so  far  as  we  are  aware,  been  worked  out,  deserves  atten- 
tion from  mathematicians. 

We  fall  back  on  the  case  of  no  resistance,  by  taking  q^^  ^^  ^^ 

|,  =  0,    S=0,  ...  g.'=0,   etc.,  re.Utance. 

and  the  determinantal  equation  becomes 


(AM+a),    (k'B+b), 
(AM'+a'),  (V5'+y),. 


=0 

(7)- 


1 


This  is  of  the  degree  t  in  X*.  Its  t  roots  are  of  course,  for  the 
case  of  a  conservative  system,  the  values  of  a,  j3,  ...,  of  our  first 
investigation  (§  337) ;  and  we  infer  that,  for  this  case,  they  are 
all  real  from  what  was  proved  there.  The  equations  (3)  to  de- 
termine ly  THj  . . .,  become 

{\*A'+ay+{X,'B'+b')m+...^0   }  (8), 

etc.  etc. 

and  thus,  in  (7)  and  (8),  we  have  the  promised  solution  in  one 
completely  expressed  process.  The  property  of  the  determinantal 
equation  (7),  that  its  roots  are  all  real  when  the  relations  (5)  and 
(6)  are  satisfied,  is  very  remarkable.  It  seems  to  have  escaped 
the  notice  of  modem  algebraists.  When  these  relations  are  not 
satisfied  [as  with  the  well-known  ivn/  cubic,  §  181  (3)],  the  values  of 
X*  may  be  all  real,  or  some  of  them,  if  not  all,  may  be  imaginary. 
When  they  are  not  all  real,  let  p±o'*J^\  be  a  pair  of  imaginary 
roots.  The  corresponding  values  of  X,  or  the  square  roots  of 
those,  may  be  denoted  by  ±(/7±g>/— 1).  Hence  in  the  general 
solution  terms  of  the  form 

CtP^  sin  qt 
will  occur.  That  is  to  say,  there  are  infinitely  small  displace- 
ments from  a  position  of  equilibrium  which  would  give  rise  to 
harmonic  oscillations  with  amplitude  increasing  according  to  the 
logarithmic  law  as  long  as  the  displacement  remains  small  enough 
to  allow  our  approximation  to  hold.  This  is  of  course  a  way  of 
diverging  from  a  position  of  unstable  equilibrium  which  is  im- 
possible except  with  artificial  arrangements  giving  not  a  con- 
servative, but  an  accumulative  system  of  force. 
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Artificui  or  844.  When  the  forces  of  a  system  depending  on  configora- 
iSSSSqS^  tion,  and  not  on  motion,  or,  as  we  may  call  them  for  brevity, 
t  ve  sya  ^^^  forces  of  position,  violate  the  law  of  conservatism,  we  have 
seen  (§272)  that  energy  without  limit  may  be  drawn  from  it 
by  guiding  it  perpetually  through  a  returning  cycle  of  configu- 
rations, and  we  have  inferred  that  in  every  real  system,  not 
supplied  with  energy  from  without,  the  forces  of  position  fulfil 
the  conservative  law.  But  it  is  easy  to  arrange  a  system 
artificially,  in  connexion  with  a  source  of  enei^,  so  that  its 
forces  of  position  shall  be  non-conservative ;  and  the  considera- 
tion of  the  kinetic  effects  of  such  an  arrangement,  especially  of 
its  oscillations  about  or  motions  round  a  configuration  of  equi- 
librium, is  most  instructive,  by  the  contrasts  which  it  presents 
to  the  phenomena  of  a  natural  system.  The  preceding  investi- 
gation gives  the  general  solution  of  the  problem — ^to  find  the 
infinitely  small  motion  of  a  system  infinitely  near  a  position 
of  equilibrium,  when  there  is  deviation  from  conservatism  both 
by  resistances,  and  by  the  character  of  the  forces  of  position. 
In  the  case  of  no  resistance,  with  which  alone  we  need  occupy 
ourselves  at  present,  the  chai-acter  of  the  equilibrium  as  to 
stability  or  instability  is  discriminated  according  to  the  character 
of  the  roots  of  an  algebraic  equation  of  degree  equal  to  the 
nimiber  of  degrees  of  freedom  of  the  system. 

K  the  roots  (A*)  of  the  determmantal  equation  §  343  (7)  are 
all  real  and  negative,  the  equilibrium  is  stable :  in  every  other 
case  it  is  unstable. 

345.  But  although,  when  the  equilibrium  is  stable,  no 
possible  infinitely  small  displacement  and  velocity  given  to 
the  system  can  cause  it,  when  left  to  itself,  to  go  on  moving 
either  farther  and  farther  away  till  a  finite  displacement  is 
reached,  or  till  a  finite  velocity  is  acquired;  it  is  very  re- 
markable that  stability  should  be  possible,  considering  that 
even  in  the  case  of  stability  an  endless  increase  of  velocity 
may,  as  is  easily  seen  from  §  272,  be  obtained  merely  by  am- 
straining  the  system  to  a  particular  closed  course,  or  circuit  of 
configurations,  nowhere  deviating  by  more  than  an  infinitely 
small  amount  from  the  configuration  of  equilibrium,  and  leaving 
it  at  rest  anywhere  in  a  certain  part  of  this  circuit     This 
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result,  and  the  distinct  peculiarities  of  the  cases  of  stability  ^^^^^ 
and  instability,  will  be  sufficiently  illustrated  by  the  simplest  g^°™^JjL 
possible  example, — ^that  of  a  material  particle  moving  in  a 
plana 

Let  the  mass  be  unity,  and  the  components  of  force  parallel  to 
two  rectangular  axes  be  ax+bi/j  and  ax+b'^y  when  the  position 
of  the  particle  is  (x,  t/).     The  equations  of  motion  will  be 

x=ax+bt/y  y^a'x+b'y  (1). 

Let  i(a'+*)=c,  and  i(a'— 6)=e : 

the  components  of  the  force  become 

^w?+cy— ey,  and  cx+b'y+ex, 
dV  .     dV  ^ 

where  7=  —  J(aa:*+6>*+2ca?y). 

The  terms  — ey  and  -^ex  are  clearly  the  components  of  a  force 
c(*p*+y')*)  perpendicular  to  the  radius- vector  of  the  particle. 
Hence  if  we  turn  the  axes  of  co-ordinates  through  any  angle,  the 
corresponding  terms  in  the  transformed  components  are  still 
—  ey  and  -\-ex,     K,  therefore,  we  choose  the  axes  so  that 

r=i(ax'+)%')  (2), 

Uie  equations  of  motion  become,  without  loss  of  generality, 

x=  — aa:— ey,  y^—Py+ex. 
To  integrate  the£«,  assume,  as  in  general  [§  343  (2)], 

a;=/c^,  y=m€^*. 
Then,  as  before  [§  343  (8)], 

(A«+a)/+em=o,  and  -e/+(A*+j8)m=0. 
Whence  (A»+a)(A«+)8)  =  -e«  (3), 

which  gives 

X'=-i(a+)3)±|i(a-)8)'-e'}* 

This  shows  that  the  equilibrium  is  stable  if  both  a)8+g*,  and 
a+P  are  positive  and  c*  <c  \{o.  —  Py  [that  is,  if  c  is  between  the 
values  J(j8  —  a)  and  —  J()8  —  a)]  but  unstable  in  every  other  case. 
But  let  the  particle  be  constrained  to  remain  on  a  circle,  of 
radius  r.  Denoting  by  0  its  angle-vector  from  OJT,  and,  trans- 
forming (§27)  the  equations  of  motion,  we  have 

61=  —  (P—a)  smO  cos^+e=  —  ^(P  —  a)sin  2e+e  (4). 

If  we  had  e=0  (a  conservative  system  of  force)  the  positions  of 
equilibrium  would  be  at  ^=0,  ^=i^,  ^=ir,  and  ^=fir;  and 
the  motion  would  be  that  of  the  quadrantal  pendulum.  But  when 
e  has  any  finite  value  less  than  J(/3  —  a)  which,  for  convenience, 
we  may  suppose  positive,  there  are  positions  of  equilibrium  at 
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Kinetic  sU- 
bility. 


?=a,  ^=^-^  ^=7r+^,  and  ^=~^, 


where  ^  is  half  the  acute  angle  whose  sine  is 


2<; 


J' 


:  the  first  and 


third  being  positions  of  stable,  and  the  second  and  fourth  of  un- 
stable, equilibrium.  Thus  it  appears  that  the  effect  of  the  con- 
stant tangential  force  is  to  displace  the  positions  of  stable  and 
unstable  equilibrium  forwards  and  backwards  on  the  circle  through 
angles  each  equal  to  ^.  And,  by  multiplying  (4)  by  ^ddt  and 
integrating,  we  have  as  the  integral  equation  of  energy 

^»==a+i(i3-.a)cos2^+2c^.  (5) 

From  this  we  see  that  the  value  of  (7,  to  make  the  particle  just 
reach  the  position  of  unstable  equilibrium,  is 

C=  -  \[^  -  g)  cos  (tt  -  2^)  -  g(ir  -  2^), 


=y(E 


.«*+«(» -sin  *j,— 


:). 


and  by  equating  to  zero  the  expression  (5)  for  ^,  with  this 
value  of  C  substituted,  we  have  a  transcendental  equation  in  ^, 
of  which  the  least  negative  root,  ^^,  gives  the  limit  of  vibrations 
on  the  side  reckoned  backwards  from  a  position  of  stable  equili- 
brium. K  the  particle  be  placed  at  rest  on  the  circle  at  any  dis- 
tance less  than 2^  hefort  a  position  of  stable  equilibrium,  or 

less  than  ^  —  ^^  behind  it,  it  will  vibrate.  But  if  placed  any- 
where beyond  those  limits  and  left  either  at  rest  or  moving  with 
any  velocity  in  either  direction,  it  will  end  by  flying  round  and 
round  forwards  with  a  periodically  increasing  and  diminishing 
velocity,  but  increasing  every  half  turn  by  equal  additions  to  its 
squares. 

If  on  the  other  hand  e:>  h(P~^)i  ^®  positions  both  of  stable 
and  unstable  equilibrium  are  imaginary ;  the  tangential  force  pre- 
dominating in  every  position.  If  the  particle  be  left  at  rest  in 
any  part  of  the  circle  it  will  fly  round  with  continually  increasing 
velocity,  but  periodically  increasing  and  diminishing  acceleration. 

846.  There  is  scarcely  any  question  in  dynamics  more  im- 
portant for  Natural  Philosophy  than  the  stability  or  instability 
of  motioa  We  therefore,  before  concluding  this  chapter,  pro- 
pose to  give  some  general  explanations  and  leading  principles 
regarding  it 

A  "conservative  disturbance  of  motion"  is  a  disturbance 
in  the  motion  or  configuration  of  a  conservative  system,  not 
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Lltering  the  sum  of  the  potential  and  kinetic  enei^es.  A^itS^Mw 
MDnservative  disturbance  of  the  motion  through  any  particular 
configuration  is  a  change  in  velocities,  or  component  velocities^ 
not  altering  the  whole  kinetic  energy.  Thus,  for  example,  a 
conservative  disturbance  of  the  motion  of  a  particle  through 
any  point,  is  a  change  in  the  direction  of  its  motion,  imaccom- 
panied  by  change  of  speed. 

347.  The  actual  motion  of  a  system,  from  any  particular  ^^^^  ^ 
configuration,  is  said  to  be  stable  if  every  possible  infinitely  ^wtawiity 
small  conservative  disturbance  of  its  motion  through  that  con-  n*te<L 
figuration  may  be  compounded  of  conservative  disturbances, 

any  one  of  which  would  give  rise  to  an  alteration  of  motion 
which  would  bring  the  system  again  to  some  configuration 
belonging  to  the  undisturbed  path,  in  a  finite  time,  and  without 
more  than  an  infinitely  small  digression.  If  this  condition  is 
not  fulfilled,  the  motion  is  said  to  be  unstable, 

348.  For  example,  if  a  body,  A,  be  supported  on  a  fixed  BxAmpie*. 
vertical  axis ;  if  a  second,  B,  be  supported  on  a  parallel  axis 
belonging  to  the  first ;  a  third,  C,  similarly  supported  on  B,  and 

so  on  ;  and  if  B,  C,  etc.,  be  so  placed  as  to  have  each  its  centre 
of  inertia  as  far  as  possible  from  the  fixed  axis,  and  the  whole 
set  in  motion  with  a  common  angular  velocity  about  this  axis, 
the  motion  will  be  stable,  from  every  configuration,  as  is  evi- 
dent from  the  principles  regarding  the  resultant  centrifugal 
force  on  a  rigid  body,  to  be  proved  later.  If,  for  instance,  each 
of  the  bodies  is  a  flat  rectangular  board  hinged  on  one  edge,  it 
is  obvious  that  the  whole  system  will  be  kept  stable  by  centri- 
fugal force,  when  all  are  in  one  plane  and  as  far  out  from  the 
axis  as  possible.  But  if  A  consist  partly  of  a  shaft  and  crank, 
as  a  common  spinning-wheel,  or  the  fly-wheel  and  crank  of  a 
steam-engine,  and  if  jB  be  supported  on  the  crank- pin  as  axis, 
and  turned  inwards  (towards  the  fixed  axis,  or  across  the  fixed 
axis),  then,  even  although  the  centres  of  inertia  of  C,  D,  etc., 
are  placed  as  far  from  the  fixed  axis  as  possible,  consistent  with 
this  position  of  JS,  the  motion  of  the  system  will  be  unstable. 

349*  The  rectilinear  motion  of  an  elongated  body  lengthwise, 
or  of  a  flat  disc  edgewise,  through  a  fluid  is  unstable.  But  the 
motion  of  either  body,  with  its  length  or  its  broadside  pei-pen- 
ilicular  to  the  direction  of  motion,  is  stable.     This  is  demon 
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Kinetic  8ta-  stratod  for  the  ideal  case  of  a  perfect  liquid  (§  331),  in  §  332, 
dro^iiamio  Example  (2) ;  and  the  results  explained  in  §  333  show,  for  a 
^**™^^  solid  of  revolution,  the  precise  character  of  the  motion  con- 
sequent upon  an  infinitely  small  disturbance  in  the  direction 
of  the  motion  fi-om  being  exactly  along  or  exactly  perpendicular 
to  the  axis  of  figure ;  whether  the  infinitely  small  oscillation, 
in  a  definite  period  of  time,  when  the  rectilineal  motion  is 
stable,  or  the  swing  roimd  to  an  infinitely  nearly-inverted  posi- 
tion when  the  rectilineal  motion  is  unstabla  Observation 
proves  the  assertion  we  have  just  made,  for  real  fluids,  air  and 
water,  and  for  a  great  variety  of  circumstances  affectiug  the 
motioa  Several  illustrations  have  been  referred  to  in  §  336 ; 
and  it  is  probable  we  shall  return  to  the  subject  later,  as  being 
not  only  of  great  practical  importance,  but  profoundly  interest- 
ing although  very  diflScult  in  theory. 

350.  The  motion  of  a  single  particle  affords  simpler  and 
not  less  instructive  illustrations  of  stability  and  instability. 
Thus  if  a  weight,  hung  from  a  fixed  point  by  a  light  inexten- 
•taSi^  sible  cord,  be  set  in  motion  so  as  to  describe  a  circle  about  a 
pendulum,  vertical  line  through  its  position  of  equilibriimi,  its  motion  is 
stable.  For,  as  we  shall  see  later,  if  distiu'bed  infinitely  little 
in  direction  without  gain  or  loss  of  enei^gy,  it  will  describe  a 
sinuous  path,  cutting  the  undisturbed  circle  at  points  succes- 
sively distant  from  one  another  by  definite  fractions  of  the  cir- 
cumference, depending  upon  the  angle  of  inclination  of  the 
string  to  the  vertical  When  this  angle  is  very  small,  the 
motion  is  sensibly  the  same  as  that  of  a  particle  confined  to 
one  plane  and  moving  under  the  influence  of  an  attractive 
force  towards  a  fixed  point,  simply  proportional  to  the  distance ; 
and  the  disturbed  path  cuts  the  imdisturbed  circle  four  times 
^J5J^  in  a  revolution.  Or  if  a  particle  confined  to  one  plane,  move 
under  the  influence  of  a  centre  in  this  plane,  attracting  with  a 
force  inversely  as  the  square  of  the  distance,  a  path  infinitely 
little  disturbed  from  a  circle  will  cut  the  circle  twice  in  a  re- 
volutioa  Or  if  the  law  of  central  force  be  the  nth  power 
of  the  distance,  and  if  7i+  3  be  positive,  the  disturbed  path  will 
cut  the  undisturbed  circular  orbit  at  successive  angular  in- 

ir 
ter\'al8,  each  equal  to   /-   --  •     But  the  motion  will  be  unstable 
^  vn+3 

if  n  be  negative,  and  —  n  >  3. 
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The  criterion  of  stability  is  easily  investigated  for  circular  Kinetic  bu- 
motion  round  a  centre  of  force  from  the  differential  equation  of  cSS^ut 
the  general  orbit  (§  36), 

d^u       _  P 

Let  the  value  of  h  be  such  that  motion  in  a  circle  of  radius  ar^ 

p 
satisfies  this  equation.     That  is  to  say,  let  ^j— ^=u,whenu=a. 

Let  now  u=a+p,  p  being  infinitely  small.     We  shall  have 

d  P 

if  a  denotes  the  value  of  ttK**  ""  Ti~«)  ^^®°  w=« :  and  therefore 

the  differential  equation  for  motion  infinitely  nearly  circular  is 
d^p 

The  integral  of  this  is  most  conveniently  written 
p=A  &ui{OiJa+P)  when  a  is  positive, 

and  p=  C€'^^+  C'C*'^^  when  a  is  negative. 

Hence  we  see  that  the  circular  motion  is  stable  in  the  former 

ease,  and  unstable  in  the  latter. 

For  instance,  if  P=/xr*»=ftM~'*,  we  have 

and  putting  -— ,  =  m  =  o,  in  this  we  find  a=n+3;  whence  the 

result  stated  above. 

Or,  taking  example  (B)  of  §  330,  and  putting  mP  for  P,  and  mh 
for  A,  P  »w'      ^   _         . 

h  ur     ?«+m  Ve'  ' 

d .  P .      ^+^V 

du^       hru*         m+m 

Hence,  putting  M  =  a,  and  making  h*  =  ^~  so  that  motion  in  a 

ma* 

circle  of  radius  a"*  may  be  possible,  we  find 

3772 

a= — -  -,  . 

Hence  the  circular  motion  is  always  stable  ;  and  the  period  of  the 
variation  produced  by  an  infinitely  small  disturbance  from  it  is 
,m  +  m' 

JLTTs —    • 

3771 


face. 
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Kinetic  bu-  351.  The  case  of  a  particle  moving  on  a  smooth  fixed 
partfcfe^*  surfacc  imdcF  the  influence  of  no  other  force  than  that  of  the 
^^toaiu"*  constraint,  and  therefore  always  moving  along  a  geodetic  line 
of  the  surface,  affords  extremely  simple  illustrations  of  stability 
and  instability.  For  instance,  a  particle  placed  on  the  inner 
circle  of  the  surface  of  an  anchor  ring,  and  projected  in  the 
plane  of  the  ring,  would  move  perpetually  in  that  circle,  but 
unstably,  as  the  smallest  disturbance  would  clearly  send  it 
away  from  this  path,  never  to  return  until  after  a  digression 
round  the  outer  edge.  (We  suppose  of  course  that  the  particle 
is  held  to  the  surface,  as  if  it  were  placed  in  the  infinitely 
narrow  space  between  a  solid  ring  and  a  hollow  one  enclosing 
it.)  But  if  a  particle  is  placed  on  the  outermost,  or  greatest, 
circle  of  the  ring,  and  projected  in  its  plane,  an  infinitely  small 
disturbance  will  cause  it  to  describe  a  sinuous  path  cutting  the 
circle  at  points  round  it  successively  distant  by  angles  each 

equal  to  irJ-—  >  or  intervals  of  time,  —J  —  >  where  a  denotes 

the  radius  of  that  circle,  q>  the  angular  velocity  in  it,  and  b  the 
radius  of  the  circular  cross  section  of  the  ring.  This  is  proved 
by  remarking  that  an  infinitely  narrow  band  from  the  outermost 
part  of  the  ring  has,  at  each  point,  a  and  b  for  its  principal 
radii  of  curvature,  and  therefore  (§  150)  has  for  its  geodetic 
lines  the  great  circles  of  a  sphere  of  radius  >fab,  upon  which 
(§  152)  it  may  be  bent 

352.  In  all  these  cases  the  undisturbed  motion  has  been 
circular  or  rectineal,  and,  when  the  motion  has  been  stable,  the 
effect  of  a  disturbance  has  been  periodic,  or  recurring  with  the 
same  phases  in  equal  successive  intervals  of  tima  An  illustra- 
tion of  thoroughly  stable  motion  in  which  the  effect  of  a  dis 
turbance  is  not  "periodic,"  is  presented  by  a  particle  sliding 
down  an  inclined  groove  under  the  action  of  gravity.  To  take 
the  simplest  case,  we  may  consider  a  particle  sliding  down  along 
the  lowest  straight  line  of  an  inclined  hollow  cylinder.  If 
slightly  disturbed  from  this  straight  line,  it  will  oscillate  on 
each  side  of  it  perpetually  in  it^  descent,  but  not  with  a  uni- 
form periodic  motion,  though  the  durations  of  its  excursions  to 
each  side  of  the  straight  line  are  all  equal. 

353.  A  very  curious  case  of  stable  motion  is  presented  bv 
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a  particle  constrained  to  remain  on  the  surface  of  an  anchor-  Kinetic  ru 
ring  fixed  in  a  vertical  plane,  and  projected  along  the  great  commensur 
circle  from  any  point  of  it,  with  any  velocity.     An  infinitely  tions. 
small  disturbance  will  give  rise  to  a  disturbed  motion  of  which 
the  path  will  cut  the  vertical  circle  over  and  over  again  for 
ever,  at  unequal  intervals  of  time,  and  imequal  angles  of  the 
circle ;  and  obviously  not  recurring  periodically  in  any  cycle, 
except  with  definite  particular  values  for  the  whole  energy, 
some  of  which  are  less  and  an  infinite  number  are  greater  than 
that  which  just  suffices  to  bring  the  particle  to  the  highest 
point  of  the  ring.     The  full  mathematical  investigation  of  these 
circumstances  would  afford  an  excellent  exercise  in  the  theory 
of  diflFerential  equations,  but  it  is  not  necessary  for  our  present 
illustrations. 

854.  In  this  case,  as  in  all  of  stable  motion  with  only  two  owiiiatoiy 

kinetic  sta 

degrees  of  freedom,  which  we  have  just  considered,  there  has  biiity. 
been  stability  throughout  the  motion ;  and  an  infinitely  small 
disturbance  from  any  point  of  the  motion  has  given  a  disturbed 
path  which  intersects  the  imdisturbed  path  over  and  over  again 
at  finite  intervals  of  time.  But,  for  the  sake  of  simplicity  at 
present  confining  our  attention  to  two  degrees  of  freedom,  we 
have  a  limited  stability  in  the  motion  of  an  unresisted  pro-  Limited 

•^  *  kinetic  stji 

jectile,  which  satisfies  the  criterion  of  stability  only  at  points  biiity. 
of  its  upward,  not  of  its  downward,  path.     Thus  if  MOPQ  be 
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Kinetic  sta- 
bility of  a 
projectile. 


General 
criterion. 


Examples. 


Motion  on 
an  anti  clas- 
tic surface 
proved  un- 
stable. 


tlie  path  of  a  projectile,  and  if  at  0  it  be  disturbed  by  an  in- 
finitely small  force  eitlier  way  perpendicular  to  its  instantaneous 
direction  of  motion,  the  disturbed  path  will  cut  the  undisturbed 
infinitely  near  the  point  P  where  the  direction  of  motion  is 
perpendicular  to  that  at  0 :  as  we  easily  see  by  considering 
that  the  line  joining  two  particles  projected  from  one  point  at 
the  same  instant  with  equal  velocities  in  the  directions  of  any 
two  lines,  will  always  remain  perpendicular  to  the  line  bisect- 
ing the  angle  between  these  two. 

855.  The  principle  of  varying  action  gives  a  mathematical 
criterion  for  stability  or  instability  in  every  case  of  motioa 
Thus  in  the  first  place  it  is  obvious,  and  it  will  be  proved  below 
(§§  358,  361),  that  if  the  action  is  a  true  minimum  in  the  motion 
of  a  system  from  any  one  configuration  to  the  configuration 
reached  at  any  other  time,  however  much  later,  the  motion 
is  thoroughly  unstable.  For  instance,  in  the  motion  of  a 
particle  constrained  to  remain  on  a  smooth  fixed  surface,  and 
iminfluenced  by  gravity,  the  action  is  simply  the  length  of 
the  path,  multiplied  by  the  constant  velocity.  Hence  in  the 
particular  case  of  a  particle  uninfluenced  by  gravity,  moving 
round  the  inner  circle  in  the  plane  of  an  anchor-ring  con- 
sidered above,  the  action,  or  length  of  path,  is  clearly  a 
minimum  from  any  one  point  to  the  point  reached  at  any  sub- 
sequent time.  (The  action  is  not  merely  a  minimum,  but  is 
the  least  possible,  from  any  point  of  the  circular  path  to  any 
other,  through  less  than  half  a  circumference  of  the  circle.) 
On  the  other  hand,  although  the  path  from  any  point  in  tlie 
greatest  circle  of  the  ring  to  any  other  at  a  distance  from  it 
along  the  circle,  less  than  WoA,  is  clearly  least  possible  if  along 
the  circumference ;  the  path  of  absolutely  least  length  is  not 
along  the  circumference  between  two  points  at  a  greater  circular 
distance  than  ir^ab  from  one  another,  nor  is  the  path  along  the 
circumference  between  them  a  minimimi  at  all  in  this  latter 
case.  On  any  surface  whatever  which  is  everywhere  anticlastic. 
or  along  a  geodetic  of  any  surface  which  pas.scs  altogether 
through  an  anticlastic  region,  the  motion  is  thoroughly  un- 
stable. For  if  it  were  stable  fi*om  any  point  0,  we  should  have 
the  given  undisturbed  path,  and  the  disturbed  path  fnun  0 
cutting  it  at  some  point  Q; — two  different  geodetic  lines  join- 


DYNAMICAL  LAWS  AND  PRINCIPLES.  289 

ing  two  points;  which  is  impossible  on  an  anticlastic  surface,  Motion  of  a 
inasmuch  as  the  sum  of  the  exterior  angles  of  any  closed  an  antici^- 
figore  of  geodetic  lines  exceeds  four  right  angles   (§   136)  v^t^*^ 
when  the  int^ral  curvature  of  the  enclosed  area  is  negative, 
which  (§§  138,  128)  is  the  case  for  every  portion  of  surface 
thoroughly  anticlastic.     But,  on  the  other  hand,  it  is  easily 
proved  that  if  we  have  an  endless  rigid  band  of  curved  surface 
everywhere  synclastic,  with  a  geodetic  line  running  through  its  onasyn- 
middle,  the  motion  of  a  particle  projected  along  this  line  will  face,  IbMe. 
be  stable  throughout,  and  an  infinitely  slight  disturbance  will 
give  a  disturbed  path  cutting  the  given  undisturbed  path  again 
and  again  for  ever  at  successive  distances  differing  according  to 
the  different  specific  curvatures  of  the  intermediate  portions  of 
thesurfEU^  K  from  any 

point,  jy,  of  the  undis-  /  ..- 

turbed  path,  a  perpen-  /'' 

dicolar  be  dravm  to  cut  Vq 

the  infinitely  near  dis-  ^v  ''X 

turbed  path  in  E^  the     ^s;;;;--...^; -^^^^^ 

angles  OEN  and  NOE  j^f-— 

must(§  138)  be  together 

greater  than  a  right  angle  by  an  amount  equal  to  the  integral  ^*J^uo"n  of 
curvature  of  the  area  EON.    From  this  the  differential  equation  JJth"**** 
of  the  disturbed  path  may  be  obtained  immediately. 

Let  ^EON^za,  0N=:8j  and  NE=^u\  and  let  ^,  a  known 
function  of  5,  be  the  specific  curvature  (§  136)  of  the  surface  in 
the  neighbourhood  of  N,  Let  also,  for  a  moment,  <^  denote  the 
complement  of  the  angle  OEN.     We  have 


-H^ 


^ucZs. 


Hence  ^  =  — ^. 

ds 

But,  obviously,  <^s=-^ ; 


hence 


-+^=0. 


When  ^  is  constant  (as  in  the  case  of  the  equator  of  a  surface  of 
revolution  considered  above,  §  351),  this  gives 
ti=i4cos(5V^+i!:), 
T 
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Differential  agreeing  with  the  result  (§351)  which  we  obtained  by  develop- 

equation  of  ^-x  t-«i_i» 

disturbed  ment  into  a  spherical  surface. 

path. 

The  case  of  two  or  more  bodies  supported  on  parallel  axes 
in  the  maimer  explained  above,  and  rotating  with  the  centre 
of  inertia  of  the  whole  at  the  least  possible  distance  from 
the  axis,  affords  a  very  good  illustration  also  of  this  proposition 
which  may  be  safely  left  as  an  exercise  to  the  student 
General  in-  356,  To  investigate  the  effect  of  an  infinitely  small  Con- 
or diaturbed  servative  disturbance  produced  at  any  instant  in  the  motion  of 
any  conservative  system,  may  be  reduced  to  a  practicable  pro- 
blem (however  complicated  the  required  work  may  be)  of 
mathematical  analysis,  provided  the  undisturbed  motion  is 
thoroughly  known. 

General  (a)  First,  for  a  system  having  but  two  degrees  of  freedom  to 

motion  free  mOVC,  let 

^'*'"  2r=Pf«  +  Q<^«+2i2^<^  (1), 

where  P,  Q,  R  are  functions  of  the  co-ordinates  not  depending 
*  on  the  actual  motion.     Then 

and  the  Lagrangian  equations  of  motion  [§  329  (10)]  are 

We  shall  suppose  the  system   of  co-ordinates  so  chosen  that 
none  of  the  functions  P,  Q,  JR,  nor  their  differential  coefficients 

-y-r- ,  etc.,  can  ever  become  infinite. 

(b)  To  investigate  the  effects  of  an  infinitely  small  distorbance, 
we  may  consider  a  motion  in  which,  at  any  time  /,  the  co-ordinate« 
are  ^+p  and  <^+?}  P  ^nd  9. being  infinitely  small;  and,  bj 
simply  taking  the  variations  of  equations  (3)  in  the  usual  manner, 
we  arrive  at  two  simultaneous  differential  equations  of  the  second 
degree,  linear  with  respect  to 

Py  9i  Py   iy  Py  9i 

but  having  variable  coefficients  which,  when   the   undisturbed 


(2); 


(3) 
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motion  ^,  if>  ib  fully  known,  may  be  supposed  to  be  known  oenena  in- 
functions  of  L     In  these  equations  obviouslj  none  of  the  coeffi-  of^StorM 
cients  can  at  any  time  become  infinite  if  the  data  correspond  to  ^^ 
a  real  dynamical  problem,  provided  the  system  of  co-ordinates  is 
properly  chosen  (a) ;  and  the  coefficients  of  p  and  q  are  the  values, 
at  the  time  t,  of  P,  R,  and  22,  Q,  respectively,  in  the  order  in 
which  they  appear  in  (3),  P,  Q,  B  being  the  coefficients  of  a 
homogeneous  quadratic  function  (1)  which  is  essentially  positive. 
These  properties  being  taken  into  account,  it  may  be  shown  that 
in  no  case  can  an  infinitely  smaU  interval  of  time  be  the  solution 
of  the  problem  presented  (§  347)  by  the  question  of  kinetic 
stability  or  instability,  which  is  as  follows : — 

(c)  The  component  velocities  ^,  ^  are  at  any  instant  changed 

to  ^+<^)  4+P}  Bubject  to  the  condition  of  not  changing  the 

value  of  T.     Then,  a  and  P  being  infinitely  small,  it  is  required 

q  <f) 

to  find  the  interval  of  time  until  —  first  becomes  equal  to  -j  * 

(d)  The  differential  equations  in  p  and  q  reduce  this  problem, 
and  in  fact  the  full  problem  of  finding  the  disturbance  in  the 
motion  when  the  undisturbed  motion  is  given,  to  a  practicable 
form.  But,  merely  to  prove  the  proposition  that  the  disturbed 
course  cannot  meet  the  undisturbed  course  until  after  some  finite 
time,  and  to  estimate  a  limit  which  this  time  must  exceed  in  any 
particular  case,  it  may  be  simpler  to  proceed  thus : — 

(e)  To  eliminate  t  from  the  general  equations  (3),  let  them 
first  be  transformed  so  as  not  to  have  t  independent  variable. 
We  must  put 

•  ■  __dtd*\p  —  dipdU     V  _  dtd*<f>''d<f>d*t  ... 

^~  dt*  '   "^^  dt*  ^  ^' 

And  by  the  equation  of  energy  we  have 

(Pdi^*  +  Qd<l>^+2Rdi.dif>)^  ... 

'^^-  {2{E—V)}^  ^^^' 

it  being  assumed  that  the  system  is  conservative.  Eliminating 
dt  and  dH  between  this  and  the  two  equations  (3),  we  find  a 
differential  equation  of  the  second  degree  between  ^  and  <^,  which 
is  the  differential  equation  of  the  course.  For  simplicity,  let  us 
suppose  one  of  the  co-ordinates,  <^  for  instance,  to  be  independent 
variable;  that  is,  let  d*<l)=0.     We  have,  by  (4) 

dU=^^<j> 3T  »  and  therefore  ipdt*  =  dH+  3i4>dl^ 
and  the  result  of  the  elimination  becomes 
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t^"^   (P«_jj.)^/i:|)=-^^^ — ^ — ^^s-^ ^^  (6). 

dip  dip 

F(-^)  denoting  a  function  of  ^  of  the  third  degree,  with  vari- 
able coefficients,  none  of  which  can  become  infinite  as  long  as 
E  —  V,  the  kinetic  energy,  is  finite. 

(/)  Taking  the  variation  of  this  equation  on  the  auppodtion 
that  ip  becomes  ip+p,  where  p  is  infinitely  small,  we  have 

where  L  and  M  denote  known  functions  of  <^,  neither  of  which 
has  any  infinitely  great  value.  This  determines  the  deviation,  p, 
of  the  course.  Inasmuch  as  the  quadratic  (1)  is  eraentially 
always  positiv6,  PQ  —  R*  must  be  always  positive.     Hence,  if 

for  a  particular  value  of  <^,  p  vanishes,  and  -^  has  a  given  value 

d<p 

which  defines  the  disturbance  we  suppose  made  at  any  instant, 
<^  must  increase  by  a  finite  amount  (and  therefore  a  finite  time 
must  elapse)  before  the  value  of  p  can  be  again  zero ;  that  is  to 
say,  before  the  disturbed  course  can  again  cut  the  undisturbed 
course.^ 

(g)  The  same  proposition  consequently  holds  for  a  system 
having  any  number  of  degrees  of  freedom.  For  the  preceding 
proof  shows  it  to  hold  for  the  system  subjected  to  any  frictionless 
constraint,  leaving  it  only  two  degrees  of  freedom;  including 
that  particular  firictionless  constraint  which  would  not  alter  either 
the  undisturbed  or  the  disturbed  course.  The  fuU  general  inves- 
tigation of  the  disturbed  motion,  with  more  than  two  degrees  of 
freedom,  takes  a  necessarily  complicated  form,  but  the  principles 
on  which  it  is  to  be  carried  out  are  sufficiently  indicated  by  what 
we  have  done. 

(h)  If  for  -^^ —^  we  substitute  a  constant  2a,  less  than  its 

least  value,  irrespectively  of  sign,  and  for ,  a  constant 

PQ  — "^ 

P  greater  algebraically  than  its  greatest  value,   we  have  an 

equation 

Here  the  value  of  p  vanishes  for  values  of  ^  sacoessively  cz- 
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ceeding  one  another  by  —77^ ^  >  which  is  clearly  less  than  oener 

V(p— a)  vesttg 

the  increase  that  <^  must  have  in  the  actual  problem  before  p  ^th. 
vanishes  a  second  time.  Also,  we  see  from  this,  that  if  a*z>p 
the  actoal  motion  is  unstable.  It  might  of  course  be  unstable 
even  if  a'<c)3;  and  the  proper  analytical  methods  for  finding 
either  the  rigorous  solution  of  (7),  or  a  sufficiently  near  practical 
solution,  would  have  to  be  used  to  close  the  criterion  of  stability 
or  instability,  and  to  thoroughly  determine  the  disturbance  of  the 
course. 

(t)  When  the  system  is  only  a  single  particle,  confined  to  a  Diirer 
plane,  the  differential  equation  of  the  deviation  may  be  put  under  dti^i 
a  remarkably  simple  form,  useful  for  many  practical  problems.  ^^^ 
Let  N  be  the  normal  component  of  the  force,  per  unit  of  the  mass,  JJf^^®^ 
at  any  instant,  v  the  velocity,  and  p  the  radius  of  curvature  of 
the  path.     We  have  (§  259), 

v* 

P 
Let,  in  the  diagram,  ON  be  the  undisturbed,  and  OE  the 
disturbed  path.  Let 
EN,  cutting  ON  at 
right  angles,  be  de- 
noted by  u,  and  ON 
by  8.  If  further  we 
denote  by  p  the 
radius  of  curvature 
in  the  disturbed  path, 
remembering  that  u  is  infinitely  small,  we  easily  find 

Hence,  using  8  to  denote  variations  from  iV  to  J5J,  we  have 

8iV=8H!=«(H!)+„.(5_«+ii)  (10). 

p       p  ^  cur    p*' 

But,  by  the  equation  of  energy, 

i;«=2(E— F), 

and  therefore 

&V)=  — 2ar=2i\rtt=— w- 
Hence  (10)  becomes 
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Differential  OF,  if  we  dcnote  by  f  the  rate  of  variation  of  Nj  per  unit  of  di»- 

dtoturb^'^  tance  from  the  point  N  in  the  normal  direction,  so  that  SN=Cu, 

path  of  ^t„         q 

plane.  "r         P 

This  includes,  as  a  particular  case,  the  equation  of  deTiation  from 
a  circular  orbit,  investigated  above  (§  350). 

357*  If,  from  any  one  configuration,  two  courses  differing 
infinitely  little  from  one  another,  have  again  a  configuration  in 
Kincuc  foci,  common,  this  second  configuration  will  be  called  a  kinetic  focus 
relatively  to  the  first :  or  (because  of  the  reversibility  of  the 
motion)  these  two  configurations  will  be  called  conjugate  kinetic 
foci  Optic  foci,  if  for  a  moment  we  adopt  the  corpuscular 
theory  of  light,  are  included  as  a  paiticular  case  of  kinetic  foci 
in  general  By  §  356  (^)  we  see  that  there  must  be  finite  in- 
tervals of  space  and  time  between  two  conjugate  foci  in  everj' 
motion  of  every  kind  of  system,  only  provided  the  kinetic 
energy  does  not  vanish. 

358,  Now  it  is  obvious  that,  provided  only  a  su£Bciently 
short  course  is  considered,  the  action,  in  any  natural  motion  of  a 
Theorem  of  systcm,  is  Icss  than  for  any  other  course  between  its  terminal 
action.        configurations.  It  wQl  be  proved  presently  (§361)  that  the  first 
configuration  up  to  which  the  action,  reckoned  from  a  given 
a  minUiTam '  initial  Configuration,  ceases  to  be  a  minimum,  is  the  first  kinetic 
iSc*iX«*    focus ;  and  conversely,  that  when  the  first  kinetic  focus  is 
kineUcfocL  passed,  the  action,  reckoned  from  the  initial  configuration, 
ceases  to  be  a  minimum ;  and  therefore  of  course  can  never 
again  be  a  minimum,  because  a  course  of  shorter  action,  de- 
viating infinitely  little  from  it,  can  be  found  for  a  part,  without 
altering  the  remainder  of  the  whole,  natiiral  course. 
Nouuon  359,  In  such  statements  as  this  it  will  frequently  be  con- 

for  con-  .  .     ,.  t 

figurattoM.  venient  to  mdicate  particular  configurations  of  the  system  by 
*ction.  single  letters,  as  0,  P,  Q,  22;  and  any  particular  course,  in 
which  it  moves  through  configurations  thus  indicated,  will  be 
called  the  course  O...P...Q...K  The  action  in  any  natural 
course  will  be  denoted  simply  by  the  terminal  letters,  taken  in 
the  order  of  the  motion.  Thus  OR  will  denote  the  action  from 
0  to  22;  and  therefore  OR=  —  RO.  When  there  are  more 
real  natural  courses  from  0  to  22  than  one,  the  analytical  ex 
pression  for  OR  will  have  more  than  one  real  value ;  and  it 
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may  be  necessary  to  specify  for  whidi  of  these  courses  the 
action  is  reckoned     Thus  we  may  have 

OR{otO...E...R, 

ORfoT  O...E\..R, 

OR{or0...ir...R, 
three  different  values  of  one  algebraic  irrational  expression. 

860.  In  terms  of  this  notation  the  preceding  statement  Theorem  of 
(§  368)  may  be  expressed  thus : — If,  for  a  conservative  system,  mmo™^"* 
moving  on  a  certain  course  O...P...(y.,.P',  the  first  kinetic 

focus  conjugate  to  0  be  (7,  the  action  OP,  in  this  course,  will 
be  less  than  the  action  along  any  other  course  deviating  in- 
finitely little  from  it :  but,  on  the  other  hand,  OP'  is  greater 
than  the  actions  in  some  courses  from  0  to  P'  deviating  in- 
finitely little  from  the  specified  natural  course  0...P...O...P. 

861.  It  must  not  be  supposed  that  the  action  along  OP  is  Two  or  mor 
necessarily  the  least  possible  from  0  to  P.    There  are,  in  fact,  SSSSS^ 
cases  in  which  the  action  ceases  to  be  leaM  of  all  possible,  before  p^iwe. 

a  kinetic  focus  is  reached.  Thus  if  OEAPOE'A'  be  a  sinuous 
geodetic  line  cutting  the  outer  circle  of  an  anchor  ring,  or 
the  equator  of  an  oblate  spheroid,  in  successive  points  0, 
A,  A\  it  is  easily  seen  that  C,  the  first  kinetic  focus 
conjugate  to  0,  must  lie  somewhat  beyond  A,  But  the 
length  OEAP,  although  a  minimum  (a  stable  position  for  a 


stretched  string),  is  not  the  shortest  distance  on  the  surface  c«««  of  two 
from  0  to  P,  as  this  must  obviously  be  a  line  lying  entirely  on  Std^SSTSot 
one  side  of  the  great  circla    From  0,  to  any  point,  Q,  short  of  SlSS?c"** 
A,  the  distance  along  the  geodetic  OJSQA  is  clearly  the  least  [!;jJn^;^o 


but  if  Q  be  near  enough  to  A  (that  is  to  say,  between  ^^^^ 
A  and  the  point  in  which  the  envelope  of  the  geodetics  drawn 
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Case  of  two  from  0,  cuts  OH  A),  there  will  also  be  two  other  geodetics  from 

^d  o^Hot  0  to  Q.    The  length  of  one  of  these  will  be  a  minimum,  and  that 

SodetSr*     of  the  other  not  a  minimum.     K  Q  is  moved  forward  to  J.,  the 

twientwo    former  becomes  OE^,  equal  and  similar  to  OEA,  but  on  the 

^  ^  other  side  of  the  great  circle  :  and  the  latter  becomes  the  great 

circle  from  0  \o  A,    If  now  Q  be  moved  on,  to  P,  beyond  A, 

the  minimum  geodetic  OEAP  ceases  to  be  the  less  of  the  two 

minima,  and  the  geodetic  OFP  lying  altogether  on  the  other  side 

of  the  great  circle  becomes  the  least  possible  line  from  0  to  P. 

But  until  P  is  advanced  beyond  the  point,  (X,  in  which  it  is 

cut  by  another  geodetic  from  0  lying  infinitely  nearly  along 

it,  the  length  OEAP  remains  a  minimum,  according  to  the 

Difference     general  proposition  of  §  358,  which  we  now  proceed  to  prove. 

sides  uid  (a)  Eeferring  to  the  notation  of  §  360,  let  P^  be  any  configora- 

a  kinetic  *^  tion  differing  infinitely  little  from  P,  but  not  on  the  coarse 

triangle  0...P.. .0'...P ;  and  let  iSf  be  a  configuration  on  this  course, 

reached  at  some  finite  time  after  P  is  passed.     Let  \^y  ^,  . . .  be 

the  co-ordinates  of  P,  and  \^^,  ^^,  ...  those  of  P^,  and  let 

Thus,  by  Taylor's  theorem, 
OP,+P,S=OS+(^<2^™>8^+^<»?+™W+...| 

+  etc. 
But  if  £,  17,  . . .  denote  the  components  of  momentum  at  P  in  the 
course  0. .  .P,  which  are  the  same  as  those  at  P  in  the  continua- 
tion, P,..S,  of  this  course,  we  have  [§  322  (18)] 
f,_dOP_     dPS        _dOP_     dPS 
^"~  J^  "       dip  '     ''"  rf<^  "       dit>  '  '" 
Hence  the  coefficients  of  the  terms  of  the  first  degree  of  6^,  3^, 
in  the  preceding  expression  vanish,  and  we  have 

+  etc. 
{b)  Now,  assuming     ^i=ai8\^-f)3|8<^-f. 

x,=a.8v^+)8.8<^+...     }  (2). 

etc.         etc. 

according  to  the  known  method  of  linear  transformadons,  let 
a,,  )3„  ...  a,,  )3,,  ...  he  so  chosen  that  the  preceding  quadratic 
function  he  reduced  to  the  form 


1 
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i4ia?i«  +i4,a:,«  + . .  .+AiPCi^,  Difference 

the  whole  number  of  degrees  of  freedom  being  i.  ilidM  kdU  ^* 

This  may  be  done  in  an  infinite  variety  of  ways ;  and,  towards  ^jJi^^c  °' 
fixing  upon  one  particular  way,  we  may  take  ai=^,  Pi=<f>y  etc. ;  *»^»nKie- 
and  subject  the  others  to  the  conditions 

^,+<^)8,  +  ...=0,  fa^+4>p,  +  „.=0,  etc. 
This  will  make  Ai=0:  for  if  for  a  moment  we  suppose  P^  to  be 
on  the  course  0,..P...O',  we  have 

and  therefore 

But  in  this  case  OP^+P^S=OS\  and  therefore  the  value  of  the 
quadratic  must  be  zero;  that  is  to  say,  we  must  have  Ai=0. 
Hence  we  have 

where  R  denotes  a  remainder  consisting  of  terms  of  the  third  and 
higher  degrees  in  5^,  8<^,  etc.,  or  in  a?„  a:,,  etc. 

(c)  Another  form,  which  will  be  used  below,  may  be  given  to 
the  same  expression  thus : — Let  (f^,  i;^,  {;, ...)  and  (^/,  iy/,  f/,  ...) 
be  the  components  of  momentum  at  P^,  in  the  courses  OP^  and 
PS  respectively.     By  §  322  (18)  we  have 

.      dOP' 

^'=  rff   ' 
and  therefore  by  Taylor's  theorem 

Similarly, 

,,    dPS  .d*PS,,^d*PS...       ,. 

and  therefore,  as  ^=_^  , 
af  d^ 

f-f  =  -(^^W+^<^^™W+...(  +  ....  (4), 
and  so  for  ti'—'q^  etc.     Hence  (1)  is  the  same  as 

-1-/2  j 

where  R  denotes  a  remainder  consisting  of  terms  of  the  third  and 
higher  degrees.  Also  the  transformation  from  8^,  £^,  ...  to 
x„  x„  . . .,  gives  clearly 


>iflrerence 
«tween  two 
ides  and 
he  thiid  of 
kinetic 
riangle. 


(6). 
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f — f  =  — (-^itti^i  +^<»»a:,  +...+i4f_,af_,Xi_i) 

etc.  etc. 

(J)  Now  for  any  infinitely  small  time  the  velocities  remain 
sensibly  constant;  as  also  do  the  coefficients  (^,  ^),  (f,  ^),  etc.. 
in  the  expression  [§  313  (2)]  for  T:  and  therefore  for  the  action 
we  have  /2Tdt='J2T/^2Tdt 

where  (^oj  <^o)  •••)  <^fe  the  co-ordinates  of  the  configuration  from 
which  the  action  is  reckoned.  Hence,  if  P,  P',  P^  be  any  three 
configurations  infinitely  near  one  another,  and  if  Q,  with  the 
proper  differences  of  co-ordinates  written  after  it,  be  used  to 
denote  square  roots  of  quadratic  functions  such  as  that  in  the 
preceding  expression,  we  have 

PP'  =>f2T.Q{{i  -f),  (^  -<f,'),  ...}    ) 

P'F'=^2T.Q{{>f''-r)A't>'-<f>'),-)    >  (7)- 

PT  ='j2T.Q[{r-f),  ir-n  -}  ) 

In  the  particular  case  of  a  single  free  particle,  these  expressions 
become  simply  proportional  to  the  distances  PP',  PT^,  P^P ; 
and  by  Euclid  we  have 

P'P+PP'^P'P" 
unless  P  is  in  the  straight  line  P'P'. 

The  verification  of  this  proposition  by  the  preceding  expressions 
(7)  is  merely  its  proof  by  co-ordinate  geometry  with  an  oblique 
rectilineal  system  of  co-ordinates,  and  is  necessarily  somewhat 
complicated.  If  (\^,  ^)  =  (<^,  0)=(d,  v^)=0,  the  co-ordinates  be- 
come rectangular  and  the  algebraic  proof  is  easy.  There  is  no 
difficulty,  by  following  the  analogies  of  these  known  processes,  to 
prove  that,  for  any  number  of  co-ordinates,  \^,  ^,  etc.,  we  have 

P'P+PP'^^P'P", 

unless 

^«y,'  _  <^~<^^  _  OS'  _ 

(expressing  that  P  is  on  the  course  from  P  to  P")  in  which  case 

P'P+PP'^FP", 
P'Pf  etc.,  being  given  by  (7).  And  further,  by  the  aid  of  (1), 
it  is  easy  to  find  the  proper  expression  for  P'P+PP"'^P'P\ 
when  P  is  infinitely  little  off  the  course  from  P'  to  P"  :  but  it  is 
quite  unnecessary  for  us  here  to  enter  on  such  purely  algebraic 
investigations. 

(e)  It  is  obvious  indeed,  as  has  been  already  said  (§  858),  that 
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the  action  along  any  natural  course  is  the  least  possible  between  Difference 
its  terminal  cov^igurcUions  if  only  a  sufficiently  short  course  is  SSi*imd^** 
included.     Hence  for  all  cases  in  which  the  time  from  0  to  /S  is  **ti^c  ^^ 
less  than  some  particular  amount,  the  quadratic  term  in  the  ez-  <:riuisi«- 
pression  (3)  for  OP^+P^S—08  is  necessarily  positive,  for  all 
values  of  a?„  a?„  etc. ;  and  therefore  ili,  i4„...i4(-.i  must  each  be 
positive. 

(/)  Let  now  8  be  removed  further  and  further  from  0,  along  Actions  on 
the  definite  course  0,,,P,..0\  untQ  it  becomes  0\    When  it  is  cour«»in- 
0\  let  P^  be  taken  on  a  natural  course  through  0  and  0\  dc-  one^o^ 
viating  infinitely  little  from  the  course  0P0\     Then,  as  OP^O'  is  ^^^uT"" 
a  natural  course,  p,Sv^S?{: 

^/  — ^  =iy/  — 7;^,...=:0;  nutelyequaL 

and  therefore  (5)  becomes 

OP^+P^O'-OO^B, 
which  proves  that  the  chief,  or  quadratic,  term  in  the  other  ex- 
pression (3)  for  the  same,  vanishes.     Hence  one  at  least  of  the 
coefficients  A^  Af,...  must  vanish,  and  if  one  only,  i4{.,=0  for 
instance,  we  must  have 

Xi=0,  a:,=0,...a:f-.,=0. 
These  equations  express  the  condition  that  P^  lies  on  a  natural 
course  from  O  to  0'. 

{g)  Conversely  if  one  or  more  of  the  coefficients  A^  A^,  etc.,  if  two  sides, 
vanishes,  if  for  instance  A{-i  =0,8  must  be  a  kinetic  focus.     For  iiSini^ 
if  we  take  P  so  that  ^"^&SS? 

a?,  =  0,  a?,  =  0, . .  .Xi-^ = 0,  ^xuS^  it!' 

we  have,  by  (6),  ^JfZ^**"" 

A-  f      A  f  ,»  stitwtean 

g,  — g,=^V,  — 71=. ,.={).  nnbroken 

(k)  Thus  we  have  proved  that  at  a  kinetic  focus  conjugate  to  course. 
O  the  action  from  0  is  not  a  minimum  of  the  first  order,'  and 
that  the  last  configuration,  up  to  which  the  action  from  0  is  k 
minimum  of  the  first  order,  is  a  kinetic  focus  conjugate  to  0. 

(i)  It  remains  to  be  proved  that  the  action  from  0  ceases  to 
be  a  minimum  when  the  first  kinetic  focus  conjugate  to  0  is  passed. 
Let,  as  above  (§  360),  O...P...O'...P'  be  a  natural  course  ex- 
tending beyond  0\  the  first  kinetic  focus  conjugate  to  0.  Let  P 
and  P'  be  so  near  one  another  that  there  is  no  focus  conjugate  to 
cither,  between  them;  and  let  0,,,P^.,,0'  be  a  natural  course 
from  0  to  0'  deviating  infinitely  little  from  0...P...0',    By  what 

>  A  maximum  or  minimum  "of  the  first  order"  of  any  function  of  one  or  more 
variables,  is  one  in  which  the  differential  cf  the  first  degree  vanishes,  but  not  that  of 
the  second  degree. 
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we  have  just  proved  (c),  the  action  00'  along  0,,.P^...O^  differs 
only  by  R,  an  infinitely  small  quantity  of  the  third  order  from  the 
action  00'  along  0.,,P...0\  and  therefore 

Ac.{0..,P...O'...P')=Ac.{O...P,...0')  +  0'P'+R. 
^OP^+P^O'+O'P'+R. 
But,  by  a  proper  application  of  (e)  we  see  that 

P^O'+O'P'^P^F+Q 
where  Q  denotes  an  infinitely  small  quantity  of  the  second  order, 
which  is  essentially  positive.     Hence 

Ac{0..,P...O',..P')=^OP,+P^P'+Q+R, 

and  therefore,  as  22  is  infinitely  small  in  comparison  with  Q, 

Ac(O...P...O\..P')>  OP^  +  P^P\ 

Hence  the  broken  course  0,,.P^^  P^...P'  has  less  action  than 

the  natural  course  O...P..,0'...P\  and  therefore,  as  the  two 

are  infinitely  near  one  another,  the  latter  is  not  a  minimum. 

362.  As  it  has  been  proved  that  the  action  from  any  con- 
figuration ceases  to  be  a  minimum  at  the  first  conjugate  kinetic 
focus,  we  see  immediately  that  if  (7  be  the  first  kinetic  focus 
conjugate  to  0,  reached  after  passing  0,  no  two  configurations 
on  this  course  from  0  to  (X  can  be  kinetic  foci  to  one  another. 
For,  the  action  from  0  just  ceasing  to  be  a  minimum  when  O 
is  reached,  the  action  between  any  two  intermediate  configura- 
tions of  the  same  course  is  necessarily  a  minimum. 

363.  When  there  are  i  degrees  of  freedom  to  move  there 
are  in  general,  on  any  natural  course  from  any  particular  con 
figuration,  0,  at  least  i  —  1  kinetic  foci  conjugate  to  0.  Thus, 
for  example,  on  the  course  of  a  ray  of  light  emanating  from  a 
luminous  point  0,  and  passing  through  the  centre  of  a  convex 
lens  held  obliquely  to  its  path,  there  are  two  kinetic  foci 
conjugate  to  0,  as  defined  above,  being  the  points  in  which  the 
line  of  the  central  ray  is  cut  by  the  so-called  "  focal  lines  '*  of 
a  pencil  of  rays  diverging  from  0  and  made  convergent  after 
passing  through  the  lens.  But  some  or  all  of  these  kinetic 
foci  may  be  on  the  course  previous  to  0 ;  as  for  instance  in  the 
case  of  a  conmion  projectile  when  its  course  passes  obliquely 
downwards  through  0.  Or  some  or  all  may  be  lost ;  as  when, 
in  the  optical  illustration  just  referred  to,  the  lens  is  only 
strong  enough  to  produce  convergence  in  one  of  the  principal 

*  In  our  second  volume  we  hope  to  give  all  neoeeiMry  elementary  ezplaiuiUoBt  oo 
this  subject. 
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anes,  or  too  weak  to  produce  convergence  in  either.     Thus  how  many 

.       .,  i.   .1  1.  .      ^      1  ..!•        ,  ..  *.       kinetic  foci 

SO  m  the  case  of  the  undisturDed  rectilineal  motion  of  a  in  any  case, 
►int,  or  in  the  motion  of  a  point  uninfluenced  by  force,  on 
I  anticlastic  surfiace  (§  355),  there  are  no  real  kinetic  foci 
I  the  motion  of  a  projectile  (not  confined  to  one  vertical 
ane)  there  can  only  be  one  kinetic  focus  on  each  path,  con- 
gate  to  one  given  point ;  though  there  are  three  degrees  of 
^dom.  Again,  there  may  be  any  number  more  than  i  —  1, 
foci  in  one  course,  all  conjugate  to  one  configuration,  as  for 
stance  on  the  course  of  a  particle,  uninfluenced  by  force  mov- 
g  round  the  surface  of  an  anchor  ring,  along  either  the  outer 
eat  circle,  or  along  a  sinuous  geodetic  such  as  we  have  con- 
iered  in  §  361,  in  which  clearly  there  are  an  infinite  number 
foci  each  conjugate  to  any  one  point  of  the  path,  at  equal 
ccessive  distances  from  one  another. 

Referring  to  the  notation  of  §  361  (/),  let  8  be  gradually 
moved  on  until  first  one  of  the  coefficients,  A^^l  for  instance, 
vanishes ;  then  another,  Ai-ty  etc. ;  and  so  on.  We  have  seen  that 
each  of  these  positions  of  5  is  a  kinetic  focus  :  and  thus  by  the 
successive  vanishing  of  the  t— 1  coefficients  we  have  t— 1  fod. 
If  none  of  the  coefficients  can  ever  vanish,  there  are  no  kinetic 
foci.  If  one  or  more  of  them,  after  vanishing,  comes  to  a  mini- 
mum, and  again  vanishes,  as  /S  is  moved  on,  there  may  be  any 
number  more  than  i—  1  of  foci  each  conjugate  to  the  same  con- 
figuration, O. 

364.  If  i — 1  distinct^  courses  from  a  configuration  0,  each  Theorem  of 
ffering  infinitely  little  from  a  certain  natural  course  0 . ,  E .  action. 

>i . .  Oj Oi_i . .  Q,  cut  it  in  configurations  Oj,  Og,  Og,. . . Oi__i, 

id  if,  besides  these,  there  are  not  on  it  any  other  kinetic  foci 
njugate  to  0,  between  0  and  Q,  and  no  focus  at  all,  conjugate 
F,  between  E  and  Q,  the  action  in  this  natural  course  from 
to  Q  is  the  maximum  for  all  courses  0. . .P^  P^. ,,Q\  P^  being 
configuration  infinitely  nearly  agreeing  with  some  configura- 

)n  between  E  and  0^  of  the  standard  course  0.,E.,0^,.0^ 

_i..Q,  and  0,.,P,,  P,."Q  denoting  the  natural  courses 
itween  0  and  P^,  and  P^  and  Q,  which  deviate  infinitely  little 
)m  this  standard  coui-se. 

Two  courses  are  not  called  distinct  if  they  differ  from  one  another  only  in  the 
iolnte  magnitude,  not  in  the  proportions  of  the  components,  of  the  deviations  by 
ich  they  differ  from  the  standard  course. 
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Theowraof  In  §  361  (i),  let  0'  be  anyone,  0„  of  the  foci,  Oi,  0„...0<_i, 

j^om""'  and  let  P,  be  called  Pj  in  this  case.     The  demonstration  there 

given  shows  that         OQ  >  OP, +^i  Q- 
Hence  there  are  i—  1  different  broken  courses 

O...P„P,...Q;  O...PtyP^...Q;  etc., 
in  each  of  which  the  action  is  less  than  in  the  standard  coarse 
from  0  to  Q.     But  whatever  be  the  deviation  of  P^,  it  may 
clearly  be  compounded  of  deviations  P  to  P,,  P  to  P,,  P  to  P„ 
...,  P  to  Pi-i,  corresponding  to  these  i— 1  cases  respectively; 
and  it  is  easily  seen  from  the  analysis  that 
OP,+P^Q''OQ={OP^+P^Q^OQ)+(OPf+PtQ-OQ)+,... 
Hence  OP,  +  P,Q<c.OClj  which  was  to  be  proved. 
Apniicaticms      365,  Considering  now,  for  simplicity,  only  cases  in  which 
grow  of       there  are  but  two  degrees  (§§  195,  204)  of  freedom  to  move,  we 
see  that  after  any  infinitely  small  conservative  disturbance 
of  a  system  in  passing  through  a  certain  configuration,  the 
system  will  first  again  pass  through  a  configuration  of  the  un- 
disturbed course,  at  the  first  configuration  of  the  latter  at  which 
the  action  in  the  undisturbed  motion  ceases  to  be  a  mini- 
mum.   For  instance,  in  the  case  of  a  particle,  confined  to  a 
surface,  and  subject  to  any  conservative  system  of  force,  an 
infinitely  small  conservative  disturbance  of  it«  motion  through 
any  point,  0,  produces  a  disturbed  path,  which  cuts  the  undis 
turbed  path  at  the  first  point,  (7,  at  which  the  action  in  tlie 
undisturbed  path   from   0   ceases  to  be  a  minimum.      Or, 
if  projectiles,  under  the  influence  of  gravity  alone,  be  thrown 
from  one  point,   0,   in  all  directions  with  equal  velocities, 
in  one  vertical  plane,  their  paths,  as  is  easily  proved,  in- 
tersect one  another  consecutively  in  a  parabola,  of  which  the 
focus  is  0,  and  the  vertex  the  point  reached  by  the  particle 
projected  directly  upwards.     The  actual  course  of  each  particle 
from  0  is  the  course  of  least  possible  action  to  any  point,  P, 
reached  before  the  enveloping  parabola,  but  is  not  a  course  of 
minimum  action  to  any  point,  Q,  in  its  path  after  the  envelope 
is  passed. 

366.  Or  again,  if  a  particle  slides  roimd  along  the  greatest 
circle  of  the  smooth  inner  surface  of  a  hoUow  anchor  ring,  the 
**  action,"  or  simply  the  length  of  path,  from  point  to  point,  will 
be  least  possible  for  lengths  (§  351)  less  than  ir'Jab.    Thus  if 
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L  string  be  tied  round  outside  on  the  greatest  circle  of  a  per-  Appucations 
•ectly  smooth  anchor  ring,  it  will  slip  oflf  unless  held  in  posi-  gre^  of 
tion  by  staples,  or  checks  of  some  kind,  at  distances  of  not  less 
than  this  amount,  ttV  oft,  from  one  another  in  succession  round 
the  circle.     With  reference  to  this  example,  see  also  §  361, 
above. 

Or,  of  a  particle  sliding  down  an  inclined  cylindrical  groove, 
the  action  &om  any  point  will  be  the  least  possible  along  the 
straight  path  to  any  other  point  reached  in  a  time  less  than 
that  of  the  vibration  one  way  of  a  simple  pendulum  of  length 
equal  to  the  radius  of  the  groove,  and  influenced  by  a  force 
equal  g  cos  i,  instead  of  ^^  the  whole  force  of  gravity.  But  the 
action  will  not  be  a  minimum  from  any  point,  along  the  straight 
path,  to  any  other  point  reached  in  a  longer  time  than  this. 
The  case  in  which  the  groove  is  horizontal  (z  =  0)  and  the  par- 
ticle is  projected  along  it,  is  particularly  simple  and  instructive, 
and  may  be  worked  out  in  detail  with  great  ease,  without 
assuming  any  of  the  general  theorems  regarding  action. 

367.  In  the  preceding  account  of  the  Hamiltonian  principle,  Hamilton's 
and  of  developments  and  applications  which  it  has  received,  we  "^^^  °™ 
have  adhered  to  the  system  (§§  321, 323)  in  which  the  initial  and 

final  co-ordinates  and  the  constant  sum  of  potential  and  kinetic 
energies  are  the  elements  of  which  the  action  is  supposed  to 
be  a  function.  Another  system  was  also  given  by  Hamilton,  ac- 
cording to  which  the  action  is  expressed  in  terms  of  the  initial 
and  final  co-ordinates  and  the  time  prescribed  for  the  motion ; 
and  a  set  of  expressions  quite  analogous  to  those  with  which 
we  have  worked,  are  established.  For  practical  applications 
this  method  is  generally  less  convenient  than  the  other ;  and 
the  analytical  relations  between  the  two  are  so  obvious  that  we 
need  not  devote  any  space  to  them  here. 

368,  We  conclude  by  calling  attention  to  a  very  novel  JfJJJJJ."*'' 
analytical  investigation  of  the  motion  of  a  conservative  system,  theorem, 
by  Liouville  {Comptes  Rendvs,  June  16,  1856),  which  leads  im- 
mediately to  the  principle  of  least  action,  and  the  Hamiltonian 
principle  with  the  developments  by  Jacobi  and  others ;  but 
which  also  establishes  a  very  remarkable  and  absolutely  new 
theorem  regarding  the  amount  of  the  action  along  £^ny  con- 
strained course.     For  brevity  we  shall  content  ourselves  with 
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Liouviiie's    giving  it  for  a  single  free  particle,  referring  the  reader  to  the 
thSowttn.       original  article  for  Liouviiie's  complete  investigation  in  terms 

of  generalized  co-ordinates,   applicable  to  any  conservative 

system  whatever. 

Let  (x,  y^  z)  be  the  co-ordinates  of  any  point  throngh  which 
the  particle  may  move  :  V  its  potential  energy  in  this  podtioii : 
E  the  sum  of  the  potential  and  kinetic  energies  of  the  motion  io 
question :  A  the  action,  from  any  position  (a?o,  y^y  f^o)  to  (x,  y,  z) 
along  any  course  arbitrarily  chosen  (supposing,  for  instance,  the 
particle  to  be  guided  along  it  by  a  Motionless  guiding  tube). 
Then  (§  318),  the  mass  of  a  particle  being  taken  as  unity, 

^=/wfo=/V2(£;-  V)>J{dx^+dy^+dz*). 
Now  let  ^  be  a  function  of  a;,  y^  z,  which  satisfies  tiie  partial 
differential  equation 

Then 

But 

and,  if  Xj  yy  z  denote  the  actual  component  velocities  along  the 
arbitrary  path,  and  ^  the  rate  at  which  ^  increases  per  unit  of 
time  in  this  motion, 

dx=xdtj  dy=ydt,  dz^zdty  d^^^dt. 
Hence  the  preceding  becomes 


CHAPTER   III. 


EXPERIENCE. 


369.  By  the  term  Experience,  in  physical  science,  we  desig-  obBerrauon 
oate,  according  to  a  suggestion  of  Herschel's,  our  means  of  melit*^^ 
becoming  acquainted  with  the  material  universe  and  the  laws 
which  regulate  it.     In  general  the  actions  which  we  see  ever 
taking  place  around  us  are  complex^  or  due  to  the  simultaneous 
action  of  many  causes.     When,  as  in  astronomy,  we  endeavour 

to  ascertain  these  causes  by  simply  watching  their  effects,  we 
observe;  when,  as  in  our  laboratories,  we  interfere  arbitrarily 
with  the  causes  or  circumstances  of  a  phenomenon,  we  are  said 
to  experiment 

370.  For  instance,  supposing  that  we  are  possessed  of  instru-  oucrvauon. 
mental  means  of  measuring  time  and  angles,  we  may  trace  out 

by  successive  observations  the  relative  position  of  the  sun  and 
earth  at  different  instants ;  and  (the  method  is  not  susceptible 
f)f  any  accumey,  but  is  alluded  to  here  only  for  the  sake 
of  illustration)  fix)m  the  variations  in  the  apparent  diameter 
of  the  former  we  may  calculate  the  mtios  of  our  distances  from 
it  at  those  instants.  We  have  thus  a  set  of  observations  in- 
volving time,  angular  position  with  reference  to  the  sun,  and 
ratios  of  distances  from  it ;  sufficient  (if  numerous  enough)  to 
enable  us  to  discover  the  laws  which  connect  the  variations 
of  these  co-  ordinates. 

Similar  methods  may  be  imagined  as  applicable  to  the 
motion  of  any  planet  about  the  sun,  of  a  satellite  about  its 
primary,  or  of  one  star  about  another  in  a  binary  group. 

371.  In  general  all  the  data  of  Astronomy  are  determined 
in  this  way,  and  the  same  may  be  said  of  such  subjects  as 
rides  and  Meteorology.     Isothermal  Lines,  Lines  of  Equal  Dip 

u 
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obnervation.  qi  Intensity,  Lines  of  No  Declination,  the  Connexion  of  Solar 
Spots  with  Terrestrial  Magnetism,  and  a  host  of  other  data 
and  phenomena,  to  be  explained  under  the  proper  heads  in 
the  course  of  the  work,  are  thus  deducible  from  ObservcUum 
merely.  In  these  cases  the  apparatus  for  the  gigantic  experi- 
ments is  found  ready  arranged  in  Nature,  and  all  that  the 
philosopher  has  to  do  is  to  watch  and  measure  their  pipgress  t^ 
its  last  details. 

372.  Even  in  the  instance  we  have  chosen  above,  that  of 
the  planetary  motions,  the  observed  effects  are  complex ;  because, 
unless  possibly  in  the  case  of  a  double  star,  we  have  no  instance 
of  the  undisturbed  action  of  one  heavenly  body  on  another; 
but  to  a  first  approximation  the  motion  of  a  planet  about  the 
sun  is  found  to  be  the  same  as  if  no  other  bodies  than  these 
two  existed;  and  the  approximation  is  sufficient  to  indicate 
the  pix)bable  law  of  mutual  action,  whose  full  confirmation  is 
obtained  wlien,  its  truth  being  assumed,  the  disturbing  effects 
thus  calculated  are  allowed  for,  and  found  to  account  com- 
pletely for  the  observed  deviations  from  the  consequences  of 
the  first  supposition.  This  may  serve  to  give  an  idea  of  the 
mode  of  obtaining  the  laws  of  phenomena,  which  can  only  be 
observed  in  a  complex  form — and  the  method  can  always  be 
directly  applied  when  one  cause  is  known  to  be  pre-eminent 

Experiment  373,  Let  US  take  a  case  of  the  other  kind — that  in  which 
the  effects  are  so  complex  that  we  cannot  deduce  the  causes 
from  the  observation  of  combinations  arranged  in  Nature,  but 
nmst  endeavour  to  form  for  ourselves  other  combinations  which 
may  enable  us  to  study  the  effects  of  each  cause  separately,  or 
at  least  with  only  slight  modification  from  the  interference  of 
other  causes. 

A  stone,  when  dropped,  falls  to  the  groimd ;  a  brick  and  a 
boulder,  if  dropped  from  the  top  of  a  cliff  at  the  same  moment, 
fall  side  by  side,  and  reach  the  ground  together.  But  a  brick 
and  a  slate  do  not;  and  while  the  former  falls  in  a  nearly 
vertical  direction,  the  latter  describes  a  most  complex  path. 
A  sheet  of  paper  or  a  fragment  of  gold  leaf  presents  even  greater 
irregularities  than  the  slate.  But  by  a  slight  modification  of 
the  circumstances,  we  gain  a  considerable  insight  into  the 
nature  of  the  question.     The  paper  and  gold  leaf,  if  rolled  int<> 
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balls,  fall  nearly  in  a  vertical  line.  Here,  then,  there  are  evi-  Expfrimen 
dently  at  least  two  causes  at  work,  one  which  tends  to  make 
all  bodies  fall,  and  that  vertically ;  and  another  which  depends 
on  the  form  and  substance  of  the  body,  and  tends  to  retard 
its  faU  and  alter  its  vertical  direction.  How  can  we  study 
the  effects  of  the  former  on  all  bodies  without  sensible  com- 
plication from  the  latter  ?  The  effects  of  Wind,  etc.,  at  once 
point  out  what  the  latter  cause  is,  the  air  (whose  existence  we 
may  indeed  suppose  to  have  been  discovered  by  such  effects) ; 
and  to  study  the  nature  of  the  action  of  the  former  it  is  necessary 
to  get  rid  of  the  complications  arising  from  the  presence  of  air. 
Hence  the  necessity  for  Experiment.  By  means  of  an  apparatus 
to  be  afterwards  described,  we  remove  the  greater  part  of  the 
air  from  the  interior  of  a  vessel,  and  in  that  we  try  again  our 
experiments  on  the  fall  of  b^es ;  and  now  a  general  law, 
simple  in  the  extreme,  though  most  important  in  its  con- 
sequences, is  at  once  apparent — viz.,  that  all  bodies,  of  what- 
ever size,  shape,  or  material,  if  dropped  side  by  side  at  the 
same  instant,  fall  side  by  side  in  a  space  void  of  air.  Before 
experiment  had  thus  separated  the  phenomena,  hasty  philo- 
sophers had  rushed  to  the  conclusion  that  some  bodies  possess 
the  quality  of  licaviness,  others  that  of  lightiiess,  etc.  Had  this 
state  of  things  remained,  the  law  of  gi-avitation,  vigorous  though 
its  action  be  throughout  the  universe,  could  never  have  been 
recognised  as  a  general  principle  by  the  human  mind. 

Mere  observation  of  lightning  and  its  effects  could  never  have 
led  to  the  discoveiy  of  their  relation  to  the  phenomena  pre- 
sented by  rubbed  amber.  A  modification  of  the  course  of 
nature,  such  as  the  bringing  down  of  atmospheric  electricity  into 
our  laboratories,  was  necessary.  Without  experiment  we  could 
never  even  have  learned  the  existence  of  terrestrial  magnetism 

374.  In  all  cases  when  a  particular  agent  or  cause  is  to  be  Raicsforti 
studied,  experiments  should  be  arranged  in  such  a  way  as  to  exiieriment 
lead  if  i)0ssible  to  results  depending  on  it  alone;  or,  if  this 
cannot  be  done,  they  should  be  arranged  so  as  to  increase  the 
effects  due  to  the  cause  to  be  studied  till  these  so  far  exceed 
the  unavoidable  concomitants,  that  the  latter  may  be  con- 
sidered as  only  disturbing,  not  essentially  modifying,  the  effects 
of  the  principal  agent. 
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RaiMforthe     Thus,  in  Order  to  find  the  nature  of  the  action  of  a  galvanic 

conduct  of  '  o 

experiments,  current  upou  a  magnetized  needle,  we  may  adopt  either  of  these 
methods.  For  instance,  we  may  neutralize  the  disturbing  effects 
of  the  earth's  magnetism  on  the  needle  by  properly  placing  a 
magnetized  bar  in  its  neighbourhood.  This  is  an  instance  of 
the  first  method. 

Or  we  may,  by  increasing  the  strength  of  the  current,  or  by 
coiling  the  wire  many  times  about  the  needle  (as  will  be  ex- 
plained when  we  describe  the  galvanometer),  multiply  the 
effects  of  the  current  so  that  those  of  the  earth's  magnetism 
may  be  negligible  in  comparison. 

375.  In  some  cases,  however,  the  latter  mode  of  procedure 
is  utterly  deceptive — as,  for  instance,  in  the  use  of  multiplying 
condensers  for  the  detection  of  very  small  electro-motive  forces. 
In  this  case  the  friction  between  the  parts  of  the  condenser 
often  produces  more  electricity  than  that  which  is  to  be 
measured,  so  that  the  true  results  cannot  be  deduced :  a  feeble 
positive  charge,  for  instance,  may  be  trebled,  neutralized,  or 
even  changed  to  a  negative  one,  by  variations  of  manipulation 
so  delicate  as  to  be  undiscoverable,  and  therefore  unavoidabla 

376.  We  thus  see  that  it  is  imcertain  which  of  these  methods 
may  be  preferable  in  any  particular  case ;  and  indeed,  in  dis- 
covery, he  is  the  most  likely  to  succeed  who,  not  allowing 
himself  to  be  disheartened  by  the  non-success  of  one  form  of 
experiment,  carefully  varies  his  methods,  and  thus  interrogates 
in  every  conceivable  manner  the  subject  of  his  investiga- 
tions. 

pSno'SiM.  377.  A  most  important  remark,  due  to  Herschel,  r^ards 
what  are  called  residual  phenomena.  When,  in  an  experiment, 
all  known  causes  being  eJlowed  for,  there  remain  certain  un- 
explained effects  (excessively  slight  it  may  be),  these  must 
be  carefully  investigated,  and  every  conceivable  variation  of 
arrangement  of  apparatus,  etc.,  tried;  until,  if  possible,  we 
manage  so  to  exaggerate  the  residual  phenomenon  as  to  be  able 
to  detect  its  cause.  It  is  here,  perhaps,  that  in  the  present 
state  of  science  we  may  most  reasonably  look  for  extensions 
of  our  knowledge ;  at  all  events  we  are  warranted  by  the  recent 
histoiy  of  Natural  Philosophy  in  so  doing.  Thus,  to  take  only 
a  very  few  instances,  and  to  say  nothing  of  the  discoveiy  of 
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electricity  and  magnetism  by  the  ancients,  the  peculiar  smeU  Reswiui 
observed  in  a  room  in  which  an  electrical  machine  is  kept  in 
action,  was  long  ago  observed,  but  called  the  "smell  of  electricity," 
and  thus  left  unexplained.  The  sagacity  of  Schonbein  led  to 
the  discovery  that  this  is  due  to  the  formation  of  Ozone,  a  most 
extraordinary  body,  of  enonnous  chemical  energies  ;  whose 
nature  is  still  uncertain,  though  the  attention  of  chemists  has 
for  years  been  directed  to  it 

378.  Slight  anomalies  in  the  motion  of  Uranus  led  Adams 
and  Le  Vender  to  the  discovery  of  a  new  planet ;  and  the  fact 
that  a  magnetized  needle  comes  to  rest  sooner  when  vibrating 
above  a  copper  plate  than  when  the  latter  is  removed,  led  Arago 
to  what  was  once  called  magnetism  of  rotation,  but  has  since 
been  explained,  immensely  extended,  and  applied  to  most  im- 
portant purposes.  In  fact,  this  accidental  remark  about  the 
oscillation  of  a  needle  led  to  facts  from  which,  in  Faraday's 
hands,  was  evolved  the  grand  discovery  of  the  Induction  of 
Electrical  Currents  by  magnets  or  by  other  currents.  We  need 
not  enlarge  upon  this  point,  as  in  the  following  pages  the  proofs 
of  the  truth  and  usefulness  of  the  principle  will  continually 
recur.  Our  object  has  been  not  so  much  to  give  applications 
as  methods,  and  to  show  if  possible  how  to  attack  a  new  com- 
bination, with  the  view  of  separating  and  studying  in  detail  the 
various  causes  which  generally  conspire  to  produce  observed 
phenomena,  even  those  which  are  apparently  the  simplest 

379.  If  on  repetition  several  times,  an  experiment  con-  uuexpecv 
tinually  gives  different  results,  it  must  either  have  been  very  dSwPd«n« 
carelessly  performed,  or  there  must  be  some  disturbing  cause  different 
not  taken  account  of     And,  on  the  other  hand,  in  cases  where 

no  very  great  coincidence  is  likely  on  repeated  trials,  an  unex- 
pected degree  of  agreement  between  the  results  of  various  trials 
should  be  regarded  with  the  utmost  suspicion,  as  probably  due 
to  some  unnoticed  peculiarity  of  the  apparatus  employed.  In 
either  of  these  cases,  however,  careful  observation  cannot  fail 
to  detect  the  cause  of  the  discrepancies  or  of  the  unexpected 
agreement,  and  may  possibly  lead  to  discoveries  in  a  totally 
unthought-of  quarter.  Instances  of  this  kind  may  be  given 
without  limit ;  one  or  two  must  suffice. 

380.  Thus,  with  a  very  good  achromatic  telescope  a  star 
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Unexpected  appears  to  have  a  sensible  disc.     But,  as  it  is  observed  that 
cfcortunce  the  discs  of  all  stars  appear  to  be  of  equal  angular  diameter, 

of  results  of  ^  .  -r.      ...         ,, 

difTerent  wc  of  course  suspect  some  common  error.  linutmg  the  aper- 
ture of  the  object-glass  increases  the  appearance  in  question, 
which,  on  full  investigation,  is  found  to  have  nothing  to  do  with 
discs  at  all.  It  is,  in  fact,  a  diffraction  phenomenon,  and  will 
be  explained  in  our  chapters  on  Light. 

Again,  in  measuring  the  velocity  of  Sound  by  experiments 
conducted  at  night  with  cannon,  the  results  at  one  station 
were  never  found  to  agree  exactly  with  those  at  the  other ; 
sometimes,  indeed,  the  differences  were  very  considerable.  But 
a  little  consideration  led  to  the  remark,  that  on  those  nights  in 
which  the  discordance  was  greatest  a  strong  wind  was  blowing 
nearly  from  one  station  to  the  other.  Allowing  for  the  obvious 
effect  of  this,  or  rather  eliminating  it  altogether,  the  mean  velo- 
cities on  different  evenings  were  found  to  agree  very  closely. 

HyiK.theMcs.  881.  It  may  perhaps  be  advisable  to  say  a  few  words  here 
about  the  use  of  hypotheses,  and  especially  those  of  very 
different  gradations  of  value  which  are  promulgated  in  the 
form  of  Mathematical  Theories  of  different  branches  of  Natural 
Philosophy. 

882.  Where,  as  in  the  case  of  the  planetary  motions  and 
disturbances,  the  forces  concerned  are  thoroughly  known,  the 
mathematical  theory  is  absolutely  true,  and  requires  only  analysis 
to  work  out  its  remotest  details.  It  is  thus,  in  general,  far 
ahead  of  observation,  and  is  competent  to  predict  effects  not  yet 
even  observed — as,  for  instance,  Lunar  Inequalities  due  to  the 
action  of  Venus  upon  the  Earth,  etc.  etc.,  to  which  no  amount 
of  observation,  imaided  by  theory,  would  ever  have  enabled  us  to 
assign  the  true  cause.  It  may  also,  in  such  subjects  as Greometrical 
Optics,  be  carried  to  developments  far  beyond  the  reach  of 
experiment;  but  in  this  science  the  assumed  bases  of  the 
theory  are  only  approximate,  and  it  fails  to  explain  in  all  their 
peculiarities  even  such  comparatively  simple  phenomena  as 
Halos  and  Rainbows — though  it  is  perfectly  successful  for  the 
practical  purposes  of  the  maker  of  microscopes  and  telescopes — 
and  has,  in  these  cases,  carried  the  construction  of  instruments 
to  a  degree  of  perfection  which  merely  tentative  processes  never 
could  have  reached. 
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383.  Another  class  of  mathematical  theories,  based  to  anypotheMs 
iertain  extent  on  experiment,  is  at  present  useful,  and  has  even 
n  certain  cases  pointed  to  new  and  important  results,  which 
experiment  has  subsequently  verified.  Such  are  the  Djmamical 
rheory  of  Heat,  the  Undulatory  Theory  of  Light,  etc.  etc.  In 
the  former,  which  is  based  upon  the  experimental  fact  that 
heat  is  motion,  many  formulae  are  at  present  obscure  and  imin- 
terpretable,  because  we  do  not  know  what  is  moving  or  how  it 
moves.  Eesults  of  the  theory  in  which  these  are  not  involved, 
are  of  course  experimentally  verified.  The  same  difficulties 
exist  in  the  Theory  of  Light  But  before  this  obscurity  can  be 
perfectly  cleared  up,  we  must  know  something  of  the  ultimate, 
or  molecular,  constitution  of  the  bodies,  or  groups  of  molecules, 
at  present  known  to  us  only  in  the  aggregate. 

884.  A  third  class  is  well  represented  by  the  Mathematical 
Theories  of  Heat  (Conduction),  Electricity  (Statical),  and 
Magnetism  (Permanent).  Although  we  do  not  know  Aoti; 
Heat  is  propagated  in  bodies,  nor  whut  Statical  Electricity 
or  Permanent  Magnetism  are — the  laws  of  their  forces  are 
as  certainly  known  as  that  of  Gravitation,  and  can  therefore 
like  it  be  developed  to  their  consequences,  by  the  application 
of  Mathematical  Analysis.  The  works  of  Fourier,^  Green,* 
and  Poisson,^  are  remarkable  instances  of  such  development 
Another  good  example  is  Ampere's  Theory  of  Electro-dynamics. 
And  this  leads  us  to  a  fourth  class,  which,  however  ingenious, 
must  be  regarded  as  in  reality  pernicious  rather  than  usefuL 

385.  A  good  type  of  such  a  theory  is  that  of  Weber,  which 
professes  to  supply  a  physical  basis  for  Ampere's  Theory  of 
Electro-dynamics,  just  mentioned  as  one  of  the  admirable  and 
really  useful  third  class.  Ampere  contents  himself  with  ex- 
perimental data  as  to  the  action  of  closed  currents  on  each 
other,  and  from  these  he  deduces  mathematically  the  action 
which  an  element  of  one  current  ought  to  exert  on  an  element 
of  another — if  such  a  case  could  be  submitted  to  experiment 
This  cannot  possibly  lead  to  confusion.  But  Weber  goes 
further,  he  assimies  that  an  electric  current  consists  in  the 

I  Thiorie  Analytiqve  de  la  Chaleur.     Paris.     1822. 

s  Essay  on  the  Application  of  Mathnnalical  Analysis  to  the  Theories  of  Klectricily 
awi  MafpieHsm.     Nottingham.     1828.     Reprinted  in  Crelle's  Journal. 
»  Mfmoires  sur  le  Ma^iktisme.     \Um.  de  I'Arad.  dea  Sciences.     1811. 
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motion  of  particles  of  two  kinds  of  electricity  moving  in 
opposite  directions  through  the  conducting  wire ;  and  that 
these  particles  exert  forces  on  other  such  particles  of  electricity, 
when  in  relative  motion,  dififerent  from  those  they  would  exert 
if  at  relative  rest.  In  the  present  state  of  science  this  is  wholly 
unwarrantable,  because  it  is  impossible  to  conceive  that  the 
hypothesis  of  two  electric  fluids  can  be  tnie,  and  besides,  be- 
cause the  conclusions  are  inconsistent  with  the  Conservation  of 
Energy,  which  we  have  numberless  experimental  reasons  for 
receiving  as  a  general  principle  in  nature.  It  only  adds  to  the 
danger  of  such  theories,  when  they  happen  to  explain  further 
phenomena,  as  those  of  induced  currents  are  explained  by  that  of 
Weber.  Andther  of  this  class  is  the  Corpuscular  Theory  of  lights 
which  for  a  time  did  great  mischief,  and  which  could  scarcely 
have  been  justifiable  unless  a  luminous  corpuscle  had  been 
actually  seen  and  examined.  As  such  speculations,  though 
dangerous,  are  interesting,  and  often  beautiful  (as,  for  instance, 
that  of  Weber),  we  will  refer  to  them  again  under  the  proper 
heads. 

386.  Mathematical  theories  of  physical  forces  are  in  general 
of  one  of  two  species.  First,  those  in  which  the  fundamental 
assumption  is  far  more  general  than  is  necessary.  Thus  the 
equation  of  Laplace's  Functions  [Chap.  I.  App.  B,  (a)]  contains 
the  matliematical  foundation  of  the  theories  of  Gravitation, 
Statical  Electricity,  Permanent  Magnetism,  Permanent  Flux  of 
Heat,  Motion  of  Incompressible  Fluids,  etc.  et<;.,  and  has  there- 
fore to  be  accompanied  by  limiting  considerations  when  applied 
to  any  one  of  these  subjects. 

Again,  there  are  those  which  are  built  upon  a  few  experi- 
ments, or  simple  but  inexact  hypotheses,  only ;  and  which  re- 
quire to  be  modified  in  the  way  of  extension  rather  than 
limitatioa  As  a  notable  example  of  such,  we  may  give  the 
whole  subject  of  Abstract  Dynamics,  which  requires  extensive 
modifications  (explained  in  Division  iil)  before  it  can  in  general 
be  applied  to  practical  purposes. 

387.  When  the  most  probable  result  is  required  from  a 
number  of  observations  of  the  same  quantity  which  do  not 
exactly  agree,  we  must  appeal  to  the  mathematical  theory  of 
probabilities  to  guide  us  to  a  method  of  combining  the  results 
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of  experience,  so  as  to  eliminate  from  them,  as  far  as  possible,  i>e«incti<m  < 

inost  pro- 

the  inaccuracies  of  observation.     Of  course  it  is  to  be  under-  *»we  nmn 
stood  that  we  do  not  here  class  as  inaccuracies  of  observation  berof  obsw 

Tationa. 

any  errors  which  may  aflect  alike  every  one  of  a  series  of 
observations,  such  as  the  inexact  determination  of  a  zero  point 
or  of  the  essential  units  of  time  and  space,  the  personal  equa- 
tion of  the  observer,  etc.  The  process,  whatever  it  may  be, 
which  is  to  be  employed  in  the  elimination  of  errors,  is  ap- 
plicable even  to  these,  but  only  when  several  distinct  series  of 
observations  have  been  made,  with  a  change  of  instrument,  or 
of  observer,  or  of  botL 

388.  We  imderstand  as  inaccuracies  of  observation  the 
whole  class  of  errors  which  are  as  likely  to  lie  in  one 
direction  as  another  in  successive  trials,  and  which  we  may 
fairly  presume  would,  on  the  average  of  an  infinite  number  of 
repetitions,  exactly  balance  each  other  in  excess  and  defect 
Moreover,  we  consider  only  errors  of  such  a  kind  that  their 
probability  is  the  less  the  greater  they  are  ;  so  that  such  errors 
as  an  accidented  reading  of  a  wrong  number  of  whole  de- 
grees on  a  divided  circle  (which,  by  the  way,  can  in  general  be 
probably  corrected  by  comparison  with  other  observations)  are 
not  to  be  included. 

389.  Mathematically  considered,  the  subject  is  by  no  means 
an  easy  one,  and  many  high  authorities  have  asserted  that  the 
reasoning  employed  by  Laplace,  Gauss,  and  others,  is  not  well 
founded ;  although  the  results  of  their  analysis  have  been 
generally  accepted.  As  an  excellent  treatise  on  the  subject  has 
recently  been  published  by  Airy,  it  is  not  necessary  for  us  to 
do  more  than  sketch  in  the  most  cursory  manner  a  simple  and 
apparently  satisfactory  method  of  arriving  at  what  is  called  the 
Metlwd  of  Least  Squares, 

390.  Supposing  the  zero- point  and  the  graduation  of  an 
instrument  (micrometer,  mural  circle,  thermometer,  electrometer, 
galvanometer,  etc.)  to  be  absolutely  accurate,  successive  readings 
of  the  value  of  a  quantity  (linear  distance,  altitude  of  a  star, 
temperature,  potential,  strength  of  an  electric  cuiTent,  etc.)  may, 
and  in  general  do,  continually  differ.  'VVTiat  is  most  probably 
the  true  value  of  the  observed  quantity  ? 

The  most  probable  value,  in  all  such  cases,  if  the  observa- 
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»educUonof  ijiQ^jg  ^re  all  equally  reliable,  will  evidently  be  the  simple 
ftSm amm-  ™®^^ >  ^^  ^^ ^^^V  ^®  ^^^  equally  reliable,  the  mean  found  by 
JSons^**''  attributing  weights  to  the  several  observations  in  proportion  to 
their  presumed  exactness.  But  if  several  such  means  have 
been  taken,  or  several  single  observations,  and  if  these  several 
means  or  observations  have  been  diflTerently  qualified  for  the 
determination  of  the  sought  quantity  (some  of  them  being 
likely  to  give  a  more  exact  value  than  others),  we  must  assign 
theoretically  the  best  method  of  combining  them  in  practice. 

391.  Inaccuracies  of  observation  are,  in  general,  as  likely  to 
be  in  excess  as  in  defect  They  are  also  (as  before  observed)  more 
likely  to  be  smaU  than  great ;  and  (practically)  laige  errors  are 
not  to  be  expected  at  all,  as  such  would  come  under  the  class 
of  avoidable  mistakes.  It  follows  that  in  any  one  of  a  series  of 
observations  of  the  same  quantity  the  probability  of  an  error 
of  mf^itude  x  must  depend  upon  x^,  and  must  be  expressed 
by  some  function  whose  value  diminishes  veiy  rapidly  as  x 
increases.  The  probability  that  the  error  lies  between  x  and 
x+Sx,  where  Bx  is  very  small,  must  also  be  proportional  to  &;. 

Hence  we  may  assume  the  probability  of  an  error  of  any 
magnitude  included  in  the  range  of  a?*  to  a?  +  ^  to  be 
4>{x*)&r, 

Now  the  error  must  be  included  between  +  oo  and  —  oo . 
Hence,  as  a  first  condition, 

<f>{x^)dx=zl  (1). 


/: 


The  consideration  of  a  very  simple  case  gives  us  the  means  of 
determining  the  form  of  the  function  <f>  involved  in  the  preceding 
expression.  > 

Suppose  a  stone  to  be  let  fall  with  the  object  of  hitting  a  mark 
on  the  ground.  Let  two  perpendicular  lines  be  drawn  through 
the  mark,  and  take  them  as  axes  of  x  and  y  respectively.  The 
chance  of  the  stone  falling  at  a  distance  between  x  and  x  +  ^ 
from  the  axis  of  y  is  4Kx*)Bx, 

Of  its  falling  between  y  and  y  +  fy  from  the  axis  of  x  the  chance 
is  ^(y*)^y. 

The  chance  of  its  falling  on  the  elementary  area  2ir5y,  who0e  co- 
ordinates are  x,  y^  is  therefore  (since  these  are  independent  events, 

»  Compare  Bo«)lc,  Tnin5«.  R.S.E.,  1857. 
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and  it  is  to  be  observed  that  this  is  the  assumption  on  which  the  Deduction  of 
whole  investigation  depends)  babienmit 

<K^*)<^(y*)&p8y,  or  a<^(a:*)<^«),  Sr"if  otaS-^ 

if  a  denote  the  indefinitely  small  area  about  the  point  xy,  vations. 

Had  we  taken  any  other  set  of  rectangular  axes  with  the  same 
origin,  we  should  have  found  for  the  same  probability  the  ex- 
pression a<t>(x*)  <^(y'*), 
x\  y  being  the  new  co-ordinates  of  a.     Hence  we  must  have 

From  this  functional  equation  we  have  at  once 

where  A  and  m  are  constants.     We  see  at  once  that  m  must  be 
negative  (as  the  chance  of  a  large  error  is  very  small),  and  we 

may  write  for  it  —■ —  ,  so  that  h  will  indicate  the  degree  of  de- 

licacy  or  coarseness  of  the  system  of  measurement  employed. 
Substituting  in  (1)  we  have 


</: 


+  0D  «f 


whence  i4  =  — r  >  and  the  law  of  error  is 
^ .  Jitn 

1         £?.  &r  Law  of  error. 

The  law  of  error,  as  regjurds  distance  from  the  mark,  without 
reference  to  the  direction  of  error,  is  evidently 

/Mx')<i>{y')dxdy, 
taken  through  the  space  between  concentric  circles  whose  radii 
are  r  and  r4-8r,  and  is  therefore 

which  is  of  the  same  form  as  the  law  of  error  to  the  right  or  left 
of  a  line,  with  the  additional  factor  r  for  the  greater  space  for 
error  at  greater  distances  from  the  centre.  As  a  verification,  we 
see  at  once  that 

as  was  to  be  expected. 
392.  The  Probable  Error  of  an  observation  is  a  numerical  J^^^we 
laiitity  such  that  the  error  of  the  observation  is  as  likely  to 
:ceed  as  to  fall  slioi-t  of  it  in  magnitude. 
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Probable  If  we   assume  the  law  of  error  juBt  found,  and  call  P  the 

*'™''  probable  error  in  one  trial, 

Jo  J  P 

The  solution  of  this  equation  by  trial  and  error  leads  to  the 
approximate  result 

P=0-477A. 

Probable  393.  The  probable  error  of  any  given  multiple  of  the  value 

Bum.  differ-   of  an  obscrvcd  quantity  is  evidently  the  same  multiple  of  the 
multiple,      probable  error  of  the  quantity  itself. 

The  probable  error  of  the  sum  or  difference  of  two  quantities, 

affected  by  i^idependent  errors,  is  the  square  root  of  the  sum  of 

the  squares  of  their  separate  probable  errors. 

To  prove  this,  let  us  investigate  the  law  of  error  of 
X±Y=Z 
where  the  laws  of  error  of  X  and  Y  are 

—.-  i    a'i     - ,  and  -7=  e    b«  jL  » 

respectively.  The  chance  of  an  error  in  Z,  of  a  magnitude  not 
exceeding  the  limits  [r,  z  +  Sz],  is  evidently 

1     /*"^°°   _^         r»+^5— X    _y* 

— r         e    aidxf  €    lAdy. 

irabj -^  Jz-x 

For,  whatever  value  is  assigned  to  x,  the  value  of  ^  ia  given  by 
the  limits  z  —  x  and  z  +  8z  —  x  [or  z  +  x,  z  +  Sz  +  x;  but  the 
chances  of  ±  a;  are  the  same,  and  both  are  included  in  the  limits 
(±  oo)  of  integration  with  respect  to  a:]. 

The  value  of  the  above  integral  becomes,  by  effecting  the  in- 
tegration with  respect  to  ^, 

and  this  is  easily  reduced  to 

1     _  -^      5  J 

Thus  the  probable  error  is  0  477^^a• +6*,  whence  the  proposition. 
And  the  same  theorem  is  evidently  true  for  any  number  of  quan- 
tities. 

Practical  394.  As  above  remarked,  the  principal  use  of  this  theory*  is 

aiiplieatlon.     .,,,.  «  --i  . 

in  the  deduction,  from  a  large  senes  of  observations,  of  the 
values  of  the  quantities  sought  in  such  a  form  as  to  be  liable 
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the  smallest  probable  error.  As  an  instance — by  the  piin-  Practical 
pies  of  physical  astronomy,  the  place  of  a  planet  is  calculated  Method  of 
om  assumed  values  of  the  elements  of  its  orbit,  and  tabulated 
I  the  Nautical  Almanac,  The  observed  places  do  not  exactly 
jree  with  the  predicted  places,  for  two  reasons — ^first,  the  data 
•r  calculation  are  not  exact  (and  in  fact  the  main  object  of  the 
)servation  is  to  correct  their  assumed  values);  second,  the 
jservation  is  in  error  to  some  unknown  amount.  Now  the 
iference  between  the  observed,  and  the  calculated,  places 
spends  on  the  errors  of  assumed  elements  and  of  observation, 
ur  methods  are  applied  to  eliminate  as  far  as  possible  the 
cond  of  these,  and  the  resulting  equations  give  the  required 
>rrections  of  the  elements. 

Thus  if  d  be  the  calculated  R.A.  of  a  planet :  5a,  Be,  8»,  etc., 
the  corrections  required  for  the  assumed  elements — the  true 
R.A.  is  0+A8a+ESe+UBa+etc,y 

where  A,  E,  11,  etc.,  are  approximately  known.  Suppose  the 
observed  R.A.  to  be  ©,  then 

e+Aha+Ehe+TlB9+...r=e 
or  i4Sa+J5;&?+nSc+...  =  e-^, 

a  known  quantity,  subject  to  error  of  observation.  Every  obser- 
vation made  gives  us  an  equation  of  the  same  form  as  this,  and 
in  general  the  number  of  observations  greatly  exceeds  that  of  the 
quantities  8rt,  5<?,  8a,  etc.,  to  be  found.  But  it  will  be  sufficient  to 
consider  the  simple  case  where  only  one  quantity  is  to  be  found. 

Suppose  a  number  of  observations,  of  the  same  quantity  a?,  lead 
to  the  following  equations : — 

j:=:Z?i,  x=Bt,  etc., 
and  let  the  probable  errors  be  Ei,  E^,  ...  Multiply  the  terms  of 
each  equation  by  numbers  inversely  proportional  to  Ei,  J?,,  .... 
This  will  make  the  probable  errors  of  the  second  members  of  all 
the  equations  the  same,  e  suppose.  The  equations  have  now  the 
general  form  ax=b, 

and  it  is  required  to  find  a  system  of  linear  factors,  by  which 
these  equations,  being  multiplied  in  order  and .  added,  shall  lead 
to  a  final  equation  giving  the  value  of  x  with  the  probable  error  a 
minimum.     Let  them  be/1,/5,  etc.     Then  the  final  equation  is 

(2a/)x=2(^/) 
and  therefore  P\lafy'=e'2{D 

by  the  theorems  of  §  393,  if  P  denote  the  probable  error  of  x. 
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£!i^»mi.  ticncc  ^£1  IB  a  mininmin,  and  its  differaDtU 

with  respect  to  each  aeparate  &elor/most  vaiiiah. 
This  gives  a  series  of  equalioiui,  whose  genend  forai  m 

/2(q/-)-a2(/«)=0, 

which  give  evideDtly/,s=a„/t=at,  etc. 

Hence  the  following  rale,  which  maj  easilj  be  aeea  ID  koU  for 
any  nomher  of  linear  equations  containing  a  mailer  mmthm  of 

uidcnown  quantities, 

Make  the  probable  error  of  the  second  member  the  $atiu  im  mek 
equation,  by  the  employment  of  a  proper  factor;  muUiply  emek 
equation  by  the  coefficient  of  x  in  it  and  add  all,  for  one  of  Ikr 
final  equations;  and  so,  with  reference  to  y,  z,  etc,  for  ike  oiiert. 
The  probable  errors  of  the  values  of  x,  y,  etc,  found  from  these 
final  equations  will  be  less  than  those  of  the  values  derived 
from  any  other  linear  method  of  combining  the  equationsL 

Tliis  process  has  been  called  the  method  of  Leasi  Sqmans, 
l)ecause  the  values  of  the  unknown  quantities  found  by  it  aiv 
such  as  to  render  the  sum  of  the  squares  of  the  errors  of  the 
original  equations  a  minimum. 

That  is,  in  the  simple  case  taken  above, 
^ax — 6)'  =s  minimum. 
For  it  is  evident  that  this  gives,  on  differentiating  with  respect 
tox,  5)a(ax  — 6)=0, 

which  is  the  law  above  laid  down  for  the  formation  of  the  single 
equation. 

UmihodBi*!        895.  When  a  series  of  obsenations  of  the  same  ouantitv 

■■■■■■■■■itiiia  *  * 


mMrimaui  has  becu  made  at  different  times,  or  under  different  ciirum 
stances,  the  law  connecting  the  value  of  the  quantity  with  the 
time,  or  some  other  variable,  may  be  derived  from  the  results 
in  several  ways  -all  more  or  less  approximate.  Two  of  these 
methods,  howov«»r,  an»  ho  niu<rh  niort»  extensively  us<h1  tlian  th«* 
otlu*r!S,  that  we  shall  dovot**  a  paj^i*  or  two  hen*  t«»  a  pn'liminar}' 
notice  of  tht*ni,  leaving  <ieUuUMl  instances  of  their  application 
till  we  come  to  Ht»at,  KlcMtrieity,  ete.  They  i-4»nsi»t  in  ^1.)  a 
f Vnr,  };ivin^  a  ^iphic  n'pi-es4»ntatinn  of  the  notation  lietwetii 
the  oniinatt*  and  absei.ssii,  i\\u\  2  an  Kinyiriml  t\»,un*lii  i*ttii 
nt*etin>;  the  varial»li>. 

896.  Thus  it'  the  absi'is>«c  itpiexiit  intitvaU  «*f  time.  an<i 
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the  ordinates  the  corresponding  height  of  the  barometer,  we  curveai. 
may  construct  curves  which  show  at  a  glance  the  dependence 
of  barometric  pressure  upon  the  time  of  day ;  and  so  on.  Such 
curves  may  be  accurately  drawn  by  photographic  processes  on  a 
sheet  of  sensitive  paper  placed  behind  the  mercurial  column, 
and  made  to  move  past  it  with  a  uniform  horizontal  velocity 
by  clockwork.  A  similar  process  is  applied  to  the  Temperature 
and  Electricity  of  the  atmosphere,  and  to  the  components  of 
terrestrial  magnetism. 

897.  When  the  observations  are  not,  as  in  the  last  section, 
continuous,  they  give  us  only  a  series  of  points  in  the  curve, 
from  which,  however,  we  may  in  general  approximate  very 
closely  to  the  result  of  continuous  observation  by  drawing, 
liberd  manu,  a  curve  passing  through  these  points.  This  pro- 
cess, however,  must  be  employed  with  great  caution ;  because, 
unless  the  observations  are  sufficiently  close  to  each  other, 
most  important  fluctuations  in  the  curve  may  escape  notice.  It 
is  applicable,  with  abundant  accuracy,  to  aU  cases  where  the 
quantity  observed  changes  very  slowly.  Thus,  for  instance, 
weekly  observations  of  the  temperature  at  depths  of  from  6  to 
24  feet  imderground  were  found  by  Forbes  sufficient  for  a  very 
accurate  approximation  to  the  law  of  the  phenomenon. 

898.  As  an  instance  of  the  processes  employed  for  obtaining  interpoia- 
an  empirical  formula,  we  may  mention  methods  of  Interpola-  empiiiUi 
(imi,  to  which  the  problem  can  always  be  reduced.     Thus  from  **"° 
sextant  obser\'ations,  at  known  intervals,  of  the  altitude  of  the 

sun,  it  is  a  common  problem  of  astronomy  to  determine  at  what 
instant  the  altitude  is  greatest,  and  what  is  that  greatest  alti- 
tude. The  first  enables  us  to  find  the  true  solar  time  at  the 
])lace,  and  the  second,  by  the  help  of  the  Nautical  Almaruic, 
gives  the  latitude.  The  differential  calculus,  and  the  calculus 
of  finite  differences,  give  us  formulae  for  any  required  data; 
and  Lagrange  has  shown  how  to  obtain  a  very  useful  one  by 
elementary  algebra. 

By  Taylor's  Theorem,  \i  y=f{x\  we  have 

,y  =/(a:o-h:p-Xo)=A^o)+(x-XoyX^o)+^-^f '^^^  . . . 
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interpoia-  where  ^  is  a  proper  fractiou,  and  a:©  is  any  quantity  whatever, 

empirical  This  fomiula  is  useful  only  when  the  successive  derived  values 

off(xo)  diminish  very  rapidly. 
In  finite  differences  we  have 

f(x+h)=^I)\fXx)={[  +  :l)\ax) 

=  f(x)  +  h^Ax)+  ^f^A\ilx)+...  i^j. 

a  very  useful  formula  when  the  higher  differences  are  small. 

(1)  suggests  the  proper  form  for  the  required  expression,  but  it 
is  only  in  rare  cases  that/'(a:o),  /"(j?o)j  etc.,  are  derivable  directly 
from  observation.  But  (2)  is  useful,  inasmuch  as  the  successive 
differences,  A/'(x),  A^t^),  etc.,  are  easily  calculated  from  the 
tabulated  results  of  observation,  provided  these  have  been  taken 
for  equal  successive  increments  of  x. 

If  for  values  a:,,  a:,,  ...  a^n  a  function  takes  the  values  yi,  y„ 
y,,  •••  ^nj  Lagrange  gives  for  it  the  obvious  expression 

^^  (x»-a^)(a;,-x,)...(^.-xj  +?^,  (x,-^.)(^,-x,)...(x,-x.)'^  ...](«-«.)(a?-*.)."(' 
Here  it  is  of  course  assumed  that  the  function  required  is  a 
rational  and  integral  one  in  x  of  the  n— 1^  degree;  and,  in 
general,  a  similar  limitation  is  in  practice  applied  to  the  other 
formulae  above ;  for  in  order  to  find  the  complete  expression  for 
f{x)  in  either,  it  is  necessary  to  determine  the  values  of  /'(a?©), 
/\xo),  ...  in  the  first,  or  of  A/'(a?),  Ay(a?),  ...  in  the  second.  If 
n  of  the  coefficients  be  required,  so  as  to  give  the  n  chief  terms 
of  the  general  value  of /(a:),  we  must  have  n  observed  simul- 
taneous values  of  ar  and /(a:),  and  the  expressions  become  deter- 
minate and  of  the  n— 1^  degree  in  a:— a?o  and  h  respectively. 

In  practice  it  is  usually  sufficient  to  employ  at  most  three  terms 
of  either  of  the  first  two  series.  Thus  to  express  the  length  / 
of  a  rod  of  metal  as  depending  on  its  temperature  t,  we  may 
assume  from  (1) 

l=l,+A{t-to)+B{t-to)\ 
lo  being  the  measured  length  at  any  temperature  /o- 
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899.  Having  seen  in  the  preceding  chapter  that  for  the  NeoaMity 
investigation  of  the  laws  of  nature  we  must  carefully  watch  meMoro- 
experiments,  either  those  gigantic  ones  which  the  universe 
furnishes,  or  others  devised  and  executed  by  man  for  special 
objects — and  having  seen  that  in  all  such  observations  accurate 
measurements  of  Time,  Space,  Force,  etc.,  are  absolutely  neces- 
sary, we  may  now  appropriately  describe  a  few  of  the  more 
useful  of  the  instruments  employed  for  these  purposes,  and  the 
various  standards  or  units  which  are  employed  in  them. 

400.  Before  going  into  detail  we  may  give  a  rapid  rimmi 
of  the  principal  Standards  and  Instruments  to  be  described  in 
this  chapter.  As  most,  if  not  all,  of  them  depend  on  physical 
principles  to  be  detailed  in  the  course  of  this  work — we  shall 
assume  in  anticipation  the  establishment  of  such  principles, 
giving  references  to  the  future  division  or  chapter  in  which  the 
experimental  demonstrations  are  more  particularly  explained. 
This  course  will  entail  a  slight,  but  unavoidable,  confusion — 
slight,  because  Clocks,  Balances,  Screws,  etc.,  are  familiar  even 
to  those  who  know  nothing  of  Natural  Philosophy ;  imavoid- 
able,  because  it  is  in  the  very  nature  of  our  subject  that  no  one 
part  can  grow  alone,  each  requiring  for  its  full  development  the 
utmost  resources  of  all  the  others.  But  if  one  of  our  depart- 
ments thus  borrows  from  others,  it  is  satisfactory  to  find  that  it 
more  than  repays  by  the  power  which  its  improvement  affords 
them. 

401.  We  may  divide  our  more  important  and  fundamental 
instruments  into  four  classes — 
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ciMMs of  Those  for  measuriniz  Time; 

Inttnunentii.  "^    .,  _,  . 

Space,  linear  or  angular ; 
Force ; 
»,        Mass. 
Other  instruuients,  adapted  for  special  purposes  such  as  lb* 
measurement  of  Temperature,  Light,  Electric  Currents,  etc,  will 
come  more  naturally  under  the  head  of  the  particular  physical 
eneigies  to  whose  measurement  they  are  applicable. 

402.  We  shall  now  consider  in  order  the  more  prominent 
instruments  of  each  of  these  four  classes,  and  some  of  their 
most  important  applications  : — 

Clock,  Chronometer,  Chronoscope,  Applications  to  Ob 

servation  and  to  self-r^;^tering  Instruments. 
Vernier  and  Screw-Micrometer,  Cathetometer,  Sphen> 
meter.  Dividing  Engine,  Theotlolite,  Sextant  or  Circle. 
Conunon  BaUnce,  Bifilar  Balance,  Torsion  Balance,  Pen- 
dulum, Dynamometer. 
Among  Standards  we  may  mention — 

1.  Time, — Day,  Hour,  Minute,  Second,  sidereal  and  solar. 

2.  Space. — Yard  and  Metre  :  Degree,  Minute,  Second. 

3.  Farce.  -Weight  of  a  Pound  or  Kilogramme,  etc,  in  any 

l)articular  locality  (gravitation  unit)  ;  kinetic  unit 

4.  Mass. — Pound,  Kilogramme,  etc. 

408.  Although  without  instruments  it  is  impossible  to  pro 
cure  or  apply  any  standanl,  yet,  as  without  the  standards  no 
instrument  could  give  us  absolute  measure,  we  may  consider  the 
standards  first — referring  to  the  instruments  as  if  we  already 
knew  their  principles  and  applicationa 
Anffuur  401«  We  need  do  no  more  than  mention  the  standard  of 

^'  angular  measure,  the  Degne  or  ninetieth  part  of  a  right  angle, 
and  its  successive  sulMlivisions  into  sixtieths  called  MimmU*, 
Serotuin,  Thirds,  t*to.  Tliis  syntfui  of  divi.sion  i.s  oxtrvmely  in 
«*onvenient,  but  it  has  Uh-'U  so  long  universally  adopt4*d  by  all 
EurojKS  that  tlie  far  prt»fi»nibh»  form,  tln»  diM-iiiml  ilivision  of  the 
right  angle.  decTeetl  by  tin*  Fn»ncli  lU*public  when  it  success 
fully  intHHlucHnl  other  mon»  swiH'pin^'  i'lijin>it»s,  uttiTly  faiW. 
StHMmtK  liowrver,  an*  j;tMK*niUy  dixidiMl  into  iI«h  iiuul  imrta. 

The  tliH-inial  division  is  rinploviMl,  nf  i*»urM«\  wln»n  rirruiar 
iiieiutun'  in  adopU^l.  tht*  unit  of  rinular  lueasun*  U*ing  thf  angh* 
^ubtendeii  at  tht*  rontn*  of  .my  rinlr  by  an  an*  »M|ual  in  length 
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to  the  radius.    Thus  two  right  angles  have  the  circular  measure  Angular 
TT  or  31 4159,  so  that  ir  and  180  represent  the  same  angle  :  and 
the  unit  angle,  or  the  angle  of  which  the  arc  is  equal  to  radius, 
is  bf'2^b1%...,  or  67^1 7^4 ^-S.— (Compare  §  41.) 

Hence  the  number  of  degrees  n  in  any  angle  0  given  in  circular 
measure,  or  the  converse,  will  be  found  at  once  by  the  equation 

i=—,and  therefore  n=^x57°-29578...  =  ^x57°-17'«44''-8... 
X      180 

405.  The  practical  standard  of  time  is  the  Sidereal  Day,  being  Meuore 
the  period,  nearly  constant,  of  the  earth's  rotation  about  its  axis  ° 

(§  247).  It  has  been  calculated  from  ancient  observations  of 
eclipses  that  this  has  not  altered  by  lo.oo^o.ooo  ^^  ^^  length 
from  720  B.C.  From  it  is  easily  derived  the  Mean  Solar  Day, 
or  the  mean  interval  which  elapses  between  successive  passages 
of  the  sun  across  the  meridian  of  any  place.  This  is  not  so  nearly 
as  the  former,  an  absolute  or  invariable  unit;  secular  changes  in 
the  period  of  the  earth's  rotation  about  the  sun  affect  it,  though 
very  slightly.  It  is  divided  into  24  hours,  and  the  hour,  like 
the  degree,  is  subdivided  into  successive  sixtieths,  called  minutes 
and  seconds.     The  usual  subdivision  of  seconds  is  decimal 

It  is  well  to  observe  that  seconds  and  minutes  of  time 
are  distinguished  from  those  of  angular  measure  by  notation. 
Thus  we  have  for  time  13**  43™  27*58,  but  for  angular  measure 
13°  43'  27"-58. 

When  long  periods  of  time  are  to  be  measured,  the 
mean  solar  year,  consisting  of  366-242203  sidereal  days,  or 
365242242  mean  solar  days,  or  the  century  consisting  of  100 
such  years,  may  be  conveniently  employed  as  the  unit. 

406.  The  ultimate  standard  of  accurate  chronometry  must  Necewityfo 
(if  the  human  race  live  on  the  earth  for  a  few  million  years)  be  «tandard. 
founded  on  the  physical  properties  of  some  body  of  more  con-  «uggcgted. 
stant  character  than  the  earth  :  for  instance,  a  carefully  arranged 
metallic  spring,  hermetically  sealed  in  an  exhausted  glass  vessel. 

The  time  of  vibration  of  such  a  spring  would  be  necessarily  more 
constant  from  day  to  day  than  that  of  the  balance-spring  of  the 
best  possible  chronometer,  disturbed  as  this  is  by  the  train  of 
mechanism  with  which  it  is  connected  :  and  it  would  almost  cer- 
tainly be  more  constant  from  age  to  age  than  the  time  of  rota- 
tion of  the  eai-th  (cooling  and  shrinking,  as  it  certainly  is,  to  an 
extent  that  must  be  verv  considerable  in  fifty  million  years). 
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StoSSh.  407.  The  British  standard  of  length  is  the  Imperial  Yard, 

!rtmcui^°    defined  as  the  distance  between  two  marks  on  a  certain  metallic 

SS^dal^.     bar,  preserved  in  the  Tower  of  London,  when  the  whole  has  a 

temperature  of  60°  Fahrenheit.     It  was  not  directly  derived 

from  any  fixed  quantity  in  nature,  although  some  important 

relations  with  such  have  been  measured  with  great  accuracy. 

It  has  been  carefully  compared  with  the  length  of  a  second's 

pendulum  vibrating  at  a  certain  station  in  the  neighbourhood  of 

London,  so  that  if  it  should  again  be  destroyed,  as  it  was  at  the 

burning  of  the  Houses  of  Parliament  in  1834,  and  should  all 

exact  copies  of  it,  of  which  several  are  preserved  in  various 

places,  be  also  lost,  it  can  be  restored  by  pendulum  observa- 

Sm^Mons    tious.      A  less  accuratc,  but  still  (except  in   thQ  event  of 

not  constant.  gJ^p|^]^q^aJ^g  disturbance)  a  very  good,  means  of  reproducing  it 

exists  in  the   measured  base-lines  of  the  Ordnance  Survey, 

and  the  thence  calculated  distances  between  definite  stations 

in  the  British  Islands,  which  have  been  ascertained  in  terms 

of  it  with  a  degree  of  accuracy  sometimes  within  an   inch 

per  mile,  that  is  to  say,  within  about  7^^ . 

408.  In  scientific  investigations,  we  endeavour  as  much  as 
possible  to  keep  to  one  unit  at  a  time,  and  the  foot,  which  is 
defined  to  be  one-third  part  of  the  yard,  is,  for  British  measure- 
ment, generally  the  most  convenient  Unfortunately  the  inch, 
or  one-twelfth  of  a  foot,  must  sometimes  be  used,  but  it  is 
subdivided  decimally.  The  statute  mile,  or  1760  yards,  is 
unfortimately  often  used  when  great  lengths  are  considered. 
Thus  it  appears  that  the  British  measurement  of  length  is  more 
inconvenient  in  its  several  denominations  than  the  European 
measurement  of  time,  or  angles. 

409.  A  far  more  perfect  metrical  system  than  the  British, 
is  the  French,  in  which  the  decimal  division  is  exclusively 
employed.  Here  the  standard  is  the  Mitre,  defined  originally 
as  the  ten-millionth  part  of  the  length  of  the  quadrant  of  the 

n^ored  earth's  meridian  from  the  pole  to  the  equator ;  but  now  defined 
«cunusy.  practically  by  the  accurate  standard  metres  laid  up  in  various 
national  repositories  in  Europe.  It  is  somewhat  longer  than 
the  yard,  as  the  following  Table  shows.  Its  great  convenience 
is  the  decimal  division.  Thus  in  any  expression  the  units 
represent  mitres,  the  tens  decametres,  etc  ;  the  first  decimal 
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place  represents  decimetres,  the  second  centimetres,  the  third  5  uSSt 
millimetres,  and  so  on. 

Inch =25-39954  millimetres.      I     Millimetre  =03937079  inch. 

Foot = 3047945  decimetres.      |     Decimetre  =  3280899  foot. 

Mile=1609-315  metres.  I     Kilometre  =6213824  mile. 

410.  The  unit  of  superficial   measure  is  in  Britain   theJJ^j^j^ 
square  yard,  in  France  the  metre  carr^    Of  course  we  may  use 
square  inches,  feet,  or  miles,  as  also  square  millimetres,  kilo- 
metres, etc,  or  the  Hectares  10,000  square  metres. 

Square  inch  =  6-451367  square  centimetres. 

„     foot  =9-28997        „      decimetres. 

„     yard  =  8360971       „      decimetres. 
Acre  =  -4046711  of  a  hectare. 

Square  mile  =  258-9895  hectares. 
Hectare        =  2-471143  acres. 

411.  Similar  remarks  apply  to  the  cubic  measure  in  thej^< 
two  countries,  and  we  have  the  following  Table : — 

Cubic  inch  =  16-38618    cubic  centimetres. 

„     foot  =  28  315312      „     decimetres,  or  LUre$, 
Gallon         =  4-54346  litres. 

„  =  277'214  cubic  inches. 

Litre  =  00353 17  cubic  feet. 

412.  The   British   unit   of   mass  is  the    Pound    (defined  M( 
by  standards  only) ;  the  French  is  the  Kilogramme,  defined 
originally  as  a  litre  of  water  at  its  temperature  of  maximum 
density  ;  but  now  practically  defined  by  existing  standards. 


Grain  =64-79896  milligrammes. 
Pound  =453-5927  grammes. 


Gramme  =  15*43235  grains. 
Kilogram. =220462125  lbs. 


Professor  W.  H.  Miller  finds  (Phil.  Trans,  1857)  that  the 
"kilogramme  des  Archives"  is  equal  in  mass  to  15432*34874 
grains  ;  and  the  "  kilogramme  type  laiion,**  deposited  in  the 
Ministere  de  Flnt^rieure  in  Paris,  as  standard  for  French  com- 
merce, is  15432*344  grains. 

413.  The  measurement  of  force,  whether  in  terms  of  the 
weight  of  a  stated  mass  in  a  stated  locality,  or  in  terms  of  the 
absolute  or  kinetic  unit,  has  been  explained  in  Chap.  II.  (See 
§§  220-226.)  From  the  measures  of  force  and  length,  we 
derive  at  once  the  measui*e  of  work  or  mechanical  effect  That 
practically  employed  by  engineers  is  founded  on  the  gravita- 
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tion  measure  of  force.  Neglecting  the  difference  of  gravity  at 
London  and  Paris,  we  see  from  the  above  tables  that  the  follow- 
ing relations  exist  between  the  London  and  the  Parisian  reckon- 
ing  of  work  : — 

Foot-pound  =  0*18825  kilogramme-metre. 

Kilogramme-metre  =  7*2831  foot-pounds. 
Clock.  414.  A  Clock  is  primarily  an  instrument  which,  by  means 
of  a  train  of  wheels,  records  the  number  of  vibrations  executed 
by  a  pendulum ;  a  Chronometer  or  Watch  performs  the  same  duty 
for  the  oscillations  of  a  flat  spiral  spring — just  as  the  train  of 
wheel-work  in  a  gas-meter  counts  the  number  of  revolutions  of 
the  main  shaft  caused  by  the  passage  of  the  gas  through  the 
machine.  As,  however,  it  is  impossible  to  avoid  friction,  re- 
sistance of  air,  etc.,  a  pendulum  or  spring,  left  to  itself,  would 
not  long  continue  its  oscillations,  and,  while  its  motion  con- 
tinued, would  perform  each  oscillation  in  less  and  less  time  as 
the  arc  of  vibration  diminished  :  a  continuous  supply  of  energy 
is  furnished  by  the  descent  of  a  weight,  or  the  uncoiling  of 
a  powerful  spring.  Tliis  is  so  applied,  through  the  train  of 
wheels,  to  tlie  pendulum  or  balance-wheel  by  means  of  a 
mechanical  contrivance  called  an  Escapement,  that  the  oscilla 
tions  are  maintained  of  nearly  uniform  extent,  and  therefore 
of  nearly  unifonn  duration.  The  construction  of  escapements, 
as  well  as  of  trains  of  clock- wheels,  is  a  matter  of  Mechanics, 
with  the  details  of  which  we  are  not  concerned,  although  it  may 
easily  be  made  the  subject  of  mathematical  investigation.  The 
means  of  avoiding  errors  introduced  by  changes  of  temperature, 
which  have  been  carried  out  in  Compensation  pendulums  and 
balances,  will  be  more  properly  described  in  our  chapters  on 
Heat.  It  is  to  be  observed  that  there  is  little  inconvenience 
if  a  clock  lose  or  gain  regularly ;  that  can  be  easily  and  ac- 
curately allowed  for :  irregular  rate  is  fatal 
Eiectricioiy  415.  By  mcaus  of  a  recent  application  of  electricity  to  be 
duoS.  afterwards  described,  one  good  clock,  carefully  r^^ulated  from 
time  to  time  to  agree  with  astronomical  olwervations,  may  l>o 
made  (without  injury  to  its  own  performance)  to  control  any 
number  of  other  less-perfectly  constnicted  clocks,  so  as  to  coni- 
]>ol  their  pendulums  to  vibmte,  beat  for  beat,  with  its  own. 
chronotcoi>e.       416.  In  astrouomical   observations,  time   is   estimated   to 
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tenths  of  a  second  by  a  practised  observer,  who,  while  watching  chronoMoi 
the  phenomena,  counts  the  beats  of  the  clock.  But  for  the  very 
accurate  measurement  of  short  intervals,  many  instruments  have 
been  devised.  Thus  if  a  small  orifice  be  opened  in  a  large  and 
deep  vessel  full  of  mercury,  and  if  we  know  by  trial  the  weight 
of  metal  that  escapes  say  in  five  minutes,  a  simple  proportion 
gives  the  interval  which  elapses  during  the  escape  of  any  given 
weight  It  is  easy  to  contrive  an  adjustment  by  which  a  vessel 
may  be  placed  under,  and  withditiwn  from,  the  issuing  stream 
jit  the  time  of  occurrence  of  any  two  successive  phenomena. 

417.  Other  contrivances,  called  Stop-watches,  Chronoscopes, 
etc.,  which  can  be  read  off  at  rest,  started  on  the  occurrence  of 
any  phenomenon,  and  stopped  at  the  occurrence  of  a  second, 
then  again  read  off;  or  which  allow  of  the  making  (by  pressing 
a  stud)  a  slight  ink-mark,  on  a  dial  revolving  at  a  given  rate, 
at  the  instant  of  the  occurrence  of  each  phenomenon  to  be 
noted ;  and  such  like,  are  common  enough.  But,  of  late,  these 
have  almost  entirely  given  place  to  the  Electric  Chronoscope, 
an  instrument  which  will  be  fully  described  later,  when  we 
shall  have  occasion  to  refer  to  experiments  in  which  it  has 
lieen  usefully  employed. 

418.  We  now  come  to  the  measurement  of  space,  and  of 
angles,  and  for  these  purposes  the  most  important  instruments 
are  the  Vernier  and  the  Screw. 

419.  Elementary  geometr}%  indeed,  gives  us  the  means  of  w^onai 
dividing  any  stmight  line  into  any  assignable  number  of  equal 
parts;  but  in  pmctice  this  is  by  no 
means  an  accurate  or  reliable  method. 
It  was  formerly  used  in  the  so-called 
Diagonal  Scale,  of  which  the  con- 
struction is  evident  from  the  diagram. 
The  reading  is  effected  by  a  sliding 
])iece  whose  edge  is  perpendicular  to 
the  length  of  the  scale.  Suppose 
that  it  is  PQ  whose  position  on  the 
scale  is  rec^uired.     This  can  evidently 

cut  only  one  of  the  transverse  lines.  Its  number  gives  the  number 
of  tenths  of  an  inch  [4  in  the  figure],  and  the  horizontal  line 
next  above  the  point  of  intersection  gives  evidently  the  number 
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iagonal 
sale. 


^emitr. 


of  hundredths  [in  the  present  case  4].  Hence  the  reading  is 
7*44.  As  an  idea  of  the  comparative  uselessness  of  this 
method,  we  may  mention  that  a  quadrant  of  3  feet  radias, 
which  belonged  to  Napier  of  Merchiston,  and  is  divided  on 
the  limb  by  this  method,  reads  to  minutes  of  a  degree ;  no 
higher  accuracy  than  is  now  attainable  by  the  pocket  sextants 
made  by  Troughton  and  Simms,  the  radius  of  whose  arc  ia 
virtually  little  more  than  an  inch  The  latter  instrument  is 
read  by  the  help  of  a  Vernier. 

420.  The  Vernier  is  commonly  employed  for  such  instru- 
ments as  the  Barometer,  Sextant,  and  Cathetometer,  while  the 
Screw  is  applied  to  the  more  delicate  instruments,  such  as 
Astronomical  Circles,  Micrometers,  and  the  Spherometer. 

421.  The  vernier  consists  of  a  slip  of  metal  which  slides 
along  a  divided  scale,  the  edges  of  the  two  being  coincident 
Hence,  when  it  is  applied  to  a  divided  circle,  its  edge  is  circular, 
and  it  moves  about  an  axis  passing  through  the  centre  of  the 
divided  limb. 

In  the  sketch  let  0,  I,  2, . . .  10  be  the  divisions  on  the  vernier, 
0, 1,  2,  etc.,  any  set  of  consecutive  divisions  on  the  limb  or  scale 
along  whose  edge  it  slides.  If,  when  0  and  o  coin- 
cide, 10  and  11  coincide  also,  then  10  divisions  of 
the  vernier  are  equal  in  length  to  1 1  on  the  limb; 
and  therefore  each  division  on  the  vernier  is  Hths, 
or  liV  of  a  division  on  the  limb.  If,  then,  the  ver- 
nier be  moved  till  1  coincides  with  i,  0  will  be  Ath 
of  a  division  of  the  limb  beyond  o ;  if  2  coincide 
with  2,  0  will  be  i^ths  beyond  o;  and  so  oa 
Hence  to  read  the  vernier  in  any  position,  note 
first  the  division  next  to  0,  and  behind  it  on 
the  limb.  This  is  the  integral  number  of  divi- 
sions to  be  read.  For  the  fractional  part,  see 
which  division  of  the  vernier  is  in  a  line  with 
one  on  the  limb;  if  it  be  the  4th  (as  in  the 
figure),  that  indicates  an  addition  to  the  reading  of  lArths  of  a 
division  of  the  limb;  and  so  oa  Thus,  if  the  figure  represent 
a  barometer  scale  divided  into  inches  and  tenths,  the  reading 

la 

18  30*34,  the  zero  line  of  the  vernier  being  adjusted  to  the  level 
of  the  mercury. 
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422.  If  the  limb  of  a  sextant  be  divided,  as  it  usually  is,  to  vernier, 
third  parts  of  a  degree,  and  the  vernier  be  formed  by  dividing 

21  of  these  into  20  equal  pai;^»  the  instrument  can  be  read  to 
twentieths  of  divisions  on  the  limb,  that  is,  to  minutes  of  arc. 

If  no  line  on  the  vernier  coincide  with  one  on  the  limb,  then 
since  the  divisions  of  the  former  are  the  longer  there  will  be 
one  of  the  latter  included  between  the  two  lines  of  the  vernier, 
and  it  is  usual  in  practice  to  take  the  mean  of  the  readings 
which  would  be  given  by  a  coincidence  of  either  pair  of  bound- 
ing lines. 

423.  In  the  above  sketch  and  description,  the  numbers  on 
the  scale  and  vernier  have  been  supposed  to  run  apposite  ways. 
This  is  generally  the  case  with  British  instruments.  In  some 
foreign  ones  the  divisions  run  in  the  same  direction  on  vernier 
and  limb,  and  in  that  case  it  is  easy  to  see  that  to  read  to 
tenths  of  a  scale  division  we  must  have  ten  divisions  of  the 
vernier  equal  to  nine  of  the  scale. 

In  general,  to  read  to  the  nth  part  of  a  scale  division,  n  divi- 
sions of  the  vernier  must  equal  n+l  or  n— 1  divisions  on  the 
limb,  according  as  these  run  in  opposit<}  or  similar  directions. 

424.  The  principle  of  the  Screw  has  been  already  noticed  sortw. 
(§  102).     It  may  be  used  in  either  of  two  ways,  i.e,,  the  nut 
may  be  fixed,  and  the  screw  advance  through  it,  or  the  screw 
may  be  prevented  from  moving  longitudinally  by  a  fixed  collar, 

in  which  case  the  nut,  if  prevented  by  fixed  guides  from  rotat- 
ing, will  move  in  the  direction  of  the  common  axis.  The 
advance  in  either  case  is  evidently  proportional  to  the  angle 
through  which  the  screw  has  turned  about  its  axis,  and  this 
may  be  measured  by  means  of  a  divided  head  fixed  perpendi- 
cularly to  the  screw  at  one  end,  the  divisions  being  read  off"  by 
a  pointer  or  vernier  attached  to  the  frame  of  the  instrument 
The  nut  carries  with  it  either  a  tracing  point  (as  in  the  divid- 
ing engine)  or  a  wire,  thread,  or  half  the  objectr-glass  of  a  tele- 
scope (as  in  micrometers),  the  thread  or  wire,  or  the  play  of  the 
tracing  point,  being  at  right  angles  to  the  axis  of  the  screw. 

425.  Suppose  it  be  required  to  divide  a  line  into  any 
number  of  equal  parts.  Tlie  line  is  placed  parallel  to  the  axis 
of  the  screw  with  one  end  exactly  under  the  tracing  point,  or 
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Screw.  under  the  fixed  wire  of  a  microscope  carried  by  the  nut,  and 
the  screw-head  is  read  ofif.  By  turning  the  head,  the  tracing 
point  or  microscope  wire  is  brought  to  the  other  extremity  of 
the  line  ;  and  the  number  of  turns  and  fractions  of  a  turn  re- 
quired for  the  whole  line  is  thus  ascertained.  Dividing  this  by 
the  number  of  equal  parts  required,  we  find  at  once  the  number 
of  turns  and  fractional  parts  corresponding  to  ons  of  the 
required  divisions,  and  by  giving  that  amount  of  rotation  to 
the  screw  over  and  over  again,  drawing  a  line  after  each  rota- 
tion, the  required  division  is  efiected. 

426.  In  the  Micrometer,  the  movable  wire  carried  by  the 
nut  is  parallel  to  a  fixed  wire.  By  bringing  them  into  optical 
contact  the  zero  reading  of  the  head  is  known ;  hence  when 
another  reading  has  been  obtained,  we  have  by  subtraction  the 
number  of  turns  corresponding  to  the  length  of  the  object  to 
be  measured.  The  absolute  value  of  a  turn  of  the  screw  is  de- 
termined by  calculation  from  the  number  of  threads  in  an  inch, 
or  by  actually  applying  the  micrometer  to  an  object  of  known 
dimensions. 

spherometer.  427.  For  the  measurement  of  the  thickness  of  a  plate,  or 
the  curvature  of  a  lens,  the  Spherometer  is  used.  It  consists  of 
a  cylindrical  stem  through  tlie  axis  of  which  a  good  screw 
worka  Tlie  stem  is  supported  by  three  feet,  equidistant  from 
each  other,  and  having  their  extremities  in  a  plane  perpendi- 
cular to  the  axis.  The  lower  extremity  of  the  screw,  when 
worked  down  into  this  plane,  is  equidistant  from  each  of  the 
feet— and  the  extremities  of  all  are  delicately  pointed.  The 
number  of  turns,  whole  or  fractional,  of  the  screw,  is  read  off 
by  a  divided  head  and  a  pointer  fixed  to  the  stem.  Suppose  it 
be  required  to  measure  the  thickness  of  a  plate  of  glass.  The 
three  feet  of  the  instrument  are  placed  upon  a  truly  flat  surface, 
and  the  screw  is  gradually  turned  until  its  point  just  touches 
the  surface.  This  is  determinable  with  the  utmost  accuracy, 
by  the  whole  system  commencing  to  rock,  if  slightly  touched,  the 
instant  that  the  screw  point  passes  below  the  plane  of  the  three 
feet.  The  reason  of  this  is,  of  course,  that  it  is  geometrically 
impossible  to  make  a  perfectly  rigid  body  stand  on  four  feet, 
without  infinitely  perfect  fitting.  At  the  instant  at  which  this 
rocking  (which  is  exceedingly  distinct  to  the  touch,  and  even 
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the  ear)  commences,  the  point  of  the  screw  is  just  below  the  spherometer. 
ane  of  the  feet  of  the  instrument.  The  screw -head  is  now 
ad  off,  and  the  screw  turned  backwards  until  room  is  left  for 
e  insertion,  beneath  its  point,  of  the  plate  whose  thickness  is 
be  measured.  The  screw  is  now  turned  imtil  the  rocking 
st  recommences,  in  which  case  it  is  evident  that  if  the  screw- 
)int  were  depressed  through  a  space  equal  to  the  thickness  of 
le  plate,  it  would  be  again  jvst  below  the  plane  of  the  feet, 
rom  the  difiference  of  the  readings  of  the  head,  we  therefore 
^ily  calculate  the  thickness  of  the  plate,  the  value  of  one  turn 
'  the  screw  having  been,  once  for  all,  ascertained 

428.  If  the  curvature  of  a  lens  is  to  be  measured,  the  in- 
rument  is  first  placed,  as  before,  on  a  plane  surface,  and  the 
ading  for  the  commencement  of  rocking  is  taken.  The  same 
)eration  is  repeated  on  the  spherical  surface.  The  diflFerence 
'  the  screw  readings  is  evidently  the  greatest  thickness  of  the 
ass  which  would  be  cut  off  by  a  plane  passing  through  the 
iree  feet.  This  is  sufficient,  with  the  distance  between  each 
lir  of  feet,  to  enable  us  to  calculate  the  radius  of  the  spherical 
irface. 

In  fact  if  a  be  the  distance  between  each  pair  of  feet,  I  the 
length  of  screw  corresponding  to  the  difference  of  the  two  read- 
ings, R  the  radius  of  the  spherical  surface;  we  have  at  once 

2jR=— -|-/,  or,  as  I  is  generally  very  small  compared  with  a, 
the  diameter  is,  very  approximately,  —  . 

oC 

429.  The  Cathetometer  is  used  for  the  accurate  determina-  catheto- 
un   of  difierences  of  level — for   instance,   in  measuring  the  *"****^ 
sight  to  which  a  fluid  rises  in  a  capillary  tube  above  the  ex- 

irior  free  surface.  It  consists  of  a  divided  metallic  stem,  which 
m  (by  means  of  levelling  screws  in  its  three  feet)  be  placed 
Bry  nearly  vertical    Upon  this  slides  a  metallic  piece,  bearing 

telescope  whose  axis  is  rendered  horizontal  by  means  of  a 
ivel.  This  is,  of  course,  perpendicular  to  the  stem  ;  and  when 
le  latter  is  made  to  revolve  in  its  supports,  describes  a  hori- 
mtal  plane.  The  adjustments  are  somewhat  tedious,  but  pre- 
mt  no  other  difficulty.    In  using  the  instrument  the  telescope 

dii"octed  first  to  one  of  the  objects  whose  diffen^nce  of  level 
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catiMto-  is  to  be  found,  then  (with  its  liearing  piece)  it  is  moved  by  a 
delicate  screw  up  or  down  the  stem,  until  a  horizontal  wire  in 
the  focus  of  its  eye-piece  coincides  with  the  image  of  the  object 
The  vernier  attached  to  the  telescope  is  then  read  off — and,  the 
process  being  repeated  for  the  second  object,  a  simple  subtnic 
tion  gives  at  once  the  required  difference  of  level 

430.  The  principle  of  the  BcUanee  is  known  to  eveiybody. 
We  may  note  here  a  few  of  the  precautions  adopted  in  the  best 
balances  to  guard  against  the  various  defects  to  which  the  in- 
strument is  liable ;  and  the  chief  points  to  be  attended  to  in  ita 
construction  to  secure  delicacy,  and  rapidity  of  weighing. 

The  balance-beam  should  be  as  stiff  as  possible,  and  yet  not 
very  heavy.  For  this  purpose  it  is  generally  formed  either  of 
tubes,  or  of  a  sort  of  lattice  frame -work.  To  avoid  fricUaa^  the 
axle  consists  of  a  knife-edge,  as  it  is  called ;  that  is,  a  wedge  ef 
hard  steel,  which,  when  the  balance  is  in  use,  rests  on  horiioo- 
tal  plates  of  jiolished  agate.  A  similar  contrivance  is  applied 
in  very  delicate  balances  at  the  points  of  the  beam  from  which 
the  scale-pans  are  suspended.  "When  not  in  use,  and  joat  befirn 
use,  the  beam  with  its  knife-edge  is  lifted  by  a  lever  arrange- 
ment from  the  agate  plates.  While  thus  secured  it  is  loaded 
with  weights  as  nearly  as  possible  equal  (this  can  be  attained 
by  previous  trial  with  a  coarser  instrument),  and  the  accurate 
determination  is  then  readily  effected.  The  last  fraction  of  the 
required  weight  is  determined  by  a  rider,  a  very  small  wei^t 
generally  formetl  of  wire,  which  can  he  worked  (by  a  lever) 
from  the  outside  of  the  glass  case  in  which  the  balance  is  en- 
closed, and  which  may  be  placed  in  different  positions  npon 
one  arm  of  the  beam.  This  arm  is  graduated  to  tenths,  ete^ 
and  thus  shows  at  once  the  value  of  the  rider  in  any  case  at 
depending  on  xXa  moment  or  leverage,  §  232. 

431.  Tlie  most  important  ([ualitirvs  of  a  gixxl  Imlance  are 

1.  Stnaihility.-  Tht*  k^ani  should  Ik*  si^nsibly  deflected  from 
a  horizoutul   |N>Hition  by  tlio  smalle.st  diffenMioe  lx*tween  the 
weights  in  the  s('aii*-]»ans.     The  definit**  in(>a.sun'  of  the  sensi 
bility  i.H  the  angln  thnmgii  which  the  lM*ani  is  d«*fl«vl4Hl  by  a 
stated  |)«»rcentagt»  of  diff«*n»nci'  lM»tween  the  hwnN  in  tlu»  pana 

2.  Stability.  -Ttiis  moans  rapidity  nf  tisiillatiim.  and  conse 
quently  speed  in  the  p«»rformanrf>  of  a  wcMghing      It  depends 
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iiily  upon  the  depth  of  the  centre  of  gravity  of  the  whole  Balance, 
ow  the  knife-edge,  and  the  length  of  the  beam. 
3.  Constancy, — Successive  weighings  of  the  same  body  must 
e  the  same  result — all  necessary  corrections  (to  be  explained 
er)  depending  on  temperature,  height  of  barometer,  eta,  being 
Qwed  for. 

In  our  Chapter  on  Statics  we  shaU  give  the  investigation  of 
I  amounts  of  these  qualities  for  any  given  form  and  dimen- 
ns  of  the  instrument 

A  fine  balance  should  turn  with  about  a  500,000th  of  the 
jatest  load  which  can  safely  be  placed  in  either  pan.     In 
t  few  measurements  of  any  kind  are  correct  to  more  than 
significant  figures. 

The  process  of  Double  Weighing,  which  consists  in  counter- 
ising  a  mass  by  shot,  or  sand,  or  pieces  of  fine  wire,  and  then 
bstituting  weights  for  it  in  the  same  pan  till  equilibrium  is 
ained,  is  more  laborious,  but  more  accurate,  than  single 
ighing ;  as  it  eliminates  all  errors  arising  from  unequal  length 
the  arms,  etc. 

432.  In  the  Torsion-balance  invented,  and  used  with  great  Towion. 
ect,  by  Coulomb,  a  force  is  measured  by  the  torsion  of  a  fibre 
silk,  a  glass  thread,  or  a  metallic  wire.  The  fibre  or  wire  is 
ed  at  its  upper  end,  or  at  both  ends,  according  to  circum- 
mces.  In  general  it  carries  a  very  light  horizontal  rod  or 
edle,  to  the  extremities  of  which  are  attached  the  body  on 
lich  is  exerted  the  force  to  be  measured,  and  a  counterpoisa 
e  upper  extremity  of  the  torsion  fibre  is  fixed  to  an  index 
ssing  through  the  centre  of  a  divided  disc,  so  that  the  angle 
rough  which  that  extremity  moves  is  directly  measured.  If, 
the  same  time,  the  angle  through  which  the  needle  has 
mcjd  be  measured,  or,  more  simply,  if  the  index  be  always 
med  till  the  needle  assumes  a  definite  position  determined 
marks  or  sights  attached  to  the  case  of  the  instrument — 
J  have  the  amount  of  torsion  of  the  fibre,  and  it  becomes  a 
nple  statical  problem  to  determine  from  the  latter  the  force 
be  measured;  its  direction,  and  point  of  application,  and 
e  dimensions  of  the  apparatus,  being  known.  The  force  of 
reion  as  depending  on  the  angle  of  torsion  was  found  by  Cou- 
^\h  to  follow  the  law  of  simple  proportion  up  to  the  limits  of 


334  PRELIMINARY  NOTlONa 

Toniun.     perfect  elasticity — as  might  have  been  ex|iected  from  Hooke'i 
I^w  (see  Properties  of  Mailer),  and  it  only  remains  that  wr 


determine  the  amount  for  a  particular  angle  in  absolute  i 
This  determination  is  in  general  simple  enough  in  tbeoiy ;  but 
in  practice  requires  considerable  care  and  nicety.  The  tondoo 
l)alance,  however,  being  chiefly  used  for  comparati%*e,  noc 
absolute,  measure,  this  determination  is  often  unueceaMir 
More  will  1)e  said  about  it  when  we  come  to  its  appUcations. 

438.  The  ordinary  spiral  spring  lialances  used  for  nmg^ly 
comparing  either  small  or  large  weights  or  forces,  are,  properiy 
speaking,  only  a  moditieil  form  of  torsion -balance/  as  they  act 
almost  entirely  by  the  torsion  of  the  wire,  and  not  by  longi- 
tudinal extension  or  by  flexure.  Spring  balances  we  belierf 
to  be  capable,  if  carefully  constructed,  of  rivalling  the  ordinazy 
lialance  in  accuracy,  while,  for  some  applications,  they  far  sor- 
|)a8S  it  in  sensibility  an<I  convenience.  They  measure  directly 
foTcty  not  moM ;  and  therefore  if  used  for  determining  msonri 
in  different  parts  of  the  earth,  a  correction  must  be  applied  for 
the  varj'ing  force  of  gravity.  Tlie  correction  for  tempentui«* 
must  not  be  overlooked.  Tliese  corrections  may  be  aToided 
by  tlie  methoil  of  double  weighing. 

rrndiiium.  434.  rerha|)s  the  most  delicate  of  all  instruments  for  the 
measurement  of  force  is  the  Pendulum,  It  is  proved  in  kinetics 
(see  Div.  il)  that  for  any  ])endulum,  whether  oscillating  about 
a  mean  vertical  |)osition  under  the  action  of  gravity,  or  in  s 
horizontal  plane,  under  the  action  of  magnetic  force,  or  forcf 
of  torsion,  the  squari*  of  the  numK^r  (»f  amall  oscillations  in  t 
given  time  is  pn>|H)rtionaI  to  the  ma^^nitude  of  the  force  under 
which  thes«3  oscillation.s  take  ]dace. 

For  the  estimation  of  the  relative  amounts  of  gravity  st 
different  places,  this  is  by  far  the  most  jierfect  instrument 
The  method  of  ooincidenres  by  whiih  this  pnHfss  iuis  U»en 
n»ndered  so  excessively  delicate  will  Ik.*  des^TiU^d  later. 

In  fact,  tin*  kinetic  nieasun*  of  force,  as  it  i.s  the  true,  is  als*** 
far  th«  most  iM*rfect,  one  and  admits  nf  eJL»<y  nHlucti«»u  :•• 
almolute  m«*asun\ 

uiAUr  435.  WelM*r  and  ilauss,  in  constnictin;;  ap{Kmitus  for  oh- 

s«r\'ations  of  t4*m*strial  mapietism.  endeavoured  so  to  nioditv 
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ein  as  to  admit  of  their  being  read  from  some  distance.  For  Bimar. 
is  purpose  each  bar,  made  at  that  time  too  ponderous,  carried  a 
ane  mirror.  By  means  of  a  scale,  seen  after  reflection  in  the 
irror  and  carefully  read  with  a  telescope,  it  was  of  course  easy 
compute  the  deviations  which  the  mirror  had  experienced, 
at,  for  many  reasons,  it  was  deemed  necessary  that  the  deflec- 
JUS,  even  under  considerable  force,  should  be  very  small  With 
is  view  the  Bifilar  suspension  w^as  introduced.  The  bar-mag- 
jt  is  suspended  horizontally  by  two  vertical  wires  or  fibres  of 
[ual  length  so  adjusted  as  to  share  its  weight  equally  between 
em.  When  the  bar  turns,  the  suspension-fibres  become  in- 
ined  to  the  vertical,  and  therefore  the  bar  must  rise.  Hence,  if 
3  neglect  the  torsion  of  the  fibres,  the  bifilar  actually  measures 
force  by  comparing  it  with  the  weight  of  the  suspended 
agnet. 

Let  a  be  the  half  length  of  the  bar  between  the  points  of 
attachment  of  the  wires,  6  the  angle  through  which  the  bar  has 
been  turned  (in  a  horizontal  plane)  from  its  position  of  equi- 
librium, /  the  length  of  one  of  the  wires,  i  its  inclination  to  the 
horizon. 

Then  /  cos  i  is  the  difference  of  levels  between  the  ends  of  each 
wire,  and  evidently,  by  the  geometry  of  the  case. 

Now  if  Q  be  the  couple  tending  to  turn  the  bar,  and  W  its  weight, 
the  principle  of  mechanical  effect  gives 
Qde=-Wd{l  cos  i) 
=  IF/ sin  wfi. 
But,  by  the  geometrical  condition  above, 
I*  sin  I  cos  Mfi=a*  sin  Odd. 
Q  W 


Hence 

or  Q= 


a*  sin  6     I  cos  i 
Wa*  8\n6 


Vl— p-siny 

which  gives  the  couple  in  terms  of  the  deflection  6. 

If  the  torsion  of  the  fibres  be  taken  into  account,  it  will  be 
sensibly' cqiial  to  0  (since  the  greatest  inchnation  to  the  vertical 
is  small),  and  therefore  the  couple  resulting  from  it  will  be  E$, 
where  E  is  some  constant.  This  must  be  added  to  the  value  of 
C2  just  found  in  order  to  get  the  whole  deflecting  couple. 
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^SS^'^        436.  Dynamometers  are  instrumento  for  measuring  enei^gy. 

White*$  friction  brake  measures  the  amount  of  woric  actually 

performed  in  any  time  by  an  engine  or  other  "  prime  morer  * 

by  allowing  it  during  the  time  of  trial  to  waste  all  its  work  oo 

friction.     Moriris  dynamometer  measures  work  without  wasting 

any  of  it,  in  the  course  of  its  transmission  from  the  prime 

mover  to  machines  in  which  it  is  usefully  employed.     It  co»- 

sists  of  a  simple  arrangement  of  springs,  measuring  at  ererj 

instant  the  couple  with  which  the  prime  mover  turns  the  abaft 

that  transmits  its  work,  and  an  integrating  machine  from  which 

the  work  done  by  this  couple  during  any  time  can  be  read  off 

Let  L  be  the  couple  at  any  instant,  and  ^  the  whole  aa^ 

through  which  the  shaft  has  turned  from  the  moment  at  whiek 

the  reckoning  commences.     The  integrating  machine  sbovt  si 

any  moment  the  value  oi/Ld^,  which  (f  240)  is  the  whob  woA 

done. 

^Sk^  487.  White's  friction  brake  consists  of  a  lever  damped  to 
the  shaft,  but  not  allowed  to  turn  with  it  The  moment  of  Um 
force  required  to  prevent  the  lever  from  going  round  with  the 
shaft,  multiplied  by  the  whole  angle  through  which  the  ahaft 
turns,  measures  the  whole  work  done  against  the  friction  of  the 
clamp.  The  same  result  is  much  more  easily  obtained  by 
wrapping  a  rope  or  chain  several  times  round  the  shafts  or 
round  a  cylinder  or  drum  carried  round  by  the  shaft,  and 
applying  measured  forces  to  its  two  ends  in  proper  directions 
to  keep  it  nearly  steady  while  the  shaft  turns  round  without  it 
The  difference  of  the  moments  of  these  two  forces  round  the 
axis,  multiplied  by  the  angle  through  which  the  shaft  tuiw 
measures  the  whole  work  spent  on  friction  against  the  mpa 
If  we  remove  all  other  resistance  to  the  shaft,  and  apply  the 
proper  amount  of  force  at  each  end  of  the  dynamonietric  rope 
or  chain  (which  is  v«»ry  easily  done  in  practice),  the  prime 
mover  is  kept  ninniu^  at  the  projxT  speed  for  the  t«8t,  and 
having  its  whole  work  thus  wasteil  for  the  time  and  measured 
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3.  Until  we  know  thoroughly  the  nature  of  matter  and  the  Approxi- 
which  produce  its  motions,  it  will  be  utterly  impossible  SiitSr^ 
)mit  to  mathematical  reasoning  the  exact  conditions  of  any  quStionR. 
3al  question.     It  has  been  long  understood,  however,  that 
proximate  solution  of  almost  any  problem  in  the  ordinary 
hes  of  Natural  Philosophy  may  be  easily  obtained  by  a 
ts  of  abstraction,  or  rather  limitation  of  the  data,  such  as 
3S  us  easily  to  solve  the  modified  form  of  the  question, 
we  are  well  assured  that  the  circumstances  (so  modified) 
the  result  only  in  a  superfcial  manner. 
9.  Take,  for  instance,  the  very  simple  case  of  a  crowbar 
►yed  to  move  a  heavy  mass.     The  accurate  mathematical 
ligation  of  the  action  would  involve  the  simultaneous  treat- 
of  the  motions  of  every  part  of  bar,  fulcrum,  and  mass 
;  and  from  our  almost  complete  ignorance  of  the  nature 
itter  and  molecular  forces,  it  is  clear  that  such  a  treat- 
of  the  problem  is  impossible. 

is  a  result  of  observation  that  the  particles  of  the  bar, 
im,  and  mass,  separately,  retain  throughout  the  process 
r  the  same  relative  positions.  Hence  the  idea  of  solving, 
.d  of  the  above  impossible  question,  another,  in  reality 
difiTerent,  but,  while  infinitely  simpler,  obviously  leading 
irly  the  same  results  as  the  former. 

0.  The  new  form  is  given  at  once  by  the  experimental 
of  the  trial.     Imagine  the  masses  involved  to  he  perfectly 

Y 
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ATOTOzi-      rigid  (i.e,,  incapable  of  changiug  their  form  or  dimensions), 

mentof       and  the  infinite  series  of  forces,  really  acting,  may  be  left 

qQMtions.     out  of  Consideration;  so  that  the  mathematical  investigation 

deals  with  a  finite  (and  generally  small)  number  of  forces 

instead  of  a  practically  infinite  number.     Our  warrant   for 

such  a  substitution  is  to  be  established  thus. 

441.  The  only  efiTects  of  the  intermolecular  forces  would  be 
exhibited  in  alterations  of  the  molecular  form  or  volume  of  the 
masses  involved.  But  as  these  (practically)  remain  almost 
imchanged,  the  forces  which  produce,  or  tend  to  produce,  them 
may  be  left  out  of  consideration.  Thus  we  are  enabled  to 
investigate  the  action  of  machinery  supposed  to  consist  of 
separate  portions  whose  form  and  dimensions  are  unalterabla 
•"'ISSma  442.  If  we  go  a  little  further  into  the  question,  we  find  that 
»^ns^  the  lever  bends,  some  parts  of  it  are  extended  and  others  com- 

pressed. This  would  lead  us  into  a  very  serious  and  difficult 
inquiry  if  we  had  to  take  account  of  the  whole  circumstances. 
But  (by  experience)  we  find  that  a  sufficiently  accurate  solution 
of  this  more  formidable  case  of  the  problem  may  be  obtained 
by  supposing  (what  can  never  be  realized  in  practice)  the  mass 
to  be  homogeneous,  and  the  forces  consequent  on  a  dilatation, 
compression,  or  distortion,  to  be  proportional  in  magnitude,  and 
opposed  in  direction,  to  these  deformations  respectively.  By 
this  further  assumption,  close  approximations  may  be  made  to 
the  vibrations  of  rods,  plates,  etc,  as  well  as  to  the  statical 
effect  of  springs,  etc. 

443.  We  may  pursue  the  process  further.  Compression, 
in  general,  develops  heat,  and  extension,  cold.  These  alter 
sensibly  the  elasticity  of  a  body.  By  introducing  such  con- 
siderations, we  reach,  without  great  difficulty,  what  may  be 
called  a  third  approximation  to  the  solution  of  the  physical 
problem  considered. 

444.  We  might  next  introduce  the  conduction  of  the  heat, 
so  produced,  from  point  to  point  of  the  solid,  with  its  accom- 
panying modifications  of  elasticity,  and  so  on ;  and  we  might 
then  consider  the  production  of  thermo  electric  currents,  which 
(as  we  shall  see)  are  always  developed  by  unequal  heating  in  a 
mass  if  it  be  not  perfectly  homogeneous.  Enough,  however, 
has  been  said  to  show,  Jirst,  our  utter  ip^orance  as  to  the  true 
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aud  complete  solution  of  any  physical  question  by  the  only  Pnnber 
perfect  method,  that  of  the  consideration  of  the  circumstances  HSSa^  "**' 
which  affect  the  motion  of  every  portion,  separately,  of  eiach 
body  concerned  ;  and,  second,  the  practically  sufficient  manner 
in  which  practical  questions  may  be  attacked  by  limiting  their 
generality,  th£  limitations  introduced  being  themselves  deduced 
from  experience,  and  being  therefore  Nature's  own  solution  (to 
a  less  or  greater  degree  of  accuracy)  of  the  infinite  additional 
number  of  equations  by  which  we  should  otherwise  have  been 
encumbered. 

445.  To  take  another  case :  in  the  consideration  of  the  pro- 
pagation of  waves  on  the  surface  of  a  fluid,  it  is  impossible, 
not  only  on  account  of  mathematical  difficulties,  but  on  account 
of  our  ignorance  of  what  matter  is,  and  what  forces  its  particles 
exert  on  each  other,  to  form  the  equations  which  would  give 
us  the  separate  motion  of  each.  Our  first  approximation  to 
a  solution,  and  one  sufficient  for  most  practical  purposes,  is 
derived  from  the  consideration  of  the  motion  of  a  homogene- 
ous, incompressible,  and  perfectly  plastic  mass ;  a  hypothetical 
substance  which,  of  course,  nowhere  exists  in  nature. 

446.  Looking  a  little  more  closely,  we  find  that  the  actual 
motion  differs  considerably  from  that  given  by  the  analytical 
solution  of  the  restricted  problem,  and  we  introduce  further 
considerations,  such  as  the  compressibility  of  fluids,  their  internal 
friction,  the  heat  generated  by  the  latter,  and  its  effects  in 
dilating  the  mass,  etc.  etc.  By  such  successive  corrections  we 
fittain,  at  length,  to  a  mathematical  result  which  (at  all  events 
in  the  present  state  of  experimental  science)  agrees,  within  the 
limits  of  experimental  error,  with  observation. 

447.  It  would  be  easy  to  give  many  more  instances  substan- 
tiating what  has  just  been  advanced,  but  it  seems  scarcely 
necessary  to  do  so.  We  may  therefore  at  once  say  that  there 
is  no  question  in  physical  science  which  can  be  completely  and 
iccurcUely  investigated  by  mathematical  reasoning  (in  which,  be 
it  carefully  remembered,  it  is  not  necessary  that  symbols  should 
be  introduced),  but  that  there  are  different  degrees  of  approxima- 
tion, involving  assumptions  more  and  more  nearly  coincident 
ivith  observation,  which  may  be  arrived  at  in  the  solution  of 
tny  particular  question. 
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oiject  of  the  448.  The  object  of  the  present  division  of  this  volume  is  to  deal 
diriBion  of  ynth  the  JiTst  and  second  of  these  approximations.  In  it  we  shall 
suppose  all  solids  either  rigid,  ie.,  unchangeable  in  form  and 
volume,  or  elastic  ;  but  in  the  latter  case,  we  shall  assume  the 
law,  connecting  a  compression  or  a  distortion  with  the  force  which 
causes  it,  to  have  a  particular  form  deduced  from  experiment 
And  we  shaU  in  the  latter  case  neglect  the  thermal  or  electric 
effects  which  compression  or  distortion  generally  causa  We 
shall  also  suppose  fluids,  whether  liquids  or  gases,  to  be  either 
INCOMPRESSIBLE  or  compressible  according  to  certain  known 
laws  ;  and  we  shall  omit  considerations  of  fluid  fncti<m, 
although  we  admit  the  consideration  of  friction  between  solidB. 
Fluids  will  therefore  be  supposed  perfect,  i.e.,  such  that  any  par- 
ticle may  be  moved  amongst  the  others  by  the  slightest  force. 
449.  When  we  come  to  Properties  of  Matter  and  the  Physical 
Forces,  we  shall  give  in  detail,  as  far  as  they  are  yet  known, 
the  modifications  which  further  approximations  have  introduced 
into  the  previous  results. 
lAWfiof  450.  The  laws  of  friction  between  solids  were  very  ably 

investigated  by  Coulomb;  and,  as  we  shall  require  them  in 
the  succeeding  chapters,  we  give  a  brief  summary  of  them 
here  ;  reserving  the  more  careful  scrutiny  of  experimental 
results  to  our  chapter  on  Properties  of  Matter. 

451.  To  produce  sliding  of  one  solid  body  on  another,  the 
surfaces  in  contact  being  plane,  requires  a  tangential  force 
which  depends — (1.)  upon  the  nature  of  the  bodies;  (2.)  upon 
their  polish,  or  the  species  and  quantity  of  lubricant  which  may 
have  been  applied  ;  (3.)  upon  the  normal  pressure  between 
them,  to  which  it  is  in  general  directly  proportional ;  (4.)  upon 
the  length  of  time  during  which  they  have  been  sufTered  to 
remain  in  contact 

It  does  not  (except  in  extreme  cases  where  scratching  or 
abrasion  takes  place)  depend  sensibly  upon  the  area  of  the 
surfaces  in  contact  This,  which  is  called  Statical  Friction,  is 
thus  capable  of  opposing  a  tangential  resistance  to  motion 
which  may  be  of  any  requisite  amoimt  up  to  fJi ;  where  R  is 
the  whole  normal  pressure  between  the  bodies ;  and  /i  (which 
depends  mainly  upon  the  nature  of  the  surfaces  in  contact) 
is  the  coefficient  of  Statical  Friction.     This  coefficient  varies 
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greatly  with  the  circumstances,  being  in  some  cases  as  low  as  uws  of 
0 03,  in  others  as  high  as  OSO.  Later,  we  shall  give  a  table  of 
its  values.  Where  the  applied  forces  are  insufficient  to  produce 
motion,  the  whole  amount  of  statical  friction  is  not  called  into 
play  ;  its  amount  then  just  reaches  what  is  sufficient  to  equili- 
brate the  other  forces,  and  its  direction  is  the  opposite  of  that  in 
which  their  resultant  tends  to  produce  motion.  When  the  statical 
friction  has  been  overcome,  and  sliding  is  produced,  experiment 
shows  that  a  force  of  friction  continues  to  act,  opposing  the 
motion,  sensibly  proportional  to.  the  normal  pressure,  but  for 
the  same  two  bodies  the  coefficient  of  Kinetic  Friction  is  less 
than  that  of  Statical  Friction,  and  is  approximately  the  same 
whatever  be  the  rate  of  motion. 

452.  WTien,  among  the  forces  acting  in  any  case  of  equi-  introductioi 
Librium,   there  are  frictions  of  solids  on  solids,  the  circum- Sito  tiw 
stances  would  not  be  altered  by  doing  away  with  all  friction,  eqiutsoai. 
and  replacing  its  forces  by  forces  of  mutual  action  supposed 

to  remain  unchanged  by  any  infinitely  small  relative  motions 
of  the  parts  between  which  they  act  By  this  artifice  all  such 
cases  may  be  brought  imder  the  general  principle  of  Lagrange, 
§  289. 

453.  In  the  following  Chapters  on  Abstract  Dynamics  we  iua«otion 
vdW  confine  ourselves  strictly  to  such  portions  of  this  extensive  mnLf  ^ 
subject  as  are  likely  to  be  useful  to  us  in  the  rest  of  the  work,  t^^ 
or  are  of  sufficient  importance  of  themselves  to  warrant  their 
introduction — except  in  special  cases  where  results,  more  curi- 
ous than  useful,  are  given  to  show  the  nature  of  former  appli- 
cations of  the  methods,  or  to  exhibit  special  methods  of  inves- 
tigation adapted  to  the  difficulties  of  peculiar  problems.     For 

a  general  view  of  the  subject  as  a  purely  analytical  problem  the 
reader  is  referred  to  special  mathematical  treatises,  such  as  those 
of  Poisson,  Delaimay,  Duhamel,  Todhunter,  Tait  and  Steele, 
Griffin,  etc.  From  these  little  is  to  be  learned  save  dexterity 
in  the  solution  of  problems  which  are  in  general  of  no  great 
physical  interest — the  objects  of  these  treatises  being  pro- 
fessedly the  mathematical  analysis  of  the  subject;  while  in 
the  present  work  we  are  engaged  specially  with  those  questions 
which  best  illustrate  physical  principles — neither  seeking,  nor 
avoiding,  difficulties  of  a  purely  mathematical  kind. 


CHAPTER   VI. 

STATICS  OF  A  PARTICLE. — ATTRACTION. 

Sx^^i^  454.  We  naturally  divide  Statics  into  two  parts — the 
equilibrium  of  a  particle,  and  that  of  a  rigid  or  elastic  body  or 
system  of  particles  whether  solid  or  fluid.  The  second  law 
of  motion  suffices  for  one  part — for  the  other,  the  third,  and  its 
consequences  pointed  out  by  Newton,  are  necessary.  In  a  very 
few  sections  we  shall  dispose  of  the  first  of  these  parts,  and  the 
rest  of  this  chapter  will  be  devoted  to  a  digression  on  the 
important  subject  of  Attraction. 
coa<>JJJj«»  455.  By  §  255,  forces  acting  at  the  same  point,  or  on  the 
brtjun  of »  same  material  particle,  are  to  be  compounded  by  the  same  laws 
as  velocities.  Hence,  evidently,  the  sum  of  their  resolved  parts 
in  any  direction  must  vanish  if  there  is  equilibrium.  And 
thence  the  necessaiy  and  sufficient  conditions. 

They  follow  also  directly  from  Ne>^ix)n'8  statement  with 
regard  to  work,  if  we  suppose  the  particle  to  have  any  velocity, 
constant  in  direction  and  magnitude  (and  §  245,  this  is  the 
most  general  supposition  we  can  make,  since  absolute  rest  is 
probably  non-existent).  For  the  work  done  in  any  time,  since 
there  is  no  change  of  kinetic  energy,  is  the  product  of  the  dis- 
placement during  that  time  into  the  algebraic  sum  of  the  effective 
components  of  the  applied  forces.  Hence  tliis  sum  must  vanish 
for  every  direction.  Practically,  as  any  displacement  may  be 
resolved  into  three,  in  any  three  directions  not  coplanar,  these 
three  suffice  for  the  criterion.  But,  in  general,  it  is  convenient 
to  assume  them  in  directions  at  right  angles  to  each  other. 

Hence,  for  the  equilibrium  of  a  material  particle,  it  is  nece^- 
nary,  and  sufficient,  that  the  (algebraic)  sums  of  the  applied 
forces,  resolved  in  any  three  rt'ctangular  directions,  should 
vanish. 
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If  jP  be  one  of  the  foreee,  /,  m,  n  ita  direotion-eosineB,  we  AiaiuiiriwB 
have  at  oooe        XW'sO,  2mP=0,  Siii>=0.  ^*  P-tfata- 

If  there  be  not  eqnilibnom,  rappose  R,  with  direotion-eoeiiiet 
X,  fi,  V,  to  be  the  reenltant  foroe.  If  ravened  in  diraotion,  it 
will,  with  the  other  forces,  prodnoe  eqnilihrinm.    Henoe 

S//>-\fi«0,  SmP-/*fi=0,  SfiP-v/?«0. 
And  ^=(2IP)«+(2mP)«+(S»P)«, 

^^^^^  ^=2£?=2^  • 

466.  We  may  take  one  or  two  particular  cases  as  examples 
F  the  general  results  abova    Thus, 

(1.)  If  the  particle  rest  on  a  smooth  curve,  the  resolved 
irce  along  the  curve  must  vanish. 

If  a;,  ^,  n  be  the  oo-ordinates  of  the  point  of  the  onrve  at  which 
the  particle  rests,  we  have  evidently 

When  Pyl^m^n  are  given  in  termli  of  x,  y,  i,  this,  with  the  two 
equations  to  the  curve,  determines  the  position  of  eqnilibrinm. 

(2.)  If  the  curve  be  rough,  the  resultant  force  along  it  must 
e  balanced  by  the  friction. 

If  /*  be  the  friction,  the  condition  is 

d»  d$    '      ds 

This  gives  the  amount  of  friction  which  will  be  called  into  play ; 
and  equilibrium  will  subsist  until,  as  a  limit,  the  firiction  is  ft  times 
the  normal  pressure  on  the  curve.    But  the  normal  pressure  is 

Hence,  the  limiting  positions,  between  which  equilibrium  is  pos- 
sible, are  given  by  the  two  equations  to  the  curve,  combined  with 

(3.)  If  the  particle  rest  on  a  smooth  surface,  the  resultant  of 
le  applied  forces  must  evidently  be  perpendicular  to  the  surfiu^e. 
If  ^(x,  ^,  r)=0  be  the  equation  to  the  surface,  we  must  there- 
fore have  d^        d^        d/^ 
fix  _   dy    _  d% 
IP''  mP'^  nF  ' 
and  the.se  three  equations  determine  the  position  of  equilibrium. 
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£>iaiiibrium  (4.)  If  it  rest  on  a  rough  surface,  friction  will  be  called  into 
o  A  p«  0  e.  pj^y^  resisting  motion,  along  the  surface ;  and  there  will  be 
equilibrium  at  any  point  within  a  certain  boundary,  determined 
by  the  condition  that  at  it  the  friction  is  fi  times  the  normal 
pressure  on  the  surface,  while  within  it  the  friction  beaiB  a  less 
ratio  to  the  normal  pressure.  When  the  only  applied  force  is 
gravity,  we  have  a  very  simple  result,  which  is  often  practically 
useful  Let  0  be  the  angle  between  the  normal  to  the  sar&ce 
and  the  vertical  at  any  point ;  the  normal  pressure  on  the  sur- 
face is  evidently  TTcos  ft  where  W  is  the  weight  of  the  particle ; 
and  the  resolved  part  of  the  weight  parallel  to  the  surfiekce, 
which  must  of  course  be  balanced  by  the  friction,  is  Wfon  A 
In  the  limiting  position,  when  sliding  is  just  about  to  com- 
mence, the  greatest  possible  amount  of  statical  friction  is  called 
into  play,  and  we  have 

>F8in^=fi  TTcos  ft 
or  tan^=/A. 

Angle  of  The  value  of  0  thus  found  is  called  the  Angle  of  Rtposc^  and 
may  be  seen  in  nature  in  the  case  of  sand-heaps,  and  slopes 
formed  by  debris  from  a  disintegrating  cliff  (especially  of  a 
flat  or  laminated  character),  on  which  the  lines  of  greatest 
slope  are  inclined  to  the  horizon  at  an  angle  determined  by  this 
consideration. 

Let  ^(j:,  y,  z)  =  0  be  the  surface:  P,  with  direction -cosines 
I,  m,  n,  the  resultant  of  the  applied  forces.    The  normal  pressure  i« 

jy        dx         dy        dz 


repoie. 


^dx^  ^^dy^  ^^dz^ 
The  resolved  part  of  P  parallel  to  the  surface  is 


HcDcCy  for  the  boundary  of  the  portion  of  the  surface  within 
which  equilibrium  is  possible,  wc  have  the  additional  equation 
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157,  A  most  important  case  of  the  composition  of  forces 
ing  at  one  point  is  famished  by  the  consideration  of  the 
Faction  of  a  body  of  any  form  upon  a  material  particle  any- 
ere  situated.  Experiment  has  shown  that  the  attraction 
irted  by  any  portion  of  matter  upon  another  is  not  modified 

the  neighbourhood,  or  even  by  the  interposition,  of  other 
.tter ;  and  thus  the  attraction  of  a  body  on  a  particle  is 
i  resultant  of  the  several  attractions  exerted  by  its  parts. 

treatises  on  applied  mathematics  we  must  r^br  for  the 
unination  of  the  consequences,  often  very  curious,  of  various 
7s  of  attraction ;  but,  dealing  ¥dth  Natural  Philosophy,  we 
ifine  ourselves  to  the  law  of  gravitation,  which,  indeed,  fur- 
ihes  us  with  an  ample  supply  of  most  interesting  as  well  as 
iful  result& 

158.  This  law,  which  (as  a  property  of  matter)  will  be  care-  UBifWMi 
ly  considered  in  the  next  Division  of  this  Treatise,  may  be 
IS  enunciated. 

Every  partiek  of  nuUter  in  the  univeree  aUracts  every  other 
Hide  with  a  farce,  whose  direction  is  that  of  the  line  joming 
;  ttoo,  and  whose  magnitude  is  directly  as  the  product  of  their 
isses,  and  inversely  as  the  square  of  their  distance  from  each 
er, 

tlxperiment  shows  (as  will  be  seen  further  on)  that  the  same 
V  holds  for  electric  and  magnetic  attractions ;  and  it  is  pro- 
ble  that  it  is  the  fundamental  law  of  all  natural  action,  at 
LSt  when  the  acting  bodies  are  not  in  actual  contact 

459.  For  the  special  applications  of  Statical  principles  to  BJ>«d«i 
lich  we  proceed,  it  will  be  convenient  to  use  a  special  unit  of  of 
iss,  or  quantity  of  matter,  and  corresponding  units  for  the 
'asurement  of  electricity  and  magnetism. 
Thus  if,  in  accordance  with  the  physical  law  enunciated  in 
158,  we  take  as  the  expression  for  the  forces  exerted  on  each 
ler  by  masses  M  and  m,  at  distance  D,  the  quantity 

Mm, 
IF' 

is  obvious  thdt  our  unit  force  is  the  mutual  attraction  of  two 
lits  of  mass  placed  at  unit  of  distance  from  each  other. 

460.  It  is  convenient  for  many  applications  to  speak  of  the 
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LiiMur.  tur   dtiisity  ot'  a  ditttributiou  of  matter,  electricity,  etc,  along  a  lioc*. 
▼oiiim«,       over  a  surface,  or  throuirb  a  volume.  • 

Here  density  of  line       =  quantity  of  matter  per  unit  of  lengtk 
,.  surface  =  ,.  „  area. 

,,         „  volume  =  ,,  „  ToluM. 

SSmUc*"**      461.  In  applying  the  succeeding  investigations  to  electrkity 
l^^^jj^    or  magnetism,  it  is  only  necessary  to  premise  that  M  and  m  stand 
for  quantities  of  free  electricity  or  magnetism,  whatever  tbeae 
may  be,  and  that  hei-u  the  idea  of  mass  as  depending  on  imrtim 

is  not  necessarily  involved.     The  foniiula   ^,    will  still  repiv- 

sent  the  mutual  action,  if  we  take  as  unit  of  imaginaiy  electric 

or  magnetic  matter,  such  a  quantity  as  exerts  unit  force  on  an 

PMiuveaiKi  equal  quantity  at  unit  distance.     Here,  however,  one  or  both 

ummImi     of  M,  m  may  Ix*  ue^nitivi^ ;  and,  as  in  these  applications  like 

autnct       kinds  repel  each  other,  the  mutual  action  will  be  attractioii 

theory  iif  ,    .  ,.  .^       .        .  .   .  _.,.  , 

attnctioo     ur  repulsiou,  according  as  its  sign  is  negiitive  or  |)oaitiva     i^ith 
these  provisos,  the  following  t}uK)r}'  is  applicable  to  any  of  the 
above-menti<mcd  classes  of  forces.     We  commence  with  a  few 
simple  cases  which  can  be  completely  treattnl  by  means  of  ele 
mentary  geometry. 
Uuiffnu  462.  //'  //'♦'  difft'irnt  jHfi/its  nj  a   HjtJierirai  mr/aee   attrmet 

•bell    At     t'fjually  \rith  Jhrrrs  r*i  ruing  inverse!  u  tts  (he  soya  res  of  ike  di$ 

tnwrUun  mi        '  '^  '^  I'l-i-         .  ^ 

iiu^mai        fances,  a  partirh  plarat  tnf/nn  the  surf  are  u  nttt  ttttraeteti  la 
Mint  * 

any  dirertiim. 

L*t   IIIKL  Ih*  the  s))herii-ai   8urfa4*(\  and   P  the   particle 
within  it.     I^et  two  lines  //A^  IL,  intemi*pting  ver>-  Rniall  am 
///.  KL  1m*  tlniwii  thnuigh  /';  then, 
on   account    of  tin*   i>iiiiihir   trian^^les 
///'/,  KPL,  those  an's  will  1k»  pn)|H»r- 
tional  to  the  di.stanre.s  HP,  LP:  and 
iinv  small  elt*inents  ot    tli«*  splh-riral 
snrfari'  at  ///  and  A' A.  ••arli  iMnindiMl 
all    niun«l    by    strai;,'liT    lin«'s    pa'^sin;; 
tliniu^li   /'  (ainl   vfiy   nfailv  ri>in«*id 
ing  with  II K],  will  In-  in  the  liupliratr 

ratio  of  thos«*  linfs.  Ilruct*  tlir  t'un-f<*  i-xt  iiimmI  iiv  tlu*  uiatCer 
i»f  thest*  el«*ni«*nt'«  •m  tli««  |>aili(*li'  P  an*  «'qnal  .  t'i»r  th»«y  an?  as 
till*  quantities  nf  inatti-r  liirtTtly.  and  tin-  N.|iian"«  of  the  di^ 
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Lances,  inversely ;  and  these  two  ratios  compounded  give  that  y^^^JJ^ 
3f  equality.     The  attractions  therefore,  being  equal  and  oppo-  sSio/oi 
site,  destroy  one  another :  and  a  similar  proof  shows  that  all  ^'^*^ 
the  attractions  due  to  the  whole  spherical  surface  are  destroyed 
by  contrary  attractions.     Hence  the  particle  P  is  not  urged  in 
any  direction  by  these  attractions. 

468.  The  division  of  a  spherical  surface  into  infinitely  small  ^^J^JJi 
elements,  will  frequently  occur  in  the  investigations  which  JJ^.^S'' 
follow :  and  Newton's  method,  described  in  the  preceding  de-  eien>«»to. 
monstration,  in  which  the  division  is  efiected  in  such  a  manner 
that  all  the  parts  may  be  taken  together  in  pairs  of  opposite 
devients  vnth    reference  to  an  internal  point ;    besides  other 
methods  deduced  from  it,  suitable  to  the  special  problems  to  be 
examined ;  will  be  repeatedly  employed.     The  present  digres- 
sion, in  which  some  definitions  and  elementary  geometrical 
propositions  regarding  tliis  subject  are  laid  down,  will  simplify 
the  subsequent  demonstrations,  both  by  enabling  us,  through 
the  use  of  convenient  terms,  to  avoid  circimilocution,  and  by 
itfording  us  convenient  means  of  reference  for  elementary 
principles,  regarding  which  repeated  explanations  might  other- 
wise be  necessary. 

464.  If  a  straight  line  which  constantly  passes  through  a  srpuiu- 
fixed  point  be  moved  in  any  manner,  it  is  said  to  describe,  or  deflnitioiu 
generate,  a  conical  surface  of  which  the  fixed  point  is  the  vertex.  SSSk 

If  the  generatin<»  line  be  cairied  from  a  given  position  con- 
tinuously through  any  series  of  positions,  no  two  of  which 
[coincide,  till  it  is  brout^ht  l)ack  to  the  first,  the  entire  line  on 
the  two  sides  of  the  fixed  point  will  generate  a  complete  conical 
surface,  consisting'  of  two  sheets,  which  are  called  verticai  or 
/pposit4i  cones.  Thus  tlie  elements  HI  and  KL,  described  in 
NTewton's  demonstration  f^iven  above,  may  }>e  considered  as  being 
:ut  from  tlie  splierical  surface  by  two  opposite  cones  having  P 
for  their  common  vei-t(»x. 

465.  If  any  number  of  spheres  l)e  deficri})ed  from  the  ver-  ThM^ud 
rex  of  a  cone  as  centiv,  the  8e<nnents  cut  from  the  concentric  cone,  or  of 
ipheri(ml  surfaces  will  l>e  similar,  and  their  areas  will  be  as  the  comcJi  tor: 
squares  of  the  radii.     The  quotient  obtained  by  dividing  the 

irea  of  one  of  these  segments  by  the  square  of  the  radius  of  the 
spherical  surface  from  which  it  is  cut,  is  taken  as  the  measure 


( 
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Solid  angle    of  the  soUd  angle  of  the  cone.      The  segments  of  the 

spherical  surfaces  made  by  the  opposite  cone,  are  respectivelT 
equal  and  similar  to  the  former.     Hence  the  solid  angles  of 
two  vertical  or  opposite  cones  are  equal :  eitlier  may  be  taken 
as  the  soUd  angle  of  the  complete  conical  surEace,  of  which  the 
opposite  cones  are  the  two  sheets, 
sumofau         466.  Siucc  the  area  of  a  spherical  surface  is  equal  to  the 
angles  round  squarc  of  its  radius  multiplied  by  47r,  it  follows  that  the  sum 
"  ''  of  the  solid  angles  of  all  the  distinct  cones  which  can  be  de- 
scribed with  a  given  point  as  vertex,  is  equal  to  4Tr. 
Sum  of  the        467.  The  solid  angles  of  vertical  or  opposite  cones  beii^g 
of  all  the      equal,  we  may  infer  from  what  precedes  that  the  sum  of  the 
conical  sur-  solid  angles  of  all  the  complete  conical  surfaces  which  can  be 
described  without  mutual  intersection,  with  a  given  point  as 
vertex,  is  equal  to  27r. 
Solid  angle        468.  The  solid  angle  subtended  at  a  point  by  a  superficial 

subtended  at  i.-i.?  ti  inf 

a  point  by  a  area  of  any  kind,  is  the  soud  angle  of  the  cone  generated  by 
■urface,        a  Straight  line  passing  through  the  point,  and  carried  entirely 

round  the  boundary  of  the  area. 
Orthogonal        469.  A  vcry  Small  cone,  that  is,  a  cone  such  that  any  two 

and  oblique  . 

sections  of  a  positious  of  the  eeueratinc;  line  contain  but  a  very  small  ancle, 

small  cone.     T.,,  -it  t  n*  «       . 

IS  said  to  be  cut  at  nght  angles,  or  ortnogonaUy,  by  a  sphencal 

surface  described  from  its  vertex  as  centre,  or  by  any  surface, 

whether  plane  or  curved,  which  touches  the  spherical  surface  at 

the  part  where  the  cone  is  cut  by  it 

A  very  small  cone  is  said  to  be  cut  obliquely,  when  the 

section  is  inclined  at  any  finite  angle  to  an  orthogonal  section ; 

and  this  angle  of  inclination  is  called  the  obliquity  of  the  section. 
The  area  of  an  orthogonal  section  of  a  very  small  cone  is 

equal  to  the  area  of  an  oblique  section  in  the  same  position, 

multiplied  by  the  cosine  of  the  obliquity. 

Hence  the  area  of  an  oblique  section  of  a  small  cone  is  equal 

to  the  quotient  obtained  by  dividing  the  product  of  the  square 

of  its  distance  from  the  vertex,  into  the  solid  angle,  by  the 

cosine  of  the  obliquity. 
m"St"cut*        470.  Let  E  denote  the  area  of  a  very  small  element  of  a 
SS"Iu'5ArJ*    spherical  surface  at  the  point  K  (that  is  to  say,  an  element 
?on7"'"       every  part  of  which  is  very  near  the  point  E)^  let  to  denote  the 

solid  angle  subtended  by  E  at  any  point  P,  and  let  PE.  pro- 


ron^. 
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duced  if  necessary,  meet  the  surface  again  in  E*:  then  a  de- 
noting the  radius  of  the  spherical  surface,  we  have 

For,  the  obliquity  of  the  element  E,  considered  as  a  section 
of  the  cone  of  which  P  is  the  vertex  and 
the  element  E  a  section ;  being  the  angle 
between  the  given  spherical  surface  and 
another  described  fix)m  P  as  centre,  with 
PE  as  radius;  is  equal  to  the  angle  be- 
tween the  radii,  EP  and  EC,  of  the  two 
spheres.  Hence,  by  considering  the  iso- 
sceles triangle  ECE\  we  find  that  the  cosine  of  the  obliquity 

IkEJE^  EE' 

is  equal  to  -=^  or  to  --— ,  and  we  arrive  at  the  preceding 

expression  for  E, 

471.  The  attraction  of  a  uniform  spherical  surface  on  an 
external  point  is  the  same  a^  if  the  whole  mass  loere  collected  at 
the  centre} 

Let  P  be  the  external  point,  C  the  centre  of  the  sphere,  and 
CAP  a  straight  line  cutting 
the  spherical  surface  in  A, 
Take  /  in  CP,  so  that  CP, 
CA,  CI  may  be  continual  pro- 
portionals, and  let  the  whole  \  /  /  /  II^P 
spherical  surface  be  divided 
into  pairs  of  opposite  elements 
ivith  reference  to  the  point  /. 

Let  H  and  H'  denote  the  magnitudes  of  a  pair  of  such 
elements,  situated  respectively  at  the  extremities  of  a  chord 
HH' ;  and  let  ck)  denote  the  magnitude  of  the  solid  angle  sub- 
tended by  either  of  these  elements  at  the  point  /. 

1  TliiM  tlieorcm,  which  is  more  comprehensive  than  that  of  Newton  in  his  first 
proposition  regarding  attraction  on  an  external  point  (Prop.  LXXI.),  is  fully 
established  as  a  corollar}'  to  a  subsequent  proposition  (Prop.  LXXIII.  cor.  2).  If 
we  had  considered  the  proportion  of  tlie  forces  exerted  upon  two  external  points  at 
different  distances,  instead  of,  as  in  the  text,  investigating  the  absolute  force  on 
one  point,  and  if  besides  we  had  taken  together  all  the  pairs  of  elements  which 
would  constitute  two  narrow  annular  portiouH  of  the  surface,  in  planes  perpen- 
dicular to  PC,  the  theorem  and  its  demonstration  would  have  coincided  precisely 
with  Prop.  LXXI.  of  the  Prineiyia. 


Area  of  seg- 
nent  cut 
fh>m  spheri- 
cal sttince 
by  small 
cone. 


Uniform 
spberieai 
sbaU.    Ai- 
tnetlon  on 


point 
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Kli  We  have  (§  469), 

S?ii  //-^^^'       and  //'-  ••^^- 

^SSr"  coBCHr  ""^  ^  " o«i ai^v • 

Hence,  if  p  denote  the  density  of  the  surface,  tlie  aUnctioii* 
of  the  two  elements  H  and  fT'  on  P  are  respectivdy 
«  /^       .  m  Iff* 

^iiOBCffi'  ph^'^^^^oobCH'i'  pit*' 

Now  the  two  triangles  PCH,  HCI  have  a  common  ao^  at  C, 
and,  since  PC :  CH : :  CH :  CI,  the  sides  about  this  angle  are 
proportional  Hence  the  triangles  are  similar;  so  that  the 
angles  CPH  and  CHI  are  equal,  and 

IH  _CU_  a 
HP^CP^CP* 

In  the  same  way  it  may  be  proved,  by  considering  the  triangles 
PCH',  H'CI,  that  the  angles  CPH'  and  CH'I  are  equal,  and 
that 

IH' _CH' _  a 

Wp"  CP  "CP' 

Hence  the  expressions  for  the  attractions  of  the  elements 
H  and  H'  on  P  become 

^cmCiir  CP'  '"^"^^cosCH'r  CP' 

which  are  equal,  since  the  triangle  HCH'  is  isosceles ;  and.  for 
the  same  reason,  the  angles  CPH,  CPH\  which  have  been 
proved  to  be  respectively  equal  to  the  angles  CHI,  CH*I,  are 
equal  We  infer  that  the  resultant  of  the  forces  due  to  the  two 
elements  is  in  the  direction  PC,  and  is  equal  to 

a" 

To  find  the  total  force  on  P,  we  must  take  the  sum  of  all  the 
forces  along  PC  due  to  the  pairs  of  opposite  elements ;  and. 
since  the  multiplier  of  q>  is  the  same  for  each  pair,  we  must 
add  all  the  values  of  q>.  and  we  thon*fore  obtain  (§  466),  for  the 
required  resultant, 

4TfHI* 

The  nunierHt4»r  of  this  expression  :  bt»in;»  the  pnMiuct   of  the 
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density,  into  the  area  of  the  spherical  surface ;  is  equal  to  the  - 
mass  of  the  entire  charge ;  and  therefore  the  force  on  P  is  the 
same  as  if  the  whole  mass  were  collected  at  C 

CcT.  The  force  on  an  external  point,  infinitely  near  the  sur- 
face, is  equal  to  iirp,  and  is  in  the  direction  of  a  normal  at  the 
point  The  force  on  an  internal  point,  however  near  the  sur- 
face, is,  by  a  preceding  proposition,  equal  to  nothing. 

472,  Let  <T  be  the  area  of  an  infinitely  small  element  of  the  Attnetioii 

on  Ml  ud* 

surface  at  any  point  P,  and  at  any  other 
point  H  of  the  surface  let  a  small  element 
subtending  a  solid  angle  to,  at  P,  be  taken. 
The  area  of  this  element  will  be  equal  to 
itf.P^' 
cos  CHF  ' 

and   therefore  the  attraction   along    HP, 
which  it  exerts  on  the  element  a  at  P,  will  be  equal  to 
pto.fxr  &>         , 

cmClIJ"  "''  cosOSP^  '^' 

Now  the  total  attraction  on  the  element  at  P  is  in  the  direction 
CP ;  the  component  in  this  direction  of  the  attraction  due  to 
the  element  H,  is 

and,  since  all  the  cones  corresponding  to  the  different  elements 
of  the  spherical  surface  lie  on  the  same  side  of  the  tangent 
plane  at  P,  we  deduce,  for  the  resultant  attraction  on  the 
element  <r, 

27rp*cr. 

From  the  corollary  to  the  preceding  proposition,  it  follows  that 
this  attraction  is  half  the  foi-ce  which  would  be  exerted  on  an 
external  point,  possessing  the  same  quantity  of  matter  as  the 
element  <r,  and  placed  infinitely  near  the  surface. 

473.  In  some  of  the  most  important  elementary  problems  Attraction  o 
of  the  theory  of  electricity,  spherical  surfaces  with  densities  InrfaS*^ 
varj-ing  inversely  as  the  cubes  of  distances  from  eccentric  points  dendty  * 
occur :  and  it  is  of  fundamental  importance  to  find  the  attrac-  vendy^ 
tion  of  such  a  shell  on  an  internal  or  external  point.     This  may  the  dtoUnU 
be  done  synthetically  as  follows  ;  the  investigation  being,  as  we  point*      " 
«^hall  sec  below,  virtually  the  same  as  that  of  §  462,  or  §  471. 
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aS^ricJi^'  ^'^^'  ^*  ^^  ^^*  consider  the  case  in  which  the  given  pfliU 
J!wSI\he  ^  *^^  *^^  attracted  point  P  are  separated  by  the  spherical  m- 
Jj^j^  face.  The  two  figures  represent  the  varieties  of  this  caaein 
thrcutTof  w^^^^»  ^^®  point  S  being  without  the  sphere,  P  is  within ;  ani 
^*i^riv«  ^  ^iiig  within,  the  attracted  point  is  external  The  same  de- 
p«*nt  monstration  is  applicable  literally  with  reference  to  the  two 

figures ;  but,  for  avoiding  the  consideration  of  negative  quan- 
tities, some  of  the  expressions  may  be  conveniently  modified  to 
suit  the  second  figure.  In  such  instances  the  two  expressions 
are  given  in  a  double  line,  the  upper  being  that  which  is  most 
convenient  for  the  first  figure,  and  the  lower  for  the  second. 

Let  the  radius  of  the  sphere  be  denoted  by  a,  and  let/  be 
the  distance  of  S  from  C,  the  centre  of  the  sphere  (not  repre- 
sented in  the  figures). 

Join  SP  and  take  T  in  this  line  (or  its  continuation)  so  that 

(fig.  1)    8P.ST=r-^^' 
(fig.  2)     ^P.re=a*-/*. 

Through  T  draw  any  line  cutting  the  spherical  snrfiEu^  at  JT, 
K\  Join  SK,  SK\  and  let  the  lines  so  drawn  cut  the  spheri- 
cal surface  again  in  E,  H. 

Let  the  whole  spherical  surface  be  divided  into  pairs  of 
opposite  elements  with  reference  to  the  point  T,  Let  K  and 
if'  be  a  pair  of  such  elements  situated  at  the  extremities  of  the 
chord  KK\  and  subtending  the  solid  angle  to  at  the  point  T; 
and  let  elements  E  and  E!  be  taken  subtending  at  S  the  same 
solid  angles  respectively  as  the  elements  K  and  K\  By  this 
means  we  may  divide  the  whole  spherical  surface  into  pairs  of 
conjugate  elements,  Ey  E\  since  it  is  easily  seen  that  when  we 
have  taken  every  pair  of  elements,  K,  K',  the  whole  surface 


A'' 

will  have  been  exhausted,  without  repetition,  by  the  deduced 
elements,  E,  E".      Hence  the  attraction  on  P  will  be  the 
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,   final  resultant  of  the  attractions  of  all  the  pairs  of  elements,  j^lp'jJJri^S**^ 

'     K    K'  snrfiMMof 

g     ^»  ^  •  which  the 

Now  if  p  be  the  surface  density  at  E,  and  if  F  denote  the  Jj^^^. 
\    attraction  of  the  element  E  on  P,  we  have  thecuteof 

D  k;  Uie  dIaUBca 

I  P=i— from  •  given 

KP*  '  |K)lnt 

Acconiing  to  the  given  law  of  density  we  shall  have 

X 

where  X  is  a  constant.  Again,  since  SEK  is  equally  inclined 
to  the  spherical  surface  at  the  two  points  of  intersection,  we 
have  f'-'^'^    A'-'^^l!.    ^^'TJ^ 

and  henci' 

„_SE*'  SK*'      KK'    _x   _2a  TK* 

'         EP^  "  ^    'A'F*  8E.SK\EP*'  '*'• 

Now,  by  considering  the  great  circle  in  which  the  sphere  is  cut 
by  a  plane  through  the  line  SK,  we  find  that 
(fig.  1)  SK,SE=/*^a*, 
(fig.  2)  KS.SE^a'-'/^ 
and  hence  SK.SE=:SP,ST,  from  which  we  infer  that  the  tri- 
angles  KST,  PSE  are   similar;    so  that  TK : SK :: PE : 8P. 
Utiucr  TK^     _    1 

SK\PE^^^P*  ' 
and  the  expn'ssion  for  F  becomes 

..     .     2a  1 

/    ^  A.  ;       . -  .      (U. 

A'A"     SE.^SP" 

Modifying  this  by  preceiling  exj)ressions  we  have 

Similarly,  if  F'  denote  the  attmction  of  A"  on  P,  we  have 

\<»w  in  the  triangh»s  which  have  \hh}U  shown  to  be  similar,  the 
angles  TKS,  EPS  are  (Mpial  ;  and  the  same  may  be  ]nx>ved  of 

z 
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Attraction  of  the  angles  KST,  PSE.    Hence  the  two  sides  SK,  SK  of  the 

Sa^Aceof     triangle  KSK'  are  inclined  to  the  third  at  the  same  angles 

denBity  *     as  thosc  between  the  line  PS  and  directions  PE,  PE  of  the 

vereeiyas     two  forccs  on  the  point  P;  and  the  sides  SK^  SK  are  to 

the  d?8tance  one  another  as  the  forces,  jP,  F\  in  the  directions  PJF,  PE,    It 

potot*   ^*^  follows,  by  "  the  triangle  of  forces,"  that  the  resultant  of  F  and 

F  is  along  PS,  and  that  it  bears  to  the  component  forces  the 

same  ratios  as  the  side  KK  of  the  triangle  bears  to  the  other 

two  sides.     Hence  the  resultant  force  due  to  the  two  elements 

E  and  E  on  the  point  P,  is  towards  S,  and  is  equal  to 

\     2a                  01  vv    ^^        X.2a,a> 

A. ,  •  •  AxL  ,  or 


KK     (f^^a^ySP*  '        {f*^^a*)SP* 

The  total  resultant  force  will  consequently  be  towards  S;  and 
we  find,  by  summation  (§  466)  for  its  magnitude, 

kAva 
(/«~a«)5P*' 
Hence  we  infer  that  the  resultant  force  at  any  point  P, 
separated  from  S  by  the  spherical  surface,  is  the  same  as  if  a 

quantity  of  matter  equal  to  ft~;;—i  were  concentrated  at  the 

point  S. 

475.  To  find  the  attraction  when  S  and  P  are  either  both 
without  or  both  within  the  spherical  surface. 

Take  in  OS,  or  in  CS  produced  through  S,  a  point  Si,  such 
that  CS.CS^=a\ 

Then,  by  a  well-known  geometrical  theorem,  if  ^  be  any  point 
on  the  spherical  surface,  we  have 

SE  ^f 
SiE      a  ' 
Hence  we  have 

X    _    Xa» 
SE*  "/^.S.E* ' 
Hence,  p  being  the  electrical  density  at  E,  we  have 

^"  S,E*  "■  S^E* ' 

If  A,  =  --. 

Hence,  by  the  investigation   in  the   preceding    section,  the 
attraction  on  P  is  towards  Si,  and  is  the  same  as  if  a  quantity 
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of  matter  equal  to  -jr — r  ^^^  concentrated  at  that  point ; 


Attraction  f 
a  spherical 
surface  of 
which  the 
density 
varies  in- 
versely an 
the  cube  of 
the  distance 
from  a  givei 
l)oint 


/\  being  taken  to  denote  C/Sj.     If  for  /^  and  Xj  we  substitute 
their  values,  -j  and  -57  »  we  have  the  modified  expression 


for  the  quantity  of  matter  which  we  must  conceive  to  be  col- 
lected at  S^. 

476.  If  a  spherical  surface  be  electrified  in  such  a  way  Uninsouu 
that  the  electrical  density  varies  inversely  as  the  cube  of  the  tC?  hTfilim 
distance  from  an  internal  point  S,  or  from  the  corresiK^nding  *]^,inL^'^* 
external  point  81,  it  will  attract  any  external  point,  as  if  its 
whole  electricity  were  concentrated  at  S,  and  any  internal  point, 
as  if  a  quantity  of  electricity  greater  than  its  own  in  the  ratio 
of  rt  to/  were  concentrated  at  Sj. 

k 


Let  the  density  at  E  be  denoted,  as  before,  by 


8E' 


Thcjn, 


if  we  consider  two  opposite  elements  at  E  and  E',  whidi  su!) 
tend   a   solid   angle    o)   at   the   point   S,   the   areas   of  tliese 

elements  being  — y^—  and  — -^, —  >  the  quantity  of  (ilec 

tricity  which  they  possess  will  be 

X.2a.(tf    1    J     1   V         A.2a.ft> 

~EE''^SE^SE'^  ^^SKiiE' 
Now  HE-HE'  is  constant  (Euc.  ill.  35)  and  its  value  is  a^—p. 
Hence,  by  summation,  we  find  for  the  total  quantity  of  elec- 
tricity on  the  spherical  surface 

X.4ira 

Hence,  if  this  be  denoted  by  m,  the  expressions  in  the  pi-eced- 
ing  paragraphs,  for  the  fjuantities  of  electricity  which  we  must 
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Uuinsulatetl 
sphere  under 
the  influence 
of  an  electric 
point 


suppose  to  be  concentrated  at  the  point  8  or  Si,  according  as  P 
is  without  or  within  the  spherical  surface,  become  respectively 


Direct  ana- 
lytical cal- 
culation of 
attnictionfi. 


Uniform 
spherical 
shell 


m,    and 


/ 


477.  The  direct  analytical  solution  of  such  problems  cod- 
sists  in  the  expression,  by  §  455,  of  the  three  com]X)nents  of 
the  whole  attraction  as  the  sums  of  its  separate  parts  due  to  the 
several  particles  of  the  attracting  body ;  the  transformation,  hy 
the  usual  methods,  of  these  sums  into  definite  integrals ;  and  the 
evaluation  of  the  latter.  Tliis  is,  in  general,  inferior  in  elegance 
and  simplicity  to  the  less  direct  mode  of  solution  depending 
upon  the  determination  of  the  potential  energy  of  the  attracted 
particle  with  reference  to  the  forces  exerted  upon  it  by  the 
attracting  body,  a  method  which  we  shall  presently  develop 
with  peculiar  care,  being  of  incalculable  value  in  the  theories  of 
Electricity  and  ^Magnetism  as  well  as  in  that  of  Gravitatioa 
But  before  we  proceed  to  it,  we  give  some  instances  of  the 
direct  method,  beginning  with  the  case  of  a  spherical  shell 

(a)  Let  P  be  the  attracted  point,  0  the  centre  of  the  shelL    Let 
any  plane  perpendicular  to  OP  cut  it  in  N,  and  the  sphere  in  the 

small  circle  QR,  Let 
OOP  =  0,  OQ=i  a, 
OP=D.  Then  as  the 
whole  attraction  is  evi- 
dently along  PO,  wo 
may  at  once  resolve 
the  parts  of  it  in  that 
direction.  The  circular 
band  corresponding  to 
10,  e+d6f]  has  for  trea 
29ra*  sin  6d6.  Hence  if  31  be  the  mass  of  the  shell,  the  attraction 
of  the  band  on  P,  resolved  along  PO,  is 


But 


Also 


PQ^=x*=a*+J)* —2000080, 
xdx=aD  BUkOdO. 

PiV=D^acos^=^---^'+^'; 


2IJ 


and  the  attraction  of  the  band  is 
4/)«  ax 


dx. 
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This  divides  itsdf,  on  integration,  into  two  cases,  ^^,^ 

(1)  P  external,  i.«.,  D>a,    Here  the  limits  of  a?  are  Z?— a  and  ^Jf**^ 

i>+«,andthc.tt«ctH,nis^:^T£  +  ^!=-«!T-^-=^,    „' 

4Z;«L_a  ax    Jd_o     />• 

before. 

(2)  P  internal,  t.«.,  D^a,     Here  the  limits  are  a— /)  and 

a+A  and  the  attraction  is  -^  r;_  .  a'-Z>*n°  +  ^^Q 

4/>"L.a  aj?     Ja-D 

(6)  A  nsefnl  case  is  that  of  the  attraction  of  a  circular  plate  of  Uniform 
uniform  surfjEu^e  density  on  a  point  in  a  line  through  its  centre,  on  particle  ' 
and  perpendicular  to  its  plane.  *"  '**  "'"* 

K  a  be  the  radius  of  the  plate,  h  the  distance  of  the  point  from 
it,  and  M  its  mass,  the  attraction  (which  is  evidentlj  in  a  direc- 
tion perpendicular  to  the  plate)  is  easily  seen  to  be 
MJ^   2hrdr    _2M .  h 

If  p  denote  the  sur&ce  density  of  the  plate,  this  becomes 
2irp(l p=-=); 

which,  for  an  infinite  plate,  becomes 

2vp, 
From  the  preceding  formula  many  useful  results  may  easily  be 
deduced  :  thus, 

(c)  A  uniform  a/Under  of  length  I,  and  diameter  a,  attracts  a  cylinder  on 
point  in  its  axis  at  a  distance  x  from  the  nearest  end  with  a  force  JJIil^*^'*  '** 

When  the  cylinder  is  of  infinite  length  (in  one  direction)  the 
attraction  is  therefore 

^Trpi^x^+a^—x); 
and,  when  the  attracted  particle  is  in  contact  with  the  centre  of 
the  end  of  the  infinite  cylinder,  this  is 

2irpa. 

(d)  A  right  cone,  of  semivertical  angle  a,  and  length  /,  attracts  Right  cone 
a  particle  at  its  vertex.  Here  we  have  at  once  for  the  attraction,  at  \?rtex.'' 
the  expression 

2TrpZ(l  — cosa), 

which  is  simply  proportional  to  the  length  of  the  axis. 

It  is  of  course  easy,  when  required,  to  find  the  necessarily  less 
simple  expression  for  the  attraction  on  any  point  of  the  axis. 

{e)  For  magnetic  and  electro  magnetic  applications  a  very  use- 
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PoKiUve 
An<l  negative 


■  Variation  of 
•  force  in 
!  croeeing  an 
|attrirting 


Uttlfiinii 
lieinlii|ili(>rr* 
(in  iMirtirlr 


ful  case  is  that  of  two  equal  discs,  each  perpendicular  to  tke  Um 
joining  their  centres,  on  any  point  in  that  line — their  mvtf* 
(§  461)  being  of  opposite  sign — that  is,  one  repelling  and  the 
other  attracting. 

Let  a  be  the  radius,  p  the  mass  of  a  snperficial  unit,  of  either. 
c  their  distance,  x  the  distance  of  the  attracted  point  from  the 
nearest  disc.     The  whole  action  is  evidently 
x+c  X 


2irp{- 


=+3'- 


In  the  particular  case  when  c  is  diminished  withoat   limit. 
this  becomes  ^  a* 

478.  Let  P  and  P'  be  two  points  infinitely  near  one  anothrr 
on  two  sides  of  a  surface  over  which  matter  is  distributed  ;  and 
let  p  be  the  density  of  tliis  distribution  on  the  surface  in  th«* 
neighbourbood  of  these  jioiuts.  Tlien  what<»ver  be  the  resultant 
attraction,  R,  at  P,  due  to  all  the  attracting  matter,  whether 
lodging  on  tliis  surface,  or  elsewhere,  the  resultant  force,  R,  on 
P'  is  the  resultant  of  a  force  equal  and  parallel  to  R,  and  a 
foi-ce  equal  to  iirp,  in  the  direction  from  P'  perj)endicularly 
towards  the  surface.  For,  suj)i>ose  PP  to  be  ]>erpendicalar  to 
the  surface,  which  will  not  limit  the  generality  of  the  pin- 
position,  and  consider  a  circular  ilisc,  of  the  surface,  having  it-* 
centre  in  py,  ami  radius  infinitely  small  in  comparu^on  with 
the  radii  of  curvature  of  the  surface  but  infinitely  great  in  com- 
parison with  PP.  This  disc  will  [§477,  (/>)]  attract  P  and  ? 
with  forces,  each  equal  to  2'rrp  and  opposite  to  one  another  in 
the  line  PP.  ^Vhence  the  projKisition.  It  is  one  of  much  im- 
lK)rfance  in  the  thenry  of  electricity. 

(a)  As  a  further  example  of  the  direct  analytical  process,  let  m 

find  th(*  componenta  of  tW 
attract ii>n  cxertrd  l»y  a  lui- 
f(»nn  hfinisphrre  on  a  partirW 
at  it.s  rdg«\  Let  ^  bo  tl^ 
partiolo.  Ali  a  diameter  *-i 
U  tho  ba.»»«».  AC  th«»  tangent  fc> 
the  ba-<-  at  .1 ;  and  AP  per* 
iM'iiiIicular  tn  .t^'.  and  Afi 
Li't  liuA  \»'  a  H<-oti«»ii  hv  a 
plnn<'  |iaHHtng  thnni^h  AC .  A<i  any  ra«liii«<  v«»o«i»r  of  thi.«  section. 
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P  a  point  in  AQ,,     Let  ilP=r,  jR4G=<^,  RAB^O.     Then,  Unifonn 
evidently,  the  yolume  of  an  element  at  P  is  on  partide 

at  edge. 

rdif^.rsmSdS.i^ = r*faii6d4>d$dr. 
The  attraction  on  unit  of  matter  at  il  is  evidenUj  zero  along 
AC.     Along  ileitis 

pJDlfmnOdifidOdr  cos  4>oobO, 
between  proper  limits.     The  limits  of  r  are  0  and  2acos^cos^, 
those  of  ^  are  0  and  ~ ,  and  those  of  <^  are  —  -—  and  +  -^  • 


Hence,  Attraction  along  AB=i^pa. 
Along  AD  the  attraction  is 


^11       sined<f>dOdrcoBit>mne—^pa. 


'0   ^0 

a 


(b)  Hence  at  the  southern  base  of  a  hemispherical  hill  of  radius  Aitention  oi 
a  and  density  p,  the  true  latitude  (as  measured  by  the  aid  of  the  h^^nhVri^ 
plumb-line,  or  by  reflection  of  starlight  in  a  trough  of  mercury)  is  ^^  °' 
diminished  by  the  attraction  of  the  mountain  by  the  angle 

O-ipa 

where  O  is  the  attraction  of  the  earth,  estimated  in  the  same 
units.  Hence,  if  i2  be  the  radius  and  a-  the  mean  density  of  the 
earth,  the  angle  is 

iJSipa '  °'  *  S  approximately. 
Hence  the  latitudes  of  stations  at  the  base  of  the  hill,  north  and 
south  of  it,  differ  by  ^(2+  — ) ;  instead  of  by  -^  ,  as  they  would 

It  (T  R 

do  if  the  hill  were  removed. 

Id  the  same  way  the  latitude  of  a  place  at  the  southern  edge 
of  a  hemispherical  cavity  is  increased  on  account  of  the  cavity  by  { 

i  ^  where  p  is  the  density  of  the  superficial  strata.  f 

479.  As  a  curious  additional  example  of  the  class  of  ques-  by 
ions  we  have  just  considered,  a  deep  crevasse,  extending  east 
ind  west,  increases  the  latitude  of  places  at  its  southern  edge 

)y  (approximately)  the  angle  ^  -^  where  p  is  the  density  of 
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Alteration  of  the  cHist  of  the  corth,  and  a  is  the  width  of  the  crevasse.     Thus 
crevaiwe*      the  north  edge  of  the  crevasse  will  have  a  laioer  latitude  than 

the  south  edge  if  ^— >1,  which  might  be  the  case,  as  ther^ 

are  rocks  of  density  §x  5*5  or  3*67  times  that  of  water.  At  a 
considerable  depth  in  the  crevasse,  this  change  of  latitudes  is 
nearly  dcnihledy  and  then  the  southern  side  has  the  greater 
latitude  if  the  density  of  the  crust  be  not  less  than  1-83  times 
that  of  water. 
Attraction  of      480.  It  is  interesting,  and  will  be  useful  later,  to  consider 

a  sphere  .  *^  •  /.  i 

composed  of  as  a  particular  case,  the  attraction  of  a  sphere  whose  mass  is 

concentric  i«  •!  ii.«o  i» 

shells  of  uni-  composcd  of  concciitric  layers,  each  of  uniform  density. 

form  density.  jt  ^  ^ 

Let  B  be  the  radius,  r  that  of  any  layer,  p=zF(r)  its  density. 
Then,  if  cr  be  the  mean  density, 


rR 
Aira-R* = 47r  j    pr^dr, 

J  0 


L 


from  which  a-  may  be  found. 

The  surface  attraction  is  ^?r(r/2,  =  (?,  suppose. 

At  a  distance  r  from  the  centre  the  attraction  is  --  j    pr^dr. 
If  it  is  to  be  the  same  for  all  points  inside  the  sphere 

Hence  p=F(r)=- is  the  requisite  law  of  density. 

If  the  density  of  the  upper  crust  be  r,  the  attraction  at  a  depth 
A,  small  compared  with  the  radius,  is 

where  a-,  is  the  mean  density  of  nucleus  when  a  shell  of  thicknea 
h  is  removed  from  the  sphere.     Also^  evidently, 

or  0,{R^hy+4irr{R-^hyh=0R\ 

whence  Or  =  0{i+j)—iirrh, 

The  attraction  is  therefore  unaltered  nt  a  depth  h  if 

-— =  iir(r=27rT. 
R     ^ 

481.  Some  other  simple  cases  may  be  added  here,  as  their 
results  will  be  of  use  to  n.s  subsequently. 
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(a)  The  attraction  of  a  circular  arc,  ABj  of  uniform  density,  Attraction  of 
on  a  particle  at  the  centre,   C,  of  the  ^  circaiArarc, 

circle,  lies  evidently  in  the  line  CD 
bisecting  the  arc.  Also  the  resolved  part 
parallel  to  CD  of  the  attraction  of  an 
element  at  P  is 

mass  of  element  at  P       „<,. 

cni «««-^^^- 

Now  suppose  the  density  of  the  chord  AB 
to  be  the  same  as  that  of  the  arc.     Then 

for  (mass  of  element  at  P  x  cos  PCD) 
we  may  put  mass  of  projection  of  element 

<:  <: 

on  AS  at  Q ;  since,  if  PT  be  the  tangent  at  P,  PTQ  =  PCD. 

^                   .        ,        xv^     Sum  of  projected  elements 
Hence  attraction  along  CD  = PD* 

_pAB 

"CD*' 

if  p  be  the  density  of  the  given  arc, 

<: 
_2paiiACD 

"       CD. 
It  is  therefore  the  same  as  the  attraction  of  a  mass  equal  to  the 
chord,  with  the  arc's  density,  concentrated  at  the  point  D. 

(b)  Again  a  limited  straight  line  of  uniform  density  attracts  any  straight  line, 
external  point  in  the  same  direction  and  with  the  same  force  as 
the  corresponding  ^^C 

arc  of  a  circle  of 
the  same  density, 
which  has  the 
point  for  centre, 
and  touches  the 
straight  line. 

ForifC/?Pbc         A  P  B  D 

drawn  cutting  the  circle  in  p  and  the  line  in  P ;  Element  at 

rip 
p  :  element  at  P ::  Cjp :  CP^  ;  that  is,  as  Cp*  :  CP".     Hence  the 

attractions  of  these  elements  on  C  are  equal  and  in  the  same 
line.  Thus  the  arc  ab  attracts  C  as  the  line  AB  does ;  and,  by 
the  last  proposition,  the  attraction  of  AB  bisects  the  angle  ACB^ 
and  is  equal  to  2o  ^ 
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..tirActfon  of 
uniform 
traight  line. 


have 


mnKCB=^  sin  (^D  =  - 


C  (c)  This  ntj 
be  put  into  other 
useful  fonns— 
thua,  let  CKF 
bisect  the  angle 
ACB,  and  kt 
Aay  Bby  EF,  be 
drawn  perpen- 
dicular to  CF 
from  the  endii 
and  middle  point 
of  AB.  We 
CD 


CB  ——  "AC+CB  CK 
Hence  the  attraction^  which  is  along  CK,  is 

2pAB pAB 


CF.       (1) 


{AC+CB)CK    2{AC+CB)(AC+CB*'-'AB*) 
For,  evidently, 

bK :  Ka :: BKiKA  :: BC:  CA  ::bC:Ca, 
I.e.,  ab  is  divided,  externally  in  C,  and  internally  in  K,  in  the 
same  ratio.     Hence,  by  geometry, 

KCCF=aC'Cb=zl{AC+CB*--AB*}, 
which  gives  the  transformation  in  (1). 

(d)  CF  is  obviously  the  tangent  at  C  to  a  hyperbola,  passing 
through  that  point,  and  having  ^  and  i?  as  foci.  Hence,  if  in 
ani/  plane  through  AB  any  hyperbola  be  described,  with  foci  A 
and  B,  it  will  be  a  line  of  force  as  regards  the  attraction  of  the 
line  AB ;  that  is,  as  will  be  more  fully  explained  later,  a  curve 
which  at  every  point  indicates  the  direction  of  attraction. 

(e)  Similarly,  if  a  prolate  spheroid  be  described  with  foci  A  and 
B^  and  passing  through  (7,  CF  will  evidently  be  the  normal  at  C; 
thus  the  force  on  a  particle  at  C  will  be  perpendicolar  to  the 
spheroid ;  and  the  particle  would  evidently  rest  in  equilibrium  <hi 
the  surface,  even  if  it  were  smooth.  This  is  an  instance  of  (what 
we  shall  presently  develop  at  some  length)  a  surface  of  equili- 
brium, a  level  surface,  or  an  equipotential  surface. 

(/)  We  may  further  prove,  by  a  simple  application  of  the  pre- 
ceding theorem,  that  the  lines  of  force  due  to  the  attraction  of 
two  infinitely  long  rods  in  the  line  AB  produced,  one  of  which 
is  attractive  and  the  other  repulsive,  are  the  series  of  ellipses 
described  from  the  extremities,  A  and  B,  as  foci,  while  the  sur- 
faces of  equilibrium  are  generated  by  the  revolution  of  the  con- 
focal  hyperbolas. 
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482.  As  of  immense  importance,  in  the  theory  not  only  Potential. 
Df  gravitation  but  of  electricity,  of  magnetism,  of  fluid  motion, 
of  the  conduction  of  heat,  etc.,  we  give  here  an  investigation  of 
the  most  important  properties  of  the  Potential, 

483*  This  function  was  introduced  for  gravitation  by 
Laplace,  but  the  name  was  first  given  to  it  by  Green,  who  may 
edmost  be  said  to  have  created  the  theory,  as  we  now  have  it. 
Green's  work  was  neglected  till  1846,  and  before  that  time  most 
of  its  important  theorems  had  been  re-discovered  by  Gauss, 
Chasles,  Sturm,  and  Thomson. 

In  §  273,  the  potential  energy  of  a  conservative  system  in 
any  configuration  was  defined.  When  the  forces  concerned 
are  forces  acting,  either  really  or  apparently,  at  a  distance,  as 
attraction  of  gravitation,  or  attractions  or  repulsions  of  electric 
or  magnetic  origin,  it  is  in  general  most  convenient  to  choose, 
for  the  zero  configuration,  infinite  distance  between  the  bodies 
concerned.     We  have  thus  the  following  definition  : — 

484.  The  mutual  potential  energy  of  two  bodies  in  any 
relative  position  is  the  amount  of  work  obtainable  from  their 
mutual  repulsion,  by  allowing  them  to  separate  to  an  infinite 
distance  asunder.  When  the  bodies  attract  mutually,  as  for 
instance  when  no  other  force  than  gravitation  is  operative, 
their  mutual  potential  energy,  according  to  the  convention  for 
5ero  now  adopted,  is  negative,  or  (§  547  below)  their  exhatistion 
\f  potential  encrgif  is  positive. 

485.  The  Potential  at  any  point,  due  to  any  attracting  or 
spelling  body,  or  distribution  of  matter,  is  the  mutual  potential 
energy  between  it  and  a  unit  of  matter  placed  at  that  point.  . 
But  in  the  case  of  gravitation,  to  avoid  defining  the  potential 
IS  a  negative  quantity,  it  is  convenient  to  change  the  sign, 
rims  the  gravitation  potential,  at  any  point,  due  to  any  mass, 

s  the  quantity  of  work  required  to  remove  a  iniit  of  matter 
from  that  point  to  an  infinite  distance. 

486.  Hence  if  V  be  the  ix>tential  at  any  point  P,  and  V^ 
that  at  a  proximate  point  Q,  it  evidently  follows  from  the  above 
definition  that  V—V^  is  the  work  required  to  remove  an  inde- 
pendent unit  of  matter  from  P  to  Q  ;  and  it  is  useful  to  note ' 
that  this  is  alt<)gether  independent  of  the  form  of  the  path 
[?liosen  between  tlieso  two  points,  as  it  gives  us  a  preliniinar}' 
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Potential,  idea  of  the  power  we  acquire  by  the  introdtictioii  of  tliis  i 
of  representation. 

Suppose  Q  to  be  so  near  to  P  that  the  attractiw  i 
exerted  on  unit  of  matter  at  these  points,  and  then*fore  at 
point  in  the  line  PQ,  may  be  assumed  to  be  equal  and  jiai 
Then  if  F  represent  the  resolved  part  of  this  force  alonsi 
F.PQ  is  the  work  required  to  transfer  imit  of  matter  from 
Q.     Hence 

Force  iu       that  is,  the  attraction  on  unit  of  matter  at  P  in  anv  dire 

terms  (»f  the  ' 

iH>tentiai.  pQ^  is  the  Kite  at  wliich  the  potential  at  P  increases  per 
of  lenjrth  of  PQ. 

ui}i*lurfa?e  487.  A  surface,  at  evt^ry  point  of  which  the  potentia 
the  same  value,  and  therefore  called  an  Equipottntial  Su 
is  such  that  the  attraction  is  ever^'where  in  the  direct! 
its  nonnal  For  in  no  direction  along  the  surfoce  doe 
potential  chan^'e  in  value,  and  therefore  there  is  uo  foi 
any  such  direction.  Hence  if  the  attracted  particle  be  | 
on  such  a  surface  (supi)osed  smooth  and  rigid),  it  will  n 
any  position,  and  the  surface  is  tlieivfore  sometimes  cal 
Surface  of  KquiiiWiifvu  We  shall  see  later,  that  the  foi 
a  i)article  of  a  liquid  at  the  five  surface  is  always  in  the  « 
tion  of  the  nonnal,  hence  the  tenn  Lenl  Svr/aee,  whi 
often  used  for  the  other  tt*rnis  alM»ve. 

Reutive  In-        488.  If  a  scrics  of  eqiiipciteiitial  surfaces  be  constructs 

fonratdif-  vaUn's  of  tlic  i)otriitial  incivasing  bv  (Miual  small  amountj 

fervnt  iMiiiitN        •  i       .    i.  t*    *  ^  %   ai     ^  ^i  •  •         .      . 

ofaiir.|ui|M».  evident  tnmi  o  4S0  that  the  attraction  at  anv  innnt  is  luv 

t<*DtUl  mir  •  1     '       .  1  11-  1  * 

f»r#  ])it)i)ortional  to  tlu»  normal  distance  between   two  succ 

surfjKM's  closi*  to  that  point :  since  the  numerator  of  th 
pn'SNJuii  for  /'  is.  in  this  cast',  constant. 

Mnroffonr.  489.  A  liiH'  dr.iwn  fi-oin  any  origin,  >o  that  at  evt*r}' 
of  its  Icn^^jth  its  tan^-nt  is  tin*  dircrtion  «»f  thr  attnutioii  a 
point,  is  ralltMl  a  A//^  nf  Fnrr,  ;  and  it  M]ivinu>l\  nits  at 
an^'h's  rvfiv  tMjui|Miirntial  ^urtact*  Nvliirh  it  nn*rts. 

Thrsr    tllHT    \\\<    Sim  tiolis    all'    llH«-     irJinh  r*  r    1h«    thf     1 

attriHtion  ;  in  tin*  nrxt  wt*  an*  n-^iiirtrtl  in  th'-  law  ♦ 
invt'isf  si|nan'  uf  tlio  «li-*tan<«- 
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90.  If,  through  every  point  of  the  boundary  of  an  infinitely  vari«tkm  of 

11  portion  of  an  equipotential  surface,  the  corresponding  aio^^Sne 

J  of  force  be  drawn,  we  shall  eridently  have  a  tubular 

ace  of  infinitely  small  section.     The  force  in  any  direction, 

my  point  within  such  a  tube,  so  long  as  it  does  not  cut 

ugh  attracting  matter,  is  inversely  as  the  section  of  the 

J  made  by  a  plane  passing  through  the  point  and  perpen- 

Jar  to  the  given  direction.     Or,  more  simply,  the  whole 

e  is  at  every  point  tangential  to  the  direction  of  the  tube, 

inversely  as  its  transverse  section :  from  which  the  more 
^ral  statement  above  is  easily  seen  to  follow, 
'his  is  an  immediate  consequence  of  a  most  important 
►rem,  which  will  be  proved  later,  §  492.  The  mrfact  in- 
xl  of  the  attraction  exerted  hy  any  distribution  of  matter  in 
direction  of  the  normal  at  every  point  of  any  closed  surface 
ttM  ;  where  M  is  the  amount  of  matter  vnthin  the  surface ^ 
^e  the  attraction  is  considered  positive  or  negative  according 
f  is  inwards  or  outwards  at  any  point  of  the  surface, 
'or  in  the  present  case  the  force  perpendicular  to  the  tubular 

of  the  surface  vanishes,  and  we  need  consider  the  ends  only, 
en  none  of  the  attracting  mass  is  within  the  portion  of  the 
J  considered,  we  have  at  once 

/'»-/'V=0, 
eing  the  force  at  any  point  of  the  section  whose  area  is  «. 
J  is   equivalent  to  the  celebrated  equation  of  Laplace — 
).  B(a);  and  below,  §  491  (c). 

Vhen  the  attracting  body  is  symmetrical  about  a  point,  the 
3  of  force  are  obviously  straight  lines  drawn  from  this 
it.  Hence  the  tube  is  in  this  case  a  cone,  and,  by  §  469,  » 
roportional  to  the  square  of  the  distance  from  the  vertex, 
ice  F  is  inversely  as  the  square  of  the  distance  for  points 
»mal  to  the  attracting  mass. 

Vhen  the  mass  is  sjTnmetrically  disposed  about  an  axis  in 
litely  long  cylindrical  shells,  the  lines  of  force  are  evidently 
)endicular  to  the  axis.  Hence  the  tube  becomes  a  wedge, 
tse  section  is  proportional  to  the  distance  from  the  axis,  and 
attraction  is  therefore  inversely  as  the  distance  from  the 

Mien  the  mass  is  arranged  in  infinite  parallel  planes,  each 
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v^tionof  of  uniform  density,  the  lines  of  force  are  obviously  perpen- 
offofce        dicnlar  to  these  planes;  the  tube  becomes  a   ci/Hiider ;  anil, 
since  its  section  is  constant,  the  force  is  the  same  at  all  dis- 
tances. 

If  an  infinitely  small  length  /  of  the  portion  of  the  tul>e  con- 
sidered pass  through  matter  of  density  p,  and  if  a>  be  the  area 
of  the  section  of  the  tube  in  this  part,  we  have 

Fw  —  F'm'  =■  ivliap. 

This  is  e([uivalent  to  Poisson's  extension  of  Laplace's  equa- 
tion [§  491  (c)]. 

491.  In  estimating  work  done  agfdnst  a  force  which  varies 
inversely  as  the  square  of  the  distance  from  a  fixed  point,  the 
mean  force  is  to  be  reckoned  as  the  geometrical  mean  between 
the  forces  at  the  beginning  and  end  of  the  path :  and,  what- 
ever may  be  the  path  followed,  the  effective  space  is  to  be 
reckoned  as  the  difference  of  distances  from  the  attracting  point 
Tlius  the  work  done  in  any  course  is  equal  to  the  product  of 
the  diflference  of  distances  of  the  extremities  from  the  attract- 
ing point,  into  the  geometrical  mean  of  the  forces  at  these  dis- 
tances ;  or,  if  0  be  the  attracting  point,  and  m  its  force  on 
a  unit  mass  at  unit  distance,  the  work  done  in  moving  a 
particle,  of  imit  mass,  fix)m  any  position  P  to  any  other  posi- 
tion P',  is 

To  prove  this  it  is  only  necessary  to  remark,  that  for  any  in- 
finitely small  step  of  the  motion,  the  effective  space  is  clearly  the 
difference  of  distances  from  the  centre,  and  the  working  force 
may  be  taken  as  the  force  at  either  end,  or  of  any  intermediate 
value,  the  geometrical  mean  for  instance  :  and  the  preceding 
expression  applied  to  each  infinitely  small  step  shows  that  the 
same  rule  holds  for  the  sum  making  up  the  whole  work  done 
through  any  finite  range,  and  by  any  path. 

Hence,  by  §  485,  it  is  obvious  that  the  potential  at  P,  uf  a 

mass  m  situated  at  0,  is  — ;  and  thus  that  the  potential  of  any 

to  any  dum.  mass  at  a  i)oint  P  is  to  be  found  by  adding  the  quotients  of 
every  portion  of  the  mass,  each  divided  by  its  distance  from  P. 
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(a)  For  the  analytical  proof  of  these  propositions,  consider,  first,  Analytical 
a  pair  of  particles,  0  and  P,  whose  masses  are  m  and  unity,  and  t?on^of  the 
co-ordinates  a,  6,  c,  j:,  y,  z.     If  Z>  be  their  distance  potential^* 

2)«=a;— a«+y— 6«+x;— c«. 
The  mutoal  attraction  has  components 

and  therefore  the  work  required  to  remove  P  to  infinity  is 

.      [dD 
which,  gince  the  superior  limit  is  Z)  =  oo,  is  equal  to 

The  mutual  potential  energy  is  therefore,  in  this  case,  the  pro- 
duct of  the  masses  divided  by  their  mutual  distance ;  and  there- 
fore the  potential  at  x,y,  z,  due  to  m,  is  —  • 

Again,  if  there  be  more  than  one  fixed  particle  m,  the  same 
investigation  shows  us  that  the  potential  at  x,  y,  z  is 

And  if  the  particles  form  a  continuous  mass,  whose  density  at 
a,  b,  c  is  p,  we  have  of  course  for  the  potential  the  expression 

dadbdc 
iP 


III' 


D      ' 

the  limits  depending  on  the  form  of  the  mass. 

If  we  call  V  the  potential  at  any  point  P  (x,  y,  z)^  it  is  evi-  Force  at 
dent  (from  the  way  in  which  we  have  obtained  its  value)  that  the 
components  of  the  attraction  on  unit  of  matter  at  P  are 

X^dV     Y=^-Y.,  Z=:—- 
dx  dy  ^  dz 

Hence  the  force,  resolved  along  any  curve  of  which  a  is  the  arc, 

ds"^^  di^^  ds^dx'  ds^dy'  ds"^  dz'ds 
_dV 
"  ds  * 

.Vll  thia  is  evidently  independent  of  the  question  whether  P  lies 
within  the  attracting  mass  or  not. 
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(6)  If  the  attxacting  mass  be  a  sphere  of  densilj  ^  and 
a,  by  c,  and  if  P  be  within  it6  surface,  we  have,  siiice  the  ei 
shell  has  no  effect, 

^    dV         4      rkt*"^ 


dx 


D* 


Rate  uf  in- 
crease of  the 
force  in  any 
direction. 


Laplace's 
etpiation. 


Hence  as 


trnainii  i*X 
I^plai'r'* 
M|tMti»n 


„  dX     d*V         4 

°^"^^  d^=-d^=~''' 

(c)  Now,  in  general,  if 

^  "dx^'^dt/^'^'dz'' 
wc  have  y'— =0,  as  was  proved  before,  App.  B  (^),  (14.. 

and  from  this,  and  the  similar  expressions  for  the  second  * 
entials  in  ^  and  r,  the  theorem  follows  at  once. 
,,      [[[  dadbdc 

and  p  does  not  involve  x,  y^  z,  wc  see  that  cu  long  om  D  do 
vanish  within  the  limits  of  integration,  i.e.,  as  long  as  P  if 
point  of  the  attracting  mass 

or,  iu  t<Tiii8  of  the  components  of  the  force, 

dx^dy^dz 
If  P  be  within  the  attracting  mass,  suppose  a  small 
to  be  (loscribed  ho  as  to  contain  P.     Divide  the  potential  h 
parts,  K,  that  of  the  sphere,  F,  that  of  the  rest  of  Iho  bod; 

The  expresMion  alwivc  shows  that 

Also  th<'  expressions  for        ,   .  otc./in  the  cast*  of  a  spb 

whtTc  p  is  thr  di-nsity  of  thf  s|)lu'n\ 
Hrm-t'  ns  r=  r, -f-  r, 

which  JM  tli<>  ^fiirrul  o|U:itinii  nt*  \\\v  |M»t4Mitial,  and  incluti 
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case  of  P  being  wholly  external  to  the  attracting  mass,  since  PoiMona 
then  p=0.    In  terms  of  the  components  of  the  force,  this  equation  ^uplM«'t 
becomes  dX    dT  ^  dZ         ,  •^"•^^' 

(d)  We  have  already,  in  these  most  important  equations,  tho 
means  of  yerifying  yarions  former  results,  and  also  of  adding  now 
ones. 

Thus,  to  find  the  attraction  of  a  hollow  sphere  composed  of  i*iH«tiil«l 
concentric  shells,  each  of  uniform  density,  on  an  external  point  ^rmtuH  in 
(by  which  we  mean  a  point  not  part  of  the  mass).     In  this  oano  ^XiUfiHA* 
symmetry  shows  that  V  must  depend  upon  the  distance  from  J/,*}Jl^,*jf 
the  centre  of  the  sphere  alone.     Let  the  centre  of  the  sphere  b«  ^^*^^if 
origin,  and  let 

Then  V  is  a  function  of  r  alone,  and  consequently 
dV    dVdr      X  dV 


dx     dr  dx      r  dr  ^ 

d*V 

1  dV 

x*dV   x*d^y 

dx* 

~  r  dr' 

r*dr'^r*  dr* 

and  V>r=l^+^. 

r  dr^  dr* 

Hence,  when  P  b  outside  the  sphere,  or  in  the  bolli#w  nfNMftf 

within  it,  ^  dV     d*V _ 

r  dr  "^  rfr'  ~  • 

A  first  integral  of  this  is       r*-—  =  (J. 

For  a  point  outside  the  shell  C  hati  a  finiUf  valiw?,  whiuh  tn  ttnnWy 

seen  to  be  —3/,  where  M  is  the  mass  of  the  iihell. 

For  a  point  in  the  internal  cavity  C'=0,  Uinkuiw  tmiUtdiy  nl 

tlV 
the  centre  there  is  no  attraction — i.t\  there  r—o,        ^{)  UfHnlUt^r. 

Hence  there  is  no  attraction  on  an^  point  in  iUn  cavity 

We  need  not  be  surprised  at  the  apparent  dm'jttiituniijf  ttf  iUU 
solution.     It  is  owing  to  the  dincontinuily  of  Ihf.  yipfn  dUlrUmliun 
of  matter.     Thus  it  appears,  by  ^  41H  (c)^  that  thu  triM*  KMrmml 
equation  to  the  potential  is  not  what  w<;  havir  takmi  ahov<',  btii 
d*V  ,   2  dV 
dr^-^Tdr^''''''^ 
where  />,  the  density  of  the  matter  at  diMtanee  r  from  i\w  eenin*, 
is  zero  when  r  <  a  the  radium  of  the  cavity  :  haw  a  finite  valu<!  *f, 
which  for  simplicity  we  may  consider  constant,  when  r ,  •  a  and 
<:  a'  the  radius  of  the  outer  bounding  surface  :  and  is  zero,  again, 

2a 


370 


ABSTRACT  DYNAMICa 


Potential 
of  matter 
arranged  in 
concentric 
spherical 
Mhellfl  of 
uniform 
density. 


for  all  values  of  r  exceeding  a  .     Hence,  integrating  from  r=0, 

dV 
to  r=r,  any  value,  we  have  (since  ^*^=0  when  r=^0\ 

r«^=  _4ir  rpr*dr='-'M„ 
or  Jo 

if  Ml  denote  the  whole  amount  of  matter  within  the  spherical 

surface  of  radius  r ;  which  is  the  discontinuoos  fiinction  of  r 

specified  as  follows  :— 

From  r=0  to  r=a,       r=a  to  r=a',  r=a' to  r=», 

We  have  entered  thus  into  detail  in  this  case,  because  socli 
apparent  anomalies  are  very  common  in  the  analytical  solutioD 
of  physical  questions.  To  make  this  still  more  clear,  we  sub- 
join a  graphic  representation  of  the  values  of  V,  -— ~  ,  and  -77 

dr  dr 

for  this  case  ABQC,  the  curve  for  V,  is  partly  a  straight  line, 
and  has  a  point  of  inflection  at  Q :  but  there  is  no  discontiniiitj 

and  no  abrupt  change  of  direction 


OEFD,  that  for  ^,  is 
dr 


continuous,  but  its  direction  twice  changes  abruptly.     That  for 


d^V 


y  consistfj  of  three  detached  portions,  OE,  GHj  KL, 
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(e)  For  a  mass  disposed  in  iDfiDitely  Ions  concentric  cylindrical  Coazai  right 

1    11  1      *       ...  "1        .         't»  ^i  .        1.  .1  1.    ^        1  cylindewof 

shells,  each  of  uniform  density,  if  the  axis  of  the  cyunders  be  z,  unifonn 
wo  must  evidently  have  V  a  function  of  x*+i/*  only.  i^te  " 

dV  length. 

Hence  ---=0,  or  the  attraction  is  wholly  perpendicular  to  the 
axis. 

Also,  -—.=0  ;  and  therefore  by  (d) 

Hence  r— -  =  (7  —  4ir  j  prdr, 

dr  J 

from  which  conclusions  similar  to  the  above  may  be  drawn. 

(/)  If,  finally,  the  mass  be  arranged  in  infinite  parallel  planes, 
each  of  uniform  density,  and  perpendicular  to  the  axis  of  x ; 
the  resultant  force  must  be  parallel  to  this  direction :  tbat  is  to 
say,  F=0,  Z=0,  and  therefore 

dx  '^  rmngedin 

which,  if  p  is  known  in  terms  of  x,  is  completely  integrable.  parallel 

Outside  the  mass,  p=0,  and  therefore  anifonn 

Y ri  density. 

or  the  attraction  is  the  same  at  all  distances — a  result  easily 
verified  by  the  direct  methods. 

If  the  mass  consist  of  an  infinite  plane  lamina  of  thickness  /, 
and  constant  density  p ;  then,  supposing  the  origin  to  be  half-way 
between  its  faces,  X=C—^irpx 

so  long  as  X  is  between  -| —  and •     But  for  a?=0  we  must 

evidently  have  X=0,  and  therefore  (7=0.     Hence 

Jr=— 4ir/w:. 
Outside  the  lamina  Jr=Ci  (since  /)=0).     At  the  positive  surface, 
and  everywhere  beyond  it,  Ci  =  —2vpi,  and  at  and  beyond  the 
negative  it  is  +2ir/)/.     The  difference  of  these  is  —  4«/)<  (§  478). 

(g)  Since  in  any  case  — -  is  the  attraction  resolved  in  the  Equi- 

^^"^  -^  ds  potential 

direction  of  the  tangent  to  the  arc  s,  it  wiU  be  wholly  perpen- 
dicular to  that  arc  if 

dV 

-ds='^ 
or  r=(7. 

This  is  the  equation  to  an  equipotential  surface. 
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Eqni-  K  n  be  the  normal  to  such  a  Bor&oe,  measured  outwards,  tk 

mif^  whole  attraction  at  any  point  is  evidently 

dV 
^' 
and  its  direction  is  that  in  which  V  increases. 

Integral  of        492.  Let  S  be  any  closed  surface,  and  let  0  be  a  point,  either 

attraction     extcmal  or  internal,  where  a  mass,  m,  of  matter  is  collected 

■urface.        Let  N  bc  the  component  of  the  attraction  of  m  in  the  direction 

of  the  normal  drawn  inwards  from  any  point  P,  of  S,     Then,  if 

da  denotes  an  element  of  <Si,  and /integration  over  the  whole 

of  it, 

jyNd<r=:iirm,  or  =0, 

according  as  0  is  internal  or  external. 
Equivalent        Coss  1,  0  irUemaL     Let  OPiP^P^.''  be  a  straight  line  drawn 
exten/ion°o'f  in  any  direction  from  0,  cutting  S  in  Pj,  P^  P^  etc.,  and  thew- 
eqwition*      forc  passiug  out  at  Pi,  in  at  Pg,  out  again  at  P3,  in  again  at  P^, 
and  so  on.     Let  a  conical  surface  be  described  by  lines  through 
0,  all  infinitely  near  OP1P2...,  and  let  <u  be  its  solid  angle 
(§   465).      The  portions  of  JJNda  corresponding  to  the  ele- 
ments cut  from  S  by  this  case  will  be  clearly  each  equal  in 
absolute  magnitude  to  ©m,  but  will  be  alternately  i>ositive  and 
negative.     Hence  as  there  is  an  odd  number   of  them  their 
sum  is  +c»wi.     And  the  sum  of  these,  for  all  solid  angles  round 
0  is  (§  466)  equal  to  47rm ;  that  is  to  say,  j(7'i\rrf<r=  4irm. 
Equivalent        CoM  2,  0  cxtemal.     Let  OPiP.>Po...  be  a  line  drawn  from  0 

to  Laplace  s  i     *     o 

equation,  passiug  across  S,  iuwards  at  Pj,  outwards  at  P,,  and  so  oa 
Drawing,  as  before,  a  conical  surface  of  infinitely  smaU  solid 
angle,  «,  we  have  still  torn  for  the  absolute  value  of  each  of  the 
portions  oif/Nda  corresponding  to  the  elements  which  it  cuts 
from  S ;  but  their  signs  are  alternately  negative  and  positive : 
and  therefore  as  their  number  is  even,  their  sum  is  zera 
VLQUcef/Nda^O. 

From  these  results  it  follows  immediately  that  if  there 
be  any  continuous  distribution  of  matter,  partly  within  and 
j)artly  without  a  closed  surface  *S*,  and  N  and  da  be  stiU  used 
with  the  same  signification,  we  have 

JfNda^^irM 
if  M  denote  the  whole  amount  of  matter  within  S, 
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This  18  only  a  putieiikr  eaae  of  tlie  ftnalytieal  Uieorem  of  Utacna 
Chap.  I.  App.  A  (a).     For  if  «=1,  and  C=l,  it  becomea  aiinM>iu« 

Now  lei  U  be  the  potential  at  (x,  jr,  z^  due  to  the  diatribution  of 
matter  in  qoestioD.  Then,  according  to  the  meaning  of  D,  we 
have  ^U^—N.  Also,  let  />  he  the  denaitj  of  the  matter  at 
(x,  y,  x).     Then  [§  491  (c)]  we  hare 

Hence  the  preceding  equation  gires 

jyNd<r=4ir///pdxdydz— 4vM. 

498.  From  this  it  follows  that  the  potential  f.annot  havf;  fi.ufiti«i  u 
a  maximum  or  minimum  value  at  a  point  in  free  ^\mf'M.     Vttv  ^tH^^ 
if  it  were  so,  a  closed  surface  could  be  descril)fr(l  afxiut  iUtt  ^^SlJlal 
point,  and  indefinitely  near  it,  so  that  at  ovary  ji<iirit  ht  it  ""***• 
the  value  of  the  potential  would  be  less  than,  or  ^riatirr  than, 
that  at  the  point ;  so  that  JV"  would  be  negative  or  jKinitiv*?  all 
over  the  surface,  and  therefore  //Nda  would  \ff^  iiuiU%  ¥fU'uA^ 
is  impossible,  as  the  surface  contains  none  of  iht-  ntUfwiuni 
mass. 

494.  It  is  also  evident  that  N  must  have  fi^iaitive  valu**  at  i.,,^^ 
some  parts  of  this  surface,  and  negative  valiiea  at  othem,  miiI^-^  it  '***^" 
is  zero  all  over  it.     Hence  in  free  spar;e  the  p^>tential,  if  hf/i  utu 
stant  roimd  any  point,  increases  in  .vmie  dir^'':tiorif  ithtu  if,  iiu»\ 
diminishes  in  others  ;  and  therefore  a  material  (/ftnti/l*-  \fUv »'ti 

at  a  point  of  zero  force  under  the  hfXUfU  of  nuy  atfia/  ti/i^ 
bodies,  and  free  from  all  eonstraint,  i^  in  fjn*table  «'/jiiililyii»u<i. 
a  result  due  to  Eamshaw.' 

495.  If  the  p^itential  lieeonirtant  ov^-r  a  f:l/^:fi  ^tufia/j'  whi<  h 
contains  none  of  the  attracting  ma**,  it  ha*  tli/r  nmufr  tj/inttuid 
value  throu^diout   th^   int/rrior       Vor  if  u(A,  it  i/.'jjet   liav»-  ^ 
maximum  or  minimnm  vilrj*-  V/fr.ewhef-  wi*};;/^,  ^^hi'li  i-  iiu 
possible. 

496.  TIj^  mean  r^/ei-tul  ^.^r?  inv  j^phe/;'*]  j:»j.'fh/>',  du/-  t//  m«#a*^ 
matter  entirely  witr.^-.r  .r   .*  w.-.;^;  v>the  jy/^f;t.a.  at  i»fc':«'iilif  ;  ».#A*#iu»j 
a  theorem  apj/ireT.*.;.  ♦./>?.  /ii^rj  r>y  ■y4i'**rv     .■^--e  ;a*v/«  ntuhn*:'/*-  t^.n^Ju 


374  AfisnuOt  0yi&]iio& 

ifau^^w^  the  most  elementaiypropositioiis  of  spherical  hannoiikaiMl^ 
•jgjj^  applied  to  potentials,  found  by  applying  App.  Bl  (16)  to  tk 
tottrtSita  fonnulae  of  §  539,  bebw.    Bat  the  proof  in  the  paper  now 
referred  to  is  noticeable  as  independent  of  the  hamioiiie  ex- 
pansion. 

Lei,  in  Chap.  i.  App.  B.  (a),  i9  be  a  qiherictl  nfroe,  «f 
radios  a ;  and  let  £7^  be  the  potential  at  (x,  jr,  #),  doe  to  mtiks 
altogether  external  to  it;  let  CT  be  the  potralial  of  a  wii 
of  matter  uniformly  distributed  throii{^  a  smaDer 
spherical  surfiiuse ;  so  that,  outside  S  and  to  som 

it,  ^  =  1 ;    and  Ustly,  let  a  =  1.     The  middle 
I* 

App.  B  (a)  (1)  becomes 

which  is  equal  to  lero,  since  V*U=0  for  the  whole 
space,  and  (§  492)  J^^Udir^O,    Bqmitnig  therefore  the 
member  to  sero  we  have 

Now  at  the  surface,  Sy  df  ^= ^ ;  and  fbr  all  j 

to  the  sphere  of  matter  to  which  l^  is  due,  V^CTsO,  aad  ior  d 
internal  points  V^U*=^4vp,  if  p  be  the  dennitj  of  the  mattar. 
Hence  the  preceding  equation  becomes 

\ffUdiT^  Wfffp'  Udxd^dz. 
or 

Let  now  the  density  p  increase  without  limit,  and  the 

Hpace  within  which  the  triple  internal  extends,  therefore 

infinitely  small.    If  we  denote  by  C/«  the  value  of  6'  at  its  < 

which  is  aL»  the  centre  of  S^  we  shall  have 

fffp'Udxilydz^  l\//fpdxdt^:^  v.. 

Hence  the  c<(Uutioii  l>ecoiuoH 

which  was  to  be  proved. 
StuSIII  ^®7.  If  th«^  jKiteiitial  of  any  iniwsi»s  Iuih  a  oonstAiit  value,  V. 

through  any  iiniti^  |N)rtion,  K,  df  spua\  uniKTupitnl  hy  matter, 
it  LB  equal  to  V  tlirf>u^h  ovi»r>*  jwirt  of  span*  which  (tiu  l« 
reached  in  any  way  without  piissing  tiin»u;^'li  any  of  thosr 
iuaiiH<»s  :  u  very  n'niurknhle  {»M|Nisition.  «lu(*  to  (tauss.      For.  if 
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the  potential  differ  from  V  in  space  eontiguous  to  K,  it  must  7 
(§  495)  be  greater  in  some  parts  and  less  in  others. 

From  any  point  C  within  K,  as  centre,  in  the  neighbourhood 
of  a  place  where  the  potential  is  greater  than  V,  describe  a 
spherical  surface  not  large  enough  to  contain  any  part  of  any 
of  the  attracting  masses,  nor  to  include  any  of  the  space  ex- 
ternal to  K  except  such  as  has  potential  greater  than  F.  But 
this  is  impossible,  since  we  have  just  seen  (§  497)  that  the 
mean  potential  over  the  spherical  surfece  must  be  V.  Hence 
the  supposition  that  the  potential  is  greater  than  V  in  some 
places  and  less  in  others,  contiguous  to  K  and  not  including 
masses,  is  false. 

498.  Similarly  we  see  that  in  any  case  of  symmetry  round 
an  axis,  if  the  potential  is  constant  through  a  certain  finite 
distance,  however  short,  along  the  axis,  it  is  constant  through- 
out the  whole  space  that  can  be  reached  from  this  portion  of 
the  axis,  without  crossing  any  of  the  masses.    (See  §  546,  below.) 

499.  Let  S  be  any  finite  portion  of  a  surface,  or  complete  Qreeuv 
closed  surface,  or  infinite  surface,  and  let  E  be  any  point  on 

S.  (a.)  It  is  possible  to  distribute  matter  over  S  so  as  to  pro- 
duce potential  equal  U)  F  {E\  any  arbitrary  function  of  the 
lX)sition  of  E,  over  the  whole  of  S.  (6.)  There  is  only  one 
whole  quantity  of  matt-er,  and  one  distribution  of  it,  which  can 
satisfy  this  condition. 

In  Chap.  I.  App.  A.  (b)  (e),  etc.,  let  a=  1.     By  (e)  we  Heo  that 
th«To  i.s  fine,  and  that  there  is  only  one.  Halation  of  the  equation 

for  all  points  not  belonging  to  S,  subject  Uj  the  iumtlWum  thiMt  (J 
shall  have  a  value  arbitrarily  given  over  the  wh/^;  t^  H     iUmi^hn- 
ing  to  denote  by  U  the  solution  of  this  probl<>fu  ar^/l  ^y/r»wi/UrW 
finft  the  caue  of  >*  au  open  shell.  thaJt  ik  t/^  »t.  a  fir«'ri>;  f//r*;/^,  /^ 
cur\'ed  Kurface  (iucluding  a  plaiie.  '/f  c^r^*-  a«  a  |/«k^^^,;*f  a^^ii^ 
let,  in  Chap.  i.  A.  •</ ;,  f,'  be  the  p'AwjtiaJ  ^  *  /,  ff  ,  ^  ^,^  */,  » 
distrilmtjr^i  of  matter.  Laving  «  t(ji.  itn  4«-1j»?«>  itt   ^  .  y/^^    // 
Let  the  triple  iutegmtiuL  *-rt«*iid  \Xa*t^f^r^    \A»j^^a  *»j^aa    ^./ 
clui<ive  of  the  iulinile-v  thiu  hh^^iJ  i>'.      P.t>A^^^\.   .<   u^    u.,a^.^^ 
tion  referred  n*  'A   't^^  ihi  tripU  waay^a.  *-/a.u*^^.  *,«jy  u^vyt 
the  finite  iipace  cuuiuiii«-0    ^  \Ui\u  i  «r.'#M>«;   ^.i/J^/i     u^  ^^^^^ 
cer*  t^M«>  that    ^*    iia^t    uoi^.  itu*;*  «*^   •/   '*^    vx/*.^  ^,i     .^;    , 
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members  of  (1)  of  that  invesfigation,  the  foUowing  liquated  ex- 
pressions : — 

//dfrir{^U]-(^U)}-///dxdydzUVW 
=//d<rU{[pir'\''(pU')}'-///dxdydzUVW 
where  {pV]  denotes  the  rate  of  variation  of  U  on  either  aide  of 
S,  infinitely  near  E^  reckoned  per  unit  of  length  from  S\  and 
(D(7)  denotes  the  rate  of  variation  of  U  infinitely  near  E^  on  tbe 
other  side  of  8,  reckoned  per  unit  of  length  towards  S;  and 
[pU''\,  (pU')  denote  the  same  for  U'.  Now  we  shall  suppofle  the 
matter  of  which  IT  is  the  potential  not  to  be  condensed  in  finite 
quantities  in  any  finite  areas  of  S,  which  will  make 

pC7']=(3Cr): 
and  the  conditions  defining  U  and  U'  give,  throughout  the  space 
of  the  triple  integral, 

V«C7=0,  and  V«Cr  =  — 47r»; 
s  denoting  the  value  of  s  (Q)  when  Q  is  the  point  (x,  y,  ;). 
Hence  the  preceding  equation  becomes 

//dirU'{[pU]-'QU)}=47r///dxdydznU. 
Let  now  t^e  matter  of  which  W  is  the  potential  be  equal  in 
amount  to  irnity  and  be  confined  to  an  infinitely  small  space  round 
a  point  Q.     We  shall  have 

EQ 
fffdxdydzuU^  U^aV/f^dxdydz^  U(Q\ 

if  we  denote  the  value  of  U  at  (Q)  by  ^(Q).     The  equation 
becomes 


Hence  a  distribution  of  matter  over  S,  having 
1 


4ir 


{9U]-(PU)} 


(.n 


(2) 


for  density  at  the  point  Ey  gives  (7  as  its  potential  at  (x,  y,  i). 
We  conclude,  therefore,  that  it  is  possible  to  find  one,  but  only  one, 
distribution  of  matter  over  S  which  shall  produce  an  arbitrarily 
given  potential  over  the  whole  of  S',  and  in  (2)  we  have  the 
solution  of  this  problem,  when  the  problem  of  finding  U  to  fulfil 
the  conditions  stated  above,  has  been  solved. 

If  5  b  any  finite  closed  surface,  any  group  of  surfaces,  opeo  or 
closed,  or  an  infinite  surface,  the  same  conclusions  clearly  hold. 
The  triple   integration  used  in  the   investigation  must  then  be 
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separately  carried  Ml  Hm&i^M  fkmftmimM  cf  fpace  separated  ^Ij^^^. 
from  one  another  bj  1^  or  tj  fStioM  qf  & 

If  the  sola^n,  |^  cf  dM  prahlMi  has  been  obtained  for  the  case 
in  which  the  arbitnrjT  hmiStm  is  the  potential  at  any  point  of  S^ 
due  to  a  unit  of  matter  at  any  point  P  not  belonging  to  S,  that 

is  tosay,  for  the  caseof  F(£?)=^=^,  the  solution  of  the  general 
problem  was  shown  by  Green  to  deducible  from  it  thus  : — 

sohrad  SJB- 

The  proof  is  obvious :  For  let,  for  a  moment,  ^p  denote  the  super-  St^SSST^ 
ficial  density  required  to  produce  U,  then  ^p'  denoting  the  value  ^£|S^n' 
of  ^p  for  any  other  element,  E\  of  8,  we  have 

Hence  the  preceding  double  integral  becomes 

But,  by  the  definition  of  p, 

and  therefore  the  expression  becomes 


//d<r' 


.9 


eTp' 

which  is  equal  to  U^  according  to  the  definition  of  ^p. 

The  expression  (46)  of  App.  B.,  from  which  the  spherical  har- 
monic expansion  of  an  arbitrary  function  was  derived^  is  a  case 
of  the  general  result  (3)  now  proved. 

500.  It  is  important  to  remark  that,  if  H  consist,  in  pait,  of  iiuiution  of 
a  closed  surface,  Q,  the  determination  of  U  within  it  will  be  cicSSd  pl>r 
independent  of  those  portions  of  S,  if  any,  which  lie  without  »i!rfii?e. 
it ;  and,  vice  versa,  the  determination   of  U  through  external 
space  will  be  independent  of  those  portions  of  Sy  if  any,  wiiicli 
lie  within  the  part  Q.     Or  if  S  consist,  in  part,  of  a  surface  Q, 
extending  infinitely  in  all  directions,  the  determination  of  U 
through  all  space  on  either  side  of  Q,  is  independent  of  those 
portions  of  aS,  if  any,  which  lie  on  the  other  side.     This  follows 
from  the  preceding  investigation,   modified  by  confining  the 
triple  integration  to  one  of  the  two  jwrtions  of  space  separated 
completely  from  one  another  by  Q. 


378 


ABSTRACT  DYNAMICS. 


Green's 
problem  ; 
applied  to  n 
given  dis- 
tribution of 
electricity, 
Af,  influenc- 
ing a  group, 
S,  of  con- 
ducting Hur- 
faces. 


General 
problem  of 
electric 
inflaence 
poaaible 
and  deter- 
minate. 


501.  Another  remarSL*  of  ektteme  importance  is  this : — If 
F{E)  be  the  potential  at  JP  of  any  distribution,  M,  of  matter, 
and  if  S  be  such  as  to  separate  perfectly  any  portion  or  portions 
of  space,  H,  from  all  of  this  matter ;  that  is  to  say,  such  that 
it  is  impossible  to  pass  into  H  from  any  part  of  M  without 
crossing  S ;  then,  throughout  H,  the  value  of  U  will  be  the 
potential  of  M. 

For  if  V  denote  this  potential,  we  have,  thronghout  //,  V«  F=0 ; 
and  at  every  point  of  the  boundary  of  //,  V^F{E),  Hence, 
considering  the  theorem  of  Chap.  i.  App.  A  (c),  for  the  space  H 
alone,  and  its  boundary  alone,  instead  of  8j  we  see  that,  througli 
this  space,  V  satisfies  the  conditions  prescribed  for  U,  and  there- 
fore, through  this  space,  U=  V, 

502.  Thus,  for  instance,  if  S  consist  of  three  detached  sur 
faces.  Sly  S2,  S^t  as  in  the  diagram,  of  which  Sj,  S^  are  closed. 
and  Sg  is  an  open  shell,  and  if  F{E)  be  the  potential  due  to  11,  at 
any  point,  E,  of  any  of  these  portions  of  S ;  then  tliroughout  Hi, 

and  jETo,  the  spaces  within  Sj  and 
without  82,  the  value  of  IT'  is 
simply  the  potential  of  Jf.  The 
value  of  U  through  K,  the  re- 
mainder of  space,  depends,  of 
course,  on  the  character  of  the 
composite  surface  S,  and  is  a 
case  of  the  general  problem  of 

which  the  solution  was  proved  to  be  possible  ancl  single  in 

Chap.  1.  App.  A 

503.  From  §  500  follows  the  grand  proposition  : — It  w 
possible  to  find  one,  hit  no  other  titan  one,  distribution  of  matter 
over  a  surface  S  which  shall  produce  over  S,  and  throughout 
all  space  H  separated  by  S  from  evert/  part  of  M,  the  samr 
potential  as  any  given  mass  M. 

Thus,  in  the  preceding  diagram,  it  is  possible  to  find  one, 
and  but  one,  distribution  of  matter  over  Si,  So,  S^  which  shall 
produce  over  S^  and  through  Hi  and  H2  the  same  potential 
as  Jf  . 

The  statement  of  this  proposition  most  commonly  made  is : 
It  is  possible  to  distribute  matter  over  any  surface,  S,  completfli/ 
enclosing  a  vuiss  M,  so  as  to  produce  the  same  potential  as  M 
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through  all  space  outside  M ;  which,  though  seemingly  more 
limited,  is,  when  interpreted  with  proper  mathematical  com- 
prehensiveness, equivalent  to  the  foregoing. 

504.  If  S  consist  of  several  closed  or  infinite  surfaces,  Si^ 
8^  fi>3,  respectively  separating  certain  isolated  spaces  H^,  H^  H^ 
from  H,  the  remainder  of  all  space,  and  if  F  {E)  be  the  potential 
of  masses  m^,m^m^  lying  in  the  spaces  H^  H^  H^ ;  the  por- 
tions of  U  due  to  Si,  S^  S^  respectively  will  throughout  H  be 
equal  respectively  to  the  jwtentials  of  m^,  m^  m^,  separately. 
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For  as  we  have  just  seen,  it  is  possible  to  find  one,  but  only 
one,  distribution  of  matter  over  Si  which  shall  produce  the 
potential  of  mj,  throughout  all  the  space  H,  Hoy  if 3,  etc.,  and 
one,  but  only  one,  distribution  jj^ 

over  S^  which  shall  produce  the  '^  ~ 

potential  of  vu  throughout  H, 
Hi,  ITg,  etc.;  and  so  on.  But 
these  distributions  on  /Sj,  S.^ 
etc.,  jointly  constitute  a  distri- 
bution producing  the  potential 
F  (£)  over  e\evy  part  of  S,  and  ^ 

therefore  the  sum  of  the  potentials  due  to  them  all,  at  any 
]»oint,  fulfils  the  conditions  presented  for  U.  This  is  therefore 
i§  500)  the  solution  of  the  problem. 

505.  Considering  still  the  case  in  which  F{I!)  is  pitiscribed  ^^^1^^ 
to  be  the  potential  of  a  given  mass,  M :  let  S  be  an  equipoten-  oreen's  i 
tial  surface  enclosing  if,  or  a  group  of  isolated  surfaces  enclos- 
ing all  the  parts  of  Jf,  and  each  equipotential  for  the  whole  of 
M.  The  potential  due  to  the  supposed  distribution  over  S  will 
be  the  same  as  that  of  3/,  through  all  external  space,  and  will 
b(*  constant  (§  496)  through  each  enclosed  portion  of  space.     Its 
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educibie     resultant  attmction  will  therefore  be  the  same  as  that  of  Jf  on 

reen'spm-  all  extemal  points,  and  zero  on  all  internal  points.     Hence  we 

see  at  once  that  the  density  of  the  matter  distributed  over  it,  to 

R 

produce  F(E\  is  equal  to  —  where  R  denotes  the  resultant 

force  of  Jf,  at  the  point  K 

We  have  p (/]=-/?  and  (pU)z=0.     Whence,  by  §  600  (2\ 
the  law  of  density 

)piied  to  506.  When  M  consists  of  two  portions  rrii  and  m'  separated 
onofBoived  by  an  equipotential  Si,  and  S  consists  of  two  portions,  Sj,  and 
ectricin-  fif,  of  which  the  latter  separate  the  former  perfectly  from  m'; 
we  see  by  §  504  that  the  distribution  over  Si  produces  through 
all  space  on  the  side  of  it  on  which  fif  lies,  the  same  potential, 
Fi,  as  m„  and  the  distribution  on  fif  produces  through  space 
on  the  side  of  it  on  which  Si  lies,  the  same  potential,  V,  as 
mf.  But  the  supposed  distribution  on  the  whole  of  iS  is  such 
as  to  produce  a  constant  potential,  C^  over  Sj,  and  consequently 
the  same  at  every  point  within  Si.  Hence  the  internal  potential 
due  to  Si  alone,  is  C^  — V\ 

Thus,  passing  from  potentials  to  attractions,  we  see  that  the 
resultant  attraction  of  ^S'^  alone,  on  all  points  on  one  side  of  it 
is  the  same  as  that  of  m^ ;  and  on  the  other  side  is  equal  and 
opposite  to  that  of  the  remainder  mf  of  the  whole  mass.  The 
most  direct  and  simple  complete  statement  of  this  result  is  as 
follows : — 

If  masses  m,  7n\  in  portions  of  space,  H,  H\  completely  sepa- 
rated from  one  another  by  one  continuous  surface  S,  whether 
closed  or  infinite,  are  known  to  produce  tangential  forces  equal 
and  in  the  same  direction  at  each  point  of  S,  one  and  the  same 
distribution  of  matter  over  S  will  produce  the  force  of  im 
throughout  H\  and  that  of  m'  throughout  H,     Tlie  density  of 

this  distribution  is  equal  to  —  ,  if  ii  denote  the  resultant  force 

due  to  one  of  the  masses,  and  the  other  with  its  sign  changed. 
And  it  is  to  be  remarked  that  the  direction  of  this  resultant 
force  is,  at  every  point,  E,  of  S,  perpendicular  to  S,  since  the 
potential  due  to  one  mass,  and  the  other  with  it5  sign  changed, 
is  constant  over  the  whole  of  S. 
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507*  Green,  in  first  publisliiiig  his  diBcoveiy  of  tbe  result  BedticfhiM 
ited  in  §  505.  remarked  that  it  shows  a  way  to  find  an  in-  Gnin*ipro. 
&iitG  varit*ty  of  closed  surfaces  for  any  one  of  which  we  can  iimi»ki/' 
solve  the  problem  of  determining  the  distribution  of  matter 
over  it  wliieb  shall  produce  a  given  uniform  potential  at  each 
point  of  its  suHVice*  and  consequently  the  same  also  thixjughout 
its  interior.     Thus,  an  example  which  Green  liimself  gives,  let 
M  lie  a  uniform  bar  of  matter,  AA\     Tbe  equipotential  sur 
faces  round  it  are.  m  we  have  seen  above  (§  481),  prolate 
ellipsoids  of  revolution,  each  having  A  and  A'  for  ita  foei; 
and  the  aiistdtaut  force  at  C  was  found  ttJ  l>e 


m 


ii^-a^} 


CF, 


the  whole  mass  of  the  bar  being  denote*!  by  m,  its  kngth  by 
2if,  and  A'C  +  AC  hy  2L  We  conclude  that  a  difitribution  of 
matter  over  the  surface  of  the  ellipsoid,  having 

1     m.VF 

for  density  at  C\  pixxluces  on  aU  external  space  the  same 
iiisultaiit  force  as  the  bar,  and  Kero  force  or  a  constant  poten- 
tial tliRiugb  the  iutenial  apaci»,  This  m  a  particular  case  of 
the  general  result  regarding  ellipsoidal  shells,  pmveil  below,  in 
§§  520,  52 L 

508*  Aji  a  second  example^  let   if  consist  of  two  equal 
particles,  at  poiiiU  /,  J\     If  we  take  the  mass  of  each  as  unity, 

the  potential  at  P  is  jp+f*p')  ^^id  therefore 

b  (bo  tqtsation  of  an  eipti^Kjtentiat  surface  ;  it  being  uuder- 
itood  that  negative  values  of  IP  and  rp  are  inadmissible,  and 
that  any  constanl  vuluc,  from  ot  tn  0,  may  be  given  lo  C  Tlie 
t  urves  in  the  anui'Jied  diagnun  have  tieen  drawn,  fram  thia 
equation,  for  the  cages  of  €  equal  n^|>ectively  to  U>,  ^,  8,  7,  t, 
5,  4  5.  4  3,  4  2,  4  1,4,  S  9,  3  8,  3  7,  3%%  3,  2  5,  2  ;  the  value  of 
li'  being  imity. 
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Reducible         The  Corresponding  equijwtential  surfoces  are  the 
G^n'spro-  traced  by  these  curves,  if  the  whole  diagram  is  made  to  lotrte 

blem :— ex- 
amples. 


round  //'  as  axia  Thus  we  see  that  for  any  values  of  C  less 
than  4  the  equipotential  surface  is  one  closed  surface.  Choos- 
ing any  one  of  these  surfaces,  let  R  denote  the  resultant  of  forces 

equal  to  — ,  and  j,  -  ^  in  the  lines  PI  and  P/'.    Then  if  matter 

be  distributed  over  this  surface,  with  density  at  P  equal  to 

R 

— ,  its  attraction  on  any  internal  point  will  be  zero ;  and  on 

any  external  point,  will  be  the  same  as  that  of  /  and  /'. 

509.  For  each  value  of  C  greater  than  4,  the  equipotential 
surface  consists  of  two  detached  ovals  approximating  (the  last 
three  or  four  in  the  diagram,  very  closely)  to  spherical  surfaces, 
with  centres  lying  between  the  points  /and  /',  but  approximat- 
ing more  and  more  closely  to  these  points,  for  laiger  and  laiger 
values  of  C. 

Considering  one  of  these  ovals  alone,  one  of  the  series  enclos- 
ing /',  for  instance,  and  distributing  matter  over  it  according 

R 


to  the  same  law  of  density,   - 


we  have  a  shell  of  matter  which 
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exerts  (§  507)  on  external  points  the  same  force  as  /';  and  on  RedudWe 
internal  points  a  force  equal  and  opjwsite  to  that  of  /.  Green's  pw 

510.  As  an  example  of  exceedingly  great  importance  in  the  ampiea. 
theory  of  electricity,  let  M  consist  of  a  positive  mass,  m,  con-  in^!' 
centrated  at  a  point  /,  and  a 
negative  mass,  — m\  at  I'] 
and  letiSbe  a  spherical  surface 
cutting  //',  and  //'  produced 
in  points  A,  A^,  such  that 
IA',Ar::lA^:rA^::m:mf, 
Then,  by  a  well-known  geo- 
metrical proposition,  we  shall  have  IE  :  I'E  ::m:mf  \  and 
therefore 

m  __  m' 

TeTe' 

Hence,  by  what  we  have  just  seen,  one  and  the  same  distribu- 
tion of  matter  over  S  will  produce  the  same  force  as  m/  through 
all  external  space,  and  the  same  as  m  through  all  the  space 

within  S.     And,  finding  the  resultant  of  the  forces  7^  in  EI, 

and  Yp\  ^  ^'^  produced,  which,  as  these  forces  are  inversely 
as  IE  to  VE,  is  (§  256)  equal  to 

m       ..,       m}ir    1 

we  conclude  that  the  density  in  the  shell  at  E  is 

7,1^  IT    J_ 

That  the  shell  thus  constituted  does  attract  external  points 
as  if  its  mass  were  collected  at  /',  and  internal  points  as  a 
certain  mass  collected  at  /,  was  proved  geometrically  in  §  474 
abova 

511.  If  the  spherical  surface  is  given,  and  one  of  the  points, 

CA* 

/,  /,  for  instance  /,  the  other  is  found  by  taking  (7/'=  -~  ; 

and  for  the  mass  to  be  placed  at  it  we  have 

I'A      CA      or 
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Electric  Hence  if  we  have  any  number  of  particles  m,,  m^  etc.,  at  point* 
/i,  Zj,  etc.,  situated  without  S,  we  may  find  m  the  same  wiy 
corresponding  internal  points  /i,  I\,  etc.,  and  masses  m\,  m\ 
etc. ;  and,  by  adding  the  expressions  for  the  density  at  £  given 
for  each  pair  by  the  preceding  formula,  we  get  a  spherical  shell 
of  matter  which  has  the  property  of  acting  on  all  extenial 
space  with  the  same  force  as  — m\y  — m\,  eta,  and  on  all 
internal  points  with  a  force  equal  and  opposite  to  that  of 
mj,  mj,  etc. 

512.  An  infinite  number  of  such  particles  may  be  given, 
constituting  a  continuous  mass  M ;  when  of  course  the  corre- 
sponding internal  particles  will  constitute  a  continuous  mass, 
—  M\  of  the  opposite  kind  of  matter ;  and  the  same  conclosion 
will  hold  If  S  is  the  surface  of  a  solid  or  hollow  metal  ball 
connected  with  the  earth  by  a  fine  wire,  and  M  an  external 
influencing  body,  the  shell  of  matter  we  have,  determined  is 
precisely  the  distribution  of  electricity  on  S  called  out  by  the 
influence  of  M :  and  the  mass  —  Af\  determined  as  above,  is 
called  the  Electric  Image  of  M  in  the  ball,  since  the  electric 
action  through  the  whole  space  external  to  the  ball  would  be 
unchanged  if  the  ball  were  removed  and  —  J/'  properly  placed 
in  the  space  left  vacant.  We  intend  to  return  to  this  subject 
under  Electricity. 
Traimforma-  513.  Irrespectively  of  the  special  electric  application,  this 
riprocii^*^'  method  of  images  gives  a  remarkable  kind  of  transformation 
vect"ra.  which  is  often  useful  It  suggests  for  meixi  geometry  what 
has  been  called  the  transformation  by  reciprocal  radius- vectors: 
that  is  to  say,  the  substitution  for  any  set  of  points,  or  for  any 
diagram  of  lines  or  surfaces,  another  o]>tained  by  drawing  radii 
to  them  from  a  certain  fixed  imnt  or  origin,  and  measuring  off 
lengths  inversely  proportional  to  these  radii  along  their  dilu- 
tions. We  see  in  a  moment  by  elementar}'  geometr}'^  that  any 
line  thus  obtained  cuts  the  radius-vector  through  any  jwint  of 
it  at  the  same  angle  and  in  the  same  plane  as  the  line  from 
which  it  is  derived.  Hence  any  two  lines  or  surfaces  that  cut 
one  another  give  two  transformed  lines  or  surfaces  cutting  at 
the  same  angle  :  and  infinitely  small  lengths,  ai-eais,  and  volumes 
transform  into  others  whose  magnitudes  are  altered  resi>ectively 
in  the  ratios  of  the  first,  second,  and  third  powers  of  the  distances 
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of  the  latter  from  the  origin,  to  the  same  powers  of  the  distances  Traiwfonna- 
of  the  former  from  the  same.     Hence  the  lengths,  areas,  and  ciprocii"' 
volumes  in  the  transformed  diagram,  corresponding  to  a  setvectSJ. 
of  given  equal  infinitely  small  lengths,  areas,  and  volumes,  how- 
ever situated,  at  different  distances  from  the  origin,  are  in- 
versely as  the  squares,  the  fourth  powers  and  the  sixth  powers 
of  these  distances.     Further,  it  is  easily  proved  that  a  straight 
line  and  a  plane  transform  into  a  circle  and  a  spherical  surface, 
each  passing  through  the  origin ;  and  that,  generally,  circles 
and  spheres  transform  into  circles  and  spheres. 

514.  In  the  theory  of  attraction,  the  transformation  of 
masses,  densities,  and  potentials  has  also  to  be  considered. 
Thus,  according  to  the  foundation  of  the  method  (§  512),  equal 
masses,  of  infinitely  small  dimensions  at  different  distances 
from  the  origin,  transform  into  masses  inversely  as  these  dis- 
tances, or  directly  as  the  ti-ansformed  distances  :  and,  therefore, 
equal  densities  of  lines,  of  surfaces,  and  of  solids,  given  at  any 
stated  distances  from  the  origm,  transform  into  densities  directly 
as  the  first,  the  third,  and  the  fifth  powers  of  those  distances ; 
or  inversely  as  the  same  powers  of  the  distances,  from  the 
origin,  of  the  corresi)onding  points  in  the  transfonned  system. 

515.  The  statements  of  the  last   two  sections,  so  far  as  uenerai 

.  Hunimary 

proportions  alone   are  concerned,  are  must  conveniently  ex-  of  ratios, 
pressed  thus  : — 

Let  P  be  any  i)oiut  whatever  of  a  geometrical  diagmm,  or 
of  a  distribution  of  matter,  0  one  particular  iK)int  ("  the 
origin"),  and  a  one  particular  length  (the  mdius  of  the  "  reflect- 
ing sphere").  In  OP  take  a  point  P',  corresponding  to  P,  and 
for  any  mass  m,  in  any  infinitely  small  part  of  the  given  dis- 
tribution, place  a  mass  m' ;  fulfilling  the  conditions 

'^^  =OP'  ''=0P'"=  a  "• 
Then  if  />,  ^1,  V,  p{L),  p{A),  p{V)  denote  an  infinitely  small 
length,  area,  volume,  linear -density,  surface-density,  volume- 
density  in  the  given  distribution,  infinitely  near  to  P,  or 
anvvvhere  at  the  same  distance,  /•,  from  0  as  P,  and  if  the 
corresponding  elements  in  the  transfonned  diagram  or  dis- 
tribution be  den()te<l  in  the  same  way  with  the  addition  of 
accents,  we  liave 

2r> 
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Generil  fi ^  /■  ^  /  .     j ' ^ 

rammary 
of  ratios. 


a 


PI' 


The  usefulness  of  this  transformation  in  the  theory  of  electricity, 

and  of  attraction  in  general,  depends  entirely  on  the  following 

theorem : — 
Application        516.  (TJieorem.) — Let  ^  denote  the  potential  at  P  due  to 
potential,     the  given  distribution,  and  <(/  the  potential  at  P'  due  to  the 

transformed  distribution  :  then  shall 

a  r 

Let  a  mass  m  collected  at  /  be  any  part  of  the  given  distri- 
bution, and  let  m'  at  r  be 
the  corresponding  part  in 
the  transformed   distribu- 
tion.    We  have 

and  therefore 

01:  OP:.  OP":  or-, 

which  shows  that  the  triangles  IPO,  PTO  are  similar,  so  that 

IPiPT::  ^OLOP:  VOP'.O/'::  OLOP:a\ 
We  have  besides 

m  :  in  ::  01:  rr, 
and  therefon? 

IP    IP 

Hence  each  term  of  0  bears  to  the  corresponding  term  of  ^' 
the  same  ratio ;  and  therefore  the  sum,  0,  must  l)e  to  the  sum. 
0',  in  that  ratio,  as  was  to  be  proved. 
Anydiatri-         517.  As  an  example,  let  the  given  distribution   be  con- 

batlon  on  a  x  o 

spherical  fined  to  a  spherical  surface,  and  let  0  be  its  centre  and  a  its 
own  radius.  The  transformed  distribution  is  the  same  But 
the  space  within  it  becomes  transformed  into  the  space  without 
it.  Hence  if  0  be  the  potential  due  to  any  spherical  sheU  at 
a  point  P,  within  it,  tlie  potential  due  to  the  same  shell  at  the 
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point  P'  in  OP  produced  till  01^=  ^,   is  equal  to  ^^^^^^ 

mkIL 

(which  is  an  elementary  proposition  in  the  spherical  haimonic 
treatment  of  potentials,  as  we  shall  see  presently).  Thus,  for 
instance,  let  the  distribution  be  unifoim.  Then,  as  we  know  * 
there  is  no  force  on  an  interior  point,  ^  must  be  constant ;  and 
therefore  the  potential  at  P',  any  external  point,  is  inversely 
proportional  to  its  distance  from  the  centre. 

Or  let  the  given  distribution  be  a  uniform  shell,  &*,  and  let  0  uniform 
be  any  eccentric  or  any  external  point  The  transformed  dis-  triciojr 
tribution  becomes  (§§  513,  514)  a  spherical  shell,  S,  with 
density  varying  inversely  as  the  cube  of  the  distance  from  0. 
If  0  is  within  S,  it  is  also  enclosed  by  S,  and  the  whole  space 
within  S  transforms  into  the  whole  space  without  S!.  Hence 
(§  516)  the  potential  of  ff  at  any  point  without  it  is  inversely 
as  the  distance  from  0,  and  is  therefore  that  of  a  certain  quantity 
of  matter  collected  at  0.  Or  if  0  is  external  to  iS,  and  con- 
sequently also  external  to  iSf,  the  space  within  S  transforms 
into  the  space  within  Sf,  Hence  the  potential  of  Sf  at  any 
point  within  it  is  the  same  as  that  of  a  certain  quantity  of 
matter  collected  at  0,  which  is  now  a  point  external  to  it. 
Thus,  without  taking  advantage  of  the  general  theorems 
(§§  499,  506),  we  fall  back  on  the  same  results  as  we  inferred 
from  them  in  §  510,  and  as  we  proved  synthetically  earli^'r 
(§§  471,  474,  475).  It  may  be  remarked  that  thoHC  synilif^lir^ftl 
demonstrations  consist  merely  of  transformations  of  N%?wt-/nr« 
demonstration,  that  attractions  balance  on  a  jKiint  wifhifi  u 
uniform  shell  Thus  the  first  of  them  (§  471)  is  i\\t*  Swn^tt*  nt 
Newton's  in  a  concentric  spherical  surface ;  and  th*;  n^'Hiut]  u 
its  image  in  a  spherical  surface  having  its  vcuiti:  I'xf^rr^wl  hi 
the  shell,  or  internal  but  eccentric,  according  as  IIm*  firnf  *n  \\ih 
second  diagram  is  used. 

518.  We  shall  give  just  one  other  ap|>Iicaii/;ii  /ff  f  1^/'  Utt.ftftut  I'fjiliilfk 
(»f  §  516  at  present,  but  much  use  of  it  will  )h*  im^h^  inh,^^  }tt  ./jjiilffr^^- 
the  theor}'  of  Electricity. 

Ix»t  the  given  distribution  nf  matUT  )n'  n  uintonH   f^hfl 
sphere,  5,  and  let  0  Ikj  external  to  it.     Tb''  UHimttfHn*  fl  ^^4hin 
will  be  a  solid  sphere,  B',  with  d^-nHity  snvfiu^  >^/v^m/  /^  V 
the  fifth  [)Ower  of  the  distance  from  O.  a  \ttt\ui  t-^U.^^in^  hf  fl 
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Uniform  The  potential  of  S  is  the  same  throughout  external  space 
SscentScAUy  that  due  to  its  mass,  ?«,  collected  at  its  centre,  C  Hence  1 
potential  of  5'  through  space  external  to  it  is  the  same  as  tl 
of  the  conesponding  quantity  of  matter  collected  at  C\  1 
transformed  position  of  C,  This  quantity  is  of  course  eq 
to  the  mass  of  B\  And  it  is  easily  proved  that  (/  is  the  po 
tion  of  the  image  of  0  in  the  spherical  surface  of  B^.  ^ 
conclude  that  a  solid  sphere  with  density  varying  invers 
as  the  fifth  power  of  the  distance  from  an  external  point, 
attracts  any  external  point  as  if  its  mass  were  condensed 
the  image  of  0  in  its  external  surface.  •  It  is  easy  to  vei 
this  for  points  of  the  axis  by  direct  integration,  and  thence  \ 
general  conclusion  follows  according  to  §  490. 
Attraction  c.f      519.  Thc  determination  of  the  attraction  of  an  ellipsoid, 

fin  ellipsoid.  .  i    i      -i     n      •  tt  #»  .     •     ,  .  « 

of  an  ellipsoidal  shell,  is  a  problem  of  great  interest,  and 
results  will  be  of  great  use  to  us  afterwards,  especially 
Magnetism.  We  have  left  it  till  now,  in  order  that  we  n 
be  prepared  to  apply  the  properties  of  the  potential,  as  tl 
afford  an  extremely  elegant  method  of  treatment  A  few  < 
finitions  and  lemmas  are  necessarj'. 
f  °"^Gte'*  Corre,sponrftw^  points  on  two  confocal  ellipsoids  are  such 
j;[jjC«nfoc«i  coincide  when  either  ellipsoid  by  a  pure  strain  is  deformed 
as  to  coincide  with  the  other. 

And  it  is  easily  shown,  as  below,  that  if  any  two  poii 
P,  Q,  be  assumed  on  one  shell,  and  their  corresponding  poii 
p,  q,  on  the  other,  we  have  Pq=  Qp. 

X*  V*  z* 

be  any  two  confocal  ellipsoids  ;  and  P  [f ,  rj,  f],  a  point  on  ( 1 

is  evidently  a  point  on  (2),  and  is  the  corresponding  point  tc 
Let  Q  be  [f ,  rj\  f  ].     Then 

a  0  c 

a  0  c 
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And      />y'_Q/=(«-j^_i)(f-f')+...  jjsj^jrr" 

^  imeamtocal 

=0. 

The  species  of  shell  which  it  is  most  convenient  to  employ  Humoidai 
in  the  subdivision  of  a  homogeneous  ellipsoid  is  bounded  by  *^ 
similar,  similarly  situated,  and  concentric  ellipsoidal  surfaces  ; 
and  it  is  evident  from  the  properties  of  pure  strain  (§  182) 
that  such  a  shell  may  be  produced  from  a  spherical  shell  of 
uniform  thickness  by  simple  extensions  and  compressions  in 
three  rectangular  directions.  Unless  the  contrary  be  specified, 
the  word  "  shell "  will  always  signify  an  infinitely  thin  shell  of 
this  kind. 

520.  Since,  by  §  462,  a  homogeneous  spherical  shell  exerts  exetuno 
no  attraction  on  an  internal  point,  a  homogeneous  shell  (which  ^fwr" 
need  not  be  infinitely  thin)  bounded  by  similar,  and  similarly  SSSl!. 
situated  and  concentric  ellipsoids,  exerts  no  attraction  on  an 
internal  point. 

For  suppose  the  spherical  shell  of  §  462,  by  simple  ex- 
tensions and  compressions  in  three  rectangular  directions,  to 
be  transformed  into  an  ellipsoidal  shell  In  this  distorted  form 
the  masses  of  all  parts  are  reduced  or  increased  in  the  propor- 
tion of  the  mass  of  the  ellipsoid  to  that  of  the  sphere.  Also 
the  ratio  of  the  lines  HP,  PK  is  unaltered,  §  158.  Hence  the 
elements  /i/,  KL  still  attract  P  ofpially,  and  the  proposition 
follows  as  in  §  4G2. 

Hence  inside  the  shell  the  iwtential  is  constant. 

521.  Two  confocal  shells  r§  519)  being  given,  the  pot<Mitial  ''"»nptriikni 
of  the  first  at  any  i)oint,  P,  of  the  surface  of  the  s^'cond,  i« ''f  iw«  «h#.iil 
to  that  of  the  seeon<l  at  the  corresponding  point,  p,  on  th*- 
surface  of  the  first,  as  the  mass  of  the  fiwt  in  to  i]\tt  iuhka  of 

the  second     TliL«  }K>autiful  proix^sition  is  due  to  (l\iM\t'^ 

To  any  ♦-lenient  of  the  mass  of  the  ouUt  h\n'\\  ni  (^  totit' 
sponds  an  element  of  niasK  of  the  inii'T  at  y,  nttfi  iJm'v  U'i»» 
the  same  ratio  io  the  whole  uniLhHftH  of  tl^'ii  |i')r|/</ifv^  ^li^lN 
that  the  fonv>ponding  eh^ment  of  ih^'  t!|/h^ri/^)  itJm'I)  ftoui 
which  either  may  l>e  derived  Ix-ai^  ♦o  ji>  wUoJ>'  i/i^*»jr  *Hh$'tf4i» 
since  Pq  —  Qjf,  the  pn>Iy^»^itiolJ  Jk  in;j  Joi  Mjl  *opfi-9^^ff^f)\f^ 
elements  at  Q  aiid  q,  and  til**  y  *^^/<i;4  >  i^  Jj/ 
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Also,  as  the  potential  of  a  shell  on  an  internal  point  is  con- 
stant, and  as  one  of  two  confocal  ellipsoids  is  wholly  within 
the  other :  it  follows  that  the  external  equipotential  surfaces 
for  any  such  shell  are  confocal  ellipsoids,  and  therefore  that 
the  attraction  of  the  shell  on  an  external  point  is  normal  to  a 
confocal  ellipsoid  passing  through  the  point 

522.  Now  it  has  been  shown  (§  478)  that  the  attraction 
of  a  shell  on  an  external  point  near  its  surface  exceeds  that  on 
an  internal  point  infinitely  near  it  by  iwp  where  p  is  the 
surface-density  of  the  shell  at  that  point.  Hence,  as,  §  520. 
there  is  no  attraction  on  an  internal  point,  the  attraction  of  a 
shell  on  a  point  at  its  exterior  surface  is  Wp :  or  4irpt  if  p  !>»» 
now  put  for  the  volume- density,  and  t  for  the  (infinitely  small; 
thickness  of  the  shell,  §  491  (/).  From  this  we  obtain  im- 
mediately the  determination  of  the  whole  attraction  of  a  homo 
geneous  ellipsoid  on  an  external  particle. 

Let  ao,  ^0}  ^0  he  the  axes  of  the  attractiug  ellipsoid,  and  let 
n=aody  b=boOj  c^c^Oj  be  the  axes  of  any  similar,  similarly 
situated,  and  concentric  surface  drawn  within  it ;  $  being  thun  a 
proper  fraction.  If  we  consider  a  shell  bounded  by  sur&ces 
corresponding  to  dj  and  O-^dOf  respectively,  its  attraction  on 
the  external  point  P  (f ,  ^,  Oi  ^^  ^  ^bat  of  a  shell  whose  Burfacet 
are  confocal  with  these,  and  whose  outer  surface  passes  through 
P,  as  the  mass  of  the  first  shell  to  that  of  the  second.  If  A,  B, 
C  be  the  axes  of  this  outor  surface,  we  have 


(h. 


where  <^  is  a  new  varia])lo,  connected  with  6  by  the  equation 


S' 


.+ 


-I-  -  —  =  1 


or 


c:5;. 


Now  it  is  evident  that,  if  A^dA,  B—dB,  C-^dC,  be  the  axes  of 
the  inner  surface  of  the  new  shell. 


dA 

A  '' 


dB 

'  b'' 


dC 


da 
a 


db 
'  b^ 


dc 
c 


dS 
"6  ' 
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and  that,  if  s  be  the  perpendicular  finom  the  eentre  on  the  tangent  ▲ttneiua 
plane  at  P^  and  /  the  thickness  of  the  shell  at  that  point,  gewmT 

o"  A  ""^  ' 
Also,  by  geometry, 

and  the  direction-cosines  of  s  are 

«f      «iy      «f 

A*  '  B^ '   C* 
Hence  the  attraction,  parallel  to  axis  of  or,  of  shell  [^,  0~-d9\  Lh 

For  the  whole  attraction  in  this  direction  we  have  only  to  inte- 
grate this  expression,  as  a  function  of  ^,  from  ^=0  to  ^=1. 

The  integration  is  easier  if  we  make  <^  the  variable.     Thus, 
differentiating  (3),  we  have 

and  therefore  the  whole  attraction  is 


.*+<^')'(V+<^')(c.'+<^') 
The  limito  are  given  at  once  by  (3),  if  we  remember  that  $ 
ranget!  from  0  to  1 ;  and  are  evidently  oo,  and  the  poHitive  root  of 


Call  this  root  a*,  then  the  x  component  of  the  attraction  is 

''•V  >••+**;  (V+*%{cp*  +  <^«) 
where  if  is  the  maas  of  the  ellipsoid. 

It  is  worthy  of  remark  thai  the  three  components  depend  upon 
the  one  elliptic  intcrgrtl 

4,^p 'fii^'i 

and  are  X=r-U/^    '^ 

with  similar  4Xfv>Miuwiii  i^Jt  Y  ic$A  A  im  fmfim  ^f4U^m^^\  eodl^. 
cient*  with  rw^iwf.  fA-  i/  t»u<  -/  f^tm^^^^^  ^  f^^  fri*«M  aa 


392 


ABSTRACT  DYNAMICa 


ittnuai(»ii  of 
npheroid  of 
evulutiiui. 


laclanrin'N 
leorem 


a  constant.     When  the  attracted  point  lies  on  the  snrfiu^e  ol  & 
ellipsoid,  the  only  requisite  change  is  to  put  assO. 

If  we  put  Cu=&o  the  ellipsoid  becomes  a  spheroid  of  reToln- 
tion  :  and  for  its  attraction  parallel  to  the  axis  wo  have 

where  a*  is  the  positive  root  of  the  equation 

This  integral  is,  of  course,  easily  expressed  in  finite  terms. 
But,  as  we  shall  see  presently,  it  is  sufficient  to  find  its  value  for 
a  point  on  the  surface ;  for  which  we  have 

To  work  this  out  in  real  finite  terms  for  an  oblate  spheroid,  let 

and  the  definite  integral  above  becomes 

p  d{<f>'+ao*)_        _  r         d(«»') 

Jo  («o'+>')l(«.*+6.V+<^')~U« -•(6.V+-') 

Now  J/=j7rpZ»„Vl  — <-*. 

Hence  we  easily  obtain 

1      Jl-e^  .  _, 
-  — ^— .  —  sin  V 


(6). 


X=4irp^(- 


0 


{')■ 


For  one  of  the  components  perpendicular  to  the  axis  we  have 
which,  when  the  point  is  on  the  nurfacc,  becomes 
The  definite  integral  \s  easily  reduced  to 


Y=i 


(8) 


Hence  we  have 


1— r« 


(9). 


523.  From  what  we  have  already  given  of  the  analysis  of 
this  question,  it  is  easy  to  deduce  tlie  following  splendid 
theorem,  due  to  Maclaurin  : — 

Hie  aUrnctions  exerted  by  two  honwf/eneous  ami  confi>cal  ellip- 
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saids  an  the  same  paint  external  tu  e&ek,  mr  'C^tfr-Mk  ^  vm  «i»f 
an  the  surface  of  the  other,  are  iok  tk^  rnrrn^  i.^j^nMm.  wMmt  #^- 
partional  to  their  mu^$f$. 

The  X  component  is^  as  abivre. 


mj: 


with  a*  the  poattiTe  root  of 

For  a  confoctl  eDipaoid  the  axes  are 

a,«=V+*,  it»=V+A.  <.*='r.V* 
And  the  x  ocnnpoDeDt  is 

/■« dr^, 

where  a,*  is  the  postire  root  of 

If  we  pat  A+^'  for  ^  in  the  fint  iafggial  sad  in  the  equation 
for  its  limit,  we  reprodnee  the  teefmd  aad  iti  linting  equation. 
Hence  the  int^prak  are  eqnaL,  aad  eorreppondsag  eoaqmientB  of 
the  attraction  are  as  if  to  Jf,. 

524.  In    a   similar  wav  we   niav   at    once   prove    Ivorv  s  ij^wy"* 

theorem — 

Let  correxponffing  paints  P,  />,  &r  /^aim  <wi  the  ntrfaees  of  ttn* 
homogeneous  eanfocal  fUipsm/Js,  E,  e.  Tike  x  component  of  thr 
attraction  of  E  on  p,  is  to  tlicU  of  e  cm  P  as  the  area  of  the  section 
of  E  by  the  pfnne  of  yz  is  to  that  of  the  coplnnor  section  of  e. 

The  X  component  of  M  on  ^.  rf.  (.  \»  already  given  [§  522  (5)]. 

That  of  J/,  on  ^^,  ^«.  ^/   i>. 

with  the  condition  that  a,'  is  the  positive  root  of 

Now  the  integrals  are  evidently  e<|ual — and  the  whole  oxpres 
sions  are  as  M  to  3/,  —  ;  /.<•.,  as  b^c^  to  6ir,. 
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Ivory'M 
theoivnj. 


IjUW  of  at- 
traction 
when  a  uni- 
form spheri- 
cal shell 
exerts  no 
action  on  an 
internal 
point. 


Centre  of 
gravity. 


Centrobaric 
bodies. 

proved 
possible 
by  Orcen. 


PropertieM  of 

centrobaric 

bodies. 


Poisson  showed  tliat  this  theorem  is  true  for  any  law  of 
Ibrce  whatever.  This  is  easily  proved  by  employing  in  thf 
general  expressions  for  the  components  of  the  attraction  of  an? 
body,  after  one  integration,  the  properties  of  corresponding 
points  upon  confocal  ellipsoids  (§  519). 

525.  An  ingenious  application  of  Ivory's  theorem,  by 
Duhamel,  must  not  be  omitted  here.  Concentric  spheres  are 
a  particular  case  of  confocal  ellipsoids,  and  therefore  the  at- 
traction of  any  spliere  on  a  point  on  the  surface  of  an  internal 
concentric  spliei-e,  is  to  that  of  the  latter  upon  a  point  in  the 
surface  of  the  former  as  the  squares  of  the  radii  of  the  spherea 
Now  if  the  law  of  attraction  he  such  that  a  homogeneous  spkerieal 
shell  of  uniform  thickness  exerts  no  attraction  on  an  internal  paint, 
the  action  of  the  larger  sphere  on  the  internal  point  is  reduci- 
ble to  that  of  tlie  smaller.  Hence  tlie  law  is  that  of  the  inveru 
square  of  the  distancCy  as  is  easily  seen  by  making  the  smaller 
sphere  less  and  less  tiU  it  becomes  a  mere  particle.  This 
theorem  is  due  originally  to  Cavendish. 

526,  {Definition.)  If  the  action  of  terrestrial  or  other  gravity 
on  a  rigid  body  is  reducible  to  a  single  force  in  a  line  passing 
always  through  one  point  fixed  relatively  to  the  body,  whatever 
be  its  position  relatively  to  the  earth  or  other  attracting  mass, 
that  point  is  called  its  ccTitre  of  gravity,  and  the  body  is  called 
a  centroharic  body. 

527,  One  of  the  most  startling  result  of  Green's  wonderful 
theory  of  the  potential  is  its  establishment  of  the  existence  of 
centroharic  bodies ;  and  the  discovery  of  their  properties  is 
not  the  least  curious  and  interesting  among  its  very  various 
applications. 

528.  If  a  body  {B)  is  ceutrobaric  relatively  to  any  one 
attracting  mass  {A),  it  is  centroharic  relatively  to  every  other: 
and  it  attracts  all  matter  external  to  itself  as  if  its  own  mass 
were  collected  in  its  centie  of  gitivity.^ 

Let  0  be  any  point  so  distant  from  B  that  a  spherical  surface 
described  from  it  as  centre,  and  not  containing  any  part  of  A 
is  large  enough  entirely  to  contain  A.  Ij^iA  be  plac*ed  within 
any  such  spherical  surface  and  made  to  rotate  about  any  axis. 
OK,  through  0  It  will  always  attract  i^  in  a  line  through  (?, 
the  centre  of  gravity  of  B.     Hence  if  every  parti<»le  of  its  mass 

>  Thomson.  Pro«\  R.S.E..  Feb.  1864. 
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l>e  uuiformlT  distziboted  o^&  the  circumfnence  of  the  circle  PruimHi* 
that  it  describes  in  this  loCatioii,  the  maaSy  thus  obtained,  will  t!Si!^ 
also  attract  £  in  a  fine  dnoa^  G.    And  this  will  be  the  case 
however  this  maas  »  rotated  ronnd  O ;  since  before  obtaining 
it  we  might  hare  rotated  A  and  OK  in  any  way  round  0,  hold 
ing  them  fixed  rektireiy  to  one  another.    We  have  therefore 
found  a  body,  A\  symmetrical  about  an  axis,  OK,  relatively 
to  which  B  is  necessarily  eentrobaric.     Now,   0  being  kept 
fixed,  let  OK,  carrying  A'  with  it,  be  put  successively  into  an 
infinite  number,  a,  of  positions  uniformly  distributed  round  0 ; 
that  is  to  say,  so  that  there  are  equal  numbers  of  positions  of 

OK  in  all  equal  solid  angles  round  0 :  and  let  —  part  of  tlio 

mass  of  il'  be  left  in  each  of  the  positions  into  which  it  whm 
thus  necessarily  carried.  B  will  experience  from  A  ull  thin 
distribution  of  matter,  still  a  resultant  force  throxi^h  fj.  liut 
this  distribution,  being  symmetrical  all  round  0,  c()Uh\h\m  of 
uniform  concentric  shells,  and  (§  471)  the  mass  of  each  of  iUt*H** 
shells  might  be  collected  at  0  without  clianging  iiH  attrtt^^iioM 
on  any  particle  of  B,  and  therefore  witlioxit  chan^iii^  iUi  m 
sultant  attraction  on  B.  Hence  B  is  centrolmrin  nt|iitiv<j|y  Ut 
a  mass  collected  at  0 ;  this  being  any  iK)int  whabrvisr  hoI 
nearer  than  within  a  certain  limiting  distance  from  //  (u^iuini 
ing  to  the  condition  stated  above).  That  is  Ui  wiy,  itiiy  \nt]u\ 
placed  beyond  this  distance  is  attmeted  by  //  in  a  liiM'  MH'/ii|/h 
G\  and  hence,  l)eyond  this  distance,  the  vA\\i\\HiU'u\iH\  tjnU^^^u 
of  B  are  spherical  with  0  for  common  ci'iitK*.  //  \\ii:^k:Unr. 
attracts  points  beyond  this  distance  as  if  it«  luium  W4'M^  tJtiU't:U:ti 
at  G:  and  it  follows  (§  497)  tliat  it  (Uh'.h  mt  alls'/  i^^^'t^n/^^  ihn 
whole  space  external  to  itself.  Hence  it  HiiiwiM  uhy  |/^'^mj/ 
of  points,  or  any  mass  whatever,  ^'xt<*nial  1>>  ii,  uf  il  it.-  nvf^ 
mass  were  collected  at  0. 

529.  Hence  §§  497,  402  show  tliut 

(a)  T?i€  centre  of  gravity  of  n  rentroharv:  Inula  vtrtt^ouiilfi  ///c#» 
in  its  interior ;  or  in  other  words,  am  mdif  hr  rtmlml  Jt'ttm 
external  space  by  a  path  cvtliuff  throvyk  mnaf  oj  if  ft  vi*it*ii      AimI 

(h)  No  eentrobaric  body  can  a/iutiat  of  partn  inttlutnl  J  turn  itiit^ 
another,  each  in  space  external  to  oil :  \\\  oih^T  wonln,  ///#  /////// 
Inrundary  of  every  centrolpo i  [c  \nuiy  in  a  ninyle  riomtl  tiiffarr. 
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ProDertiesof     Thus  we  866,  by  (a),  that  no  8ymm6trical  ring,  or  holloY 
bSSiea.    *    cylinder  with  open  ends,  can  have  a  centre  of  gravity ;  for  iti 
centre  of  gravity,  if  it  had  one,  would  be  in  its  axis,  and  there- 
fore external  to  its  mass. 

530.  If  any  mam  whatever,  M,  and  any  single  surface,  S, 
completely  enclosing  it  he  given,  a  distribution  of  any  given 
amount,  M',  of  matter  on  this  s\irfa>ce  m^y  be  found  which  shall 
make  the  wJcole  ccntroharic  with  its  centre  of  gravity  in  any 
given  position  (0)  within  that  surface. 

The  condition  here  to  be  fulfilled  is  to  distribute  Af '  over  & 
so  as  by  it  to  produce  the  potential 

EG 

any  point,  E,  o{  S;  V  denoting  the  potential  of  M  at  this 
point.  The  possibility  and  singleness  of  the  solution  of  this 
problem  were  proved  above  (§  499).  It  is  to  be  remarked, 
however,  that  if  M'  be  not  given  in  sufficient  amount,  an  extra 
quantity  must  be  taken,  but  neutralized  by  an  equal  quantity 
of  negative  matter,  to  constitute  the  required  distribution  on  & 
The  case  in  which  there  is  no  given  body  M  to  begin  with 
is  important ;  and  yields  the  follo\\ang : — 
centrobarifi  531.  A  givcn  quantity  of  mutter  may  be  distributed  in  one 
way,  but  in  only  one  way,  over  any  given  closed  surface,  so  as  to 
constitute  a  ccntroharic  body  with  its  centre  of  gmtity  at  any 
given  point  within  it. 

Thus  we  have  already  seen  that  tlie  condition  is  fulfilled  by 
making  the  density  invereely  as  the  distance  from  the  given 
point,  if  the  surface  be  spherical.  From  what  was  proved  in 
§§501,  506  above,  it  appears  also  that  a  centrobaric  shell  may 
be  made  of  either  half  of  the  lenmiscate  in  the  diagram  of 
§  508,  or  of  any  of  the  ovals  within  it,  by  distributing  matter 
with  density  propoitional  to  the  resultant  force  of  m  at  /  an<l 
m'  at  /';  and  that  the  one  of  these  points  wliicli  is  within 
it  is  its  centre  of  gravity.  And  generally,  by  drawing  the 
equipotential  surfaces  relatively  to  a  mass  ?/?  collected  at  a 
point  /,  and  any  other  distribution  of  matter  whatever  not 
surrounding  this  point;  and  by  taking  one  of  these  surfaces 
which  encloses  /  but  no  other  part  of  the  mass,  we  learn,  by 
Gi*een's  general  theoi*em,  and  the  special  pi*oposition  of  §  506, 


shell. 


y 
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liow  to  distribute  matter  over  it  so  as  to  make  it  a  centrobaric  Propertie« 
iheU  with  /  for  centre  of  gravity.  bodies. 

532.  Under  hydrokinetics  the  same  problem  will  be  solved 
for  a  cube,  or  a  rectangular  parallelepiped  in  general,  in  terms 
t>f  converging  series  ;  and  under  electricity  (in  a  subsequent 
volume)  it  vrill  be  solved  in  finite  algebraic  terms  for  the 
sorfiELce  of  a  lense  bounded  by  two  spherical  surfaces  cutting 
one  another  at  any  sub-multiple  of  two  right  angles,  and  for 
either  part  obtained  by  dividing  this  surface  in  two  by  a  third 
spherical  surface  cutting  each  of  its  sides  at  right  angles. 

533.  Matter  may  be  distributed  in  an  infinite  number  o/centrobari 
tpays  throughcnU  a  given  closed  space,  to  constitute  a  centrobaric 

body  vnth  its  centre  of  gravity  at  any  given  point  within  it. 

For  by  an  infinite  number  of  surfaces,  each  enclosing  the 
given  point,  the  whole  space  between  this  point  and  the  given 
closed  surface  may  be  divided  into  infinitely  thin  shells ;  and 
matter  may  be  distributed  on  each  of  these  so  as  to  make  it 
centrobaric  with  its  centre  of  gravity  at  the  given  point  Both 
the  forms  of  these  shells  and  the  quantities  of  matter  distributed 
on  them,  may  be  arbitrarily  varied  in  an  infinite  variety  of 
ways. 

Thus,  for  example,  if  the  given  closed  surface  be  the  pointed 
oval  constituted  by  either  haK  of  the  lemniscate  of  the  diagram 
of  §  508,  and  if  the  given  point  be  the  point  /  within  it,  a 
centrobaric  solid  may  be  built  up  of  the  interior  ovals  with 
matter  distributed  over  them  to  make  them  centrobaric  shells 
as  above  (§  531).  From  what  was  proved  in  §  518,  we  sec 
that  a  solid  sphere,  with  its  density  varying  inversely  as  the 
fifth  power  of  the  distance  from  an  external  point,  is  centre - 
])aric,  and  that  its  centre  of  gravity  is  the  iTruige  (§512)  of 
tliis  point  relatively  to  its  surface. 

534.  The  centre  of  gravity  of  a  centrobaric  body  composed  The  centre 
of  tnie  gravitating  matter  is  its  centre  of  inertia.     For  a  centre-  of ftexiit 
baric  body,  if  attracted  only  by  another  infinitely  distant  body,  of  inertu. 
or  by  matter  so  distributed  round  itself  as  to  produce  (§  499) 
uniform  force  in  pai*allel  lines  throughout  the  space  occupied 

})y  it,  experiences  (§  528)  a  resultant  force  always  through  its 
centre  of  gravity.  But  in  tlii.s  case  this  force  is  the  resultant 
of  parallel  forces  on  all  the  particles  of  the  Ijody,  which  (see 
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^ro^^ot Properties  of  Matter,   below)   are  rigorously   ptoportdonal  to 
^iodiea.        their  masscs  :  and  in  §  561  it  is  proved  that  the  resultant  of 

such  a  system  of  parallel  forces  passes  through  the  point  defined 

in  §  230,  as  the  centre  of  inertia. 
A  body  18  535.  The  moments  of  inertia  of  a  centrobaiic  body  are 

kinetically  ^ 

■gj^etncai  equal  round  all  axes  through  its  centre  of  inertia.     In  otha 

cento©  of      words  (§  285),  all  these  axes  are  principal  axes,  and  the  body 

is  kineticaUy  symmetrical  round  its  centre  of  inertia. 

Let  it  be  placed  with  its  centre  of  inertia  at  a  point  O  (origin 
of  co-ordinates),  within  a  closed  surface  having  matter  so  dk- 
tributed  over  it  (§  499)  as  to  have  oc^z  (which  satisfies  V*(pcyx)^0] 
for  potential  at  any  point  (x,  y,  z)  within  it.  The  resultant  aetiai 
on  the  body  is  (§  528)  the  same  as  if  it  were  collected  at  O;  Uut 
is  to  say,  zero :  or,  in  other  words,  the  forces  on  its  different  parti 
must  balance.  Hence  (§  551,  i.,  below)  if  p  be  the  density  oif  Ik 
body  at  (a;,  y,  z) 

fffyz,pdxdydz=^^,  f//zx.pdxdydz^%  f/fxy.pdxffydz^iO. 
Hence  OX^  0  X,  OZ  are  principal  axes ;  and  this,  howeyer  the 
body  is  turned,  only  provided  its  centre  of  gravity  is  kept  at  0. 

To  prove  this  otherwise,  let  V  denote  the  potential  of  the 
given  body  at  (a?,  y,  z) ;  ii  any  function  of  x,  y,  z\  and  s  tiic 
triple  integral 

....du  dV^  da  dV'     du  rfK  ,    ,    , 
-^(^  d-x  +  -d^  Hy+  dz  rf.-)^^^^^' 
extended  through  the  interior  of  a  spherical  surface,  6',  enclosing 
all  of  the  given  body,  and  having  for  centre  its  centre  of  gravity. 
Then,  as  in  Chap.  i.  App.  A,  wc  have 

^=//:^u  VdfT^fffVV^ndxdydz 
=/pVud(T'-///uV*  Vdxdydz. 
But  if  m  be  the  whole  mass  of  the  given  body,  and  a  the  radiii5 
of  3j  we  have,  over  the  whole  surface  of  5, 

r=^,andJF=-^;. 
a  a* 

Also  [§  491  (c)]  V*  1=  -47rp, 

vanishing  of  course  for  all  points  not  belonging  to  the  mass  of 

the  given  body.     Hence  from  the  preceding  we  have 

iT/f/updxdydz  =  -J/{a:>u+u)d(r-jy/\'V*udxdydz 

Let  now  ti  bo  any  function  fulfilling  V^/=0  through  the  whole 
space  within  S;  so  that,  by  §  492,  wc  have  jy^uda-ssOf  and  by 
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§  ^^^1  J/u^a-zsira^u^  if  tt,  denote  the  value  of  u  at  the  eenUrt*  9tM$vt» 
of  5.     Hence  ///updxdydz^mu^.  HH&i^ 

Let,  for  instance,  u^yx.    We  have  Uo=Oy  and  therefore 

/Xfyzpdxdydz=iO, 
as  we  found  above.     Or  let  u=(a:«+y«)— (a:«+z«),  wbieh  gire« 
tio=0;  and  consequenilj  proves  that 

or  the  moment  of  inertia  round  OF  is  equal  to  thai  rovtod  OX; 
verifying  the  conclusion  inferred  from  the  other  reMilL 
536,  The  spherical  harmonic  analysis,  which  forum  Xhn  nnh  'JjJgJ^ 
ct  of  an  Appendix  to  Chapter  L,  had  its  origin  in  tli^  iYu^fty  Jj2»^ 
r  attraction,  treated  with  a  view  especially  to  i\tft  ti^r^t  '4  i\^^ 
irth ;  having  been  first  invented  for  the  wAut  (A  ^xj/ftsweii^^ 
I  converging  series  the  attraction  of  a  Vxidy  of  nenriy  H\Ai^ry'Jd 
gure.     It  is  also  perfectly  appropriate  for  expn!*^i«j?  tl*^ 
otential,  or  the  attraction,  of  an  infinitely  thin  »p}t^rif:iil  ^it^ll, 
ith  matter  distributed   over  it  according  Ut  nuy  sitiAimry 
iw.     This  we  shall  take  first,  being  the  simpler  appli'^ati^/n. 
Let  X,  y,  zhe  the  co-ordinates  of  A  the  point  in  ^iwstAi'-^, 
reckoned  from  O  the  centre,  as  origin  of  co-r^diwUe* :  p  m»A  p 
the  values  of  the  density  of  the  spherieal  nor&e^;  *t  poinU  /^T  und 
/iJ',  of  which  the  former  is  the  point  in  wbieh  it  U  i:ni  hy  Of.  or 
this  line  produced :  rfo-'  an  element  of  the  muiM€*i  »t  K\  a  it* 
radius.     Then,  V  being  the  potential  at  /^  w-;  have 

But,  by  B  iM) 

E'F      a  '^  X  ^  a'  '  y  2 

and  =1/14-2  0^'--/;  ,    txUfnul.  y 

where  Q;  i»  the  biazal  mrUce  hanw^/iiic  of  ^£J,  A",-     Hence,  if 

bo  the  harmonic  expansir/n  for  />,  we  Uve,  ai/;^;'/rdJiJg  U>  B  ^52^; 
r=4ya  '5    '^*    ^-!^  *:    when  /' i*  iwterfi*!;     / 

If,  for  iiiMaiicf.  />=>',.  we  hare 
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iira*"*"*     Si 
AppiicaUon  and  V=r.  —  rr —  ^.  .  ,  outside. 

ofiphericAl  r*+»     2l  +  l 

an«iy8?8.  Thus  we  coDcludc  that 

537.  A  spherical  hannonic  distribution  of  density  on  a 
spherical  surface  produces  a  similar  and  similarly  placed 
spherical  harmonic  distribution  of  potential  over  every  con- 
centiic  spherical  surface  through  space,  external  and  internal; 
and  so  also  consequently  of  radial  component  force.  But  the 
amount  of  the  latter  differs,  of  course  (§  478),  by  Awp,  for  points 
infinitely  near  one  another  outside  and  inside  the  surface,  Up 
denote  the  density  of  the  distribution  on  the  surface  between 
them. 

If  R  denote)  the  radial  component  of  the  force,  we  have 
_         dV         47rr*-»     iSi    .     ._  ^ 

and  =^^+^pouUAde.      \ 

rf+«      2i+l  J 

Hence,  if  r=rt,  we  have 

R  (outside)— /2  (in8ide)=4ir5i=4irp. 

538.  The  potential  is  of  course  a  solid  harmonic  through 
space,  both  internal  and  external ;  and  is  of  positive  degree  in 
the  internal,  and  of  negative  in  the  external  space.  The  ex- 
pression for  the  radial  component  of  tlie  force,  in  each  division 
of  space,  is  reduced  to  the  same  form  by  multiplying  it  by  the 
distance  from  the  centre. 

539.  The  harmonic  development  gives  an«  expression  in 
converging  series,  for  the  potential  of  any  distribution  of  matter 
through  space,  which  is  useful  in  some  applications. 

Lot  X,  f/j  z  be  the  co-ordinates  of  P,  the  attracted  point,  aiHl 
x\  y\  z  those  of  P'  any  point  of  the  given  mass.  Then,  if  /> 
be  the  density  of  the  matter  at  i^,  and  V  the  potential  at  P,  wc 
have 

The  most  convenient  view  we  can  take  as  to  the  space  through 
which  the  integration  is  to  be  extended  is  to  regard  it  aii  infinite 
in  all  dircctionH,  and  to  suppose  p'  to  be  a  discontinuous  function 
of  x',  y'y  z\  vanishing  through  all  s[)acc  unoccupied  by  matter. 
Now  by  B  (u)  we  have 
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, r-^r-TT 7r-=ii=— /(l+2a{(-^)'}  when  r'>r  )  «^i 

r-x')'  +  {y-y')*+('-'yy     r'^^^'^V"'^  ^   (7).  ^1 

and  =L{i+%Q,(!l)  }      „     r'<r 

r  \        r 

Substituting  this  in  (6)  we  have 

+^{r'{mQf^^^l^+i^SM-\Q>rydx'd!,'dz'}      (8), 

where  {J[](f)  denotes  integration  through  all  the  space  external  to 
the  spherical  surface  of  radius  r,  and  [j^]  integration  through 
the  interior  space. 

This  formula  is  useful  for  expressing  the  attraction  of  a  mass  potentui  < 
of  any  figure  on  a  distant  point  in  a  single  converging  series.  uAy.  " 
Thus  when  OP  is  greater  than  the  greatest  distance  of  any  part 
of  the  body  from  O,  the  first  series  disappears,  and  the  expression 
becomes   a  single   converging  series,   in   ascending  powers  of 

1    

r 

F=^{jQ7pVa:'(^^'rfz>2-lj^  (9). 

If  we  use  the  notation  of  B  (u)  (53),  this  becomes 

and  we  have,  by  B  (v)  and  (w), 

where  eo8^=^^-<+^^^' . 

rr 

From  this  we  find 

and  so  on. 
Let  now  M  denote  the  mass  of  the  body ;  and  let  0  be  taken 
at  its  centre  of  gravity.     We  shall  have 

fff  p  dx' dy  dz  ^^M \  and  JffpIIidx'dy'dz'^O. 
Further,  let  OX,  OY,  OZ be  taken  as  principal  axes  (§§  281, 282), 
so  that  Jffp'y'z'dx'dy'dz'^Oy  etc., 

and  let  A^  /?,  C  be  the  moments  of  inertia  round  these  axes. 
This  will  give 
/JxV/yW2'=i{  (3j:«-r«)j(5frpV«<Zz'JyWc^ 

,j_3i«)4./?(r«--3//»)  C+(r«— aj«)  ] = J  { (/i+C-2  J  )2«+(  ('+i4-25).v«+(i4+5— 2  Cy 

2C 
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Potential  of  Ilence  neglecting  terms  of  the  third  and  higher  orders  of  saill 

a  distant  / 

^  ^'  quantities  (powers  of  — ),   wc   have   the   following  approximak 

expression  for  the  potential : — 

r=-+~{{B+C-2A)x'+{C+A-W)!,'+(^+B-20z'i{n). 
r      2r^  I 

As  one  example  of  the  usefulness  of  this  result,  we  may  mentkn 
the  investigation  of  the  disturbance  in  the  moon's  motion  pro- 
duced by  the  non- sphericity  of  the  earth,  and  of  the  reaction  of 
the  same  disturbing  force  on  the  earth,  causing  lunar  nutatkm  and 
precession^  which  will  be  explained  lat«r. 

Differentiating,  and  retaining  only  terms  of  the  first  and  second 
degrees  of  approximation,  we  have  for  the  components  of  the 
mutual  force  between  the  body  and  a  unit  particle  at  (a?,  y,  z), 

r=etc.,     Z=etc.  J 

whence 

Comparing  these  with  Chap,  ix.,  below,  we  conclude  that 
traction  of         540,  The  attraction  of  a  distant  particle,  P,  on  a  rigid  body 
iSSSt*'^"     if  transferred  (according  to  Poinsot's  method  explained  below. 
^^  §  556)  to  the  centre  of  inertia,  /,  of  the  latter,  gives  a  couplt* 

approximately  equal  and  opposite  to  that  which  constitutes  tho 
resultant  effect  of  centrifugal  force,  if  the  body  rotates  with  a 
certain  angular  velocity  about  IP.  The  square  of  this  angular 
velocity  is  inversely  as  the  cube  of  the  distance  of  P,  irre 
spectively  of  its  direction ;  being  numerically  equal  to  three 
times  the  reciprocal  of  the  cube  of  this  distance,  if  the  unit 
of  mass  is  such  as  to  exercise  the  proper  kinetic  unit  (§  225) 
force  on  another  equal  mass  at  unit  distance.  The  general 
tendency  of  the  gravitation  couple  is  to  bring  the  principal  axis 
of  least  moment  of  inertia  into  line  with  the  attracting  point 
Tlie  expressions  for  its  components  round  the  principal  axes  will 
be  used  later  (Chap,  ix.)  for  the  investigation  of  the  phenomena 
of  precession  and  nutation  produced,  in  virtue  of  the  earth's 
non-sphericity,  by  the  attractions  of  the  sun  and  moon ;  and 
(Chap.  IX.)  to  estimate  the  retardation  produced  by  tidal  friction 
against  the  earth's  rotation,  according  to  the  principle  explaine<l 
above  (§  276). 
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541.  It  appears  from  what  we  have  seen  that  the  amount  a  pi!Sde"on^ 
)f  the  gravitation  couple  is  inversely  as  the  cube  of  the  distance  JcSy^*  * 
between  the  centre  of  inertia  and  the  external  attracting  point : 

md  therefore  that  the  shortest  distance  of  the  line  of  the  re- 
jultant  force  from  the  centre  of  inertia  varies  inversely  as  the 
iistance  of  the  attracting  point.    We  thus  see  how  to  a  first  S^i^j^^x^ 
ipproximation  every  rigid  body  is  centrobaric  relatively  to  a  S^Se^cSS? 
iistant  attracting  point  7^T^, 

542.  The  real  meaning  and  value  of  the  spherical  harmonic  <>'8f"^**y- 
method  for  a  solid  mass  will  be  best  imderstood  by  consider- 
ing the  following  application : — 

Let  p=F{r)Si  (15) 

where  F{r)  denotes  any  function  of  r,  and  Si  a  surface  spherical 
harmonic  function  of  order  i,  with  coefficients  independent  of  r. 
Substituting  accordingly  for  p  in  (8),  and  attending  to  B.  (52) 
and  (16),  we  find 

r=:^l^{rUV-*+>/*(r')efr'  +  r-*-^fV<+«F(r')(^r'}       (16). 

2l  +  l        Jr  Jo 

543.  As  an  example,  let  it  be  required  to  find  the  potential  foiw" "here 
i»f  a  solid  sphere  of  radius  a,  having  matter  distributed  through  mUSi^Va- 
it  according  to  a  solid  harmonic  function,  F^.  de^itl?"  ""^ 

That  is  to  say,  let 

p=  Vi=r%j  when  r*=za, 

and  p'=0  „     r^=>^a. 

Hence  in   the  preceding  formula  F{r)=:r*  from  r=0  to  r=:ay 

and  F(r)=0,  when  ri^-a-j  and  it  becomes 

a*               r*  ^ 

I '=4ir  Vif  -r—, : 7—. ^. }  when  P  is  internal,  / 

^"^      =(^r)(2r+^)-7^^  "       "    ^"^^"^^M 

This  result  may  also  be  obtained  by  the  aid  of  the  algebraical 
formula  B  (1*2)  thus,  on  the  same  principle  as  the  potential  of  a 
uniform  spherical  shell  was  found  in  §  491  (d). 
We  have  by  §  491  (c) 

Vr=— 4irKt.  when  r  <:</,     )  ,^^. 

and  =0  „     r--ii.     j 

But  by  taking  //i  =  2  in  B  (12)  we  have 
V\r--ri)  =  2(2/+3)F,, 
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Potential  of  and  therefore  the  solution  of  the  eqaation 

BoM  sphere 

with  har-  V  K=  —  4ir F,- 

raonic  dis-  ,  ,_ 

trlbutionof  .  j^  .         r'Vi       .    ,.  ,-<j, 

density.  IS  l^^^^--—^+U  (Wj 

where  U  is  any  function  whatever  satisfying  the  equation 

through  the  whole  interior  of  the  sphere.  By  choosing  U  and  the 
external  values  of  F  so  as  to  make  the  values  of  V  equal  to  one 
another  for  points  infinitely  near  one  another  outside  and  inside 

the  bounding  surface,  to  fulfil  the  same  condition  for  — -,  ind 

dr 

to  make  V  vanish  when  r  =  x,  and  when  r  =  0,  we  find 

and  obtain  the  expression  of  (17)  for  V  external.     For  in  tlie 

Vi 

first  place,  F  external  and  U  must  clearly  be  ^-f:^^  »  and^F., 

where  A  and  B  arc  constants :  and  the  two  conditions  give  the 
equations  to  determine  them. 

JnwnlJ^^'in  ^^*  ^^^'om  App.  K  (52)  it  follows  immediately  that  any 
function  of  x,  y,  z  whatever  may  be  expressed,  through  the 
whole  of  space,  in  a  series  of  surface  harmonic  functions,  each 
having  its  coefficients  functions  of  the  distance  (r)  from  the 
origin.  Hence  (IG),  with  Si  placed  under  the  sign  of  integra- 
tion for  /,  gives  the  harmonic  development  of  the  potential 
of  any  mass  whatever ;  being  the  result  of  the  triple  integra- 
tions indicated  in  (8)  of  §  539,  when  the  mass  is  specified  by 
means  of  a  harmonic  series  expressing  the  density. 

Apuiioatioii        545,  The  most  imi)ort4int  api)lication  of  the  harmonic  de- 

to  llgiire  of  Til  1-1  1       .       /.         . 

the  earth,  vclopmcnt  foi*  solid  s])lieres  hitlicrto  madc  is  for  investigating, 
in  the  Theory  of  the  Fi^ire  of  the  Earth,  the  attraction  of  a 
finite  mass  consisting  of  approximately  spherical  layers  of 
matter  equally  dense  through  each,  but  var^^ing  in  density 
from  layer  to  layer.  The  result  of  the  general  analytical 
method  explained  above,  when  worked  out  in  detail  for  tliis 
case,  is  to  exhibit  the  potential  as  the  sum  of  two  parts,  of 
which  the  first  and  chief  is  tlie  potential  due  to  a  solid  sphen*. 
A,  ami  the  second  to  a  spherical  shell,  B.  The  sphere,  -^t,  is 
obtained  by  ivduciiiL,'  the  Lfivni  spheroid  to  a  spherical  figurr 
by  cutting  awav  all  the  matter  lyin^^  nutside  the  pro|>er  mean 


hamutnio 
scries. 


STATICS.  406 

spherical  surface,  and  filliug  the  space  vacant  inside  it  where  Api.iicati« 
the  original  spheroid  lies  within  it,  without  altering  the  density  the  earth, 
anywliera     The  shell,  B,  is  a  spherical  surface  loaded  with 
equal  quantities  of  positive  and  negative  matter,  so  as  to  com- 
pensate for  the  transference  of  matter  by  which  the  given 
splieroid  was  changed  into  A.     The  analytical  expression  of 
all  this  may  be  written  down  inmiediately  from  the  preceding 
fonnulie  (§§  536,  537) ;  but  we  reserve  it  imtil,  under  hydro- 
statics and  hydrokinetics,  we  shall  be  occupied  with  the  theory 
of  the  Figure  of  the  Earth,  and  of  the  vibrations  of  liquid  globes. 
546.  The  analytical  method  of  spherical  harmonics  is  very 
vahiable  for  several  practical  problems  of  electricity,  magnetism,  ca«eof  the 
and  electro-macmetism,  in  which  distributions  of  force  sym-  iyuimetria 
metrical  round  an  axis  occur :  especially  in  this ;  that  if  the  »»»■. 
force  (or  potential)  at  every  point  through  some  finite  length 
along  the  axis  be  given,  it  enables  us  immediately  to  deduce 
converging  series  for  calculating  the  force  for  points  through 
some  finite  space  not  in  the  axis.     (See  §  498.) 

0  being  any  conveniently  chosen  point  of  reference,  in  the 
axis  of  symmetry,  let  us  have,  in  series  converging  for  a  portion 
AD  oi  the  axis, 

t7=«o+7+«,r+^;  +  a,r«  +  ^,+etc.  (a) 

where  U  is  the  potential  at  a  point,  Q,  in  the  axis,  specified  by 
()Q=r.  Then  if  V  be  the  potential  at  any  point  P,  specified  by 
r>P=r  and  QOP=^,  and,  as  in  App.  B.  (47),  G„  Q,, ...  denote 
the  axial  surface  harmonics  of  ^,  of  the  successive  integral  orders, 
we  must  have,  for  all  values  of  r  for  which  the  series  converges, 

r=ao-h^^+(a,r  +  ^;)Q.  +  (a.r«  +  ^)Q,+etc.  {b) 

provided  P  can  be  reached  from  Q  and  all  points  of  AD  within 
some  finite  distance  from  it  however  small,  without  passing 
through  any  of  the  matter  to  which  the  force  in  question  is  due, 
or  any  space  for  which  the  series  does  not  converge.  For 
throughout  this  space  (§  498)  V—  F'  must  vanish,  if  V  be  the 
value  of  the  sum  of  the  series ;  since  F—  V  is  [App.  B.  (//)] 
a  potential  function,  and  it  vanishes  for  a  finite  portion  of  the 
axis  containing  Q. 

The  scries  (b)  is  of  course  convergent  for  all  valuer  of  r  which 
make  (a)  convciTrcnt.  since  the  ultiniato  ratio  Qui-i-Qi  for  hi- 
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•oienuai  finitely  great  values  of  t,  is  unity,  as  we  see  from  any  d  tk 

Curnii  expressions  for  these  functions  in  App.  B. 

^'^  In  general,  that  is  to  say  unless  O  be  a  singnlar  point,  tk 

series  for  l^oonsbts,  according  to  Maclaurin's  theorem,  uf  aseeod 
ing  integral  powers  of  r  only,  provided  r  does  not  exceed  a  certiiB 
limit.  In  certain  classes  of  cases  there  are  singalar  pmnts,  sock 
that  if  0  be  taken  at  one  of  them,  U  will  be  expressed  in  a  mna 
of  powers  of  r  with  fractional  indices,  convergent  and  real  u 
least  for  all  finite  positive  values  of  r  not  exceeding  a  oerUb 
limit.  The  expression  for  the  potential  in  the  neighbourhood  \ 
of  0  in  any  such  case,  in  terms  of  solid  spherical  harmooia 
relatively  to  0  as  centre,  will  contain  harmonics  [App.  B.  (a)] 
of  fractional  degrees. 

Examples  Examplts — (I.)  The  potential  of  a  circular  ring  of  radint  * 

and  linear  density  p,  at  a  point  in  the  axis,  distant  by  r  from  tlk 

centre,  in  2rrap 

(a«+r«)** 

r*      1.3  r^ 
Hence     ^=27rp(l  —  J-i+^-r  i""etc.)  when  r^^za^ 

and         {/=!![?e(l_i?!+Li?;-eto.)  when  r>  «. 
from  which  we  have 

K=27rp(l~J^Q,+-i-r-0 -etc.)  when  r<  a, 

and      P=2fl-p( ^-7^+5-7-104— etc.)  whenr>a. 

r        r*  ZA  r* 

(II.)  Multiplying  the  preceding  unexpanded  expreasioD  for  i. 
by  da,  and  integrating  with  reference  to  a  from  a=:0  as  lovrr 
limit,  and  now  calling  U  the  potential  of  a  circular  disc  of  anifbra 
surface  density  p,  and  radius  a,  at  a  point  in  its  axis,  we  find 

t^=2irp{(a»+r»)*-.r}, 
r  being  positive. 

Hence,  expanding  first  in  ascending,  and  secondly  in  defleend- 
ing  powers  of  r,  for  the  cases  of  r  <c  a  and  r^-  a^  we  find 

and       y=2^p{l^-hi^Q,+h^^Q,-oU:.}  when  r>a. 

It  must  be  remarked  that  the  first  of  these  oxpresaons  is  onl; 
continuous  from  ^=0  to  d=s^;  and  that  from  ^=s^  to  6^^ 
the  first  term  of  it  must  be  made 

+2irprQ,,  instead  of  —  2irprU,. 
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(in.)  Again,  taking  :^  of  the  expreBsion  for  U  in  (11.),  and  SSSUSL 
now  calling  U  the  potential  of  a  disc  of  infinitely  small  thickness  ^"^^ 

c  with  positive  and  negative  matter  of  sarfaoe  density  f.  on  its 

c 

two  sides,  we  have 

[obtainable  also  from  §  479  («),  by  integrating  with  reference  to 
Xy  patting  r  for  x,  and  p  for  pc].    Hence  for  this  case 

K=2xp(l-jQ.+j5Q.-l;^$0.+etc.)whenr<a,      ^^ 

and     K=2rp(i^a-l|~Q,+etc.)  when  r  >  a. 

The  first  of  these  expressions  also  is  discontinuous ;  and  when  $ 
is  :=^ir  and  <:x,  its  first  term  must  be  taken  as  —2wp  instead 
of  2rp, 

547.  If  two  systems,  or  distributions  of  matter,  M  and  Jf^  i,,^^y^ 
^iven  in  spaces  each  finite,  but  infinitely  fiar  asunder,  be  allowed  < 
to  approach  one  another,  a  certain  amount  of  work  is  obtained 
by  mutual  gravitation  :  and  their  mutual  potential  eneigy 
loses,  or  as  we  may  say  suffers  exhaustion,  to  this  amount: 
which  amount  will  (§  486)  be  the  same  by  whatever  paths  the 
changes  of  position  are  effected,  provided  the  relative  initial 
positions  and  the  relative  final  positions  of  all  the  particles  are 
given.  Hence  if  wi^  m^, ...  be  particles  of  M;  m\,  mf^.,. 
particles  of  M' ;  i/p  i/,,  ...  the  potentials  due  to  M'  at  the 
points  occupied  by  m^,  m,, . . . ;  v^,  v^,..  those  due  to  Jf  at 
the  points  occupied  by  m\y  m\ . . . ;  and  E  the  exhaustion  of 
mutual  potential  energy  between  the  two  systems  in  any  actual 
configiirations ;  we  have 

This  may  be  otherwise  written^  if  p  denote  a  discontinuous 
function,  expressing  the  density  at  any  point,  (x,  y,  f )  of  the 
mass  M^  and  vanishing  at  all  points  not  occupied  by  matter  of 
this  distribution,  and  if  p  be  taken  to  specify  similarly  the  other 
mass  M* .     Thus  we  have 

E^Sffpo'dxdydx^Jffpvdxd^dz^ 
the  integrals  being  extended  through  all  space.     The  equality  of 
the  second  and  thurd  members  here  is  verified  by  remarking  that 
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Ezlimustion  [  [  f^pd^xdvd* 

of  potential  t?=  I  I  U'L-J—^'^..'.  , 

cuergy. 


■IJI'^o' 


if  D  denote  the  distance  between  (x,  y,  i)  and  (,x,  jr,  ,i),  tk' 
latter  being  any  point  of  space,  and  ^p  the  Talae  of  /»  ai  it.  A 
corresponding  expression  of  coarse  gives  v  :  and  U»u  we  find  ock 
sextuple  integral  to  express  identically  the  second  and  Uuni 
members,  or  Uie  value  of  Ej  as  follows : — 


j^^tftft  ipp'dxdffdzdxdydz 


^uxT\^!!\  ^®*  ^^  ^®  remarkable  that  it  was  on  the  consideration  of 

an  analytical  formula  which,  when  proj^erly  intcq»Tvted  with 
reference  to  two  masses,  has  precisely  the  same  signification  a* 
the  i)receding  ex])rcssions  for  £*,  that  Green  foumled  his  whuK* 
structui-e  of  general  theorems  regarding  attraction. 

In  App.  A.  {a)  let  a  be  constant,  and  let  Uy  C  be  the 
potentials  at  (Xy  y^  z)  of  two  finite  mosses,  M^  M\  finitelj  dbtaat 
from  one  another :  so  that  if  p  and  p'  denote  the  dciudtiea  of  M 
and  M'  respectively  at  the  point  (x,  y,  r),  we  have  [§  491  (c)] 

It  mu8t  bo  rinicmbered  that  p  vanishes  at  every  point  not  fm* 
ing  part  of  the  mass  M :  and  so  for  p  and  M\  In  the  praeat 
merely  abstract  investigation  the  two  masses  may,  in  part  or  in 
whole,  jointly  occupy  the  same  space :  or  they  may  be  merely 
imagined  subdivisions  of  the  density  of  one  real  mass.  Thrn, 
Hup]>osing  S  to  be  infinitely  distant  in  all  directions,  and  obanr- 
ing  that  U^U'  and  U'^U  vrc  small  quantities  of  the  order  of  tW 
invertte  cube  of  the  distance  of  any  point  of  <S  from  M  and  JV « 
whereas  the  whole  area  of  S  over  which  the  surface  integrals  c^ 
App.  A.  (a)  (1)  are  taken  is  infinitely  great,  only  of  the  order  of 
tlio  Htpiare  of  the  same  dintanct*,  we  have 

.irr</56"i>r=o,  andjf/JteT/iU^'=o. 

Homv  (a)  (1)  lu'coim-s 

nhowing  that  tlie  first  nx'mber  dixidcd  by  4r  i>  ct^ual  tn  tho  cx- 
ham«tion  of  i»<>toiiti:i]  t'lirrgy  ncc(»ni|aij\in^  tho  appn^ich  i»f  ihf 
two  nia^M^s  from  nn  infinite  mutiml  (li^taiirc  U*  the  ri'Iativr  |H^xtioii 
which  th«'y  artually  occupy. 

Without  .Mip{Hir4iii^  N  infinite,  wo  ^ec  ihat  ihr  M'oonil  niombtr 
"f  ('/)  (b.  dividoil  by  -ir.  i.-  ihi*  ilinct  txpn  ^oii'n  f..r  the  ••!■ 
Iiau.-iinn  "I  mutual  iim  i;:\  hctwi  en  .1/  ;iii«I  :i  ili>tributii>ii  c<.n- 
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sisting  of  the  part  of  M  within  8  and  a  distnbution  over  S.  of  BxhaosUon 

enersy* 

jij    •     nnn     T.nf>    rnirn    TnATnrMir    rno    nnrrABrkTmniriflr    nv- 


density -— ^^' J  and  the  third  member  the  corresponding  ex- 
pression for  M  and  derivations  from  M'. 


549.  If,  instead  of  two  distributions,  M  and  M',  two  par-  in  allowing 
tides,   m^y   m^  alone   be  given ;    the   exhaustion   of  mutual  uon  It 
potential  energy  in  allowing  them  to  come  together  from  in-  matter, 
finity,  to  any  distance  D  (1,  2)  asunder,  is 


Z>(i,2) 

If  now  a  third  particle  m^  be  allowed  to  come  into  their  neigh- 
bourhood, there  is  a  further  exhaustion  of  potential  energy 
amounting  to 


By  considering  any  number  of  particles  coming  thus  necessarily 
into  position  in  a  group,  we  find  for  the  whole  exhaustion  of 
potential  energy 

£=22^ 

wliere  m,  mf  denote  the  masses  of  any  two  of  the  particles,  D 
the  distance  between  them,  and  J'J'  the  sum  of  the  expressions 
for  all  the  pairs,  each  pair  taken  only  once.  If  v  denote  the 
l>oteiitial  at  the  point  occupied  by  m,  of  all  the  other  masses, 
the  expression  becomes  a  simple  sum,  with  as  many  terms  as 
there  are  masses,  which  we  may  write  thus — 

the  factor  J  being  necessary,  because  Xmv  takes  each  such  term 
as  I  *-.  twice  over.  If  the  particles  fonn  an  ultimately  con- 
tinuous mass,  with  density  p  at  any  point  {x,  y,  z),  we  have  only 
to  write  the  sum  as  an  integral ;  and  thus  we  have 

>  E^lJffpvdxclydz 

as  the  exhaustion  of  potential  energy  of  gravitation  accompany- 
*ing  the  condensation  of  a  quantity  of  matter  from  a  state  of 
infinite  diffusion  (that  is  to  say,  a  state  in  which  the  density 
is  ever}'where  infinitely  small)  to  its  actual  condition  in  any 
finite  body. 
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Exhaiuttiou 
of  potentinl 
energy. 


G&ium's 
meUiod. 


Au  important  analytical  transformation  of  this 
suggested  by  the  preceding  interpretation  of  App.   A.  (a):hs 
which  we  find* 

or  A'=  -  [  [  JR^dxdydz, 

if  R  denote  the  resultant  force  at  (a?,  y,  z),  the  integration  being 
extended  through  all  space. 

Detailed  interpretations  in  connexion  with  the  theory  of  energy, 
of  the  remainder  of  App.  A.,  with  a  constant,  and  of  its  mere 
general  propositions  and  formulsD  not  involving  this  reetrietaoB. 
especially  of  the  minimum  problems  with  which  it  deals,  are  d 
importance  with  reference  to  the  dynamics  of  inoompresnble 
fluids,  and  to  the  physical  theory  of  the  propagation  of  eWotric 
and  magnetic  force  through  space  occupied  by  homogeneoos  or 
heterogeneous  matter;  and  we  intend  to  return  to  it  when  wc 
shall  be  specially  occupied  with  these  subjects. 

550.  The  manner  in  which  Gauss  independently  proved 
Green's  theorems  is  more  immediately  and  easily  interpietable 
in  terras  of  energy,  according  to  the  commonly-accepted  idet 
of  forces  acting  simply  between  particles  at  a  distance  without 
any  assistance  or  influence  of  interposed  matter.  Thus,  to  prove 
that  a  given  quantity,  Q,  of  matter  is  distributable  in  one  ami 
only  one  way  over  a  given  single  finite  surface  fii  (whether  a 
closed  or  an  open  shell),  so  as  to  produce  equal  potential  over 
the  whole  of  this  surface,  he  shows  (1.)  that  the  integral 

(ppd(rd(r' 
PP' 

has  a  minimum  value,  subject  to  the  condition 

JfpdfT^Q, 

where  /j  is  a  function  of  the  position  of  a  point,  P,  on  S,  p  its 
value  at  P',  and  da  and  da  elements  of  S  at  these  i)oint8 :  and 
(2.)  that  this  minimum  is  produced  by  only  one  determinate* 
distribution  of  values  of  p.  By  what  we  have  just  seen  §  549i 
the  first  of  these  integrals  is  double  the  potential  energy  of  a 
distribution  over  S  of  an  infinite  number  of  infinitely  small 
mutually  repelling  particles  :  and  hence  this  minimum  problem 

1  Nichors  Cydopcedia,  2d  Ed.  1860.     MagnetiBui,  Dynamical  Rc^Utiont  of. 
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is  (§  292)  merely  an  analytical  statement  of  the  problem  to  Equiubrimr 
find  how  these  particles  must  be  distributed  to  be  in  stable  particle 

.,.-     .  enclosed 

equilibrium.  in  a  rigid 

Similarly,  Gauss's  second  minimum  problem,  of  which  the  surface, 
preceding  is  a  particular  case,  and  which  is,  to  find  ^  so  as  to 
make  /Aiv-Q)pdo' 

a  minimum,  subject  to 

where  /2  is  any  given  arbitrary  function  of  the  position  of  F, 
and  ^^Kp^""' 

is  merely  an  analytical  statement  of  the  question,  how  must 
a  given  quantity  of  repelling  particles  confined  to  a  surface  S 
be  distributed  so  as  to  make  the  whole  potential  energy  due  to 
their  mutual  forces,  and  to  the  forces  exerted  on  them  by  a 
given  fixed  attracting  or  repelling  body  (of  which  il  is  the 
potential  at  P),  be  a  minimum  ;  in  other  words  (§  292),  to  find 
how  the  moveable  particles  will  place  themselves,  under  this 
influence. 


CHAPTER  VIL 

STATICS  OF  SOLIDS  AND  FLUIDS. 

Rigi*!  iMMiy.  551.  As  already  explained,  §  454,  the  present  applicstioB 
requires  the  third  law  of  motion  and  its  consequenoesL  These 
are  embodied,  sufficiently  for  our  present  purpose*  in  the  gensnl 
statement  of  Lagrange,  §  293,  with  its  extension  in  §  451.  to 
forces  of  friction.  We  commence  with  the  case  of  a  rifid  bodj 
or  system,  by  which  we  understand  a  group  of  matmal  peiticki 
which  are  maintained  by  their  mutual  forces  in  definite  pen- 
tions  relatively  to  each  other,  though  not  with  reference  to 
external  bodies.  Tliis  is  approximately  true  of  aU  solid  bodies 
so  long  as  the  applieil  forces  are  not  sufficiently  powerful  to 
overcome  to  a  sensible  extent  the  intense  molecular  leactkNu 
We  commence  with  a  general  investigation ;  simpler  methodi 
for  special  cases  will  l)e  introduced  later. 

momd  m\th-      I.  Supi>ose  the  body  to  be  displaced  by  translation  merdj 

*  in  any  direction  whatever.     Then  if  all  the  forces  be  resolved 

parallel  to  this  line,  each  com{)onent  will  have  wrought  thnw^sk 

the  same  space.     Rut  on  account  of  the  equilibrium,  no  wovk 

is  done  ;  and  thon^fore  the  sum  of  the  comiwuonts  is  zero. 

Tlius,  for  equilibrium  of  a  rigid  knly,  it  is  necessary  thai  the 
(algebraic)  sum  of  the  components  of  all  the  forces  acting  os 
the  Ixnly,  in  antf  dirocti«»n  wliaU*vor,  tvr/iiVtA. 

It  is  sufficient,  to  insun'  tliis.  tliat  tlie  sum  vanish  in  each 
of  any  three  assumed  (linrti(»ns  not  in  one  plane ;  for  anj 
translation  may  hv  D'SoIvchI  parallel  to  tlirtv  such  lim^a.  In 
practic<*  the  thnn*  din^i'tions  usually  srl(vt4'd  an*  at  right  angkv 
to  earh  otlier. 

i«iuir.i  II.  Snp|Nisi»  tlir  ImmIv  tn  \h'  displan^l.   by    mtatum    \\\vnA\ 

tlin»u;:li  an  intinit*'l>  '^niall  :iii;:l<'  about  "/#//  axis.     Then  ,$  Sli> 
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he  whole  work  done  by  the  forces  is  the  product  of  the  angle  Rigid  body, 
f  rotation  by  the  (algebraic)  sum  of  the  moments  of  the  forces 
bout  the  axia     This  must  vanish,  on  account  of  the  eqxii- 
brium. 

Hence,  for  equilibrium  of  a  rigid  body,  it  is  necessary  that 
lie  sum  of  the  moments  of  the  forces  about  any  axis  whatever 
[lall  vanish. 

Since  a  rotation  about  any  axis  whatever  is  equivalent  to 
^anslations  parallel  to,  and  rotations  about,  any  three  axes  (not 
1  one  plane)  passing  through  one  point — it  is  suflBicient,  in 
Lldition  to  the  above  condition  (I.)  among  the  forces,  that  the 
inis  of  their  moments  about  any  three  rectangular  axes  meet- 
ig  in  a  j)oint  should  vanisL 

III.  When  the  forces  are  all  in  one  plane,  the  above  sixForeesia 
onditions  are  reduced  to  three,  viz. : — 

The  sums  of  the  components  in  any  two  (rectangular) 

directions  must  separately  vanish. 
The  sum  of  the  moments  about  any  axis  perpendicular  to 
the  plane  of  the  forces  must  vanish. 

{a)  U  X,  Y,  Z  be  the  rectangular  componenta  of  the  force  Analytical 
which  is  applied  at  the  point  P,  {x,  y,  z)  of  the  rigid  body,  and 
if  the  body  be  displaced  by  a  translation  merely,  whose  com- 
ponents parallel  to  the  axes  are  ^,  17,  f ;  we  evidently  have  for 
the  work  done  the  expression 

^2(^)+iy2(r)  +  C2(Z). 
By  Lagrange's  form  of  Newton's  principle,  this  must  vanish  if 
the  body  is  in  equilibrium  under  the  action  of  the  appHed  forces. 
Now  ^,  iy,  f  arc  independent,  and  may  have  any  values  whatever. 
Hence  we  must  have 

^X)=0,  2(F)=0,  2(Z)=0, 
which  are,  in  fact,  the  same  as  the  conditions  abready  obtained 
(§  455)  for  the  equilibrium  of  a  particle. 

(b)  Next,  suppose  the  body  to  be  displaced  by  rotation  about 
any  axis.  As  the  origin  is  any  point  whatever,  we  may  assume 
the  axis  to  pass  through  it.  Let  the  rotation  be  equivalent  to 
infinitely  small  simultaneous  rotations  tag,  Wy,  a>,  about  the  axes 
of  X,  y,  and  ;:  (§  96).  Then  at  once,  by  §  95,  we  see  that  the 
displacement  of  P  has  for  componente  parallel  to  the  axes  the 
quantities         (^^-«a>^^^  w^— w^^,  ui^y—iayX. 
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G«iienlcuu- 
dlUoni  (if 
enail{l>ritiiD 
ofarigid 
body. 


of  any  net 
of  furces. 


<*«>u|ikii 


Hence  the  whole  work  done  by  the  applied  fnHroos  b 

or      «,2(;^y-  rz)+«,2:(jrs-Zr)+«,:i:(  Yx^Xy). 

Since  this  most  vanish,  and  since  &>jp,  n^  m^  are  neecwrilj  mk' 
pendent,  wo  have  the  three  additional  ooDditioiia 

:£(Z5^-lz)=0,  2(jrz-Zr)=0,  2{lx— X»=0. 

(c)  K  there  be  not  equilibrium,  we  evidentlj  haTc  aa  tke  it 
sultant  of  the  forces — 

I.  Forces  'Z{X),  ^Y\  2(Z)  applied  at  the  origin  (wUek  m} 
bo  any  point  whatever)  in  lines  parallel  to  the  azea.  Let  B  k 
their  resultant,  and  /,  m,  n  its  direotion-coeinea. 

II.  Moments,  or  Couples, 

2(Zy-lr),  2(^r-.Zx),  2(rx-J» 
about  the  axes  respectively. 

These  may  be  represented  by  OX,  0/a,  Of,  where  X*  +/»• + r*  » I 
The  physical  meaning  of  this  wiU  appear  presently. 

(d)  "NVlien  the  forces  are  in  one  plane,  that  of  xy  for  toilaMK. 
we  have  only  three  conditions,  vii., 

i:(jr)=0,  2(F)=0,  and  i:(rx-^^)=o. 

552*  If  any  forces  whatever  act  on  a  rigid  boily  and  do  wm 
pro<lucc  equilibrium,  it  is  evident  that  their  resultant  (whatevvr 
it  may  \w)  nmst,  if  reversed,  ami  applied  siiuultancoualy  vitk 
them,  proiluce  equilibrium.  Tliis  ivverseil  resultant  must  tbere- 
foi-e,  iu  f^t^ueral,  satisfy  six-  conditions.  Hence  it  is  only  ii 
.^jKrial  cases  that  a  number  of  forces  acting  on  a  rigid  body  aiv 
e4[uivalent  to  a  siiujlc  force,  hut  iu  an  infinite  variety  of  wan 
tliey  can  generally  l)e  reducetl  to  tao  forces,  there  being  /im 
conditions  to  simre. 

558*  Ik.»fon>  pi*oc(HMling  to  apply  the  general  conditions  <4 
equilibrium,  just  ohtaintKl.  it  will  1h>  usi*ful  to  intruduo^  tk- 
gn^at  simpliti(*ation  devisrd  by  Toin-sot,  which  ctuisi^ta  in  th- 
us** of  i\niphs.  In  \!5  231  wr  h;ivr  ahi'a«ly  drtiiu»«l  a  aiUjv 
and  shown  tliat  the  sum  of  thi*  luonimts  of  its  forces  is  the  9^x^ 
aUait  all  a\t>s  perpfudiculai  to  its  plain*.  It  may  tlierefon 
Ik*  shit  to  I  to  any  Ui'W  ]H)>iti(in  in  its  dwn  plane,  or  in  an) 
par.illrl  pliini*.  without  alti  r:iti<>ii  of  it^  i-thn  t  on  thr  rigid  Uo 
t«>  wliicii  it  is  applinl.  Its  ami  ma\  Ik*  turned  throU;:h  as> 
an^^lf  in  tin*  plan**  of  \\w  ton  r>.  and  tin*  hiii^tli  of  tiu*  ami  aUii 
till*  niagnitudf>  of  thr  t«iU'i>>  may  )><   alti-ud  at  plrudUtv.  uith 


>ut  chaiigiDg  its  atatieal  effect — provideil  the  nuyment  remain  ^^-^i^u* 
uncliangeii     Hence,  as  in  §  234,  a  couple  is  completely  rt^ 
presented  by  hs  zxi&     According  to  the  convention  of  §  234 
the  axis  of  a  coople  which  tends  to  produce  rota- 
tion in  the  direction  of  the  hands  of  a  watch,  ^ 
must  be  drawn  throngh  the  b€i€k  of  the  watch       ^  |p>. 
and  vice  rend.    This  may  easily  be  remembered       v^  ^ 
by  the  help   of  a  simple  di^^ram   snch  as  we 
give,  in  which  the  arrow-heads  indicate  the  direc- 
tions of  rotation,  and  of  the  axis,  respectively. 

554«  Conples  are  to  be  componnded  or  resolve<l  by  trtmi  t»«.m|MiniMMi» 
ing  their  axes  by  the  law  of  the  parallelogram,  in  a  nuuuuu'  **  """*' ' "* 
identical  with  that  which  we  have  seen  must  Ih)  ein])loytul 
for  linear  and  angalar  velocities,  and  forces.      TIuh  followu 
immediately  from  §  551,  n.  above ;  bnt  may  easily  bo  provml 
by  a  synthetical  process.     For,  to  find  the  resolvud  \niH  of 
a  couple  in  any  plane,  B,  inclined  to  that,  A,  of  tho  (uitiplts 
biing,  by  §  553,  the  arm  of  the  couple  to  c(»inei(lo  with  thn 
intersection  of  the  planes.    The  forces  are  thorcfoni  in  A,  |Kir 
pendicular  to  this  intersection,  and  their  resolved  piirt«  in  ii 
are  found  by  multiplying  by  the  cosine  of  the  an^lu  b«tiw«<i« 
the  planes.     The  moment  of  the  resolved  partH  in  //,  win^^^*  i\^^' 
arm  is  unaltered,  is  therefore  diminished  in  thin  |ir'oporiion 
But  the  angle  between  two  planes  is  the  angle  b«'tw«i<*n  \u*i\u'.h 
diculars  to  them,  i.e.,  between  the  axes  of  i]u*.  <;oupji^  un«t  )!« 
resolved  part.     And  the  length  of  the  axis  of  tlie  ri**iti\\ii\  \inH, 
b(»ing  its  moment,  is  to  that  of  the  original  (um\i\ii  uti  iUn  lumim' 
of  the  inclination  of  the  axes  to  unity. 

Hence  a  couple  O,  whose  axis  ha«  dlraciUmeimumti  K,  ft,  >/,  jj» 
equivalent  to  the  three  couples  OX,  t/^,  Gv  tthdMi  i\ui  ttXLtf  of 
X,  y,  z  respectively.     And  so  on,  preciMc«Iy  un  at  th«  ewd  of  $  95. 
Whence  we  see  the  meaning  of  the  symboU  in  {J  551  (c)  ii. 
555.  If  a  force,  F,  act  at  any  point,  A ,  of  a  liody,  it  may  j;;;^;.y;;^,^, 
be  transferred  to  any  other  point,  B,  witliont  alt^'nition  of  its  f;^'^^^;*;,;;"'^ 
direction  and  magnitude,  if  we  introduce  a  couple  whose  moment 
is  equal  to  that  of  F,  when  ap])li('d  at  A,  aliont  th<*  point  B, 
For,  by  the  principle  of  fiupeq>oHiti(jn  of  forces,  we  may  intro- 
duce at  JS,  in  the  line  through  it  parallel  Ui  the  given  force  F, 
a  pair  of  equal  and  opposite*  forceh  /'and       /'.     F  hi  A,  and 
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Application  — .p  at  B,  form  the  couple  just  mentioned,  and  there  remaw 

to  equili-  x         •» 

brium  of         F  fit  B. 

rigid  body.  i  •  i  t  t    • 

From  this  we  have,  at  once,  the  conditions  of  equilibnmi 
of  a  rigid  body  already  twice  investigated,  §  551.     For,  ead 
force  may  be  transferred  to  any  assumed  point  as  origin,  if  w 
introduce  the  corresponding  couple.     And  the  forces,  which  nor 
act  at  one  point,  must  equilibrate  according  to  the  principles 
of  Chap.  VI. ;  while  the  resultant  couple,  and  therefore  its  com- 
ponents about  any  three  lines  at  right  angles  to  each  otto, 
must  vanish. 
^^entS         556.  Hence  forces  represented,  not  merely  in  magnitade 
of  a**  wf '"^Sn  ®^^  direction,  but  in  lines  of  action,  by  the  sides  of  any  closeJ 
polygon  whetlier  plane  or  gauche,  taken  in  the  same  order,  aw 
equivalent  to  a  single  couple.    For  when  transferred  to  any 
origin,  they  equilibrate,  by  the  Polygon  of  Forces  (§§  27,  2»'»6 
When  the  polygon  is  plane,  twice  its  area  is  the  moment  of  thr 
couple ;  when  gauche,  the  resolved  part  of  the  couple  about 
any  axis  is  twice  the  area  of  the  projection  on  a  plane  perpen- 
dicular to  that  axis.     The  complete  couple  in  this  case  has  it* 
axis  peri)endicular  to  tlie  plane  (§  23C)  on  which  the  projectal 
area  is  a  maximum. 
Porceapro.        557*  liucs,  pci'pendicular  to  the  sides  of  a  triangle,  an-l 
Jnii  wn>en-  passiug  through  their  middle  points,  meet ;  and  their  inclina- 
thositfeaof  tious  are  the  same  as  those  of  the  corresponding  sides  of  tlw 
«  naiig  e.     ^^jg^^gj^^  jf  ^q  ^q^q  thcsc  sidcs  all  round  in  the  same  onler. 
Hence,  if  at  the  middle  points  of  the  sides  of  a  triangle,  an«l 
in  its  plane,  forces  be  applied  tending  inwards ;  and  if  tbt*ir 
magnitudes  be  proportional  to  the  sides  of  the  triangle,  they 
produce  equilibrium.     The  same  is  true  of  any  plane  polygon, 
as  may  be  at  once  seen  by  dividing  it  into  triangles.     And  it 
will  be  shown  later,  that  if  forces  be  applied  perpendicolar  to 
the  faces  of  any  closed  polyliedron,  at  their  centres  of  ineitia. 
tending  inwards  and  proportional  to  their  areas,  these  also  will 
fonn  an  equilibrating  systenL 
conipositi(ni      558.  A  couple  and  a  force  in  a  civen  line  inclined  to  its 

of  force  aud  ii-i  n  ^      ^ 

couple  plane  may  be  reduced  to  a  smaller  couple  in  a  plane  perpen- 
dicular to  the  force,  and  a  force  equal  and  parallel  to  the  given 
force.  For  the  couple  may  be  resolved  into  two,  one  in  a  plane 
containing  the  direction  of  the  force,  and  the  other  in  a  plane 


perpendicukr  to  iftie  tfiuociflt     J&uc  :&b;  -its:  ±00%  am:  ^mqik  i 
inrhich  are  in  ttbe  «aiif  ^pfansr  iOfr  wDsmtmn  ii'  -^k^  «biii^  inniF  ' 
acting  in  a  [aralM  j&ifffttimi  inn  m,  h  diSfnHu;  Ihsb.  je  nmffikr 
the  conreree  <d  §  $>S3L 

559.  He&oe  JDiT^muf  tfoDraiftiiifiaiir  i^ 

resolved  into  a  ikmie  st  miar  ifimii  joic  n  sangiiir  {  M^H^     Ar^nwitei 
§  558,  these  hbst  lie  ]»&e»c  11^  -^  samfr  iurafr  jaccxnr  in  a  ^mi^ 
definite  line  in  l3a^  \^if.,  mtc  fc  taniqist  -wiiamt  jiaoit  i^^  yaqgrn- 
dicular  to  the  foroe,  jmd  "vaxiuL  '-m  1^  jhwc  langiA^  noock  soi 
appear  as  part  Kiir  4^  3»sBuh«ui  iif  :21a:  xrai^aL  sec  nf  ifosifs. 
The  definite  Imt  m  iniDiii  iinA  iuxist  -^exL  msxh  i§  sailisii  lA^^^maaHmm 
Central  Jru,  and  31  3£  ^Ansnakf  Hut  Ime  at^fimi  v&n^  sk 
moment  of  die  gsi^^en  ifoKicai  ik  'itsut^ 

Witii  tW  BtitstauD  flf  {  44r!l  ?  ^  jbs  »  jBgyam  A*  «iqpn  i»  W 
changed  to  liie  pfmit  jr.  jr.  r  .  lii!r  gmdHia  invfr  las  «iB  iAk 
oompoDeals  X(X;.  XT,,  XZ^^^iBL  Ak.  ibu  psdU  ia  iAk 
axes.     B«t  liie  ^oMffe^  anf 

or 

Gk-amg^mz'}.    Gp^Bh^mx\    Gr-ir«x -If'). 
The  coixBlwt  tiait  tfae  m  iiJrtiim  igtrK  dkal  W  perpeadEMbr  to 
the  plane  of  t^  rendiaat  eoafik  anr 

GX-mn^—ma'  jGp^mh^mx)_Gw'^BimX'-hf^ 
I  HI  a 

These  two  eqaaMu  aiw«g  x  ,  jr ,  r  are  tlMae  of  tW  eentnl  axia. 

We  maj  aLw  oUaia  tbon  br  seddag  tke  eonditioDS  that  the 
resultaat  eov^^ 

may  be  a  mininnim  fobjeet  to  the  independent  Tariations  of 
x\  y\  z  .  This  method  giTee  three  eqaatioiia  (by  the  consideTa- 
tioD  that  the  partial  difierential  coeffide&ta  of  the  above  expression 
with  respect  to  x\  y',  z  mnst  separately  vanish),  which  an?  re- 
ducible to  the  two  already  obtained ;  and  of  which  we  give  the 
first  only.     It  is 

It  is  evident  from  the  simplest  properties  of  couples,  but  may  be 
eaaly  proved  by  the  above  equations,  that  the  resultant  couple 
has  the  same  magnitude  at  aU  points  of  the  central  axis. 

560.  By  combining  the  resultant  force  with  one  of  the  forces  f^«*;JJ:2/ 
of  the  resultant  couple,  we  have  obviously  an  infinite  number 

2D 
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Reduction  to  of  ways  of  reducing  any  set  of  forces  acting  on  a  rigid  body  to 

two  forces.    ^^^  fopces  whosc  directions  do  not  meet     But  there  is  one  cue 

in  which  the  result  is  symmetrical,  and  which  is  therete 

worthy  of  notice. 

Symmetrical      Thus,  supposiug  the  Central  axis  of  the  system  has  been  foimi 

^^^'  draw  a  line,  AA\  at  right  angles  through  any  point  C  init^to 

that  GA  may  be  equal  to  CA\    For  R,  acting  along  the  centnl 

axis,  substitute  (by  §  561)  ^R  at  each  end  of  AA\    Thus,  chooft- 

ing  this  line  AA'  as  the  arm  of  the  couple,  and  calling  it  a,  w« 

have  at  each  extremity  of  it,  two  forces,  —  perpendicular  to  the 

central  axis,  and  ^R  parallel  to  the  central  axis.     Compounding 

these  we  get  two  forces,  each  equal  to  {\R*+  "Jt)**  though  A 

and  A'  respectively,  perpendicular  to -4-4',  and  equally  inclined 

at  the  angle  tan  ^-^  on  the  two  sides  of  the  plane  through 

A  A'  and  the  central  axis. 
S^SSSlT"       561.  A  very  simple,  but  important,  case,  is  that  of  any 
forces.         number  of  paralkl  forces  acting  at  difiTerent  points  of  a  rigid 
body. 

Here,  for  equilibrium,  we  must  obviously  have  the  (algebiaic; 
sum  of  the  forces  equal  to  zero  ;  and  their  moments  about  any 
two  axes  perpendicular  to  the  common  direction  of  the  forces 
must  also  vanish. 

K  P  be  one  of  the  forces,  x,  y,  z  its  point  of  applieatioB, 
/,  fi},  n  the  direction-cosines  of  all :  i2  the  resultant,  moting  li 
J,  y,  i;  we  have  2(P)=i?,  and 

^Pnt/^Pmz)=Rny-  Rmi, 
with  two  other  similar  equations. 
From  these     .  2(P)=/2, 

2{Px)=Rt,  ^Py)=Rg,  ^Pz)=m. 
The  solution  is  definite,  and  indicates  a  particular  point  il,  ^,  t 
whose  position  is  independent  of  the  quantities  /,  m,  n.     Henoe 
If  there  be  not  equilibrium,  the  resultant  of  such  a  set  of 
forces  is  a  single  force  equal  to  their  (algebraic)  sum,  and  act- 
ing at  a  definite  i)oint  in  the  Ixxiy,  called  the  Centre  of  ParalU 
Forces,  whose  position  depends  on  the  relative  magnitudes,  and 
points  of  application,  of  the  forcos,  but  not  upon  their  conunon 
direction. 
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562.  It  is  obvious,  from  the  formulae  of  §  230,  that  if  masses  ontr*  of 
[iroportional  to  the  forces  be  placed  at  the  several  points  of 
application  of  these  forces,  the  centre  of  inertia  of  these  masses 

will  be  the  same  point  in  the  body  as  the  centre  of  parall(3l 
forces.  Hence  the  reactions  of  the  different  parts  of  a  rigid 
body  against  acceleration  in  paraUel  lines  are  rigorously  re 
ducible  to  one  force,  acting  at  the  centre  of  inertia.  The  same 
is  true  approximately  of  the  action  of  gravity  on  a  rigid  body 
of  small  dimensions  relatively  to  the  earth,  and  hence  the 
centre  of  inertia  is  sometimes  (§  230)  called  the  Centre  of 
Gravity.  But,  except  on  a  centrobaric  body  (§  527),  gravity  in 
not  in  general  reducible  to  a  single  force  :  and  when  it  in  ho, 
this  force  does  not  pass  through  a  point  fixed  relatively  to  the 
body  in  all  positions. 

563.  In  one  case  the  concludiuR  statement  of  S  601  muiit  P»riiii«i 
3e  modified,  viz.,  when  the  algebraic  sum  of  the  given  forei^ii  »\^\m» 
/anishes.    In  this  case  the  resultant  is  a  couple  whoHe  plaiw 

s  parallel  to  the  common  direction  of  the  forces.  A  grKwl  «¥- 
imple  of  this  is  furnished  by  a  magnetized  mass  of  Ht««l,  at 
moderate  dimensions,  subject  to  the  influence  of  th«  mxih*^ 
magnetism  only.  As  wiU  be  shown  later,  the  amounts  ot  i\m 
jo-called  north  and  south  magnetisms  in  each  element  of  tim 
nass  are  equal,  and  are  therefore  subject  to  equal  and  o\i\HmUi 
brces,  all  parallel  to  the  line  of  dip.  Thus  a  (um\\mjf^H  nmiWu 
experiences  from  the  earth's  magnetism  merely  a  coujil^  or 
iirectivc  action,  and  is  not  attracted  or  rei>elled  m  a  whole, 

564.  If  three  forces,  acting  on  a  rigid  \)Oiiyf  pro^luce  e<|uili  i'owi\tJu»M 
mum,  their  directions  must  lie  in  one  plane ;  and  must  all  meet  »'»**"«  of 
u  one  point,  or  be  parallel     For  the  proof  we  may  iiilnxluf^e 

I  consideration  which  will  be  very  useful  to  us  iu  inveHtigations 
;onnected  with  the  statics  of  flexible  l>odies  and  fluids. 

If  any  forces^  acting  on  a  solid,  (rr  Jluul,  IhhIij,  jrrodtLce  equi-  riiy»f<*i 
ibrium,  we  may  s^ippose  any  portionH  of  the  body  to  heamie  fixeil, 
»r  mgid,  or  rigid  (fnd  fioccd,  vnthout  dedroying  tlu  equilihrium. 

Applying  this  principle  to  the  case  above,  8up|>o8e  any  two 
K)ints  of  the  body,  respectively  in  the  lines  of  action  of  two  of 
lie  forces,  to  be  fixed— the  third  force  must  have  no  moment 
ibout  the  line  joining  these  points ;  that  is,  its  direction  must 
lass  through  the  line  joining  them.     As  any  two  points  in  the 
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lines  of  action  may  be  taken,  it  follows  that  the  three  forces  ir 
coplauar.  And  three  forces,  in  one  plane,  cannot  equilibitfe 
unless  their  directiqns  are  parallel,  or  pass  through  a  point 

565*  It  is  easy,  and  useful,  to  consider  yarions  cases  d 
equilibrium  when  no  forces  act  on  a  rigid  body  but  gravity 
and  the  pressures,  normal  or  tangential,  between  it  and  fixd 
suppoi-ts.  Thus  if  one  given  point  only  of  the  body  be  fixed,  it 
is  evident  that  the  centre  of  gmvity  must  be  in  the  vertical  liM 
through  this  point — else  the  weight,  and  the  reaction  of  the 
support,  would  form  an  unbalanced  couple.  Also  for  siahk 
equilibrium  the  centre  of  gravity  must  be  below  the  point  of 
suspension.  Thus  a  body  of  any  form  may  be  made  to  stand 
in  stable  equilibrium  on  the  point  of  a  needle  if  we  rigidlj 
attach  to  it  such  a  mass  as  to  cause  the  joint  centre  of  giavitT 
to  be  below  the  point  of  the  needle. 

566.  An  interesting  case  of  equilibrium  is  suggested  fay 
what  are  called  Rocking  Stones,  where,  whether  by  natural  or 
by  artificial  prijcesses,  the  lower  surface  of  a  loose  mass  of 
rock  is  worn  into  a  convex  fonn  which  may  be  approximately 
spherical,  while  the  bed  of  rock  on  which  it  rests  in  equili- 
brium is,  whether  convex  or  concave,  also  approximately 
spherical,  if  not  plane.  A  loaded  sphere  resting  on  a  spherical 
surface  is  therefore  a  type  of  such  cases. 

Let  O,  (/  be  the  centres  of  curvature  of  the  fixed,  and  rock- 
ing, bodies  respectively,  when  in  the  position  of 
equilibrium.  Take  any  two  infinitely  small, 
equal,  arcs  PQ,  Pp;  and  at  Q  make  the  an^ 
(/QR  e([UHl  to  POp.  When,  by  displacement^  Q 
and  p  become  the  points  in  contact,  QR  will 
evidently  be  vertical ;  and,  if  the  centre  of  gimvity 
(r,  which  must  be  in  OPl/  when  the  movable 
V)ody  is  in  its  position  of  e<iuilibriuni,  be  to  the 
left  of  QR,  the  equilibrium  will  obviously  be 
stable.  Hence,  if  it  be  below  It,  the  equilibriuni 
is  stable,  and  not  unless. 

Now  if  p  and  a  be  the  radii  of  curvature  OP, 
O'P  of  the  two  surfaces,  and  6  the  angle  POp,  the  angle  QffR 

will  be  equal  to  — ;  and  we  have  in  the  triangle  Q(/R  (§  112. 
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(T 

::  <r :  <r+/i  (approziiiuitelj;. 
Hence  PR=<r^  — =  -^!^  ; 

and  therefore,  for  stable  eqnilibrnim, 

If  the  lower  snr&ce  be  plane,  p  ia  infinite,  and  the  condition 
becomes  (as  in  §  291) 

If  the  lower  auiface  be  concave  the  sign  of  p  mnat  be  changed, 
and  the  condition  becomes 

which  cannot  be  negative,  since  p  mugt  be  numerically  greater 
than  a  in  this  case. 

567.  If  two  points  be  fixed,  the  only  motion  of  which  the  e>ii^mm»: 
system  is  capable  is  one  of  rotation  about  a  fixed  axia.     The  uk 
centre  of  gravity  must  then  be  in  the  vertical  plane  passing 
through  those  points,  and  Mow  the  line  joining  them. 

568.  If  a  rigid  body  rest  on  a  fixed  surface  there  will  in  <>•  •  •z«i 
general  be  only  three  points  of  contact,  §  427  ;  and  the  body 

will  be  in  stable  equilibrium  if  the  vertical  line  drawn  from 
its  centre  of  gravity  cuts  the  plane  of  these  three  points  mthin 
the  triangle  of  which  they  form  the  comers.  For  if  one  of 
these  supports  be  removed,  the  body  will  obviously  tend  to  fall 
towards  that  support.  Hence  each  of  the  three  prevents  the 
body  from  rotating  about  the  line  joining  the  other  two.  Thus, 
for  instance,  a  body  stands  stably  on  an  inclined  plane  (if  the 
friction  be  sufficient  to  prevent  it  from  sliding  down)  when  the 
vertical  line  drawn  through  its  centre  of  gravity  falls  within 
the  base,  or  area  bounded  by  the  shortest  line  which  can  be 
drawn  round  the  portion  in  contact  with  the  plane.  Hence  a 
body,  which  cannot  stand  on  a  horizontal  plane,  may  stand  on 
an  inclined  plane. 

569.  A  curious  theorem,  due  to  Pappus,  but  commonly  papput* 

.  *  -  .      .  theorem. 

attributed  to  Guldinus,  may  be  mentioned  here,  as  it  is  em- 
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»«pptiA*  ployed  with  advantage  in  some  cases  in  finding  the  centre  of 
gravity  of  a  body — though  it  is  really  one  of  the  geometricil 
properties  of  the  Centre  of  Inertia.  It  is  obvious  fiom  §  230. 
If  a  'plane  closed  curve  revolve  through  any  angle  aiaut  an  oxw 
in  its  plane,  tlie  solid  content  of  tlie  surface  generated  is  $pd 
to  the  product  of  the  area  of  either  end  into  the  length  oftkefA 
described  hy  its  centre  of  gravity ;  and  the  area  of  the  curtd 
surface  is  equal  to  the  prodxict  of  the  length  of  the  curve  inio  tk 
length  of  the  path  described  by  its  centre  of  gravity. 

570.  The  general  principles  upon  which  forces  of  constndDt 
and  friction  are  to  be  treated  have  been  stated  above  (§§  S93. 
329,  452).  We  add  here  a  few  examples  for  the  sake  <rf 
illustrating  the  application  of  these  principles  to  the  equi- 
librium  of  a  rigid  body  in  some  of  the  more  important  practicil 
cases  of  constraint 

MechanLai  571.  The  application  of  statical  piinciples  to  the  Mechanimi 
Powers,  or  elementary  machines,  and  to  their  combinationi 
however  complex,  requires  merely  a  statement  of  their  kine- 
matical  relations  (as  in  §§  79,  85,  102,  etc.)  and  an  immediate 
translation  into  Dynamics  by  Newton's  principle  (§  269) ;  or  by 
Lagrange's  Virtual  Velocities  (§  289),  with  special  attention  to 
the  introduction  of  forces  of  friction  as  in  §  452.  In  no  case 
can  this  process  involve  further  difficulties  than  are  impUed 
in  seeking  the  geometrical  circumstances  of  any  infinitely  small 
disturlmnce,  and  in  tlie  subse(|uent  solution  of  the  equations 
to  which  the  translation  into  dynamics  leads  us.  We  will  not 
therefore,  stop  to  discuss  any  of  these  questions ;  but  will  take 
a  few  examples  of  no  very  great  difficulty,  before  for  a  time 
quitting  this  part  of  the  subject  The  principles  already  de- 
veloped will  be  of  constant  use  to  us  in  the  remainder  of  the 
work,  which  will  furnish  us  with  ever-i-ecurring  opportunities 
of  exemplifying  their  use  and  mode  of  application. 

Let  us  begin  with  the  case  of  the  Ifeilance,  of  which  we 
promised  (§  431)  to  give  an  investigatioa 

KxampifML  572.  JKr.  I.  We  will  assume  the  line  joining  tlie  points  of 
attachment  of  the  scale-pans  to  the  arms  to  \)e  at  right  angles 
to  the  line  joining  the  centre  of  gravity  of  the  l)oam  with  the 
fulcrmn.  It  is  obvious  that  the  centr»3  of  gravity  of  tlie  lH?am 
must  not  coincide  with  tiw  knife-edge,  else  the  l>eam  wouM 


•  

rest  indifferentlj  in  anr  fmkwm     W«  ^iriD  wmffKm^  m  iht  fii«l  i 

place,  that  the  anns  aie  me/t  af^qnal  'kaasA. 

Let  0  be  the  fakmiB,  G 
the  centre  of  graTitr  of  the 
beam,  M  its  maas ;  and  sap- 
pose  that  with  loads  P  and  ^ 
ill  the  pans  the  beam  nseU 
(as  drawn)  in  a  poatkn 
making  an  angle  0  with  tfae 
horizontal  line. 

Taking  moments  aboot  O,  and.  for  ^xmmaaemoe  (fi»  §  22<I;l,  "i    "^J 
using  gravitation  measmeiikeDl  oi"^  ioewB,  wt  baxe 

Q{ABcose+OA  mn0^)+MXjGm^^F(ACfm0^OAmm0,. 
From  this  we  find 

tp^^qoaTmjoG 

If  the  arms  be  equal  we  faav^ 

^tf_         P-Q)AB 

fP-^QjOA^M.dG 

Hence  the  Sensibility  {§  431)  is  greater,  (1.;  as  the  arms  are 
longer,  (2.)  as  the  mass  of  the  beam  is  less,  (3.)  as  the  fulcrum 
is  nearer  to  the  line  joining  the  points  of  attachment  of  the 
pans,  (4.)  as  the  fulcrum  is  nearer  to  the  centre  of  gravity  of 
the  beam.  If  the  fulcrum  be  in  the  line  joining  the  points  of 
attachment  of  the  pans,  the  sensibility  is  the  same  for  the  same 
difference  of  loads  in  the  pans. 

To  determine  the  Stability  we  must  investigate  the  time  of  suboity 
oscillation  of  the  balance  when  slightly  disturbed.     It  will  be 
seen,  by  reference  to  a  future  chapter,  that  the  equation  of 
motion  is  approximately 

{Mt'+(P+a)AB*}$+Qff(ABcose+OAmie) 

4- if^OG  sin  ^— P^^Coos  ^- O^  sin  ^=0, 

k  being  the  radius  of  gyration  (§  281)  of  the  beam.     If  we 

suppose  the  arms  and  their  loads  equal,  we  have  for  the  time 

of  an  infinitely  small  oscillation 

"^^  {2P.0A-\'M.0G)g' 
Thus  the  stability  is  greater  for  a  given  load,  (1.)  the  less  the 
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impies.  length  of  the  beam,  (2.)  the  less  it^mass,  (3.)  the  less  its  ndin 
of  gyration,  (4.)  the  further  the  fulcrum  from  the  beam  ni 
from  its  centre  of  gravity.  With  the  exception  of  the  secood, 
these  adjustments  are  the  very  opposite  of  those  required  fe 
sensibility.  Hence  all  we  can  do  is  to  effect  a  judicious  com- 
promise ;  but  the  less  the  mass  of  the  beam,  the  better  will  tk 
balance  be,  in  both  respects. 

The  general  equation,  above  written,  shows  that  if  the  lengtl^ 
and  the  radius  of  g}rration,  of  one  arm  be  diminished,  the  cor- 
responding load  being  inci*eased  so  as  to  maintain  equilibrim 
— a  form  of  balance  occasionally  useful — ^the  sensibility  if 
increased 
Jti^iess  ^^'  ^^'  'Find  the  position  of  equilibrium  of  a  rod  AB  resting 
on  a  smooth  horizontal  rail  D,  its  lower  end  pressing  against  i 
smooth  vertical  wall  AC  parallel  to  the  raiL 

The  figure  represents  a  vertical  section  through  the  itA 
which  must  evidently  be  in  a  plane  perpendicular  to  the  viU 
and  rail     The  equilibrium  is  obviously  unstable. 

The  only  forces  acting  are  three,  12  the  pressure  of  the  wall 
on  the  rod,  horizontal ;  S  that  of  the  rail  on  the  rod,  perpendi- 
cular to  the  rod ;  W  the  we^ht 
of  the   rod,  acting  verticallT 
downwards   at    its    centre  of 
gravity.     If  the  half-length  of 
the  rod  be  a,  and  the  distanee 
of  the  rail  from  the   wall  i. 
these  are  given — and  all  that 
is  wanted  to  fix  the  position  of  equilibrium  is  the  angle,  CAB, 
which  the  rod  makes  with  the  wall.     If  we  call  it  0  we  have 

sin^  * 
Resolving  horizontallj,     B—  S  cos  ^=0,  (1  ^ 

vertically,  W^S  sin  ^s=  0.  (2). 

Taking  moments  about  A 

S.AD-W.a  BinS^O 
or  S.b'^  ir.a8in^^=0  (S). 

As  there  are  only  three  unknown  qusmtities  R,  S,  and  0,  these 
three  equations  contain  the  complete  solution  of  the  problem. 
By  (2)  and  (3) 
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Hence  by  (2)  5=^, 

and  by  (1)  R^Seoad^z  FT  cot  6. 

Ex.  III.  As  an  additional  example,  suppose  the  wall  and  JjjJiJ^f' 
rail  to  be  rough,  and  that  i*  is  the  coefficient  of  statical  friction  [^^^ 
for  botL     If  the  rod  be  placed  in  the  position  of  equilibrium 
just  investigated  for  the  case  of  no  friction,  none  will  be  called 
into  play,  for  there  will  be  no  tendency  to  motion  to  be  over 
jome.     If  the  end  A  be  brought  lower  and  lower,  more  and 
more  friction  will  be  called  into  play  to  overcome  the  tend- 
3ncy  of  the  rod  to  fall  between  the  wall  and  the  rail,  until  we 
3ome  to  a  limiting  position  in  which  motion  is  about  to  com- 
uQence.     In  that  position  the  friction  at  ^  is  /x  times  the  preii- 
3iire  on  the  wall,  and  acts  upwards.    That  at  D  is  /x  time*  the 
pressure  on  the  rod,  and  acts  in  the  direction  DB.     Putting 
CAD  =  6i  in  this  case,  our  three  equations  become 

-fl,+/*5fi8m  ^,-5,008^1=0  (Ip) 

S.b-Wa  sin^e^  =0  (3,). 

rhe  directions  of  both  the  friction-forces  passing  through  A, 
neither  appears  in  (Sj).  This  is  why  A  is  preferable  to  any 
other  point  about  which  to  take  moments. 

By  eliminating  R^  and  Si  from  these  equations  we  get 

l-^gin»^,=^in«^,(co«^,-/i«n^.)  (4,) 

from  which  tfj  is  to  be  found.  Then  *Sf,  is  known  from  (3,), 
and  /?!  from  either  of  the  others. 

If  the  end  A  be  raised  above  the  position  of  equilibrium 
without  friction,  the  tendency  is  for  the  rod  to  fall  ouiMtde  the 
rail ;  more  and  more  friction  will  Ikj  called  into  play,  till  the 
position  of  the  rod  (0^)  is  such  that  the  friction  reaches  its 
greatest  value,  fi  times  the  pressure.  We  may  thus  find 
another  limiting  position  for  stability  ;  and  in  any  position 
between  these  the  rod  is  in  equilibrium. 

It  is  useful  to  observe  that  in  this  second  case  the  direction 
of  each  friction  is  the  opposite  to  that  in  the  former,  and  the 
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same  equations  will  serve  for  both  if  we  adopt  the  aiial]^ 
artifice  of  changing  the  sign  of  /a.     Thus  for  0^  by  (4,), 

1— ^sm»^,  =  -^^sin'O,  (cose,+/«ine,) 

Ex.  lY.  A  rectangular  block  lies  on  a  rough  horizontal  plaat 

and  is  acted  on  bjt 
horizontal  force  whw 
line  of  action  is  mid- 
way between  two  of 
theveiiical  sidesw  ¥ui 
the  magnitude  of  tk 
force  when  just  suffi- 
cient to  produce  mo- 
tion, and  whether  the  motion  will  be  of  the  nature  of  diding^ 
overtumi/ng. 

If  the  force  P  tends  to  overturn  the  body,  it  is  evident  thit 
it  will  turn  about  the  edge  A,  and  therefore  the  pressure,  A  of 
the  plane  and  the  friction,  S,  act  at  that  edge.  Our  staticil 
conditions  are,  of  course, 

Rz=W 

8=:P 

\Vb  =  Pa 
where  b  is  half  the  length  of  the  solid,  and  a  the  distance  of? 
from  the  plane. 


From  these  we  have  S=  —  W. 

a 


Now  S  cannot  exceed  fiR,  whence  we  must  not  have  —  greater 

than  /i,  if  it  is  to  be  possible  to  upset  the  body  by  a  horizontal 
force  in  the  line  given  for  P. 

A  simple  geometrical  construction  enables  us  to  solve  this 
jand  similar  problems,  and  will  be  seen  at  once  to  be  meidj  a 
graphic  representation  of  the  above  process.  Thus  if  we  pro- 
duce the  directions  of  the  applied  force,  and  of  the  weighty  to 
meet  in  H,  and  make  at  A  the  angle  BAK  whose  co-tangent 
is  the  coefficient  of  friction  :  there  will  be  a  tendency  to  upset, 
or  not,  according  as  IT  is  above,  or  below,  AK. 

Ex,  V.  A  mass,  such  as  a  gate,  is  supported  by  two  rinj>, 
A  and  B,  which  pass  loosely  round  a  rough  vertical  post     In 
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ringH  passing 
I  round  a 

\Qj        rongh  post 


equilibrium,   it  is    obvious  that   at  A  the  part  of  the  ring  Examples, 
nearest  the  mass,  and  at  B  the  part  farthest  fix)m  it,  will  be  po^'Sy. 
in  contact  with  the  post     The  pres- 
sures exeii;ed   on   the  rings,  jR  and 
8,  will  evidently  have  the  directions 
AC,  CB,  indicated  in  the  diagram. 
If  no  other  force  besides  gravity  act 
on  the  mass,  the  line  of  action  of  its 
weight,   W,  must  pass  through  the 
point  C  (§  564).     And  it  is  obvious 
that,  however  small   be  the  coeffi- 
cient of  friction,  provided  there  be 
friction  at  all,  equilibrium  is  always 
possible  if  the  distance  of  the  centre  of  gravity  from  the  post 
be  great  enough  compared  with  the  distance  between  the  rings. 

When  the  mass  is  just  about  to  slide  down,  the  full  amount 
of  friction  is  called  into  play,  and  the  angles  which  R  and  S 
make  with  the  horizon  are  each  equal  to  the  angle  of  repose.  If 
we  draw  AC,  BC  according  to  this  condition,  then  for  equili- 
brium the  centre  of  gravity  0  must  not  lie  between  the  post 
and  the  vertical  line  through  the  point  C  thus  determined.  If, 
as  in  the  figure,  0  lies  in  the  vertical  line  through  C,  then  a 
force  applied  upwards  at  Qi,  or  downwards  at  Qg*  ^i^l  remove 
the  tendency  to  fall ;  but  a  force  applied  upwards  at  Q3,  or 
downwards  at  Q4,  will  produce  sliding  at  once. 

A  similar  investigation  is  easily  applied  to  the  jamming  of  a 
sliding  piece  or  drawer,  and  to  the  determination  of  the  proper 
point  of  application  of  a  force  to  move  it.  This  we  leave  to  the 
student. 

573.  Having  thus  briefly  considered  the  equilibriimi  of  a 
rigid  body,  we  propose,  before  entering  upon  the  subject  of  the 
deformation  of  elastic  solids,  to  consider  certain  intermediate 
cases,  in  each  of  which  we  make  a  particular  assumption  the 
basis  of  the  investigation,  and  thereby  avoid  a  very  considerable 
amount  of  anal>i;ical  difficulties. 

574.  Very  excellent  examples  of  this  kind  are  furnished  by  ^^Jjj^"" 
the  statics  of  a  flexible  and  inextensible  cord  or  chain,  fixed  Md  inexten- 
at  both  ends,  and  subject  to  the  action  of  any  forces.     The 
cuiTe  in  which  the  chain  hangs  in  any  case  may  be  called  a 
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cutenary.      Cateiiari/y  although  the  term  is  usually  reatiicted  to  the  case  d 

a  uniform  chain  acted  on  by  gravity  only. 

^SJhIii  of        ^^^^  We  may  consider  separately  the  conditions  of  eqo- 

tovestiga-     Ubrium  of  each  element ;  or  we  may  apply  the  general  conditioi 

(§  292)  that  the  whole  potential  energy  is  a  minimum,  in  tk 

case  of  any  conservative  system  of  forces ;  or,  especially  whi 

gravity  is  the  only  external  force,  we  may  consider  the  eqo- 

Ubrium  of  a  finite  portion  of  the  chain  treated  for  the  time  • 

a  rigid  body  (§  564). 

Eqaations  of      576.  The   first  of  thesc   methods  gives   immediately  tk 

Stti  refer"*  three  following  equations  of  equilibrium,  for  the  catenairii 

ence  to  , 

tAngent  and  general : — 

oj«uuting  ^^^  ^^  ^^  ^j  variation  of  the  tension  per  unit  of  leogtk 
along  the  cord  is  equal  to  the  tangential  component  of  tk 
applied  force,  per  unit  of  length. 

(2.)  The  plane  of  curvature  of  the  cord  contains  the  nonnil 
component  of  the  applied  force,  and  the  centre  of  curvature  is 
on  the  opposite  side  of  the  arc  from  that  towards  which  thii 
force  acts. 

(3.)  The  amount  of  the  curvature  is  equal  to  the  nonml 
component  of  the  applied  force  per  unit  of  length  at  any  point 
divided  by  the  tension  of  the  cord  at  the  same  point 

The  first  of  these  is  simply  the  equation  of  equilibriam  of 
an  infinitely  small  element  of  the  cord  relatively  to  tangentiil 
motion.  The  second  and  third  express  that  the  component  of 
the  resultant  of  the  tensions  at  the  two  ends  of  an  infinitelv 
small  arc,  along  the  normal  through  it«  middle  point,  is  diiectl; 
opposed  and  is  equal  to  the  normal  applied  force,  and  is  eqntl 
to  the  whole  amount  of  it  on  the  arc.  For  the  plane  of  tht 
tangent  lines  in  which  those  tensions  act  is  (§  8)  the  plane 
of  curvatura  And  if  tf  be  the  angle  between  them  (or  the  in- 
finitely'small  angle  by  which  the  angle  l>etween  their  positive 
directions  falls  short  of  tt),  and  T  the  arithmetical  mean  of 
their  magnitudes,  the  component  of  their  resultant  along  the 
line  bisecting  the  angle  l>etwe<*n  their  ])08itive  directions  is 
2rsinjtf,  rigorously  :  or  Td,  since  0  is  infinitely  small.  Hence 
T0  =  NSs  if  &  be  the  length  of  the  arc,  and  NBa  the  whole 

amount  of  normal  force  applied  to  it     lint  (8  9)  tf=r  —  ifp 

P 
be  the  ra<lius  of  cunature  ;  and  therefoiv 
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1       y  CAtenary. 

w^liich  is  the  equation  stated  in  words  (3)  above. 

577.  From  (1)  of  §  676,  we  see  that  if  the  applied  forces  integral  for 

.   ,         «     1  1  .  .  tension. 

311  any  particle  of  the  cord  constitute  a  conservative  system, 
Mid  if  any  equal  infinitely  small  lengths  of  the  string  experience 
the  same  force  and  in  the  same  direction  when  brought  into 
gtny  one  position  by  motion  of  the  string,  the  difference  of  the 
tensions  of  the  cord  at  any  two  points  of  it  when  hanging  in 
equilibrium,  is  equal  to  the  difference  of  the  potential  (§  486) 
of  the  forces  between  the  positions  occupied  by  these  points. 
Hence,  whatever  be  the  position  where  the  potential  is  reckoned 
zero,  the  tension  of  the  string  at  any  point  is  equal  to  potential 
at  the  position  occupied  by  it,  with  a  constant  added 

578.  Instead  of  considering  forces  along  and  perpendicular  cutetian 
to  the  tangent,  we  may  resolve  all  parallel  to  any  &xed  direc-  eqS!Htetai? 
tion  :  and  we  thus  see  that  the  component  of  applied  force  per 

unit  of  length  of  the  chain  at  any  point  of  it,  must  be  equal  to 
the  rate  of  diminution  per  unit  of  length  of  the  cord,  of  the 
component  of  its  tension  parallel  to  the  fixed  line  of  this  com- 
ponent. By  choosing  any  three  fixed  rectangular  directions  we 
thus  have  the  three  differential  equations  convenient  for  the 
analytical  treatment  of  catenaries  by  the  method  of  rectangular 
co-ordinates. 


These  equations  are 


|,rf  )=-.r  ;  „), 

if  8  denote  the  length  of  the  cord  from  any  point  of  it,  to  a  point 
P ;  X,  y,  -:  the  rectangular  co-ordinates  of  P ;  X^  7,  Z  the  com- 
ponents of  the  applied  forces  at  P^  per  unit  mass  of  the  cord ;  <r 
the  mass  of  the  cord  per  unit  length  at  P ;  and  T  its  tension  at 
this  point. 

These  equations  afford  analytical  proofs  of  §  576,  (1),  (2),  and 
(3)  thus : — Multiplying  the  first  by  dx,  the  second  by  <fy,  and 
the  third  by  dz^  adding  and  observing  that 
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ergy- 


ds    ds  ds    ds  '  ds   ds     ^  ds*  ' 

we  have 

dT=i-a-(Xdx+Ydy+Zdz)=z-~fr{X^  +  T^  +  Z^)dt, 

which  is  (1)  of  §  576.     Again,  eliminating  dT  and  7*,  wc  hi^ 

which  (§§  9,  26)  shows  that  the  resultant  of  JT,  Y^  Z  ib  h 
osculating  plane,  and  therefore  is  the  analytical  expreoio 

§  576  (2).     Lastly,  multiplying  the  first  by  d^  ,  the  seeon 

ds 

d  -^  ,  and  the  third  by  d—- ,  and  adding,  wc  find 
ds  ds  *" 

which  is  the  analytical  expression  of  §  576  (3). 

Bthodof         579.  The  same  equations  of  equilibrium  may  be  dei 
from  the  energy  condition  of  equilibrium ;  analytically 
ease  by  the  methods  of  the  calculus  of  variations. 

Let  V  be  the  potential  at  (x,  y,  z)  of  the  applied  forcei 
unit  mass  of  the  cord.  The  potential  energy  of  any  given  k 
of  the  cord,  in  any  actual  position  between  two  given  fixed  p 
will  be  fVtrds. 

This  integral,  extended  through  the  given  length  of  the 
between  the  given  points,  must  be  a  minimum;  while  th< 
definite  integral,  «,  from  one  end  up  to  the  point  (x,  y,  z)  reii 
imchanged  by  the  variations  in  the  positions  of  this  point.  Hi 
by  the  calculus  of  variations, 

S/Vads+fXBJs^O, 
where  A  is  a  function  of  x^  y,  z  to  be  eliminated. 

Now  o-  is  a  function  of  «,  and  therefore  as  s  does  not  vary  \ 
X,  y,  z  are  changed  into  j:+&r,  y-^-ly,  iS+&,  the  oo-ordinat 
the  same  particle  of  the  chain  in  another  position,  we  have 

8(<rK)=<rSF= -<7(^ar  +  1%+ZSr). 
Using  this,  and 

g  ,  _d:grf&c  +  dydly  +  dzd^ 
"~  ds 

in  the  variational  equation;  and  integrating  the  last  tern 
parts  according  to  the  usual  rule  ;  we  have 
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whence  finally  equillbriam. 

which,  if  T  be  put  for  Vtr+X,  are  the  same  as  the  equations  (1) 
of  §  578. 
580.  The  form  of  the  common  catenary  (§  574)  may  be  of  common 
urse  investigated  from  the  differential  equations  (§  578)  of 
e  catenary  in  general  It  is  convenient  and  instructive, 
►wever,  to  work  it  out  ah  initio  as  an  illustration  of  the  third 
ethod  explained  in  §  575. 

Third  method. — The  chain  being  in  equilibrium,  any  arc  of  it 
may  be  supposed  to  become  rigid  without  disturbing  the  equi- 
librium. The  only  forces  acting  on  this  rigid  body  are  the 
tensions  at  its  ends,  and  its  weight.  These  forces  being  three 
.in  number,  must  be  in  one  plane  (§  564),  and  hence,  since  one  of 
them  is  vertical,  the  whole  curve  lies  in  a  vertical  plane.  In  this 
plane  let  x©,  Zo,  *o,  ^u  ^u  ^u  belong  to  the  two  ends  of  the  arc 
which  is  supposed  rigid,  and  To,  7i,  the  tensions  at  those  points. 
Resolving  horizontally  we  have 

dx 
Hence  T  -j-  is  constant  throughout  the  curve.     Resolving  verti- 
cally we  have 

the  weight  of  unit  of  mass  being  now  taken  as  the  unit  of  force. 

Hence  if  T©  be  the  tension  at  the  lowest  point,  where  ;t-=0, 
5  =  0,  and  T  the  tension  at  any  point  (a:,  z)  of  the  curve,  we  have 


Hence 


'■='•■£="1  m- 


'■•|<S'=- 
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— ,  d^s       di  /         dx 

Caten.17;  OF  ^^^^^^^A^'^'^'^    ^  +  <:fr)*- 

common.  OX"         OX  OX 

Integrating  we  have 

and  the  constant  ia  lero  if  we  take  the  origin  so  tliaft  xaO,  \ 

dz 

^=0,  I.e.,  where  the  chain  ia  horiiontal. 

Hence 


whence  "  =  J^^Tt'^.^   r,  j . 

and  by  integrating  again 

This  may  be  written 

the  ordinary  equation  of  the  catenary,  the  axis  of  x  being  t 

T 
at  a  distance  a  or  — ^  below  the  horiiontal  dement  of  the  ch 

The    co-ordinates    of    that    element  are  therefere    x : 
z^^zi^a.     The  ktter  shows  that 

or  the  tension  at  the  lowest  point  of  the  chain  (and  ihereAm 
the  horiiontal  component  of  the  tension  throughout)  it  tbe  vi 
of  a  length  a  of  the  chain. 

Now,  by  n\  r=  r, *  =<rr,  by  (4;,  and  therefore 
dx 

{\w  tonsittii  at  any  iNijut  is  (Mpial  to  tin;  \vei>;ht  of  u  {K>rtiiU 
the  chain  iMpial  to  the  vcrtital  onlinato  at  that  point. 
Kruti^.-  581.  Fnmi  8  r>7r>  it  follows  imnu'tliatt'lv  that  if  a  mate* 
i.n.hi«in  particlt*  «»f  unit  mass  w  carntMl  alon;?  any  rat«»narA  with  a  vi 
city,  «,  (Mpial  to  7\  tin*  nunifiiral  ini-asiin*  of  tin*  tonsiim  at  i 
|N»int,  till'  force  M]Hin  it  hy  which  tins  is  ili»nc  L<  in  the  sa 
(JiiiH'tion  as  tin*  r«'snltant  of  tli>'  applictl  turct^  on  tht*  ratouar 
this  |H»int,  nn<l  i-*  c<|Ual  to  the  amount  of  this  fum*  |H>r  uni' 
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length,  multiplied  by  T.     For,  denoting  by  S  the  tangential  Kinetic 
and  (as  before)  by  N  the  normal  component  of  the  applied  ^J^Sr*^ 
force  per  unit  of  length  at  any  point  P  of  the  catenary,  we 
have,  by  §  576  (I),  S  for  the  rate  of  variation  of  s  per  unit 
length,  and  therefore  Si  for  its  variation  per  unit  of  time.     That 
is  to  say, 

s=Ss=ST, 

or  (§  259)  the  tangential  component  force  on  the  moving 
particle  is  equal  to  ST.    Again,  by  §  576  (3), 

p     p 

or  the  centrifugal  force  of  the  moving  particle  in  the  circle  of 
curvature  of  its  path,  that  is  to  say,  the  normal  component  of 
the  force  on  it,  is  equal  to  NT.  And  lastly,  by  (2)  this  force 
is  in  tlie  same  direction  as  N.  We  see  therefore  that  the 
direction  of  the  whole  force  on  the  moving  particle  is  the 
same  as  that  of  the  resultant  of  S  and  N;  6md  its  magnitude 
is  T  times  the  magnitude  of  this  resultant. 

Or,  by  taking  ^ 

in  the  differential  equation  of  §  578,  we  have 

^f=-r.^.  «!=-'■■"'.  S=-^'^. 

which  proves  the  same  conclusion. 

When  a  is  constant,  and  the  forces  belong  to  a  conservative 
system,  if  T  be  the  potential  at  any  point  of  the  cord,  we  have, 
by  §  578  (2),  r=cr  F-fC. 

Hence,  if  //=  J(<rT''-f  C)*,  these  equations  become 
d^__dU      cry__dU      d'z^^dU 
dt* ""     dx  '     dl*  ■"      d^ '     dt*         dz  ' 
The  integrals  of  these  equations  which  agree  with  the  catenary, 
are  those  only  for  which  the  energy  constant  is  such  that  5* =2  (7. 

582.  Thus  we  see  how,  from  the  more  familiar  problems  Bximpieji. 
of  the  kinetics  of  a  particle,  we  may  immediately  derive  curious 
cases  of  catenaries.  For  instance :  a  particle  under  the  in- 
fluence of  a  constant  force  in  parallel  lines  moves  (Chap,  vm.) 
in  a  parabola  with  its  axis  vertical,  with  velocity  at  each  point 
equal  to  that  generated  by  the  force  acting  thix)ugh  a  space 

2e 
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Kinetic       equal  to  its  distance  from  the  directrix.     Hence,  if  z  denob 
reutive  to    this  distancc,  and  /  the  constant  force, 

catenaiT.  •  ^  *'  

BxamplM.  rp        I  ^JL 

in  the  allied  parabolic  catenary  ;  and  the  force  on  the  citcain 
is  parallel  to  the  axis,  and  is  equal  in  amount  per  unit  ti 
length,  to 

Hence  if  the  force  on  the  catenary  be  that  of  gravity,  it  niv 
have  its  axis  vertical  (its  vertex  downwards  of  course  for  8tal>i 
equilibrium)  and  its  mass  per  unit  length  at  any  point  must  h 
inversely  as  the  square  root  of  the  distance  of  this  point  abor 
the  directrix*  From  this  it  follows  that  the  whole  weight  ( 
any  arc  of  it  is  proportional  to  its  horizontal  projection.  t> 
again,  as  will  be  proved  later  with  reference  to  the  motions  c 
comets,  a  particle  moves  in  a  parabola  under  the  influence  of 
force  towards  a  fixed  point  varying  inversely  as  the  aquuv  < 
the  distance  from  this  point,  if  its  velocity  be  that  due  to  fallin 

from  rest  at  an  infinite  distance.     This  velocity  being  V*^*  ' 

distance  r,  it  follows,  according  to  §  581,  that  a  conl  will  ban 
in  the  same  parabola,  under  the  influence  of  a  force  towanj 
the  same  centre,  and  equal  to 

If,  however,  the  length  of  the  cord  be  varied  between  tw 
fixed  )K)ints,  the  central  force  still  following  the  same  law.  tk 
altereil  catenarj-  will  no  longcT  1k»  |mml)olic :  but  it  will  b 
the  path  of  a  {mrticle  under  the  influence  of  a  centnd  fun^ 
iMjual  to 

since  thi*  tensinn  woiihl  ^g  r)Sp  br  r-h  ^^  '^  •  inMi'Uil  of  ^  "** 

r  r 

at  di.staiicr  r  fntm  the  ori^'iti. 

583.  Or  if  the  (picMion  \k\  to  find  ^liat  fonv  tikwanb 
giwn  tixetl  jM»int.  will  raus**  a  cnnl  io  Iian^'  in  any  «'ivrn  pUu 
rur\'i*  with  tliut  iKjint   in  its  plant* ;  it  may  In*  unswertnl  lui 
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lediately  from  the  solution  of  the  corresponding  problem  in  catentn-. 
central  forcea"    But  the  general  equations,  §  678,  are  always  probi«i. 
isily  applicable ;  as,  for  instance,  to  the  following  useful  in- 
erse  case  of  the  gravitation  catenary : — 

Find   the  section,   at  each  point,  of  a  chain  of  uniform  c%ustMj  o{ 
vcUeriai,  so  that  when  its  ends  are  fixed  the  tension  at  each  point  •trength. 
ue  to  its  weight  may  be  proportional  to  its  strength  (or  section)  at 
ujU  point     Find  also  the  form  of  the  Curve,  called  the  Catenary 
^  Uniform  Strem^th,  in  which  it  will  hang. 

Here,  as  the  only  external  force  is  gravity,  the  chain  is  in  a 
vertical  plane — in  which  we  may  assume  the  horizontal  axis  of  x 
to  lie.  If  /A  be  the  weight  of  the  chain  at  the  point  (a?,  z) 
reckoned  per  unit  of  length ;  our  equations  [§  578  (1)]  become  . 

K^'O'  !<'•§)='' 

But,  by  hypothesis  Ta/x.  Let  it  be  6/a.  Hence,  by  the  first 
equation,  if  fio  be  the  value  of  /i  at  the  lowest  point 

ds 

whence,  by  the  second  equation, 

±idz_._\_d8^ 

ds^dx'"  b  dx' 

d*z      1  r.  ,  ,dz.^^ 

Integrating  we  find 

,   _,  cfe      X 

no  constant  being  required  if  we  take  the  axis  of  a?  so  as  to  touch 
the  curve  at  its  lowest  point.     Integrating  again  we  have 

l=_logC08|, 

no  constant  being  added,  if  the  origin  be  taken  at  the  lowest 
point.     We  may  write  the  equation  in  the  form 

z 

^         h 
8ec-i-=g  ". 

0 

From  this  form  of  the  equation  we  see  that  the  curve  has  vertical 
asymptotes  at  a  horizontal  distance  wb  from  each  other.  And 
thus  it  is  easy  to  calculate  for  any  given  data,  as  to  the  tensile 
strength  and  specific  gravity  of  the  material  employed,  the 
greatest  span  which  can  be  attained  in  any  case. 
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Fiexibiti  584*  Wlieu  a  periectly  flexible  string  is  stretcIi«Hl  ore 

!lm<^"  smooth  surface,  aiul  acted  on  by  no  otlier  force  throu^bout 
length  than  the  resistance  of  this  surface,  it  will,  when 
stable  equilibrium,  lie  along  a  line  of  minimum  length  on 
surface,  between  any  two  of  its  poiuta  For  (§  564)  its  eqn 
brium  can  be  neither  distur])e(l  nor  rendered  unstable 
placing  staples  over  it,  through  which  it  is  free  to  slip,  at  i 
two  i^oints  where  it  rests  on  the  surface :  and  for  the  ini 
mediate  part  the  energy  criterion  of  stable  equilibrium  id  I 
just  stated. 

There  being  no  tangential  force  on  the  strinjj:  in  this  c: 
and  the  normal  force  upon  it  being  along  the  normal  to 
surface,  its  osculating  plane  (§  57G)  must  cut  the  surface  ev«* 
where  at  right  angles.  These  considerations,  easily  tmnsb 
into  pure  geometrj',  establish  the  funilamental  ppoi>erty  of 
geodetic  lines  on  any  suiface.  The  anal}'tical  invefitigati 
of  §§  578,  .579,  when  adapted  to  the  case  of  a  chain  of  not  gi^ 
l(»ngth,  stretched  between  two  given  {K)ints  on  a  given  smi« 
surface,  constitute  the  direct  analytical  demonstration  of  l 
jiroperty. 

In  this  c<a.se  it  is  obvious  that  the  tension  of  the  string 
tlie  same  at  everj'  iH)int,  and  tlie  pressure  of  the  surf; 
upon  it  is  [{J  570  (.3)]  jit  each  iK)int  projwrtional  to  the  cur 
ture  of  tlie  string. 

lUrfn."^''  585.  N«)  real  surface  l)eing  [K»rft»otly  smooth,  a   oonl 

tliain  may  ivst  ujx^n  it  when  stn^trhed  ov4»r  so  gn»at  a  lea 
nf  a  geotletic  on  a  convex  rij;i«l  ImmIv  as  to  1h?  not  of  minim 
h»ngth  between  its  extivme  jKjints :  but  practically,  as  in  ty 
H  coixl  round  a  kill,  for  pennnnent  st»curity  it  is  necessarr. 
staples  or  t)tIuTwise,  to  constrain  it  fn)m  lateral  slip)»in^ 
successive  points  near  enoii«^'h  to  one  another  to  make  oaih  i 
poll  ion  a  true  mininnini  *m  tlic  surtact'. 

i:i.  ...II...1        586.  A  verv  iiniMntant    i»nictir:il  ca.Hi-  is  sui*i»liiHl  bv  ' 

.in.in  r>iii^'ii  .II  II. 

'O.ii.irr.  lonsiilt'iation  of  a  ii»im-  wuuntl  rc»iind  a  n»u;:h  cylinder.  ^ 
may  suppose  it  to  \w  in  a  plaur  iKTpfndicular  t«>  thf  a\i>.  as 
thus  simplify  the  quest  it  ni  \*r\  «'nn'-idcral»ly  witliunt  •i«n>; 
injuring  the  utility  nt  the  snhititni.  Tn  simplitv  still  further, 
shall  sup]Hise  that  no  tnrce<  act  nn  the  tiipe.  but  t«'n>ii»nA  .=< 
the  n-a«tion  nf  the  eylinth'r       In  pia«  tier  this  is  i'«piivaleiit 
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the  supposition  that  the  tendons  and  reactions  are  very  huge  ^v«  ^^ 
compared  with  the  we^ht  of  the  rope  or  chain ;  which,  how-  cyuadw. 
ever,  is  inadmissible  in  some  important  cases ;  especiaUy  such 
as  occur  in  the  application  of  the  principle  to  brakes  for  laying 
submarine  cables,  to  dynamometers,  and  to  windlasses   (or 
capstans  with  horizontal  axes)L 

Tf  i2  be  the  normal  reacticm  of  the  cylinder  per  unit  of  lengtli 
of  the  cord,  at  any  point ;  T  and  T+  ST  the  tensions  at  the 
extremities  of  an  arc  & ;  SO  the  inclination  of  these  lines ;  wo 
have,  as  in  S  576, 

And  the  friction  called  into  play  is  evidently  ei^ual  to  ST. 

When  the  rope  is  about  to  slip,  the  friction  has  its  groatest 

value,  6Uid  then 

6T=:^fiR^=fiTS0. 

This  gives,  by  integration, 

showing  that,  for  equal  successive  amounts  of  integral  curva 
ture  (§  10),  the  tension  of  the  rope  augments  in  ffeonirtrimi 
progression.     To  give  an  idea  of  the   magnitudes  involvinl, 
suppose  /A  =  '5,  ^  =  TT,  then 

r=rog**'=4-8iro  roughly. 

Hence  if  the  rope  be  wound  thi-ee  times  round  th(5  ]Hmi  or 
cylinder  the  ratio  of  the  tensions  of  its  ends,  wh(;n  motion  in 
about  to  commence,  is 

(4-81)':l  or  about  12,390:1. 
Thus  we  see  how,  by  the  aid  of  friction,  one  man  may  uiinily 
clieck  the  motion  of  the  largest  vessel,  by  the  Hiniphi  oxpediont 
of  coiling  a  rope  a  few  times  round  a  post.  Tliis  application  of 
friction  is  of  great  importance  in  many  otlun-  applicatioiiH, 
especially  to  Dynamometers. 

587.  With  the  aid  of  the  preceding  invcstigatiouH,  the 
student  may  easily  work  out  for  himself  the  fonuulu;  expreshiag 
the  solution  of  the  general  problem  of  a  cord  under  thcs  action 
of  any  forces,  and  constrained  by  a  rough  surface ;  they  am 
not  of  sufficient  impoitance  or  interest  to  find  a  phwu*  here.      , 

588.  An   elongated   body    of  clastic    maU*nal,    which    for  Binntic  wir. 
l>revity  we  shall  generally  call  a  Wire,  bent  or  twisted  to  any 
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sucwire,  degree,  subject  only  to  the  condition  that  the  radios  of  com- 
^uHtlia,  tiire  and  the  reciprocal  of  the  twist  (§  119)  are  eveiywhw 
**^*^  very  great  in  comparison  with  the  greatest  transverse  dimei' 
sion,  presents  a  case  in  which,  as  we  shall  see,  the  solntumrf 
the  general  equations  for  the  equilibrium  of  an  elastic  sdid  ii 
either  obtainable  in  finite  terms,  or  is  reducible  to  compiii- 
tively  easy  questions  agreeing  in  mathematical  conditions  wiA 
some  of  the  most  elementary  problems  of  hydrokinetics,  dee- 
tricity,  and  thermal  conduction.  And  it  is  only  for  the  deter- 
mination of  certain  constants  depending  on  the  section  of  tir 
wire  and  the  elastic  quality  of  its  substance,  which  measiire  ill 
iiexural  and  torsional  rigidity,  that  the  solutions  of  these  pro- 
blems are  required.  When  the  constants  of  flexnre  and  txaa/M 
are  known,  as  we  shall  now  suppose  them  to  be»  whether  bm 
theoretical  calculation  or  experiment,  the  investigation  of  tbe 
form  and  twist  of  any  length  of  the  wire,  under  the  inflaenoe 
of  any  forces  which  do  not  produce  a  violation  of  the  conditki 
stated  above,  becomes  a  subject  of  mathematical  analyaifl  in- 
volving only  such  principles  and  formuhe  as  those  that  con- 
stitute the  theory  of  curvature  (§§  5-13)  and  twist  (§§  119-123; 
in  geometry  or  kinematics. 

589.  Before  entering  on  the  general  theory  of  elastic  solidk 
we  shall  therefore,  according  to  the  plan  proposed  in  §  571 
(examine  the  dynamic  properties  and  investigate  the  conditioos 
of  equilibrium  of  a  perfectly  elastic  wire,  without  admittiif 
any  other  condition  or  limitation  of  the  circumstances  than 
what  is  stated  in  §  588,  and  without  assuming  any  special 
quality  of  isotropy,  or  of  crystalline,  fibrous  or  laminated  stnie- 
ture  in  the  substance.  The  following  short  geometrical  digres- 
sion is  a  convenient  preliminarj- :  - 
iiiKwition  590.  The  geometrical  composition  of  curvatures  with  one 
another,  or  with  rates  of  twist,  is  obvious  from  the  definition 
and  principles  regarding  cur\'ature  given  above  in  §§  5-13 
and  twist  in  §§  119-123,  and  from  the  composition  of  angular 
velocities  explained  in  §  9C.  Thus  if  one  line,  OT^  of  a  rigid 
body  be  always  held  parallel  to  the  tangent,  PT,  at  a  point  P 
moving  with  unit  velocity  along  a  cur\'e,  whether  plane  » 
tortuous,  it  will  have,  round  an  axis  peri)endicular  to  OT  and 
to  the  radius  of  curvature  (that  is  to  say,  l)erpendicular  to  the 
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osculating  plane),  an  angular  velocity  numerically  equal  to  the  compo«itio] 
curvatura     The  body  may  besides  be  made  to  rotate  with  any  Son  dT*^" 
angular  velocity  roimd  OT,     Thus,  for  instance,  if  a  line  of  it,  toacurJe 
OA,  be  kept  always  parallel  to  a  transverse  (§  120)  PA,  the  "^** 
component  angular  velocity  of  the  rigid  body  round  OT  will 
at  every  instant  be  equal  to  the  "rate  of  twist"  (§  120)  of  the 
transverse  round  the  tangent  to  the  curve.    Again,  the  angular 
velocity  round  OA   may  be  resolved  into  components  round 
two  lines  OK,  OL,  perpendicular  to  one  another  and  to  OT; 
and  the  whole  curvature  of  the  curve  may  be  resolved  accord- 
ingly into  two  component  curvatures  in  planes  perpendicular 
to  those  two  lines  respectively.     The  amounts  of  these  com- 
ponent curvatures  are  of  course  equal  to  the  whole  curvature 
multiplied  by  the  cosines  of  the  inclinations  of  the  osculating 
plane  to  their  respective  planea     And  it  is  clear  that  each 
component  curvature  is  simply  the  curvature  of  the  projection 
of  the  actual  curve  on  its  plane.^. 

591.  Besides  showing  how  the  constants  of  flexural  and 
torsional  rigidity  are  to  be  determined  theoretically  from  the 
form  of  the  transverse  section  of  the  wire,  and  the  proper  data 
as  to  the  elastic  qualities  of  its  substance,  the  complete  theory 
simply  indicates  that,  provided  the  conditional  limit  (§  588) 
of  deformation  is  not  exceeded,  the  following  laws  will  be 
obeyed  by  the  wire  under  stress : — 

Let  the  whole  mutual   action  between  the  parts  of  the  Laws  or 
wire  on  the  two  sides  of  the  cross  section  at  any  point  (being  toSon.*^ 
of  course  the  action  of  the  matter  infinitely  near  this  plane  on 
one  side,  upon  the  matter  infinitely  near  it  on  the  other  side), 
be  reduced  to  a  single  force  through  any  point  of  the  section 
and  a  single  couple.     Then — 

I.  The  twist  and  curvature  of  the  wire  in  the  neighbourhood 
of  this  section  are  independent  of  the  force,  and  depend  solely 
on  the  coupla 

'  The  curvature  of  the  projection  of  a  cnrre  on  a  plane  inclined  at  an  angle  « to 
the  osculating  plane,  is  -con*  if  the  plane  be  parallel  to  the  tangent;  and 
-  - -r^  if  it  be  parallel  to  the  princifia!  normal  {ftt  rwUn%  M  abfiolnte  carratare). 
There  is  no  «lifficulty  in  proving:  either  of  thene  e3tpTe«wion«. 
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II.  The  curvatures  and  rates  of  twist  producible  by  iaj 
seveml  couples  separately,  constitute,  if  geometrically  con- 
pounded,  the  curvature  and  rate  of  twist  which  are  actnaBj 
produced  by  a  mutual  action  equal  to  the  resultant  of  thoit 
couples. 

592.  It  may  be  added,  although  not  necessaiy  for  on 
present  purpose,  that  there  is  one  determinate  point  in  the 
ci'oss  section  such  that  if  it  be  chosen  as  the  point  to  whkk 
the  forces  are  transferred,  a  higher  order  of  approximation  u 
obtained  for  the  fulfilment  of  these  laws  than  if  any  oUie 
point  of  the  section  be  taken.  Tliat  point,  which  in  the  CMe 
of  a  wire  of  substance  uniform  through  its  cross  section  is  thr 
centre  of  inertia  of  the  area  of  the  section,  we  shall  genenllj 
call  the  elastic  centre,  or  the  centre  of  elasticity,  of  the  sectioB. 
It  lias  also  the  following  important  property : — ^The  hne  of 
clastic  centres,  or,  as  we  shall  call  it,  the  elastic  central  line. 
nimains  sensibly  unchanged  in  length  to  whatever  stress  withiD 
our  conditional  limits  (§  588)  the  wire  be  subjected  The  elon- 
gation or  contraction  pi-oduced  by  the  n^lected  resultant  foire. 
if  this  is  in  such  a  direction  as  to  produce  any,  will  cause  Uie 
line  of  rigormishj  iw  elongation  to  deviate  only  infinitesimallT 
from  the  elastic  central  line,  in  any  part  of  the  wire  finitelr 
curved.  It  wiU,  however,  clearly  cause  there  to  be  no  line  of 
Hgormtsly  unclianged  length,  in  any  straight  part  of  the  wiw : 
but  as  the  whole  elongation  would  be  infinitesimal  in  compaii- 
son  wutli  the  effective  actions  with  which  we  are  concerned 
this  case  constitutes  no  exception  to  the  preceding  statement 

593.  Considering  now  a  wire  of  unifonn  constitution  and 
figure  throughout,  and  naturally  straight ;  let  any  two  planes 
of  reference  peri)endicular  to  one  another  through  its  elastic 
central  line  when  straight,  cut  the  normal  section  through 
P  in  the  lines  PK  and  PL.  These  two  lines  (supposed  to 
belong  to  the  substance,  and  move  with  it)  vnll  remain  in- 
finitely nearly  at  right  angles  to  one  another,  and  to  the  tan- 
gent, PT,  to  the  centiul  line,  however  the  wire  may  be  bent 
or  twisted  within  the  conditional  limits.  Let  k  and  X  be  the 
component  curvatures  (§  590)  in  tlie  two  planes  perpendicular 
to  PK  and  PL  tlii-ough  PT,  and  let  t  be  the  twist  (§  120;;  of 
tlui  wire  at  P.     We  have  just  seen  (§  500)  that  if  P  be  wove*] 
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at  a  unit  rate  along  the  curve,  a  rigid  body  with  three  rectan-  Rotations 
-  gular  axes  of  reference  O^K,  O^L,  O/T  kept  always  parallel  to  Sg^fiex 
PK,  PL,  PT,  will  have  angular  velocities  k,  X,  t  round  those  *°     "  ° 
.  axes  respectively.     Hence  if  the  point  P  and  the  lines  PT, 
PK,  PL  be  at  i-est  while  the  wire  is  bent  and  twisted  from  its 
.  unstrained  to  its  actual  condition,  the  lines  of  reference  P^K\ 
PIJ,  P^T'  through  any  point  P  infinitely  near  P,  will  ex- 
perience a  rotation  compounded  of  icPP'  round  P'K'y  X.PP' 
round  P'V,  and  t.PP'  round  P'T', 

594.  Considering  now  the  elastic  forces  called  into  action, 
we  see  that  if  these  constitute  a  conservative  system,  the  work 
required  to  bend  and  twist  any  part  of  the  wire  from  its  un-  Potentui 
strained  to  its  actual  condition,  depends  solely  on  its  figure  in  euSScfor 
these  two  conditions.     Hence  if  w.PP'  denote  the  amount  of  tw£ted^ 
this  work,  for  the  infinitely  small  length  PP'  of  the  rod,  w 
must  be  a  function  of  /e,  X,  t  ;  and  therefore  if  K,  L,  T  denote 

the  components  of  the  couple- resultant  of  all  the  forces  wliich 
must  act  on  the  section  through  P'  to  hold  the  part  PP^  in  its 
strained  state,  it  follows,  from  §§  240,  272,  274,  that 

where  B^w,  B^^w,  S^w  denote  the  augmentations  of  w  due  respec- 
tively to  infinitely  small  augmentations  Stc,  S\,  St,  of  k,  X,  t. 

595.  Now  however  much  the  shape  of  any  finite  length  of 
the  wire  may  be  changed,  the  condition  of  §  588  requires 
clearly  that  the  clianges  of  shape  in  each  infinitely  small  pait, 
that  is  to  say,  the  strain  (§  154)  of  the  substance,  shall  be 
everywhere  very  small  (infinitely  small  in  order  that  the  theory 
may  be  rigorously  applicable).  Hence  the  principle  of  super 
position  [§  591,  il]  shows  that  if /^,  X,  t  be  each  increased  or 
(HniinislK.Hl  in  one  ratio,  K,  L,  T  will  be  each  increased  or 
diminished  in  the  same  ratio  :  and  consequently  w  in  the 
(hij)licate  mtio,  since  the  angle  through  which  each  couple  acts 
is  altered  in  the  same  ratio  as  the  amount  of  the  couple ;  or,  in 
al^^ebi-aic  language,  w  is  a  homogeneous  quadratic  function  of 

K,  X,  T. 

Thus  if  A,  B,  t\  a,  b,  c  denote  six  constants,  we  have 

u'=  1(Ak*  +  /U-  4-  (.  V  4-  '2a\r+  2^.tk4  2cicA)  (2). 

Hence,  by  §594(1), 
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} 


CtomponentB  A  =  Ak  +  c  A.  +  6t 

ofrestituent  ,  •    r»\    ■ 

couple.  L  =  CK+  Bk + ar 

T^hK  +  ak  +  Cr 

By  the  known  redaction  of  the  homogcneons  qaadntic  fuDd 

these  expressions  may  of  coarse  be  reduced  to  the  folkr 

simple  forms : — 

where  ^i,  ^„  ^,  are  linear  fdnotions  of  ic,  X,  r.  And  if  t 
functions  are  restricted  to  being  the  expressioiis  for  the  < 
ponents  round  three  rectangular  axes,  of  the  rotatimiB  k, 
viewed  as  angular  velocities  round  the  axes  PK^  PL^  PT 
positions  of  the  new  axes,  PQiy  PQt,  PQty  &nd  the  Yalnes  o; 
Aty  A^  are  determinate ;  the  latter  being  the  roots  of  the  d 
minant  cubic  [§  181  (10)]  founded  on  {A,  B,  C,  a,  b,  e).  H 
we  conclude  that 

Throe  prin-        596,  There  are  in  general  three  determinate  rectam; 

cipal  or  nor-  ,  "  ° 

nuu  axes      directions,  PQi,  PQ2,  PQs,  through  any  point  P  of  the  mi* 

and  flexure  line  of  a  wire,  such  that  if  opposite  couples  be  applied  to 

two  parts  of  the  wire  in  planes  perpendicular  to  any  on 

them,  every  intermediate  part  wiW  experience  rotation  i 

SuSrakm-''  P^®  parallel  to  those  of  the  balanced  couples.     The  mom* 

JM^^      of  the  couples  required  to  produce  unit  rate  of  rotation  ro 

these  three  axes  are  called  the  principal  torsiofi-JUxure  rigidi 

of  the  vrire.     They  are  the  elements  denoted  hy  Ai,  A^  A 

the  preceding  analysis. 

597.  If  the  rigid  body  imagined  in  §  693  have  moment 
inertia  equal  to  Ai,  A^,  A^  round  three  principal  axes  thro 
0  kept  always  parallel  to  the  princip^  torsion-flexure  i 
through  P  while  P  moves  at  unit  rate  along  the  wire, 
moment  of  momentum  round  any  axis  will  be  equal  to 
moment  of  the  component  torsion  flexure  couple  round 
parallel  axes  through  P,  This  is  shown  by  the  agreemeu 
the  preceding  formulae  with  those  for  the  moment  of  momen* 
of  a  rotating  rigid  body  given  below  (Chap.  DC.) 
djioor nSi-  598.  The  form  assumed  by  the  wire  when  balanced  ui 
niai  •pinis.  the  influence  of  couples  round  one  of  the  three  principal  1 
is  of  course  a  uniform  helix  having  a  line  parallel  to  it  for  i 
and  lying  on  a  cylinder  whose  radius  is  determined   by 
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oridition  tliat  the  whole  rotation  of  one  end  of  the  wire  from  Thwe  prtn- 
bs  unstrained  position,  the  other  end  being  held  fixed,  is  equal  nil  »p[rS£! 
o  the  amount  due  to  the  couple  applied. 

Let  /  be  the  length  of  the  wire  from  one  end,  E^  held  fixed,  to 
the  other  end,  E\  where  a  couple,  L,  is  applied  in  a  pUine  per- 
pendicular to  the  principal  axes  PQ,  through  any  point  of  the 

wire.     The  rotation  being  [§  595  (4)]  at  the  rate  ^ ,  per  unit 

of  length,  amounts  on  the  whole  to  l-r-  -     This  therefore  is  the 

angular  space  occupied  by  the  helix  on  the  cylinder  on  which  it 
lies.     Hence  if  r  denote  the  radius  of  this  cylinder,  and  t  ]  the 
incliniMon  of  the  helix  to  its  axis  (being  the  inclination  of  PQi 
to  the  length  of  the  wire),  we  have 
Z/     ,  .    . 

whence  ^^A,Hmt\  ^g^ 

599.  In  the  most  important  practical  cases,  as  we  shall  cam  in 
see  later,  those  namely  in  which  the  substance  is  either  "  iso-  cente»i  une 
tropic,    as  IS  the  case  sensibly  with  common  metallic  wires,  uib  of  tor- 
or,  as  in  rods  or  beams  of  fibrous  or  crystaUine  structure  with 

an  axis  of  elastic  symmetry  along  the  length  of  the  piece,  one 
of  the  three  normal  axes  of  torsion  and  flexure  coincides 
writh  the  length  of  the  wire,  and  the  two  others  are  perpendi- 
cular to  it ;  the  first  being  an  axis  of  pure  torsion,  and  the  two 
jthers  axes  of  pure  flexure.  Thus  opposing  couples  round  the 
ixis  of  the  wire  twist  it  simply  without  bending  it ;  and  oppos- 
ng  couples  in  either  of  the  two  principal  planes  of  flexure, 
jend  it  into  a  circle.  The  unbent  straight  line  of  the  wire, 
ind  the  circular  arcs  into  which  it  is  bent  by  couples  in  the 
iwo  principal  planes  of  flexure,  are  what  the  three  principal 
jpirals  of  the  general  problem  become  in  this  case. 

600.  In  the  more  particular  case  in  which  two  principal  bqjui  umi- 
ngidities  against  flexure  are  equal,  every  plane  through  the  diwctioM. 
length  of  the  wire  is  a  principal  plane  of  flexure,  and  the  rigi- 

lity  against  flexure  is  equal  in  all.  This  is  clearly  the  case 
fcvith  a  common  round  wire,  or  rod  :  or  with  one  of  square  sec- 
tion.    It  will  be  shown  later  to  be  the  case  for  a  rod  of  iso- 
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CMeof  equal  tropic  material  and  of  any  form  of  normal  section  whicki 
audiroc-      "  kinctieally  symmetrical,"  §  285,  round  all  axes  in  ils  jitm 
tlirough  its  centre  of  inertia. 

601.  In  tills  case,  if  one  end  of  the  rod  or  wire  be  beU 
fixed,  and  a  couple  be  applied  in  any  plane  to  the  oiks 
end,  a  uniform  spiral  form  will  l>c  produced  round  an  an 
perpendicular  to  the  plane  of  the  couple.  Hie  lines  of  tk 
substance  parallel  to  the  axis  of  the  spiral  are  not,  howem 
parallel  to  their  original  positions,  as  (§  598)  iu  each  of  tk 
three  principal  spimls  of  the  general  problem  :  and  Man 
tiuced  along  the  surface  of  the  wire  parallel  to  its  la^ 
when  straight,  become  as  it  were  secondary  spirals,  ciidmi 
round  the  main  spiral  formed  by  the  central  line  of  tk 
defonned  wire  ;  instead  of  being  all  spirals  of  equal  step,  ■§  ■ 
each  one  of  the  principal  spirals  of  the  general  probleUL  Lftitk. 
iu  the  present  case,  if  wo  sup[M)se  the  normal  section  of  tk 
wii-e  to  be  circular,  and  trace  uniform  spirals  along  its  smftcr 
when  deformeil  in  the  manner  supposed  (two  of  which,  ta 
instance,  are  the  lines  along  which  it  is  touched  by  the  is- 
scrilKKl  and  the  circumscribed  cylinder),  these  lines  do  ihh 
1)ecome  straight,  but  1>ecome  spirals  laid  on  as  it  were  nmnd 
the  wire,  when  it  is  allowed  to  take  its  natural  straight  SDii 
untwisted  condition. 

Let,  in  §  51)5,  PUi  coincide  with  tho  central  line  uf  the  win 
and  let  Ai  =  A,  and  A^  =  .1^  =  11;  ao  that  .1  meaiturcs  the  ligidlfj 
<if  torKion  and  //  that  of  flexure.  One  end  «)f  the  wire  bei^ 
hcM  fixed,  let  a  couple  G  be  apiiliiHl  t4»  the  «)ther  end,  nmmd  m 
axifl  inclined  at  an  angle  0  to  the  length.  The  raton  cif  twij4  afed 
of  flexure  each  ptT  unit  of  length,  acetirding  to  (4.)  of  (  hH^ 
will  Ih5 

(rvof<0  ,    UmxO 

A       •  •■""'        //       • 
rej<|K'Ctively.      Tin*  laltrr   l>eing    <§  1»)   the    .nam**    thing    a^    tk 
curvature,  au<i  tlu*  inoliuuiitiU  uf  the  n\nrA  to  it?«  axijt  Umdc  C  ^' 

fi»llown(§  12*>.  or  S  :V.Mi.   fmit-notv)  that    '*"'*"('  j,  ,|„.   ^ndw  -'< 

(r 

i'ur\atur«'  i»f  its  pitijrctiim  mi  a  |»l.iii«*   |k  riKMidieular  !•»  thi«  Uli 
that  if*  to  >.i\.  tlir  railiuN  of  tlif  i-\lin<)<  r  mi  whieli  th«-  .-spiral  li-- 

602.  A  win-  n|  »M|u;il  tl»-\il'ilit\  in  all  •liMMiii.ns  niav  i  l«ar.* 


STATICS.  445 

;  held  in  any  specified  spiral  form,  and  twisted  to  any  stated  wire 
jgree,  by  a  determinate  force  and  couple  applied  at  one  end,  Livgiren 
le  other  end  being  held  fixed.  The  direction  of  the  force  t&i«t. 
list  be  parallel  to  the  axis  of  the  spiral,  and,  with  the  couple, 
Liist  constitute  a  system  of  which  this  line  is  (§  659)  the 
ntral  axis:  since  otherwise  there  could  not  be  the  same 
rstem  of  balancing  forces  in  every  normal  section  of  the 
>iraL  All  this  may  be  seen  clearly  by  supposing  the  wire  to 
e  first  brought  by  any  means  to  the  specified  condition  of 
irain ;  then  to  have  rigid  planes  rigidly  attached  to  its  two 
ads  perpendicular  to  its  axis,  and  these  planes  to  be  rigidly 
jnnected  by  a  bar  l3dng  in  this  line.  The  spiral  wire  now 
;fb  to  itself  cannot  but  be  in  equilibrium :  although  if  it  be 
X)  long  (according  to  its  form  and  degree  of  twist)  the  equiU- 
rium  may  be  unstable.  The  force  along  the  central  axis,  and 
le  couple,  are  to  be  determined  by  the  condition  that,  when 
le  force  is  transferred  after  Poinsot's  manner  to  the  elastic 
entre  of  any  normal  section,  they  give  two  couples  together 
quivalent  to  the  elastic  couples  of  flexure  and  torsion. 

Let  a  be  the  inclination  of  the  spiral  to  the  plane  perpendicular 
to  its  axis ;  r  the  radios  of  the  cylinder  on  which  it  lies ;  r  the 
rate  of  twist  given  to  the  wire  in  its  spiral  form.     The  curvature 

is  (§  12G)  equal  to  - — -  ;  and  ita  plane,  at  any  point  of  the 
r 

spiral,  being  the  plane  of  the  tangent  to  the  spiral  and  the 
diameter  of  the  cylinder  through  that  point,  is  inclined  at  the 
angle  a  to  the  plane  perpendicular  to  the  axis.  Hence  the  com- 
ponents in  this  plane,  and  in  the  plane  through  the  axis  of  the 
cylinder  of  the  flexural  couple  are  respectively 

/?C08*a  J  ^C08*a  . 

-cos  a,  and- 


r  '  r 

Also,  the  components  of  the  torsional  couple,  in  the  same  planes, 

arc  ilrsina,  and  ^ Ar oosa. 

1 1  once,  for  equilibrium 

^     J?cos«a  ...        "k 

(j= OOSa-f-^TSma     I 

—  ^= sma— .^rcosa    \ 

which  give  explicitly  the  values,  O  and  /?,  of  the  couple  and  force 
required,  the  latter  being  reckoned  as  positive  when  its  direction 
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Wire  is  such  as  to  pull  (nU  the  spiral,  or  when  the  ends  of  the  r 

l^lS^n^  supposed  above  are*  pressed  inwards  by  the  plates  attache 

twtot*"^  ends  of  the  spiral. 

If  we  make  22=0,  we  fall  back  on  the  case  considere 
ously  (§  601).    K,  on  the  other  hand,  we  make  G^=0,  w< 

I  B  oos^a 

T= -r—. —  > 

r  A  sma 

J  -         B  cos'a       At 

and  Rz=z — - -. — = , 

r'  sin  a      rcosa 

from  which  we  conclude  that 
Twist  deter-       603.  A  wIto  of  eoual  flexibility  in  all  directions  r 

mined  to  i.i«  i  •i#»  <■ 

reduce  the  held  m  any  stated  spiral  form  by  a  simple  force  along  i 
single  fonje.  between  rigid  pieces  rigidly  attached  to  its  two  ends,  pi 
that,  along  with  its  spiral  form,  a  certain  d^iee  of  t¥ 
given  to  it.  The  force  is  determined  by  the  condition  t 
moment  round  the  perpendicular  through  any  point 
spiral  to  its  osculating  plane  at  that  point,  must  be 
and  opposite  to  the  elastic  unbending  coupla  The  dq 
twist  is  that  due  (by  the  simple  equation  of  torsion) 
moment  of  the  force  thus  determined,  round  the  tanj 
any  point  of  the  spiral  The  direction  of  the  force 
according  to  the  preceding  condition,  such  as  to  press  U 
the  ends  of  the  spiral,  the  direction  of  the  twist  in  the 
opposite  to  that  of  the  tortuosity  (§  9)  of  its  central  cur 
spXi.  ^^*  '^^  principles  and  formulae  (§§  598,  60S)  with 

we  have  just  been  occupied  are  immediately  applicable 
theory  of  spiral  springs ;  and  we  shall  therefore  make 
digression  on  this  curious  and  important  practical  subjecl 
completing  our  investigation  of  elastic  curves. 

A  common  spiral  spring  consists  of  a  uniform  wire 
permanently  to  have,  when  unstrained,  the  form  of  a  i 
helix,  with  the  principal  axes  of  flexure  and  torsion  ever 
similarly  situated  relatively  to  the  curve.  When  used 
proper  manner,  it  is  acted  on,  through  arms  or  plates  ligi 
tached  to  its  ends,  by  forces  such  that  its  form  as  altered  b 
is  still  a  regular  helix.  This  condition  is  obviously  fulf 
(one  terminal  being  held  fixed)  an  infinitely  small  for 
infinitely  small  couple  be  applied  to  the  other  terminal 
the  axis  and  in  a  plane  perpendicular  to  it,  and  if  the  foi 
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xmple  be  increased  to  any  degree,  and  always  kept  along  and  spiral 

jXk  tiie  plane  perpendicular  to  the  axis  of  the  altered  spiral     It ' 

ironld,  however,  introduce  useless  complication  to  work  out  the 

details  of  the  problem  except  for  the  case  (§  599)  in  which  one 

of  the  principal  axes  coincides  with  the  tangent  to  the  central 

Une,  and  is  therefore  an  axis  of  pure  torsion ;  as  spiral  springs 

in  practice  always  belong  to  this  casa   On  the  other  hand,  a  very 

interestiug  complication  occurs  if  we  suppose  (what  is  easily 

realized  in  practice,  though  to  be  avoided  if  merely  a  good 

spring  is  desired)  the  normal  section  of  the  wire  to  be  of  such  a 

jQgure,  and  so  situated  relatively  to  the  spiral,  that  the  planes 

of  greatest  and  least  flexural  rigidity  are  oblique  to  the  tangent 

plane  of  the  cylinder.     Such  a  spring  when  acted  on  in  the 

.ii^[ular  manner  at  its  ends  must  experience  a  certain  degree  of 

turning  through  its  whole  length  round  its  elastic  central  curve 

.  in  order  that  the  flexural  couple  developed  may  be,  as  we  shall 

[  immediately  see  it  must  be,  precisely  in  the  osculating  plane  of 

the  altered  spiral    But  all  that  is  interesting  in  this  very 

'  curious  effect  will  be  illustrated  later  (§  624)  in  full  detail  in  the 

,  case  of  an  open  circiQar  arc  altered  by  a  couple  in  its  own  plane, 

into  a  circular  arc  of  greater  or  less  radius ;  and  for  brevity 

and  simplicity  we  shall  confine  the  detailed  investigation  of 

spiral  springs  on  which  we  now  enter,  to  the  cases  in  which 

either  the  wire  is  of  equal  flexural  rigidity  in  all  directions,  or 

the  two  principal  planes  of  (greatest  and  least  or  least  and 

greatest)  flexural  rigidity  coincide  respectively  with  the  tangent 

plane  to  the  cylinder,  and  the  normal  plane  touching  the  central 

curve  of  the  wire,  at  any  point 

605.  The  axial  force,  on  the  movable  terminal  of  tlin 
spring,  transferred  according  to  Poinsot  (§  666)  to  any  iK)int 
in  the  elastic  central  curve,  gives  a  couple  in  the  plancj  tlm»ngli 
that  point  and  the  axis  of  the  spiral  The  resultant  of  this  and 
the  couple  which  we  suppose  applied  to  the  terminal  in  tho 
plane  perpendicular  to  the  axis  of  the  spiral  is  the  eflective 
bending  and  twisting  couple :  and  as  it  is  in  a  plane  perpen- 
dicular to  the  tangent  plane  to  the  cylinder,  the  comiwnent  of 
it  to  which  bending  is  due  must  be  also  perpendicular  to  this 
plane,  and  therefore  is  in  the  osculating  plane  of  the  spiral. 
This  component  couple  therefore  simply  maintains  a  curvature 
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Spiral  diifcrent  from  the  natural  curvature  of  the  wire,  and  thr  *nha 
that  is,  the  couple  in  the  plane  normal  to  tlie  central  cwi 
pure  torsion.  The  equations  of  equilibrium  merely  exprs 
this  in  mathematical  language. 

Resolving  as  before  (§  602)  the  flexural  and  the  tor>c<ch 
couples  each  into  components  in  the  planes  through  the  ui^  ■ 
the  spiral,  and  perpendicular  to  it,  we  have 

ry      „,C08«a      COS^a^,  »  ,     -      . 

0=B{- - -)co!»a  4./lTsma  . 

r  To 

— /er=//( )8ina  —  .^roosa  , 

r  To 

,   ,     «  ,  >/,            cosasina     cosaosino^ 
and,  by  §126,     t= •-  -^  . 

where  A  denotes  the  torsional  rigidity  of  the  wire,  and  B  » 
flexural  rigidity  in  the  osculating  plane  of  the  spiral ;  a«  the  » 
clinatiou,  and  r^  the  radius  of  the  cylinder,  of  the  spiral  vki 
unstrained;  a  and  r  the  same  parameters  of  the  spiral  vta 
under  the  influence  of  the  axial  force  R  and  couple  G ;  and  r  fk 
degree  of  twist  in  the  change  from  the  unstrained  to  the  Onimi 
cMUidition. 

These  e({uation8  give  explicitly  the  force  and  couple  rvoiM 
to  produce  any  Halted  change  in  the  spiral ;  or  if  the  fuftv  aW 
couple  are  given  they  determine  a\  r'  the-  parameters  of  tk 
altered  curve. 

Ah  it  i.s  chiefly  the  external  action  of  the  spring  that  w  •* 
concerned  with  in  practical  applications,  let  the  parametcnc 
of  the  spiral  l>e  eliminated  by  the  following  aaaamptiona 

,  .  ,       /c*>Rtt    ^ 

X  =/siuu.    «/»  =  I 

I    ■  i        ^oosa,,    I 

.i'.~/sina...  «/»  =z  I 

whiTO  /  dfiioti's  the  lon^rth  of  the  wire.  «/i  thr  .iiigK>  het«c«c 
planes  thron^rh  tho  two  ends  fif  thi'  spiral,  and  its  axi**,  and  t  tW 
<liHtanoo  1i«'tw(M»n  phinctt  through  the  rnd**  nml  fn^qit^ndicubr  w 
the  axis  in  the  Htmincil  onnditiiHi ;  and,  similnrly.  ^„  x,  fv  i^ 
unstminoil  onndition:  ?io  tliat  wo  may  rr^raril  (t^.  r»  and  <^,.  i, 
UM  tho  ivi  ordinntos  i>f  thi*  mnvabh*  tonnin.il  r«*l.ttiiviv  t>  i^ 
tixcd  in  tht>  twii  n»iiditii>n}*  nf  thr  ^priii^  ThiL<«  thi  pn'erdA: 
«-«|iiatiiin8  bi'mmi* 
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r  (9) 

Here  we  see  that  Ld<l>+Rdx  is  the  diflferential  of  a  function  of 
the  two  independent  variables,  x,  </>.  Thus  if  we  denote  this 
function  by  jEJ,  we  have 

d<l>  dx  ) 

a  conclusion  which  might  have  been  inferred  at  once  from  the 
general  principle  of  energy,  thus : — 

606.  The  potential  energy  of  the  strained  spring  is  easily 
seen  from  §  595  (4),  above,  to  be 

i[^(«-«o)*+^T*]/, 

if  A  denote  the  torsional  rigidity,  B  the  flexnral  rigidity  in  the 
plane  of  curvature,  »  and  »o  the  strained  and  unstrained  cur- 
v^atures,  and  t  the  torsion  of  the  wire  in  the  strained  condition, 
the  torsion  being  reckoned  as  zero  in  the  unstrained  condition, 
rhe  axial  force,  and  the  couple,  required  to  hold  the  spring  to 
iny  given  length  reckoned  along  the  axis  of  the  spiral,  and  to 
my  given  angle  between  planes  through  its  ends  and  the  axes, 
ire  of  coui-se  (§  272)  equal  to  the  rates  of  variation  of  the 
)otential  energy,  per  unit  of  variation  of  these  co-ordinates 
•espectively.  It  must  be  carefully  remarked,  however,  that,  if 
he  terminal  rigidly  attached  to  one  end  of  the  spring  be 
leld  fast  so  as  to  fix  the  tangent  at  this  end,  and  the  motion  of 
he  other  terminal  be  sq  regulated  as  to  keep  the  figure  of  the 
ntermediate  spring  always  truly  spiral,  this  motion  will  be 
oinewhat  complicated ;  as  the  radius  of  the  cylinder,  the  in- 
lination  of  the  axis  of  the  spiral  to  the  fixed  direction  of  the 
angent  at  the  fixed  end,  and  the  position  of  the  point  in  the 
ixis  in  w  hich  it  is  cut  by  the  plane  perpendicular  to  it  through 
he  fixed  end  of  the  spring,  all  vary  as  the  spring  changes  in 
igure.  The  effective  campotients  of  any  infinitely  small  motion 
>f  the  movable  terminal  are  its  component  translation  along, 
nd  rotation  round,  the  instantaneous  position  of  the  axis  of 
he  spiral  [two  degrees  of  freedom],  along  with  which  it  will 

2f 
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spfni  generally  have  an  infinitely  small  translatioa  in  acmie  dinx 
and  rotation  round  some  line,  each  peipendicular  to  thii  i 
and  determined  from  the  two  degrees  of  arbitiaty  i 
the  condition  that  the  curve  remains  a  tme  spiraL 

607.  In  the  practical  use  of  spiral  springs,  this  ( 
not  rigorously  fulfilled :  but,  instead,  either  of  two  phi 
generally  followed : — (1.)  Force,  without  any  couple*  is  Ufn 
pulling  out  or  pressing  together  two  definite  points  of  ikB 
terminals,  each  as  nearly  as  may  be  in  the  axis  of  the  luistiii 
spiral;  or  (2.)  One  terminal  being  held  fixed*  the  othe 
allowed  to  slide,  without  any  turning,  in  a  fixed  diiectioii,  b 
as  nearly  as  may  be  the  direction  of  the  axis  of  the  spini  s 
unstrained.  The  preceding  investigation  is  applicmUe  to 
infinitely  small  displacement  in  either  case :  the  eoapfe  bi 
put  equal  to  zero  for  case  (l.)>  and  the  instantaneons  rolil 
motion  round  the  axis  of  the  spiral  equal  to  lero  for  esse  C 

For    infinitely    small    dispkcements   let    ^ac^^.!^ 
ar=Xo+&r,  in  (10),  so  that  now 

,     dE      ^    dE 

Then,  retaining  only  terms  of  the  lowest  degree  mhtiis  U 
and  6^  in  each  formula,  and  writing  x  and  ^  inrtesd  of  J^ 
^0)  we  have 

^^i  {(«^+^)*'&r+(J-f»)«*»*} 

Example  1. — For  a  spiral  of  45''  inelinatum  we  hmn 

and  the  formulw  become 

R=llt  [.{A+n)ir+(A-B)ri4>] 

A  car<>ful  Htudy  of  thin  cano,  inu8traU><]  if  tieocarary  bj  a  • 
easily  made  out  of  ordinary  iron  or  stei'I  win*,  will  be  found  i 
inatnietive. 


I 
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Example  2. — Let  —  be  very  small.     Neglecting,  therefore,  its  Spiral 

inflnitelT 
;  B  1  A  amaU  in- 

square,  we  have  </>=—,    and  L  =  -r84>=BS—i  and  i?=— -Sx.  cimaUon 
r  /  r  '  Ir* 

The  first  of  these  is  simply  the  equation  of  direct  flexure  (§  595). 
The  interpretation  of  the  second  is  as  follows : — 

608.  In  a  spiral  spring  of  infinitely  small  inclination  to  the 
»lane  perpendicular  to  its  axis,  the  displacement  produced  in 
he  movable  terminal  by  a  force  applied  to  it  in  the  axis  of  the 
piral  is  a  simple  rectilineal  translation  in  the  direction  of  the 
txis,  and  is  equal  to  the  length  of  the  circular  arc  through 
vhich  an  equal  force  carries  one  end  of  a  rigid  arm  or  crank 
qual  in  length  to  the  radius  of  the  cylinder,  attached  per- 
)endicularly  to  one  end  of  the  wire  of  the  spring  supposed 
traightened  and  held  with  the  other  end  absolutely  fixed,  and 

he  end  whicli  bears  the  crank,  free  to  turn  in  a  collar.  This  virtually  i 
tatement  is  due  to  J.  Thomson,^  who  showed  that  in  puUing  balance, 
►ut  a  spiral  spring  of  infinitely  small  inclination  the  action 
txercised  and  the  elastic  quality  used  are  the  same  as  in  a 
orsion-balance  with  the  same  wire  straightened  (§  433).  This 
heory  is,  as  he  proved  experimentally,  suflBciently  approximate 
or  most  practical  applications ;  spiral  springs,  as  commonly 
uade  and  used,  being  of  very  small  inclination.  There  is  no 
lifficulty  in  finding  the  requisite  connection,  for  the  actual  incU- 
lation  in  any  case,  from  the  preceding  formulse.  The  funda- 
nental  principle  that  spiral  springs  act  chiefly  by  torsion  seems 
o  have  been  first  discovered  by  Binet  in  1814.* 

609.  Returning  to  the  case  of  a  uniform  wire  straight  and  maatic 
mtwisted  (that  is,  cylindrical  or  prismatic)  when  free  from  mittingfoi 
tress ;  let  us  suppose  one  end  to  be  held  fixed  in  a  given  "  ^^^  * 
iirection,  and  no  other  force  from  without  to  influence  it  except 

hat  of  a  rigid  frame  attached  to  its  other  end  acted  on  by  a 
orce,  R,  in  a  given  line,  AB,  and  a  couple,  (?,  in  a  plane  per- 
pendicular to  this  line.  The  form  and  twist  it  will  have  when 
n  equilibrium  are  determined  by  the  condition  that  the  torsion 
nd  flexure  at  any  point,  P,  of  its  length  are  those  due  to  the 
ouple  0  compounded  with  the  couple  obtained  by  bringing  R 

1  Camb.  dt  Dub.  Math,  Jour.  1848.       *  St.  Venant,  Camptes  liendiu.  Sept  1864. 
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irchhors    to  P,     It  follows  that  if  the  rigid  body  of  8  697  be  left  a 

ineticcom-   .       ,„  .      ,       ,  •  •       xi  .1     »         j 

striaon.  itself  at  any  instant,  moving  in  the  manner  prescnbed  iwal 
the  fixed  point  0,  and  subjected  only  to  a  constant  force  eqai 
to  R  acting  on  it  at  the  point,  /T,  in  a  line,  ^TD,  parallels 
AB,  it  will  continue  moving  in  the  prescribed  manner. 

To  prove  this  let  the  body  be  compelled  to  move  in  the  ]ie 
scribed  manner,  and  at  the  same  time  let  the  force  Aaetoi< 
in  the  line,  ^TD,  Then,  taking  the  co-ordinate  axis,  OX^  panU 
to  this  Unc,  and  caUing  x,  y,  z  the  co-ordinates  of  J'  at  anj  w 

t,  we  have  -^  >  -^  >  ~d8^^^  ^^  direction -cosines  of  O/Ti  iii 

as  the  length  of  O^Tis  unity,  the  moments  of  R  in  ^TZ),  rood 
OXy  OY,  OZBxe  respectively 

0,    E^,    -Rf. 
'       ds  ds 

Hence  the  moments  of  momentum  generated  by  these  in  iif 

time  (being  simply  their  time  integrals)  are  (since  M  =  t) 

if  Q/of  'i^o))  d/i  ^)  be  the  co-ordinates  of  P  at  the  beginning  u^ 
end  of  the  time.  But  these  are  precisely  the  additions  to  the 
component  flexure -torsion  couples  in  the  wire  from  the  fint  la 
the  second  position  of  P ;  and  therefore  if  the  compoiKBt 
moments  of  momentum  of  the  body  are  equal  at  the  beginni^ 
of  the  time  to  the  component  flexure-torsion  couples  of  the  win 
at  the  point  (a7o)  ^oj  '^o)  the  simple  action  of  the  force  i?  upon  it 
with  the  point  0  held  fixed,  will  keep  its  moment  of  momoitn 
constantly  in  agreement  with  the  flexure-torsion  couple  of  ik 
wire,  and  consequently  its  lines  O^T,  O^K,  O^L  constanUy  parilU 
to  the  corresponding  lines  through  P  in  the  wire,  as  P  nwTff 
along  it  at  unit  velocity. 

This  very  remarkable  theorem  was  discovered  by  Kirchhoff; 
to  whom  also  the  first  thoroughly  general  investigation  of  the 
equations  of  equilibrium  and  motion  of  an  elastic  wire  is  due' 

610,  The  comparison  thus  establislied  between  the  static 
problem  of  the  bending  and  twisting  of  a  wire,  and  the  kinetic 
problem  of  the  rotation  of  a  rigid  bcnly,  affords  liighlj*  interest- 
ing illustrations,  and,  as  it  were,  graphic  representations,  of  the 

'  CrdU*8  Journal.    1859.     Ucber  das  Oleichgewicht  und  die   BewefcuQf  «•*' 
unendlich  diinncn  elantisclien  IStabes. 
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circumstances  of  either  by  aid  of  the  other ;  the  usefulness  of  Kirchhori 
which  in  promoting  a  thorough  mental  appropriation  of  both  pwi«oiL 
must  be  felt  by  every  student  who  values  rather  the  physical 
subject  than  the  mechanical  process  of  working  through  mathe- 
matical expressions,  to  which  so  many  minds  able  for  better 
things  in  science  have  unliappily  been  devoted  of  late  years. 

TVTien  particularly  occupied  with  the  kinetic  problem  in 
chap.  IX.,  we  shall  have  occasion  to  examine  the  rotations  cor- 
responding to  the  spirals  of  §  601-603,  and  to  point  out  also  the 
general  character  of  the  elastic  curves  corresponding  to  some 
of  the  less  simple  cases  of  rotatory  motion. 

611  •  For  the  present  we  confine  ourselves  to  one  example,  common 

,  ,  ,  pcndulom 

which,  so  far  as  the  comparison  between  the  static  and  kinetic  ""i  pi«>« 
problems  is  concerned,  is  the  simplest  of  all — the  Elastic  Curve  curve, 
of  James  Bernoulli,  and  the  common  pendulum.  A  uniform 
straight  wire,  either  equally  flexible  in  all  planes  through  its 
length,  or  having  its  directions  of  maximum  and  minimum 
flexural  rigidity  in  two  planes  through  its  whole  length,  is  acted 
on  by  a  force  and  couple  in  one  of  these  planes,  applied  either 
directly  to  one  end,  or  by  means  of  an  arm  rigidly  attached  to 
it,  the  other  end  being  held  fast.  The  force  and  couple  may, 
of  course  (§  558),  be  reduced  to  a  single  force,  the  extreme  case 
of  a  couple  being  mathematically  included  as  an  infinitely  small 
force  at  an  infinitely  great  distance.  To  avoid  any  restriction 
of  the  problem,  we  must  suppose  this  force  applied  to  an  arm 
rigidly  attached  to  the  wire,  although  in  any  case  in  which  the 
line  of  the  force  cuts  the  wire,  the  force  may  be  applied  directly 
at  the  point  of  intersection,  without  altering  the  circumstances 
of  the  wiTki  between  this  point  and  the  fixed  end.  The  wire 
will,  in  these  circumstances,  be  bent  into  a  curve  lying  through- 
out in  the  plane  through  its  fixed  end  and  the  line  of  the  force, 
and  (§  599)  its  curvatures  at  different  points  will,  as  was  first 
shown  by  James  Bernoulli,  be  simply  as  their  distances  from 
this  line.  The  cuiTe  fulfilling  this  condition  has  clearly  just 
two  independent  parameters,  of  which  one  is  conveniently  re- 
garded as  the  mean  proportional,  a,  between  the  radius  of 
curvature  at  any  point  and  its  distance  from  the  line  of  force, 
and  the  other,  the  maximum  distance,  6,  of  the  wire  from  the 
line  of  forca     By  choosing  any  value  for  each  of  these  para- 
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onikhto      meters  it  is  easy  to  trace  the  corresponding  curve  witli  a  w 
ofeiMtto  ^  high  approximation  to  accuracy,  by  oommencing  with  a 


mitting  force  circular  arc  touching  at  one  extremity  a  straight  line  al  th 
^^^  ^  given  maximum  distance  from  the  line  of  forces  and  conriMBt 
by  small  circular  arcs,  with  the  proper  increasing  radii  aeeoid- 
ing  to  the  diminishing  distances  of  their  middle  points  bm 
the  line  of  force.  The  annexed  diagrams  are,  howera;  aot 
so  drawn ;  but  are  simply  traced  from  the  forms  actoilh 
assimied  by  a  flat  steel  spring,  of  small  enough  breadth  not  ti 
be  much  disturbed  by  tortuosity  in  the  cases  in  which  diflml 
parts  of  it  cross  one  another.  The  mode  of  application  of  tk 
force  is  sufficiently  explained  by  the  indications  in  tk 
diagram. 


Sm^^um^  Let  the  line  of  force  be  axis  of  x,  and  kt  p  be  the  imSm  4 

•iMUeoarra.  curvature  at  any  point  (x,  y)  of  the  ourre.     The  djnamieal  coi- 

dition  stated  abore  becomes 

P9=^=a*  (1; 

where  B  denotes  the  flexural  rigiditj,  T  the  fennon  of  the  eoil 
and  a  a  linear  parameter  of  the  ourre  depending  on 
cicmcnta.     Hence,  by  the  ordinary  formuU  for  pr^^ 


Mnltipljring  by  idy  and  intcgnting,  we  have 
and  finallj, 

^^( ^ry-cwy 

which  is  the  equation  of  the  cur\-e  exprcMed  in  term*  of  ib 

elliptic  integral. 

dy 
If,  in  the  fimt  intogral,  (:J\  wc  put  -.  -=o,  we  find 

y=±  C±2<iM  h. 

the  upper  aign  within  the  brack«*t  giving  |M»inta  of  masiraam,  aa^ 
the  lower,  points,  if  any  real,  of  minimum  diatanee  from  the  aaui 
I  fence  there  are  pointa  of  equal  maximum  diatance  from  the  line  x4 
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inationof  force  on  its  two  sides,  but  no  real  minima  when  C^So*;  «U| 

Mtic?urve.  therefore  comprehenda  the  cases  of  diagrams  1 ...  5.    Bat  there  0 1 

real  minima  as  well  as  maxima  when  (7:>  2a^,  which  is  tberefn 
the  case  of  diagram  7.  In  this  case  it  may  be  remarked  t^ 
the  analytical  equations  comprehend  two  equal  and  simOtf  it 
tached  curves  symmetrically  situated  on  the  two  sides  of  the  Ek 
of  force ;  of  which  one  only  is  shown  in  the  diagram 

The  intermediate  case,  (7=  2a',  is  that  of  diagram  6.    Fif  < 
the  final  integral  degrades  into  a  logarithmic  form,  as  foIlovB:- 

or,  with  the  integrations  effected,  and  the  constant  assigDed  n 
make  the  axis  of  y  be  that  of  symmetry, 

This  equation,  when  the  radical  is  taken  with  the  signs  indieateiL 
represents  the  branch  proceeding  from  the  vertex,  first  to  ik* 
negative  side  of  the  axis  of  ^,  crossing  it  at  the  double  point,  iB<i 
going  to  infinity  towards  the  positive  axis  of  :v  as  an  asymptote  I 
The  other  branch  is  represented  by  the  same  equation  with  tbr  | 
sign  of  the  radical  reversed  in  each  place. 

It  need  scarcely  be  remarked  that  in  (3)  the  sign  of  (I  +  j;^" 
can  only  change,  for  a  point  moving  continuously  along  the  cunc 
when  -^.  becomes  infinite.     The  interpretation  is  facilitated  by 

which  reduces  (3)  to 

y«=2a*cos^+C  ^7. 

Here,  when  C:>2a*  (the  case  in  which,  as  we  have  seen  abow. 
there  are  minimum  as  well  as  maximum  values  of  y  on  one  ndr 
of  the  line  of  force),  there  is  no  limit  to  the  value  of  B,  It  in- 
creases, of  course,  continuously  for  a  point  moving  continuoifflT 
along  the  curve ;  the  augmentation  being  2«-  for  one  complete 
period  (diagram  7). 

When  (7<:2a*,  0  has  equal  positive  and  negative  values  at  the 
points  in  which  the  curve  cuts  the  line  of  force.  These  value* 
being  given  by  the  equation 


COS^=  — "-: 

2a* 


s' 


are  obtupc  when  G  is  positive  (diagram  3),  and  acute  when  C  i* 
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negative  (diagram  1).     The  extreme  negative  value  of  C  is  of  Equation  of 

-    ,  the  plane 

course  —2a*.  elaatlc  curve. 

If  we  take  C=  —  2a« + &•, 

±h  will  be  the  maximum  positive  or  negative  value  of  y,  as  we 
see  by  (7) ;  and  if  we  suppose  h  to  be  small  in  comparison  with 
a,  we  have  the  case  of  a  uniform  spring  bent,  as  a  bow,  but 
slightly,  by  a  string  stretched  between  its  ends. 

612.  An  important  particular  case  is  that  of  figure  1,  which  Boweiightiy 
orresponds  to  a  bent  bow  having  the  same  flexural  rigidity 
tiroughout.     If  the  amount  of  bending  be  small,  the  equation 
J  easily  integrated  to  any  requisite  degree  of  approximation. 
Ve  will  merely  sketch  the  process  of  investigation. 

Let  e  be  the  maximum  distance  from  the  axis,  corresponding 
to  a:=0.     Then  y=c  gives  ^^=0,  and  (3)  becomes 

For  a  first  approximation,  omit  e*— y*  in  comparison  with  a* 
where  they  occur  in  the  same  factors,  and  we  have 

dx  a 

or,  since  y=^e  when  x=(>, 

y=ccos—  (10) 

a 

the  harmonic  curve,  or  curve  of  sines,  which  is  the  simplest  form 

assumed  by  a  vibrating  cord  or  pianoforte-wire. 

For  a  closer  approximation  we  may  substitute  for  y,  in  those 

factors  where  it  was  omitted,  the  value  given  by  (10) ;  and  so  on. 

Thus  we  have        

-f  =^^ ^^-(1  +  -^sin'— ),  nearly, 

dy           dx  .    .    8c*       3c*        2x. 
or  ^  —  =  —  (1+  r;r-, r-.cos — ), 

from  which,  by  integration, 

.y      X  8c*  .      8c*    .   2a? 

COS"*— =  — (1+  r^— •)— ;7:r-«8i° — 
c       a^       16a*^     32a*       a 

J  f  ^/.  .    3c*  ..  ,    3c»    .    a?  .   2x 

and  y=,cos{-(l+^-^)}  +  3^-,8m-sm— . 
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Plane  elastic  613.  As  wc  clioose  particularly  the  common  pendulum  fa 
romnion  thc  Corresponding  kinetic  problem,  the  force  acting  on  lit 
iHjn    um.    ^j^^.  J  ^^^^  .^  ^j^^  comparison  must  be  that  of  granty  in  i 

vertical  through  its  centre  of  gravity.  It  is  convenient,  accord- 
ingly, not  to  take  unity  as  the  velocity  for  the  ])oiiit  of  com- 
parison along  the  bent  wire,  but  the  velocity  gravity  vouli 
generate  in  a  body  falling  through  a  heiglit  equal  to  half  ik 
constant,  a,  of  §  611  :  and  this  constant,  a,  will  then  I*  lb 
length  of  the  isochronous  simple  pendulum.  Thus  if  an  elast-: 
curve  be  held  with  its  line  of  force  vertical,  and  if  a  point.  P. 
be  moved  along  it  with  a  constant  velocity  equal  to  \^go,  i 
denoting  the  mean  proportional  between  the  radius  of  curvatnR 
at  any  point  and  its  distance  from  the  line  of  force,)  the  tangen: 
at  P  will  keep  always  parallel  to  a  simple  pendulum,  of  lengtl 
a,  placed  at  any  instant  parallel  to  it,  and  projected  with  tfc 
same  angular  velocity.  Diagrams  1...5,  correspond  to  T\hn- 
tions  of  the  pendulum.  Diagram  6  corresponds  to  the  case  in 
which  the  pendulum  would  just  reach  its  position  of  unstabl- 
equilibrium  in  an  infinite  time.  Diagram  7  corresj)onds  to 
cases  in  which  the  pendulum  flies  round  continuously  in  on^r 
direction,  wnth  periodically  increasing  and  diminishing  velocity. 
The  extreme  case,  of  the  circular  elastic  cur\'e,  corresponds  to 
an  infinitely  long  pendulum  flying  round  with  finite  angular 
velocity,  which  of  course  experiences  only  infinitely  small  varia- 
tion in  thc  coui-se  of  the  revolution.  A  conclusion  worthy  r.f 
remark  is,  that  the  rectification  of  the  elastic  cur>'e  is  the  same 
analytical  problem  as  finding  the  time  occupied  by  a  {>endulum 
in  describing  any  given  angle, 
vireofany  614.  Hitheito  WC  liavc  coufiued  our  investigation  of  th»* 
!u?bSi'by  form  and  twist  of  a  wire  under  stress  to  a  portion  of  the  whole 
wunieH  wire  not  itself  acted  on  by  force  from  without,  but  meivly 
'fiSmgh  engaged  in  transmitting  force  between  two  equilibrating  systems 
""*  applied  to  the  wire  beyond  this  portion ;  and  we  have,  thus, 
not  included  the  ver}'  important  practical  cases  of  a  curve 
deformed  by  its  own  weight  or  centrifugal  force,  or  fulfilliiu! 
such  conditions  of  Ciiuilibrium  as  we  shall  have  to  use  after- 
wards in  finding  its  equations  of  motion  according  to  D'Alem- 
bert's  principle.  We  therefore  proceed  now  to  a  perfectly 
general  investigation  of  the  equilibrium  of  a  curve,  unifonn  or 
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»t  uniform  throughout  its  length  ;  either  straight,  or  bent  and  wire  of  mj 
risted  in  any  way,  when  free  from  stress ;  and  not  restricted  tu?£Si  bj 
''  any  condition  as  to  the  positions  of  the  three  principal  coujSfei 
ixure-torsion  axes  (§  596) ;  under  the  influence  of  any  dis-SS)Tigh 
ibution   whatever  of  force   and   couple   through  its  whole  ^  *°*^ 
Qgth. 

Let  a,  p^  y  be  the  components  of  the  mutual  force,  and  ^,  17,  ( 
those  of  the  mutual  couple,  acting  between  the  matter  on  the 
two  sides  of  the  normal  section  through  {x,  y^  z).  Those  for  the 
normal  section  through  (x+Sr,  y+5y,  z+hz)  will  be 

t^'h  "*>■  <^'h 

Hence,  if  Xhs,  }'&,  ZS5,  and  L&s  M^^  NSs  be  the  components 
of  the  applied  force,  and  applied  couple,  on  the  portion  &  of  the 
wire  between  those  two  normal  sections,  we  have  (§  551)  for  the 
equilibrium  of  this  part  of  the  wire 

-X:=^,-Y=f,    -Z  =  p  (1), 

ds  as  03 

and  (neglecting,  of  course,  infinitely  small  terms  of  the  second 
order,  as  5y5«) 

-LSs^^^+ySiz-pSz,    etc.; 
(is 

or 

We  may  eliminate  a,  ^,  y  from  these  six  equations  by  means  of 
the  following  convenient  assumption — 


7'  meaning  the  component  of  the  force  acting  across  the  normal 
section,  along  the  tangent  to  the  middle  line.  From  this,  and 
the  second  and  third  of  (2),  we  have 

This,  and  the  symmetrical  expressions  for  P  and  y,  used  in  (1), 
give 
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Wire  of  any 
shape  dis- 
turbed by 
forces  and 
couples 
applied 
through 
its  length. 


Equations 
of  torsion- 
flexure. 


^=-^{^-(^+S)|+(^+f)t> 


I'=-T.{^S7-(^>i)i  +  (L+^)^} 


-I 


ds' 
els 


dtdx 


^As^A 


di^ 


dq  dx . 


^=-.B^^-(^+i)i+o^+i^)^} 


We  have  besides,  from  (2) 


ds' 


ds' 


w^t) 


To  complete  the  mathematical  expression  of  the  circomstanc 
it  only  remains  to  introduce  the  equations  of  torsion-flen 
For  this  purpose,  let  any  two  lines  of  reference  for  the  sobeta] 
of  the  wire,  PK,  PL,  be  chosen  at  right  angles  to  one  anothfi 
the  normal  section  through  P.  Let  k^,  \^  be  the  componenu 
the  curvature  (§  589)  in  the  planes  perpendicular  to  these  lii 
and  through  the  tangent,  PT,  when  the  wire  is  unstrained ;  i 
K,  X  what  they  become  under  the  actual  stress.  Let  t«  den 
the  rate  of  twist  (§  119)  of  either  line  of  reference  roond 
tangent  from  point  to  point  along  the  wire  in  the  unstnL 
condition,  and  r  in  the  strained,  so  that  r— Tq  is  the  rate  of  ti 
produced  at  P  by  the  actual  stress.     Thus  [§  595  (3)3^  we  ba' 

^r+i,m'+Cn'=:c(K-.iCo)+P(X-Xo)+ 


^^+'^l+f^-=^('^-'^°)+^(^-^' 


)+a(T-T,)         I 


where  (/,  m,  n),  {l\  m\  n'),  (^ '  ^  ' 
of  PK,  PL,  PT\  so  that 


)  denote  the  direeti 


'^+"•^+4=0, 


ds 


ds       ds 


1 


Now  if  lines  O^A',  OL^  O^T,  each  of  unit  length,  be  drawn,  ai 
§  593,  always  parallel  to  PK,  PL,  PT,  and  if  P  be  carrie<i 
unit  velocity  along  the  curve,  the  component  velocity  of  L  pan 
to  O^r,  or  that  of  ^T  parallel  to  OK  with  its  sign  changed 
(§  593)  equal  to  k;  and  similar  statements  appl j  to  X  aiK 
Hence, 
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<=-il' 


'1 

ds  ' 


fm'- 


>^=+Q^+m 


ds 

d» 


ds 


4 

^"-dr> 


(8). 


dt 
,  ,  ,dl  ,     ,dm  ,     ,dn 

Equations  (7)  reduce  (/,  m,  n),  (/',  m',  n)  to  one  variable  element, 
being  the  co-ordinate  by  which  the  position  of  the  substance  of 
the  wire,  round  the  tangent  at  any  point  of  the  central  curve,  is 
specified :  and  (8)  express  k,  X,  r  in  terms  of  this  co-ordinate, 
and  the  three  Cartesian  co-ordinates  Xy  y,  z  of  P.  The  specifi- 
cation of  the  constrained  condition  of  the  wire  gives  Kq,  Xq)  'Tq  as 
functions  of  s.  Thus  (6)  gives  ^,  17,  { each  in  terms  of  «,  and 
the  four  co-ordinates,  and  their  differential  coefficients  relatively 
to  9,  Substituting  these  in  (4)  and  (5)  we  have  four  differential 
equations  which,  with 

cte*  .  dy*^  .  dz 


Torsion,  ant 
two  com- 
ponents of 
corvatore, 
of  wire  (or 
component 
angular 
velocities 
of  rotating 
solid). 


ds^^ds^^ds^"^ 


(9), 


constitute  the  five  equations  by  which  the  five  unknown  fonctions 
(the  four  co-ordinates,  and  the  tension,  T,)  are  to  be  determined 
in  terms  of  5,  or  by  means  of  which,  with  s  and  T  eliminated, 
the  two  equations  of  the  curve  may  be  found,  and  the  co-ordinate 
for  the  position  of  the  normal  section  round  the  tangent  deter- 
mined in  terms  of  x,  ?/,  z. 

The  terminal  conditions  for  any  specified  circumstances  are 
easily  expressed  in  the  proper  mathematical  terms,  by  aid  of 
equations  (2).  Thus,  for  instance,  if  a  given  force  and  a  given 
couple  be  directly  applied  to  a  free  end,  or  if  the  problem  be 
limited  to  a  portion  of  the  wire  terminated  in  one  direction  at  a 
point  Q,  and  if,  in  virtue  of  actions  on  the  wire  beyond,  we  have 
a  given  force  (a©,  )3o,  y©),  and  a  given  couple  (f  0,  ^91  fo)  acting  on 
the  normal  section  through  Q  of  the  portion  under  consideration, 
and  if  ^o  is  the  length  of  the  wire  from  the  zero  of  reckoning  for  8 
up  to  the  point  Q,  and  L©,  3/©,  N^  the  values  of  L,  M,  N  at  this 
point,  the  equations  expressing  the  terminal  jconditions  will  bo 

when  5=«o 


Terminal 
condititms. 


^=^0 


-^  =  L,+(y,i^^/J,J) 


d8 


'ds' 


f=i., 


(10). 
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errainai  From  thcse  wc  scG,  bj  taking  Zro=0,   J/o=0,  7^0=0,  «, 

>nditions.  p_^^  ^^^^^  ^^^^^  ^^^^^  ^^^^^  ^j^^^^ 

615.  For  tlie  simple  and  importaut  case  of  a  natu 
straight  wire,  acted  on  by  a  distribution  of  force,  but  u- 
couple,  through  its  length,  the  condition  fulfilled  at  a  prt' 
free  end,  acted  on  by  neitlua*  force  nor  couple,  is  that  the  ii 
ture  is  zero  at  tlie  end,  and  its  rate  of  variation  from  zen 
unit  of  length  from  the  end,  is,  at  the  end,  zero.  In  other  \^ 
the  curvatures  at  poiuts  infinitely  near  the  end  are  as 
squares  of  tlieir  distances  from  the  end  in  genei-al  (or,  as 
higher  power  of  these  distances,  in  singular  cases).  The 
statements  hold  for  the  change  of  cur\^ature  produced  I; 
stress,  if  tlie  unstrained  wire  is  not  stiuight,  but  the 
circumstances  tlie  same  as  those  just  specified. 
*™'^-^V  616.  As  a  very  simple  example  of  the   equilibrium 

ent^""*®  wire  subject  to  forces  through  its  length,  let  us  supposi 
natural  form  to  be  straiglit,  and  the  applied  forces  to  1 
lines,  and  the  couples  to  have  their  axes,  all  perpendicul 
its  length,  and  to  be  not  great  enough  to  produce  more 
an  infinitely  small  deviation  from  the  straight  line.  Fui 
in  order  that  these  forces  and  couples  may  produce  no  toi 
let  the  three  flexure-torsion  axes  be  perpendicular  to 
along  the  wire.  But  we  shall  not  limit  the  problem  fu 
by  supposing  the  section  of  the  wire  to  be  uniform,  a: 
should  thus  exclude  some  of  the  most  important  pnu 
applications,  as  to  beams  of  balances,  levers  in  machi 
beams  in  architecture  and  engineering.  It  is  more  instru 
to  investigate  the  equations  of  equilibrium  directly  for 
case  than  to  deduce  them  from  the  equations  worked  out  a 
for  the  much  more  comprehensive  general  problem  The 
ticular  principle  for  the  present  case  is  simply  that  the  ra 
variation  of  the  rate  of  variation,  per  unit  of  length  alou«^ 
wire,  of  the  bending  couple  in  any  plane  through  the  lengt 
equal,  at  any  point,  to  the  applied  force  i)er  unit  of  length, 
the  simple  rate  of  variation  of  the  applied  couple  subtni 
This,  together  with  the  direct  equations  (§  599)  between 
component  bending  couples,  gives  the  recjuircd  equation 
equilibrium. 
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The  diagram  representing  a  section  of  the  wire  in  the  plane  straight 

xy,  let  OP  =  X,  PP'  =  hx.     Let  Y  and  N  be  the  components  nitciy  utue 

bent. 


in  the  plane  of  the  diagram,  of  the  applied  force  and  couple, 
each  reckoned  per  unit  of  length  of  the  wire  ;  so  that  Yhx 
and  Ntx  will  be  the  amounts  of  force  and  couple  in  this 
plane,  actually  applied  to  the  portions  of  the  wire  between  P 
and  P', 

Let,  as  before  (§  614),  /3  and  y  denote  the  components  parallel 
to  OY  and  OZ  of  the  mutual  force,'  and  (  and  i)  the  components 
in  the  plane  XOY^  XOZ^  of  the  mutual  couple,  between  the 
portions  of  matter  on  the  two  sides  of  the  normal  section  through 
P\  and  jS',  y',  and  f,  i\  the  same  for  P* .  The  matter  between 
these  two  sections  is  balanced  under  these  actions  from  the  matter 
contiguous  to  it  beyond  them,  and  the  force  and  couple  applied 
to  it  from  without.  These  last  have,  in  the  plane  XOY^  com- 
ponents respectively  equal  to  Yhc  and  Nhx :  and  hence  for  the 
equilibrium  of  the  portion  PP\ 

—P+Y8x+P'=0,  by  forces  parallel  to  OF, 
and       —(-\-N^+C+P^=Oy  by  couples  in  plane  XOY, 
the  term  pSx  in  this  second  equation  being  the  moment  of  the 
couple  formed  by  the  infinitely  nearly  equal  forces  /3,  j8'  in  the 
dissimilar  parallel  directions  through  P  and  P\     Now 

^'-/?=f  &r,  and  C-C=§Sa^. 
Hence  the  preceding  equations  give 

These  forces,  being  each  in  tlie  plane  of  section  of  the  solid  separating  the 
lions  of  matter  between  which  they  act,  are  of  the  kind  called  shearing  forces. 
5  below,  §  662. 


464 
Btniiu  and  these,  by  Uie  elhniiiififlii  of  fi, 

D6UI  IBB«  j^  m  m  «ky 

Bttoly Uttto  a*i  ^^i   v* 

Similarly,  by  forces  and  ooapha  in  tlw  plane  JCOZ, 

ooaples  in  this  plane  being  reckoned  poattiTie  wbea 
torn  from  the  direction  of  OX  to  that  of  OZ  [wUel 
to  the  conrention  (551)  generally  adopted  ea  being 
the  three  axes  are  dealt  with  symmetrioellyj. 

Since  the  wire  deviates  infinitely  little  tnmt  tke 
OX^  the  component  curvatures  are 

^  in  the  plane  XOT^ 
and  ^      „      „      ZOZ. 


two 


Hence  the  equations  of  flexure  are 


•  ) 


where  B  and  C  are  the  flexural  rigidities  (|  598)  i 
xy  and  xz,  and  a  the  coefficient  expressing  the  eo«| 
produced  by  unit  curvature  in  the  other ;  three  qiw 
are  to  be  regarded,  in  general,  as  given  fuDctioDe  cf 
tuting  these  expressions  for  (  and  i},  in  (2)  niid  (I 
the  required  equations  of  equilibrium. 

CMeorin-         617,  If  the  directions  of  maximam  and  minimi] 

d«peiHtnit        ,  ,  .  .         . 

J««wj^  ngidity  lie  tkrou«;hout  the  wire  m  two  planes,  th< 
of  equilibrium  become  simplified  by  these  planes  be 
as  phines  of  refiTeuce,  XO  K,  AV>Z.  Tlie  flexure  in  e 
then  depends  simply  on  the  fon-es  in  it,  ami  thus  t1 
divides  itself  into  the  tw<»  <piite  inde]>4*mlent  pit>bl< 
tejjnitin;^  the  equations  of  H«»xnre  in  the  two  princi 
and  so  fiudinj:  the  projirti^ms  nf  the  i'ur\*«»  on  two  fi 
n^^'reein^l  with  their  pfjsition  when  ihf  rod  is  strui;;}ii 

In  tlijj*  case,  ami  with  Xt^Y,  XiiZ  8<»  chojk^n,  wc 
lionet*  the  ei|Uatii»iiH  (»f  tlcxurc  (4)  hi'cniiie  »imply 
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and  the  differential  equations  of  the  curve,  found  by  using  these  ?!j***|i. 
in  (2)  and  (3),  niufyiittte 

^•(^S)_    ^^^^  (5),Sr 

dx*  ^'  dx*  twopUne*. 

"^-^  S=-f +^.    ^=-^+^  (6). 

Here  )|  and  %  are  to  be  generally  regarded  as  known  functions 
of  X,  given  explicitly  by  (6),  being  the  amounts  of  component 
simple  forces  perpendicular  to  the  wire,  reckoned  per  unit  of  its 
length,  that  would  produce  the  same  figure  as  the  distribution  of 
force  and  couple  we  have  supposed  actually  applied  throughout 
the  length.  Later,  when  occupied  with  the  theory  of  magnetism, 
we  shall  meet  with  a  curious  instance  of  the  relation  expressed  by 
(6)  In  the  meantime  it  may  be  remarked  that  although  the 
figure  of  the  wire  does  not  sensibly  differ  when  the  simple  distri- 
bution of  force  is  substituted  for  any  given  distribution  of  force  and 
couple,  the  shearing  forces  in  normal  sections  become  thoroughly 
altered  by  this  change  of  circumstances,  as  is  shown  by  (1). 
When  the  wire  is  uniform,  B  and  C  are  constant,  and  the  equa- 
tions of  equilibrium  become 

The  simplest  example  is  had  by  taking  g  and  %  each  constant,  a  naak  bent 
very  interesting  and  useful  case,  being  that  of  a  uniform  beam  weight 
influenced  only  by  its  own  weight,  except  where  held  or  pressed 
by  its  supports.  Confining  our  attention  to  flexure  in  the  one 
principal  plane,  XOT,  and  supposing  this  to  be  vertical,  so  that 
y  =gw^  if  w  be  the  mass  per  unit  of  length ;  we  have,  for  the 
complete  integral,  of  course 

y^^^{h^'+Kx-+K'x^+K"x+K'")  (8), 

where  A",  K\  etc.,  denote  constants  of  integration.  These,  four 
in  number,  are  determined  by  the  terminal  conditions ;  which,  for 

du  ,     , 

instance,  may  be  that  the  value  of  y  and  of  -i-  is  given  for  each 

end.  Or,  as  for  instance  in  the  case  of  a  plank  simply  resting 
with  its  ends  on  two  edges  or  tressles,  and  free  to  turn  round 
either,  the  condition  may  be  that  the  curvature  vanishes  at  each 
end :  so  that  if  OX  be  taken  as  the  line  through  the  points  of 
support,  we  have 

20 
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Plank  rap- 

port«dby 

itsezMU; 


by  its 
middle. 


and 


} 


when  x=0, 


when  x=ll  [see  above,  $  614  (10)]. 


Droora  com- 


Droora 
pared. 


(Ty^^     >  when  x=0  and  wben  xss2^ 
I  being  the  length  of  the  plank.    The  aolotion  then  ia 

Hence,  by  putting  x=jZ,  we  find  y=^ .  j^^^  for  the  £ 

by  which  the  middle  point  is  deflected  from  tiie  atimigh 
joining  the  points  of  support. 

Or,  as  in  the  case  of  a  plank  balanced  on  a  treaale  at  its  i 
(taken  as  zero  of  x),  or  hung  bj  a  rope  tied  round  it  the 

may  have 

y=0 

dx 
d^ 
dx* 
dhj 
d3^ 
The  solution  in  this  case  is,  for  the  positive  half  of  the  plu 

By  putting  x=\l,  we  find  y=^-  •  r^-^r  •     Hence 

IS      10.24 

618.  Wlion  n  uniform  bar,  beam,  or  plank  is  balancei 
single  tresslc  at  its  middle,  the  drt>op  of  its  ends  is  only  | 
dn)op  which  its  middle  has  when  the  bar  is  supi^ortetl  on  ti 
at  its  ends.     From  this  it  follows  that  the  foniier  is  J  ax 
latter  f  of  the  dn)oj»  or  elevatic»n  pnulueed  by  a  force  <Hjt 
half  the  wei«;ht  of  the  bar.  applieil  vertically  downwai 
upwards  to  (»ne  ond  c»f  it,  if  the  miildle  is  ln»M  fast  in  a 
zontal  positinii.     F<»r  let  us  first  su]»]M»sf  thf  whulf  t.»  r»'> 
trt'sslf  nmh-r  its  initldlt',  ami  h't  two  tnssh-s  1h»  ]>Iar»««t 
its  ends  and  j;nidu:illy  niised  till  the  ]»n'ssun'  is  «*iitind\ 
(»n'  fhMii  till*  middlr.     ])iinu^  thi>  n|»rr.itii>u  the  iiiidtllf  n- 
fixcd  and  linri/niital.  wliilr  a  t'onr  in*  riM>iiit>  t<>  half  tho  w 
a]ipli<'d   vnticully   upwaitis  i>u  iiuh  end.  niist-s  it   thnu 
li('i|;ht  I'ipial  to  the  sum  of  tlir   d^H•p^  in  tlit>  two  rascs 
^•f^•^n'd  t4i.     This  ii'sidt  is  of  roiirbt-  pn»>rd  dinrrtlv  bv 
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paring  the  absolute  values  of  the  droop  in  those  two  cases  as  ^^'^^,4 
found  above,  with  the  deflection  from  the  tangent  at  the  end  of  ^Jj^r 
the  cord  in  the  elastic  curve,  figure  2,  of  §  611,  which  is 
cut  by  the  cord  at  right  angles.  It  may  be  stated  otherwise 
thus :  the  droop  of  the  middle  of  a  uniform  beam  resting  on 
tressles  at  its  ends  is  increased  in  the  ratio  of  6  to  13  by  laying 
a  mass  equal  in  weight  to  itself  on  its  middle :  and,  if  the 
beam  is  hung  by  its  middle,  the  droop  of  the  ends  is  increased 
in  the  ratio  of  3  to  11  by  hanging  on  each  of  them  a  mass 
equal  to  half  the  weight  of  the  beam. 

619.  The  important  practical  problem  of  finding  the  distri-  by  ume  or 
bution  of  the  weight  of  a  solid  on  points  supporting  it,  when  ™**"  ^ 
more  than  two  of  these  are  in  one  vertical  plane,  or  when 
there  are  more  than  three  altogether,  which  (§  568)  is  indeter- 
minate^ if  the  solid  is  perfectly  rigid,  may  be  completely  solved 
for  a  uniform  elastic  beam,  naturally  straight,  resting  on  three 
or  more  points  in  rigorously  fixed  positions  all  nearly  in  one 
horizontal  line,  by  means  of  the  preceding  results. 

If  there  are  i  points  of  support,  the  %  —  1  parts  of  the  rod 
between  them  in  order  and  the  two  end  parts  will  form  i  +  1 
curves  expressed  by  distinct  algebraic  equations  [§617  (8)],  each 
involving  four  arbitrary  constants.  For  determining  these  con- 
stants we  have  4i  +  4  equations  in  all,  expressing  the  following 
conditions : — 

I.  The  ordinates  of  the  inner  ends  of  the  projecting  parts  of 
the  rod,  and  of  the  two  ends  of  each  intermediate  part,  are 
respectively  equal  to  the  given  ordinates  of  the  corresponding 
points  of  support  [2t  equations]. 

II.  The  curves  on  the  two  sides  of  each  support  have  co- 
incident tangents  and  equal  curvatures  at  the  point  of  transi- 
tion from  one  to  the  other  [2t  equations]. 

III.  The  curvature  and  its  rate  of  variation  per  imit  of 
length  along  the  rod,  vanish  at  each  end  [4  equations]. 

Thus  the  equation  of  each  part  of  the  curve  is  completely 
determined:  and  then,  by  §  616,  we  find  the  shearing  force 
in  any  normal  section.    The  difference  between  these  in  the 

>  It  need  scarcely  be  remarked  that  indeterroinateneu  does  not  exist  in  nature. 
How  it  may  occur  in  the  problems  of  abstract  dynamics,  and  is  obyiated  by  taking 
lomething  more  of  the  properties  of  matter  uito  account,  is  instructively  illustrated 
by  the  circumstances  referred  to  in  the  text. 
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neighbouring  portions  of  the  rod  on  the  two  aides  of  s  ] 
of  support,  is  of  course  equal  to  the  pressure  on  this  poioL 
puoktap-  620.  The  solution  for  the  case  of  this  problem  in  i 
emii  ui7  two  of  the  poiuts  of  support  are  at  the  ends,  and  the 
midway  between  them  either  exactly  in  the  line  joining  t 
or  at  any  given  very  small  distance  above  or  below  it.  is  I 
at  once,  without  anal}'tical  work,  from  the  particular  re 
stated  in  §  618.  Thus  if  we  suppose  the  beam,  after  1 
first  supported  wholly  by  tressles  at  its  ends,  to  be  grad 
pressed  up  by  a  tressle  under  its  middle,  it  will  bear  a 
simply  proportional  to  the  space  through  which  it  is  r 
from  the  zero  poiut,  until  all  the  weight  is  taken  off  the  < 
and  borne  by  the  middle.     The  whole  distance  through  v 

the  middle  rises  during  this  process  is,  as  we  found.  ^-  - 

and  this  whole  elevation  is  ]  of  the  droop  of  the  middle  ii 
first  position.     If  therefore,  for  instance,  the  middle  tmsi 
fixed  exactly  in  the  line  joiuing  those  under  the  ends,  it 
bear  |  of  the  whole  weight,  and  leave  y\  to  l>e  borne  by 
end.     And  if  the  middle  tressle  be  lowered  from  the  line  j 
ing  the  end  ones  by  ^"^  of  the  space  tlirough  which  it  v 
have  to  be  lowered  to  relieve  itself  of  all  pressure,  it  will 
just  i  of  the  whole  weight,  and  leave  the  other  two  thini 
be  equally  bonii;  by  the  two  ends. 
Routionor        621.  A   win>   of  equal   flexibility   in   all   directions, 
uTeiMtiir    straight  when  freed  fi-oni  stress,  ofTei-s.  when  Itent  and  tvi 
in  any  manner  what(»v<T.  not  the  slightest  rt>$istanee  to  b 
turninl  rounil   its  ehi-stir  central   cur\'o.  as  its  condition 
KUstieiini-  equilibrium  aix*  in  no  way  afleoted  by  turning  the  whole 
joiDi:  |7b!r  thus  iHpially  thmughout  its  length.      Tlio  us<'ful  Rpplicatio 
this  prinriph*.  to  tht*  iiiaiiitrnaixv  of  iMpial  aii*^'ul:ir  nii^tii<i 
two  ImxIIcs  rotatin«^  miuhl  dincrciit  axes,  is  n'liilfn**!  s«inu'V 
diflkull  in  pi-ju'tiiM*  hy  lh«»  n»Ti*s>ity  nf  a  pt-rtri  t   attatLii 
anil  atijustnicnt  ot'  each  nui  nf  tli«*  \vin>.  sn  a<i  tn  havi>  ih<*  I 
gent   to  its  elastic  central  ciirvf  I'xartly  in  lini*  with  th<* 
of  n»tation.     lUit  i(  tliis  <nn«liiii>n  is  iiL:i»nin>l\  t'nltiMcti. 
the  win*  is  nf  fvartly  i-qnal  th'\il»ilily  in  fVfiy  iiir«-t  ti*>n. 
rxat'tly  strai<:ht  whfii  tnt-  li..ni  -.tnss.  it  will  -ji\f.  auMinst 
constant  n'sistanr<*.  an  ac*  nratiU  niiit'nrni  ni>>ti«*n  tmni  ont 
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another  of  two  bodies  rotating  round  axes  which  may  be  in  EquaUe 
clined  to  one  another  at  any  angle,  and  need  not  be  in  one  SjJSLt'* 
plane.  If  they  are  in  one  plane,  if  there  is  no  resistance  to 
the  rotator}'  motion,  and  if  the  action  of  gravity  on  the  wire 
is  insensible,  it  will  take  some  of  the  varieties  of  form  (§612) 
of  the  plane  elastic  curve  of  James  Bernoulli  But  however 
much  it  is  altered  from  this ;  whether  by  the  axes  not  being  in 
one  plane  ;  or  by  the  torsion  accompanying  the  transmission  of 
a  couple  from  one  shaft  to  the  other,  and  necessarily,  when  the 
axes  are  in  one  plane,  twisting  the  wire  out  of  it ;  or  by  gravity ; 
the  elastic  central  curve  will  remain  at  rest,  the  wire  in  every 
normal  section  rotating  round  it  with  uniform  angular  velocity, 
equal  to  that  of  each  of  the  two  bodies  which  it  connects. 
Under  Properties  of  Matter,  we  shall  see,  as  indeed  may  be 
judged  at  once  from  the  performances  of  the  vibrating  spring 
of  a  chronometer  for  twenty  years,  that  imperfection  in  the 
elasticity  of  a  metal  wire  does  not  exist  to  any  such  degree  as 
to  prevent  the  practical  application  of  this  principle,  even  in 
mechanism  required  to  be  durable. 

It  is  right  to  remark,  however,  that  if  the  rotation  be  too 
rapid,  the  equilibrium  of  the  wire  rotating  round  its  unchanged 
elastic  central  curve  may  become  unstable,  as  is  immediately  dis- 
covered by  experiments  (leading  to  very  curious  phenomena), 
when,  as  is  often  done  in  illustrating  the  kinetics  of  ordinary 
rotation,  a  rigid  l>ody  is  hung  by  a  steel  wire,  the  upper  end  of 
which  is  kept  turning  rapidly. 

622.  If  the  wire  is  not  of  rigorously  equal  flexibility  in  all  PrMtieAi 
directions,  there  will  be  a  periodic  inequality  in  the  communi-  ^  ** 
cated  angular  motion,  having  for  period  a  half  turn  of  either 
body  :  or  if  the  wire,  when  unstre^ssed,  is  not  exactly  straight, 
there  will  be  a  periodic  inequality,  having  the  whole  turn  for 
its  period.  In  other  words,  if  <^  and  <(/  be  angles  simultane- 
ously turned  through  by  the  two  bodies,  with  a  constant  work- 
ing couple  transmitted  from  one  to  the  other  through  the  wire, 
0  —  <f/  will  not  be  zero,  as  in  the  proper  elastic  universal 
flexure  joint,  but  will  be  a  function  of  sin  20  and  cos  20  if  the 
first  defect  alone  exists ;  or  it  will  be  a  function  of  sin  0  and 
cos  0  if  there  is  the  second  defect  whether  alone  or  along  with 
the  first     It  is  probable  that,  if  the  bend  in  the  wire  when 
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EiMUciotai-  unstressed  is  not  greater  than  can  be  easily  provided  igni^ 
^  ^^       in  actual  construction,  the  inequality  of  action  caused  by i 
may   be    sufficiently    remedied    without    much   difScolty  i 
practice,  by  setting  it  at  one  or  at  each  end,  somewhat  indiaei 
to  the  axis  of  the  rotating  body  to  which  it  is  attached   M 
these  considerations  lead  us  to  a  subject  of  much  greater  intenC 
in  itself  than  any  it  can  have  from  the  i>ossibility  of  usefnlitf 
in  practical  applications.     The  simple  cases  we  shall  chooK 
illustrate  three  kinds  of  action  which  may  exist,  each  eitba 
alone  or  with  one  or  both  the  others,  in  the  equilibriam  of  t 
wire  not  equally  flexible  in  all  directions^  and  straight  vbei 
unstressed. 
Roution  623.  A  uniform  wire,  straight  when  unstressed,  is  bent  till 

roana  its  i      i  i 

elastic  cen-    its  two  cuds  meet,  which  are  then  attached  to  one  another,  with 

iral  circle, 

!^re  ra?dl***  *^®  elastic  central  curve  through  each  touching  one  strai^* 
into  a  hoop,  line  :  so  that  whatever  be  the  form  of  the  normal  section,  wl 
the  quality,  crystalline  or  non-crystalline,  of  the  substance,  ike 
whole  wire  must  become,  when  in  equilibrium,  an  exact  ciitfe 
(gravity  being  not  allowed  to  produce  any  disturbance).  It  if 
required  to  find  what  must  be  done  to  turn  the  whole  tnK 
uniformly  through  any  angle  round  its  elastic  central  circla 

If  the  wire  is  of  exactly  equal  flexibility  in  all  directions/  it 
will,  as  we  have  seen  (§  621),  ofier  no  resistance  at  all  to  tliis 
action,  except  of  course  by  its  own  inertia ;  and  if  it  is  once 
set  to  rotate  thus  uniformly  with  any  angular  velocity,  great  or 
small,  it  would  continue  so  for  ever  were  the  elasticity  perfect 
and  were  there  no  resistance  from  the  air  or  other  matttf 
touching  the  axis. 

To  avoid  restricting  the  problem  by  any  limitation,  we  must 
suppose  the  wire  to  be  such  that,  if  twisted  and  bent  in  anj 
way,  the  potential  energy  of  the  elastic  action  developed,  per 
unit  of  length,  is  a  quadratic  function  of  the  twist,  and  two  com- 
ponents of  the  curvature  (§§  590, 595),  with  six  arbitrarily  given 
coefficients.  But  as  the  wire  has  no  twist,*  three  terms  of  this 
function  disappear  in  the  case  befoi-e  us,  and  there  remain  onlv 

^  In  this  case,  clearly  it  might  have  been  twisted  before  ita  ends  ware  put  tcfcthir. 
without  altering  the  circular  form  taken  when  left  with  ita  ends  joined. 

■  Which  we  have  supposed,  in  order  that  it  may  take  a  circnUr  fonn  :  aHhtx^ 
in  the  important  case  of  equal  flexibility  in  all  directions  this  oondition  vml<i 
obviously  be  fulfllled,  even  with  twist. 
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iree  terms, — those  involving  the  squares  and  the  product  of  Rotttion 
le  components  of  curvature  in  planes  perpendicular  to  two  eu»tic  cen- 
ictangular  lines  of  reference  in  the  normal  section  through  of  a  stn&it 
ly  point.     The  position  of  these  lines  of  reference  may  be  into  a  hoop. 
)nvenieutly  chosen  so  as  to  make  the  product  of  the  com- 
onents  of  curvature  disappear :  and  the  planes  perpendicular 
>  them  will  then  be  the  planes  of  maximum  and  minimum 
exural  rigidity  when  the  wire  is  kept  free  from  twist^     There 
no  difficulty  in  applying  the  general  equations  of  §  614  to 
cpress  these  circimistances  and  answer  the  proposed  question, 
eaving  this  as  an  analytical  exercise  to  the  student,  we  take  a 
lorter  way  to  the  conclusion  by  a  direct  application  of  the 
[inciple  of  energy. 

Let  the  potential  energy  per  unit  of  length  be  JCB'c'+CX*), 
when  K  and  A  are  the  component  curvatores  in  the  planes  of 
maximum  and  minimum  flexural  rigidity :  so  that,  as  in  §  617, 
B  and  G  are  the  measures  of  the  flexural  rigidities  in  these 
planes.  Now  if  the  wire  be  held  in  any  way  at  rest  with  these 
planes  through  each  point  of  it  inclined  at  the  angles  ^  and 

<^  to  the  plane  of  its  elastic  central  circle,  the  radius  of  this 

circle  being  r,  we  should  have  #c=— cos<^,  X=— sin^.   Hence, 

since  27rr  is  the  whole  length, 

B  C 

jE:=ir(— co8«</»+— 8in*</»)  (1). 

Let  us  now  suppose  every  infinitely  small  part  of  the  wire  to  be 
acted  on  by  a  couple  in  the  normal  plane,  and  let  L  be  the  amount 
of  this  couple  per  unit  of  length,  which  must  be  uniform  all  round 
the  ring  in  order  that  the  circular  form  may  be  retained,  and  let 
this  couple  be  varied  so  that,  rotation  being  once  commenced,  <^ 
may  increase  at  any  uniform  angular  velocity.  The  equation  of 
work  done  per  unit  of  time  (§§  240,  287)  is 

1  When,  as  in  ordinary  cases,  the  wire  is  either  of  isotropic  material  (see  §  677  below), 
•  has  a  normal  axis  (§  596)  in  the  direction  of  its  elastic  central  line,  flexure  will  pro- 
ace  no  tendency  to  twist :  in  other  words,  the  products  of  twist  into  the  com- 
^nents  of  cur>ature  will  disappear  from  the  quadratic  expressing  the  potential 
lergy  :  or  the  elastic  central  line  is  an  axis  of  pure  torsion.  But,  as  shown  in  the 
!xt,  the  case  under  consideration  gains  no  simplicity  from  this  restriction. 
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Rototion  And  therefore,  by  (1), 

round  lu  p ri  d^  /tt 

orastralKht  ^  ^^ 

TuSrS^p.  which  shows  that  the  couple  required  in  the  normal 
through  every  point  of  the  ring,  to  hold  it  with  the  pk 
greatest  flcxural  rigidity  touching  a  cone  inclined  at  any  i 
iff,  to  tlie  plane  of  the  circle,  is  proi)ortional  to  sin  2^ ;  is  i 
direction  to  prevent  <f>  from  increasing;   and  when  ^: 

^ Q 

amounts  to        ,    per  unit  length  of  the  circumference. 

this  we  see  that  there  are  two  positions  of  stable  eqniliV 

— being  those  in  which  the  plane  of  least  flexural  rigidit 

in  the  plane  of  the  ring ;  and  two  positions  of  unstable  e 

brium, — being  those  in  which  the  plane  of  greatest  flc 

rigidity  is  in  the  plane  of  the  ring. 

Roution  624«  A  wire  of  uniform  flexibility  in  all  directions,  so  d 

elastic  cen-   as  to  bc  a  circular  arc  of  radius  a  when  free  from  stress*  is 

ofahoopof  till  its  ends  meet,  and  these  arc  joined  as  in  8  623.  so  thi 

wire  equally       ,,,  •^•<.i-  ▼• 

iiexiuieiuaii  wliole  Ixicomes  a  Circular  rmg  of  radius  r.  It  is  reciuir 
hutiinuur  find  thc  couplc  whicli  will  hold  this  ring  turned  lunm 
MtrainecL  Central  cur\'e  through  any  angle  <^  in  every  normal  ae 
from  the  position  of  stable  equilibrium  (which  is  uf  course 
in  which  the  naturally  concave  side  of  thc  wire  is  oi 
concave  side  of  the  ring,  the  natural  curvature  being  t 
incivased  or  diminished,  but  not  reverse«l,  when  the  w. 
bent  into  the  ring).  Applying  the  principle  of  enei):jy  ei 
as  in  thc  preceding  section,  we  find  that  in  this  case  the  c 
is  proportional  to  siu<^,  and  that  when  ^=  Jir,  itd  amoun 

unit  of  l(»n;rth  of  the  circumferonce  is  —  .   if  JJ  denote 
°  ar 

flexural  rigi«lity. 

For  in  this  ca^e  wr  have  the  |N)teiitial  energy 

a       r  r  a*     ar        ^      r" 

ami  L=  , ,  =     -in^^ 

2irr  a*p      ar 

If  I'Viry  part  <»f  tlif  riu;^'  is  tmiH'd  ludf  n»und.  sn  ;is  tn 

the  natiiiiilly  «i»iirjivi'  >id«'  of  tin-  w'xw  tn  tin*  «i>iivt\  srlt-  . 

ring.  \\v  have  ol*  «oursr  a  |»o>itinn  •»!'  iiuslal»l»'  »'<|uili1>riiiiii 
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625.  A  wire  of  unequal  flexibility  in  different  directions  is  wireun- 
Formed  so  that,  when  free  from  stress,  it  constitutes  a  circular  we  in  differ- 

eDt  direc- 

BUX5  of  radius  a,  with  the  plane  of  greatest  flexural  rigidity  at  tions,  and 
each  point  touching  a  cone  inclined  to  its  plane  at  an  angle  a.  ^^en  un- 
its ends  are  then  brought  together  and  joined,  as  in  88  623,  624,  bent  to  in- 

,11  1         1.1.  n  .  otherdrole 

BO  that  the  whole  becomes  a  closed  circular  nng,  of  any  given  by  balancing 
radius  r.     It  is  required  to  find  the  changed  inclination,  <f>,  to  pii«dtoi& 
the  plane  of  the  ring,  which  the  plane  of  greatest  flexural 
rigidity  assumes,  and  the  couple,  O,  in  the  plane  of  the  ring, 
which  acts  between  the  portions  of  matter  on  each  side  of  any 
normal  section. 

The  two  equations  between  the  components  of  the  couple 
and  the  components  of  the  curvature  in  the  planes  of  greatest 
and  least  flexural  rigidity  determine  the  two  unknown  quantities 
of  the  problem. 

These  equations  are 

^(— C08<^ C08a)=ffc08<^     I 

1       t  r  (^)' 

C(— sin^ 8ina)  =  ff8in^    i 

since  —  cos  a  and  —  sin  a  are  the  components  of  natural  curva- 
a  a 

ture  in  the  principal  planes,  and  therefore  —  cos<^ cos  a,  and 

—  sin<^ sin  a,  are  the  changes  from  the  natural  to  the  actual 

r  a 

curvatures  in  these  planes  maintained  by  the  corresponding  com- 
ponents O  cos  <t>  and  O  sin  <t>  of  the  couple  G. 

The  problem,  so  far  as  the  position  into  which  the  wire  turns 
round  its  elastic  central  curve,  may  be  solved  by  an  application 
of  the  principle  of  energy,  comprehending  those  of  §§  623,  624 
as  particular  cases. 

Lot  L  be  the  amount,  per  unit  of  length  of  the  ring,  of  the 
couple  which  must  be  applied  from  without,  in  each  normal 
section,  to  hold  it  with  the  plane  of  maximum  flexural  rigidity  at 
each  point  inclined  at  any  given  angle,  <^,  to  the  plane  of  the 
ring.  We  have,  as  before  (§§  623,  624),  for  the  potential  energy 
of  the  elastic  action  in  the  ring  when  held  so, 

■  E=.^{£(^-'^'^y+c(^*-'^y}  (6). 
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Wirenn- 
eqoally  flexi- 
ble in  differ- 
ent direc- 
tions, and 
circalar 
wlien  an- 
stiuined, 
bent  t<)  an- 
other circle 
by  balancing 
couplea  ap- 
plied to  its 
cnda. 


Hence 

1   dE     .     n/C08<^ 


cos 


^ 


8in<^  ,  ^^sin^     Bin o. ooe^, 


■CK 


Conical 
bendings  of 
developable 
surface. 


a  '    r     '      ^    r  a  ^  r   '  ^  ■ 

This  equated  to  zero,  is  the  same  as  (4)  with  O  eliminatoiii 
determines  the  relation  between  ^  and  r,  in  order  tliat  tk  a| 
when  altered  to  radius  r  instead  of  a  may  be  in  eqoilibnnii 
itself  (that  is,  without  any  application  of  couple  in  the 
section).  The  present  method  has  the  advantage  of  £Mifiltfiif 
the  distinction  between  the  solutions,  as  regards  stability  or 
bility  of  the  equilibrium,  since  (§  291)  for  stable  equiliiM 
JEJ  is  a  minimum,  and  for  unstable  equilibrium  a  maximum. 

As  a  particular  case,  let  (7  =  oo,  which  simplifies  the  pnUa 
very  much.     The  terms  inyolving  C  as  a  factor  in  (5)  asd  ijt 
become  nugatory  in  this  case,  and  require  of  course  that 
sin^_sina__ 
r  a    ""  ' 

But  the  former  method  is  clearer  and  better  for  the  present  cue: 
as  this  result  is  at  once  given  by  the  second  of  equations  (4);  ai 
then  the  value  of  O,  if  required,  is  found  from  the  first  Tt 
conclude  what  is  stated  in  the  following  section : — 

626.  Let  a  uniform  hoop,  possessing  flexibility  only  in  ooe 
tangent  plane  to  its  elastic  central  line  at  each  point,  be  given, 
so  shaped  that  when  under  no  stress  (for  instance,  when  cnt 
through  in  any  normal  section  and  uninfluenced  by  force  fron 
other  bodies)  it  rests  in  the  form  of  a  circle  of  rsidius  a,  witl 
its  planes  of  no  flexibility  all  round  touching  a  cone  inclined 
to  the  plane  of  this  circle.  This  is  very  nearly  the  case  witk 
a  common  hoop  of  thin  sheet-iron  fitted  upon  a  conical  vit 
or  on  either  end  of  a  barrel  of  ordinary  shape.  Let  such  t 
hoop  be  shortened  (or  lengthened),  made  into  a  circle  of  xaditf 
a  by  riveting  its  ends  together  (§  623)  in  the  usual  way,  and 
left  with  no  force  acting  on  it  from  without.     It  will  rest  with 

its  plane  of  no  flexibility  inclined  at  the  angle  ^  =  8in~*(— sins) 

a 

to  the  plane  of  its  circular  form,  and  the  elastic  couple  acting 
in  this  plane  between  the  portions  of  matter  on  the  two  sides 
of  any  normal  section  will  be 


Q_     B     008<f> 


cos  a 


)• 


These  results  we  see  at  once,  by  remarkiug  that  the  component 
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urvature  in  the  plane  of  inflexibility  at  each  point  must  be  conical 

^  .  bendlnga  of 

^variably  of  the  same  value, ,  as  in  the  given  unstressed  surfkce. 

■-audition  of  the  hoop  :  and  that  the  component  couple,  Gcos0, 
•JOL  the  plane  perpendicular  to  that  of  no  flexibility  at  each 
point,  must  be  such  as  to  change  the  component  curvature  in 

L.^'        1  r  ^^^  i.     <50S<^ 

this  plane  from to  — -  • 

The  greatest  circle  to  which  such  a  hoop  can  be  changed  is 

:  of  course  that  whose  radius  is  -: —  :  and  for  this  d>  =  iir,  or  the 

sma  7-      ^   ' 

surface  of  no  flexibility  at  each  point  (the  surface  of  the  sheet- 
metal  in  the  practical  case)  becomes  the  plane  of  the  circle : 
and  therefore  (?  =  oo,  showing  that  if  a  hoop  approaching 
infinitely  nearly  to  this  condition  be  made,  in  the  manner  ex- 
plained, the  internal  couple  acting  across  each  normal  section 
will  be  infinitely  great,  which  is  obviously  true. 

627.  Another  very  important  and  interesting  case  readily  Fiexnw  of  • 
dealt  with  by  a  method  similar  to  that  which  we  have  applied  piISS  *'****' 
to  the  elastic  wire,  is  the  equilibrium  of  a  plane  elastic  plate 
bent  by  any  forces  subject  to  certain  conditions  stated  below 
(§  632).     Some  definitions  and  preliminary  considerations  may 
be  conveniently  taken  first 

(1.)  A  surface  of  a  solid  is  a  surface  passing  through  always  Deflntuona. 
the  same  particles  of  the  solid,  however  it  is  strained. 

(2.)  The  middle  surface  of  a  plate  is  the  surface  passing 
through  all  those  of  its  particles  which,  when  it  is  free  from 
stress,  lie  in  a  plane  midway  between  its  two  plane  sides. 

(3.)  A  normal  section  of  a  plate,  or  a  surface  normal  to  a 
plate,  is  a  surface  which,  when  the  plate  is  free  from  stress, 
cuts  its  sides  and  all  planes  parallel  to  them  at  right  angles, 
being  therefore,  when  unstrained,  necessarily  either  a  single 
plane  or  a  cylindrical  (or  prismatic)  surfaca 

(4.)  The  deflection  of  any  point  or  small  part  of  the  plate,  is 
the  distance  of  its  middle  surface  there  from  the  tangent  plane 
to  the  middle  surface  at  any  conveniently  chosen  point  of  re- 
ference in  it. 

(5.)  The  inclination  of  the  plate,  at  any  point,  is  the  inclina- 
tion of  the  tangent  plane  of  the  middle  surface  there  to  the 
tangent  plane  at  the  point  of  referenca 


vljfiiin- 
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«nn 'Ym       ^f,.    The  curraturt  of  a  plait  at  any  point,  or  in  anj  piR 
the  cun'atare  of  its  middle  sorface  there. 

'7.,  In  a  surface  infinitely  neariy  plane  the  corratTirp  i»  i 
to  lie  uaiform,  if  the  coiratores  in  every  two  parallel  nor 
sections  are  e^juaL    . 

'8.;  Any  diameter  of  a  plate,  or  distance  in  a  plate  iniai 

nearly  plane,  is  called  finite,  unless  it  is  an  infinitely  p«as  b 

tiple  of  the  least  radius  of  curvature  multiplied  by  the  g» 

inclination. 

inmctrfcAi  Choofling  XOT  tB  the  tangent  plane  aft  the  point  of  refat 

let  (x,  y,  z)  be  any  point  of  its  middle  surface,  i  its  incliii 

there,  and  —  its  corvatare  in  a  normal  section   throagk 

point,  inclined  at  an  angle  ^  to  ZOX     We  have 

and,  if  i  be  infinitely  small, 

1=2,  co.'*+2^-sin*co^+g:«> 

To  prove  these,  let  $,  rj,  (he  the  co-ordinates  of  any  point  d 
surface  infinitclj  near  (x,  y,  z).  Then,  by  the  elemenls  of 
differential  calculus, 

.      dz  ^  .  dz     .  .,dU..  .  t,d*z  ^     .  </"*•% 

Let  $=p  eo»f»,  1}  sp  niii^ 

HO  that  wc  hare 

f=/l/.+i/V,  where  A=^  c«i^+ J 


and  B=''' 


Then  by  the  formula  for  the  curvature  of  a  plane  curve  (f  9\ 

-  = —    -7.-  >  or.  a^  >t  iri  infinitelv  small.  — s  A 
r      ( 1  +  -I  V  *  '  r         ' 

and  thiiH  (*J)  in  ]>n>vcd. 

It  follows  that  the  Kiirfatv  rrpn'M-iitrd  by 

id  a  HiirfaOi>  of  iiniforiii  curvatun*  if  .-I.  H,  r  ln»  constant  thn^*. 
f)Ut  tlir  ndiiiitti'd  raiip'  of  valiic!*  of  (x.  tf)  ;  thfm>  U^ing  Iisi 
by  tht»  oon<iitio]i  that  .|j*  +  rv,  and  f*x+/(v  muM  ho  ovrnrwi 
intinitfly  f«niall 

628,  Wlirn  a  I  till  lit'  siirt'ac*'  is  Wu\  tn  any  othor  >lia|4>  v 
a  d«»v<'lopiil»lt'  surfaro   Jf  WX .  it  must  «'X|H-rioncp  some  d«^ 
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r  stretching  or  contraction.     But  an  essential  condition  for  the  limitatioii 
leory  of  elastic  plates  on  which  we  are  about  to  enter,  is  that  not  imply 
le  amount  of  the  stretching  or  contraction  thus  necessary  in  mwdie  wi^ 
le  middle  surface  is  at  most  incomparably  smaller  than  the  aWe  td^ST' 
^retching  and  contraction  of  the  two  sides  (§  141)  due  to  cur-  side'' 
ature.     This  condition,  if  we  exclude  the  case  of  bending  into 
surface  differing  infinitely  little  from  a  developable  surface,  is 
equivalent  to  the  following : — 

The  defiection  [§  627  (4)]  is,  at  all  places  finitely  [§  627  (8)] 
isiant  from  the  point  of  reference,  incomparably  smaller  than 
\e  thickness. 

And  if  we  extend  the  signification  of  "  deflection"  from  that 
efined  in  (4)  of  §  627,  to  distance  from  some  true  developable  sur- 
BMje,  the  excluded  case  is  of  course  brought  under  the  statement. 
Although  the  truth  of  this  is  obvious,  it  is  satisfactory  to 
►rove  it  by  investigating  the  actual  degrees  of  stretching  and 
ontraction  referred  to. 

629.  Let  us  suppose  a  given  plane  surface  to  be  bent  to  stretching  or 
ome  curved   form  without  any  stretching  or  contracting  ofl^cuStic 
Lnes  radiating  from  some  particular  point  of  it,  0 ;  and  let  it  SiSw? 
►e  required  to  find  the  stretching  or  contraction  in  the  cir- 
lumference  of  a  circle  described  from  0  as  centre,  with  any 
adius  a,  on  the  unstrained  plane.     If  the  stretching  in  each 
)art  of  the  circumference,  and  not  merely  on  the  whole,  is  to  be 
bund,  something  more  as  to  the  mode  of  the  bending  must  be 
pecified;  which,  for  simplicity,  in  the  first  place,  we  shall 
iuppose  to  be,  that  any  point  P  of  the  given  surface  moves  in 
I  plane  perpendicular  to  the  tangent  plane  through  0,  during 
he  straining. 

Let  a,  0  be  polar  co-ordinates  of  P  in  its  primitive  position, 
and  r,  B  those  of  the  projection  on  the  tangent  plane  through  0, 
of  its  position  in  the  bent  surface,  and  let  z  be  the  distance  of 
this  position  from  the  tangent  plane  through  0.  An  element, 
adO^  of  the  unstrained  circle,  becomes 

ir*de*+dr*+dz*)\ 
on  the  bent  surface ;  and,  therefore,  for  the  stretching >  of  this 
element  we  have 

*  Ratio  of  the  lengthening  to  the  unstretched  length. 
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Btrctchhigof 
a  plane  Iqr 
sjiielMtic 
orantiGlutic 


Hence  if  e  denote  the  ratio  of  tlie  elongatHMi  of  Ike  «U 
cnmference  to  its  onstretched  length,  w  the  waema  itivlek 
the  circumference, 

where  we  most  suppoee  z  and  r  known  (unctioiia  of  A.  CSoi 
ourselves  now  to  distances  from  0  within  wbieb  the  evm 
the  surface  is  sensibly  uniform,  we  have 

^=^,  and  r=psin-^=a(l-J^+ete.) 

if  p  be  the  radius  of  curvature  of  the  normal  BccCioB  thro 
and  P :  and,  if  we  take  as  the  icro  line  for  0  that  in  whii 
tangent  plane  is  cut  by  one  of  the  principal  normal  plaiMs  ({ 

i=-!-co8*^+isin«d=J(i+-!-)+K---)c«2# 
P     Pi  Pt  *>i     pt'     *^/h     Pt^ 

where  p„  pt  are  the  principal  radii  of  conratore.      Hcm 

dr* 


^1™  -r-TTi.  under  the  radical  sign  disappeara  if  we  in 
a*  da* 

terms  involving  higher  powers  than  the  first,  of  the  amD  ft 
-i ;  and,  to  this  degree  of  approximation 

p         pt    pi  p*    ^  Pt    Pi 

or,  by  (4),  and  reductions,  finally 

PlPt  Pi  Pt  Pi        P* 

Using  this  in  (2)  we  find 


^=-i 


PiPt 


The  whole  amount  of  stretching  thus  exprcaaed  wiO,  it  I 
from  (5),  be  distributed  uniformly  through  the  circnmfera 
instead  of  compelling  each  point  P  to  remain  in  the  plaae  tl 
Oy  perpendicular  to  JCOVy  we  allow  it  to  yield  in  the  • 
the  circumforoncc  through  a  space  ei}ual  to 


£:(7^— ^)«''2<>+J(^-i)*«"*<»} 


24 


From  (G)  we  conclude  that 

630.  If  A  lAiiur  an^a  Ik*  lM>nt  to  a  nnifomi  dt^groe  of  c 
tun»  thnni^'hnut.  without  any  stn»tiliin«^  in  any  ra«liu5  ih 
a  certain  |Niint  of  it,  ami  with  uiiifiinii  stn*trliin«{  or  omtn 
over  tho  cinuniirrvncc  of  every  einle  ilesiTilied  from  the 
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^int  as  centre,  the  amount   of   this  contraction   (reckoned  stretching  of 
aesative  where  the  actual  effect  is  stretching:)  is  equal  to  the  sj^ciMtic 
ratio  of  one-sixth  of  the  square  of  the  radius  of  the  circle,  to  flexure. 
the  rectangle  under  the  maximum  and  minimum  radii  of  cur- 
vature of  normal  sections  of  the  surface ;  or  which  is  the  same 
thing,  the  ratio  of  twcr^thirds  of  the  rectangle  under  the  maxi- 
mum and  minimum  deflections  of  the  circumference  from  the 
tangent  plane  of  the  surface  at  the  centre,  to  the  square  of  the 
radius ;  or,  which  is  the  same,  the  ratio  one-third  of  the  maxi- 
mum deflection  to  the  maximum  radius  of  curvature. 

If  the  surface  thus  bent  be  the  middle  surface  of  a  plate  of 
uniform  thickness,  and  if  each  line  of  particles  perpendicular 
to  this  surface  in  the  unstrained  plate  remain  perpendicular  to 
it  when  bent,  the  stretching  on  the  convex  side,  and  the  con- 
traction on  the  concave  side,  in  any  normal  section,  is  obviously 
equal  to  the  ratio  of  half  the  thickness,  to  the  radius  of  curva- 
ture. The  comparison  of  this,  with  the  last  form  of  the  pre- 
ceding statement,  proves  that  the  second  of  the  two  conditions 
stated  in  §  628  secures  the  fulfilment  of  the  first 

631.  If  a  surface  already  bent  as  specified,  be  again  bent  to  stretchiDg 
a  different  shape  still  fulfilling  the  prescribed  conditions,  or  if  Rurface  bj 
a  surface  given  curved  be  altered  to  any  other  shape  by  bend-  Mtuiag 
ing  according  to  the  same  conditions,  the  contraction  pro- condiuon. 
duced  in  the  circumferences  of  the  concentric  circles  by  this 
bending,  will  of  course  be  equal  to  the  increment  in  the  value 

of  the  ratio  stated  in  the  preceding  section.  Hence  if  a  curved 
surface  be  bent  to  any  other  figure,  without  stretching  in  any 
part  of  it,  the  rectangle  under  the  two  principal  radii  of  curva- 
ture at  every  point  remains  unchanged.  This  is  Gauss's  cele-  Gtme'i 
brated  theorem  regarding  the  bending  of  curved  surfaces,  of  re^rding 
which  we  gave  a  more  analytical  demonstration  in  our  intro- 
ductory Chapter  (see  §  150). 

632,  Without  further  preface  we  now  commence  the  theory  ^*S"®^ 
of  the  flexure  of  a  plane  elastic  plate  with  the  promised  (§  627)  JJIS^JJ^ 
statement  of  restricting  conditions.  be  Mimttted 

in  elemen- 

(1.)  Of  the  forces  applied  from  without  to  any  part  of  the  h'J^J^*^ 
plate,  boimded  by  a  normal  surface  [§  627  (3)],  the  components  v^^ 
parallel  to  any  line  in  the  plane  of  the  plate  are  either  evan- 
escent or  are  reducible  to  couples.    In  other  words  the  algebraic 
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xindtaioiiB  sum  of  such  components,  for  any  part  of  the  plate  1 
foroMud    a  normal  surface  is  zero. 

te  ^ttad  (2.)  The  principal  radii  of  cnrvatnre  of  the  middle  sofceta 
tuTt^oiy  everywhere  infinitely  great  multiples  of  the  thickness  of  ths  ptai 
puui  (3.)  The  deflection  is  nowhere,  within  finite  HJMft^wif^  ^qb  th 

point  of  reference,  more  than  an  infinitely  small  fraclioB  of  tti 

thickness. 


(4.)  Neither  the  thickness  of  the  plate  nor  the 
elasticity  of  its  substance  need  be  uniform  thxoaghoiit^bill 
they  vary  at  all  they  must  vary  continuously  <ran  plactS 
place ;  and  must  not  any  of  them  be  incomparsbly  gnsteb 
one  place  than  in  another  within  any  finite  area  of  the  ] 


ReMiteor         688.  The  general  theory  of  elastic  solids  investigrted  kit 
^ryguted  shows  that  whcu  these  conditions  are  fulfilled  the 
of  strain  through  the  plate  possesses  the  following 
the  statement  of  which  at  present,  although  not 
the  particidar  problem  on  which  we  are  entering^  will 
a  tliorough  understanding  and  appreciation  of  the 
involved. 

(1.)  The  stretching  of  any  part  of  the  middle 
finitely  small  in  comparison  with  that  of  either  side^  in  emj 
part  of  the  plate  where  the  curvature  is  finite 

(2.)  The  particles  in  any  straight  line  perpendicnkr  lo  Ai 
plate  when  plane,  remain  in  a  straight  line  perpeadiedv  H 
the  curved  surfaces  into  which  its  sides,  and  p^*nlli4 
the  substance  between  them,  become  when  it  ia  bent  irf 
hence  the  curves  in  which  these  surfaces  are  cut  by  nny 
through  that  line,  have  one  point  in  it  for  centre  of 
of  them  all. 

(3.)  The  whole  thickness  of  the  plate  remains  nncl 
every  point ;  but  the  half  thickness  on  one  side  (which 
the  cun'ature  is  syurlastic  is  tlir  oonvex  side)  of  the 
surface  becomes  diniinisluHl  and  on  the  other  side  incrvese<L  tf 
ec|ual  amounts  coni]>nmbh»  with  the  elongations  and  shofta* 
ings  of  lengthrt  t^xuil  Ut  the  half  thickncjis,  nicosuivd  oa  iki 
two  side  surfaces  of  the  plate. 

684.  The  con(rlusi4)ns  from  the  goneml  theory  on  whick  e> 
shall  found  the  e(|uations  of  e(|uilibrium  and  motion  of  B 
elastic  plate  are  as  follows  : — 
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Let  a  naturally  plane  plate  be  bent  to  any  surface  of  uni-  l*wi  for 
form  curvature  [§  627  (7)]  throughout,  the  applied  forces  andciMS^uti 
the  extents  of  displacement  fulfilling  the  conditions  and  restric-  tSnSg». 
tionsof§  632:  Then— 

(1.)  The  force  across  any  section  of  the  plate  is,  at  each 
point  of  it,  in  a  line  parallel  to  the  tangent  plane  to  the  middle 
surface  in  the  neighbourhood. 

(2.)  The  forces  across  any  set  of  parallel  normal  sections  are 
equally  inclined  to  the  dii*ections  of  the  normal  sections  at  all 
points  (that  is  to  say,  are  in  directions  which  would  be  parallel 
if  the  plate  were  bent,  and  which  deviate  actually  from  parallel- 
ism only  by  the  infinitely  small  deviations  pi-oduced  in  the 
normal  sections  by  the  flexure). 

(3.)  The  amounts  of  force  across  one  normal  section,  or  any 
set  of  parallel  normal  sections,  on  equal  infinitely  small  areas, 
are  simply  proportional  to  the  distances  of  these  areas  from  the 
middle  surface  of  the  plate. 

(4.)  The  component  forces  in  the  tangent  planes  of  the  nor- 
mal sections  are  equal  and  in  dissimilar  directions  in  sections 
which  are  perpendicular  to  one  an-  ^ — ■^"  "^*'**^"^*^ 

other.     For  proof,  see  §  661.     [The       /"'^^  ^\. 

meaning  of  "  dissimilar  directions  "     /    _. » > 

in  this  expression  is  explained  by    /  . 

the  diagram ;  where  the  arrow-heads  |  |. 

indicate    the    directions    in    which  \  M  / 

the  portions  of  matter  on  the  two     \  tI*  / 

sides  of  each  normal  section  would      \  I  / 

yield  if  the  substance  were  actually  ^— --.^^---'-^ 

divided,  half  way  through  the  plate  from  one  side,  by  each  of 
the  normal  sections  indicated  by  dotted  lines.] 

(5.)  By  the  law  of  superposition,  we  see  that  if  the  applied 
forces  be  all  doubled,  or  altered  in  any  other  ratio,  the  curva- 
ture in  every  normal  section,  and  all  the  internal  forces  specified 
in  (1),  (2),  (3),  (4),  are  changed  in  the  same  ratio;  and  the 
potential  energy  of  the  internal  forces  becomes  changed  accord- 
ing to  the  square  of  the  same  ratio. 

635,  From  §  634  (3)  it  follows  immediately  that  the  forces 
experienced  by  any  portion  of  the  plate  bounded  by  a  normal 
section  through  the  circumference  of  a  closed  polygon  or  curve 
of  the  middle  surface,  from  the  action  of  the  contiguous  matter 
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of  the  plate  all  round  it,  may  be  reduced  to  a  set  of  coopk* 
by  taking  them  in  nrroups  over  infinitely  small  xvctAik;^rf 
into  which  the  Ix^undiug  normal  section  may  be  imafrin*^  ^ 
divided  by  nonnal  lines.  From  §  634  (2)  it  follows  that  d- 
distribution  of  couple  thus  obtained  is  uniform  alun^  «*^- 
straight  jiurtion,  if  any  there  is,  of  the  boundary,  and  t>|LA. 
l>er  e<|ual  len«j:th3  in  all  parallel  i^arts  of  the  boundary. 

636.  Fmui  §  631  (4)  it  follows  that  the  cunii»onent  cim;  'j^ 
round  axes  i^erpendicular  to  the  boundary  arc  etjual  in  {ar.< 
of  the  boundary'  at  right  angles  to  one  another,  and  aiv  ii 

directions  related  to  one  an«.>tk: 
in  the  maimer  indicate«l  by  \hr 
circular  arrows  in  the  diagn:: 
that  is  to  say,  in  such  diivvtici^ 
that  if  the  a.xis  is,  according:  '* 
the  nile  of  §  234,  drawn  oMitrv^ 
from  the  ]>ortion  of  the  pli> 
under  consideration,  for  one  i«*2n: 
of  the  1>oumlar}',  it  must  bednvi 

imcarda  for  every  point  where  the  bouudar)'  is  iH.'qieudical»r  v 

its  din*ctiou  at  that  p^int. 

637.  W(j  may  now  pn)ve  that  there  are  two  normal  stt  ti'iosL 
at  right  nngk'S  to  one  another,  in  which  the  component  c«»i:{'.'^ 
nnnid  axes  p(*r]K'ndicular  to  them  vanish,  and  that  in  ii^st 
sections  the  eom|K)nent  couples  nnind  axes  coincident  with  tar 
sections  are  of  maximum  ami  minimum  values. 

Let  OAU  be  a  right-angled  triangle  of  the  pUtc.    Lei  A  abJ  II 

be  the  tvo  cob- 
poncDl   cnoffai 

/acting    on    i^ 
Mtle  fM;  Kaiw 

II   thii^*   oD  '^' 
hi  Jo  <  '/^  ATri    r 

and  //  x\k^€*  e 
thi*  mJo  .4.' 
tho  ani«*uai  ' 
raoK  ci»upW  ^^ 
iiijr  nvk'«^« 
|H*r  uiiif  ' 
length  of  ihr  -'•i*!*-  on  «ihioli  it  art.-,  and  thr  axi*?*  and  dinH::U<L«  -r 
thf  ik'vonil  ctin|iU'ii  bt'in^  ».^  imlicatfd  bv  tho  circular  arrtiv^  «Wt 


A 
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each  is  reckoned  as  poeitiye.    Then,  'dAB^a^  and  BAO^i^,  the  Prfa^ 
whole  amounts  of  the  couples  on  the  three  sides  are  re^pectiTelj   tac  ftras  ti 
Aacos<^,  Ilacos^,  ^citlfrtrf. 

Kasin^,  ILzsin^, 
Ga,  //a. 

Resolving  the  two  latter  round  OX  and  OF,  we  have 

Ga  co84^—Ha an<f>  round  OX, 
and  Gasin^+//acos^     „      OY. 

But  if  the  portion  in  question,  of  the  plate,  were  to  become  rigid, 
its  equilibrium  would  not  be  disturbed  (§  564);  and  therefore 
we  must  have 
Oa  co84>—Ha  8in^= Aa  co8<^+na  sin^  by  couples  round  OX  '\ 

and  V    (1). 

G^asin<^+//acos<^=Kasin<^+naco6<^        „  „         OY ) 

From  these  we  find  immediately 

G=A  cos*<^+2n  8in<^  co8<^4-K  sin*^,  )  .^x 

iy=(K-A)sin<^co8<i»+n(cos*<^-sin«</»)    j  ^  '' 

Hence  the  values  of  <f>^  which  make  H  vanish,  give  to  G  its 

maximum  and  minimum  values,  and,  being  determined  by  the 

'^■^  -♦=-Kl^,  <''.    . 

differ  from  one  another  by  Jir. 

A  modification  of  these  formulas,  which  we  shall  find  valuable, 
is  had  by  putting 

2=J(K+A),  0=|(K-A)  (4). 
This  reduces  (2)  to 

G=2+nsin2</»— 0cos2<^    )  .^v 

H==       ncos2<^+0sin2^    j  ^  ^' 
which  again  become 

G=2+I2cos2(</>-a)    )  .g. 

i/=-Qsin2(</>-a)       j  ^  ^' 

where  a  [being  a  value  of  ^  given  by  (3)],  and  12  are  taken  so 

that                   n=Qsin2a,  0=— I2co82a,    )  ,^. 

so  that,  of  course,  Q=(n«  +  0»)*  j  ^  ^' 
This  analysis  demonstrates  the  following  convenient  synthesis  of 
the  whole  system  of  internal  force  in  question : — 

638.  The  action  experienced  by  each  part  of  the  plate,  in  syncuttic 
virtue  of  the  mtemal  forces  between  it  and  the  surrounding  u<!  •tm»M 
contiguous  matter  of  the  plate,  being  called  a  stress  [in  accord- 
ance with  the  general  use  of  this  term  defined  below  (§  658)], 
may  be  regarded  as  made  up  of  two  distinct  elements —  (1 .)  a  syn- 
clastic  stress,  and  (2.)  an  anticlastic  stress ;  as  we  shall  call  them. 
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I.    Svr^clastic  «tres$  or.ii<i»t»  uf  euiial  direct  b«idiiigacM 
r>Tir.  i  even'  straight  line  in  th*f  plane  of  the  plate     ItB  UDotux 
jL^y  r.^  -:■:  i:Vri.:rrri:lY  r»rjanled  as>  uieasuneil  by  tbe  anHHUL  £ 
of  :hr  i:.u:-il  •..jU|0.-  r»:tWiH4.n  thr  i-»rtii»ns  of  matter  on  the  w 
si'ir?  •.!'  any  straight  nuniiul  section  of  unit  length.      Ixa  efl«*'. 
woul'i  >-:  t'j  pn:"iuc->r  €^|ual  cunaiiiiv  in  all  nonual  $e«*t>^ 
that  l-i  to  >aY.  a  !^i<hirri<  al  ligiin-    if  the  plate  weiv  c^ual!} 
flexible:  in  all  liirvL-iiuns. 
ABuru*::^         '2.    Antii  la^tie  •^tn^s*  couaiists  uf  twu  :iiu]ple  Uruilin^  s^mvtf 
rcm.it.- :t/.  of  tf^iual  aTnMunt>  in  iipiMisiie  Jinxtions  n»und  two  aiet»  ^-i 
SS^'^      parallel   straight    liutr*   ji^rpenilicuhir   to  one   another  in  U« 
planar  of  thi^  plat«^.     li.-*  t-tkvt  would  U*  uniform  anticlistj' 
ourvatuFi'.  with  trqual  Li>iiv»*xities  and  concavities,  if  the  pU> 
w»'iv  i-ijujilly  rt*xiltlu  in  all  directions.     It»  amount  bs  i¥t'ki»&^: 
its  the  amount. /2.  of  the  mutual  couple  l^etween  tbe  (umi'-L* 
of  matt«-r  on  the  two  sides  of  a  i«trai^ht  normal  section  of  He- 
length.  ]ianill<d  to  either  of  thest.*  two  sets  of  lim-s.      It  pivr? 
rise  to  couplns  I  if  the  same  amount,  /2.  U'lween  the  jHirtionjci 
mattiT  till  t^teh  sid»'  of  a  imniial  st-etion  of  unit  len*nh  |«rdl-. 
to  eith»'i  ^f  tile  s»t>  «»f  liut'S  hisiM-tinj:  the  ri;:ht  an<rled  ln-twten 

thosK.* :  hut  the  couples  now   n*fr-n*^: 

i^^^n*/*  ^''  ^^'  '''   ^'***  I *'**"**   '*^   ^'**^  nortoi 

^-|->'^"  section   in>tead   of  i>eqieniiieuLir  : 

it.      This   i*«   proveii   and    illu»tn>: 
n  hy  the  annex t'd    diagram.  n'pn'!is«£- 

inu'  [a  partiinl.ir  ra;*!*  of  the  diai.'n:- 

Gri^     ami  (Miuati4ins    1    of  ^  0.37]  tli**  t^i^:. 
lihrium   of   an  is<»seeles  rij-ht  :uii;>: 
triaii;:]eunfit*rtlieintiuenee  nf  i-oii|<!t^ 
t'acli  e(jual  l*i /2v' A.  applied  to  it   mund  axes  eoinfidinj  •/ 
its  li*;:s.  and  a  third  <  nuplr.  /2.  imnid  an  axi-*   jHi-jN-nd:.  r.I.i:  * 
it^  Iiypi»t»*nM-»*. 
ii.tiiit.li  I.  If  twii  piiii-^  lit   III  taniinlar  a\i«».  r.uli   liis^iiin..    i),,.   r.^  ' 

■••lutioii  mill  '  ■ 

!.V'".!r'"I "'!'.'  "ti;:le«*  foiiiii'd   li\  till*  iitlii'i.  Iir  iliii^ni  as  a\rs  nt'  ii't'r»n«»-   ; 
aiitirla>tir  >tri*ss  luiviiiL:  any  tliiiil  jiaii    i»t   ni  ian-jiilai  hi:* »  " 

it"*  a\i*N  may.   a.^  tin-  pi liiiL:   t<iniiul.»'  [JJ  «i:i7    .'»  ]  ^!,..w    '. 

resnlvrd  intn  tMi»  liaxiiiL,'  lien  a\»'N  i  niiii  jil.iir  wirh  \\i,  tv 
paM>  lit  .i\»'s  nt  I.  I.'i.'ini-  ri«»|M  .  ::\« '\  l.\  iIh-  <>id!n,ir\  •»■*■ 
tiiMiiiila  with  rai'li  ait;:)>'  doiiliird        lifif*     l!    tMlhiU<s    tha!    \: 


Ut  llitiii  at 
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two  anticlastic  stresses  may  be  compounded  into  one  .by  the  coMtmctio 
same  geometrical  construction  as  the  parallelpgram  of  forces,  g^m. 
made  upon  lines  inclined  to  one  another  at  an  angle  equal  to 
twice  that  between  the  corresponding  axes  of  the  two  given 
stresses ;  and  the  position  of  the  axes  of  the  resultant  stress 
will  be  indicated  by  the  angles  of  this  diagram  each  halved. 

639.  Precisely  the  same  set  of  statements  are  of  course  o^imetricmi 
applicable  to  the  curvature  of  a  surface.  Thus  the  proposition  "^***°~' 
proved  in  §  637  (3)  for  bending  stresses  has,  for  its  analogue 
in  curvature,  Euler's  theorem  proved  formerly  in  §  130;  and 
analogues  to  the  series  of  definitions  and  propositions  founded 
on  it  and  derived  from  it  may  be  at  once  understood  without 
more  words  or  proof. 

Let  z=i(#ar«  +  2t3xy+X^«)  (1)  Twocyiin- 


be  the  equation  of  a  curved  surface  infinitely  near  a  point  0  at  tuns 
which  it  is  touched  by  the  plane  TOX,     Its  curvature  may  be  E?SS,  an 
regarded  as  compounded  of  a  cylindrical  curvature,  X,  with  axis  SJSSSSSi 
parallel  to  OX,  a  cylindrical  curvature,  ic,  with  axis  parallel  to  JJ2^^ 
Oy,  and  an  anticlastic  curvature,  «,  with  axis  bisecting  the  J^'J^* 
angles  XOY^  YOX'.    Thus,  if  o  and  X  each  vanished,  the  surface 

would  be  cylindrical,  with  —  for  radius  of  curvature  and  generat- 
ing lines  parallel  to  OF.  Or,  if  k  and  A  each  vanished,  there 
would  be  anticlastic  curvature,  with  sections  of  equal  maximum 
curvature  in  the  two  directions,  bisecting  the  angles  X07  and 

YOX'y  and  radius  of  curvature  in  those  sections  equal  to  — 

If  now  we  put 

<r=J(ic  +  X),  ^  =  J(ic-X)  (2),  or»«p!M.r1 

-   ,  ^1        ,  ^    '*   rmlcnnritu 

the  equation  of  the  surface  becomes  and  two 

or,  if  a:=rco8<^,  y=rsin<^,  i  ... 

2=J{(r+^co82<^+«8in2<^}r«    j  '   ^' 

orjastly,  r=i!<r+o,cos2(<^-a)}r«,      )  ^        ,^^.j,^^^, 

^=0)  cos  2a,  15=0*  sin  2a  J  '*  *^\^^JT' 

•  1.1  nniifitmiU' 

In  these  formulae  a-  measures  the  spherical  curvature ;  aiMj  ^  Mrifl  futfuint* 
s  two  components  of  anticlastic  curvature,  referred  ti»  thu  pair  ttf 
axes  X'X,  Y'  y,  and  the  other  pair  bisecting  th'^r  nriKluN*  Tli^ 
resultant  of  ^  and  «  is  an  anticlastic  curvatiint  w^  wiUi  wiiiN  hi- 
dined,  in  the  angle  XOY  kX.  angle  a  to  OX^  and  in  YUX\  Mi 
angle  a  to  0 1". 
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Work  done        640.  The  notatioD  of  §§  637,  639  being  retained,  tkf^ 
in  bending.    ^^^^  ^^  ^^^  ^^^  ^  ^^  ^^^^  i^\bXq  experiencing  a  change  of  (r 

vature  (S/c,  SX,  Ss),  under  the  action  of  a  stress  (K,  -4.  IT:,  is 

(K8ic+ASX+2n5«r)^ 
or  (228<r+208^+2nSw)^ 

if,  as  before, 

2=^(K+A),  0=J(K-A),  <r=J(ic+A),  ^=J(ic-A)   ^ 
Let  PQPQ!  be  a  rectangular  portion  of  the  plate  witl 
centre  at  0,  and  its  sides  Q'P,  P'Q  parallel  to  OX,  and  QT, 
parallel  to  OF.     If    • 

;:=J(KX«+2«xy+Xy) 

be  the  equation  of  the  curved  surface,  we  have 
dz  ,  dz  ,  . 

and  therefore  the  tangent  plane  at  (a?,  ^)  deviates  in  direc 
from  Z or  by  an  infinitely  small  rotation 
Kx+zsy  round  OY    ) 
and  zsx+\y      „      OJT    j 

Hence  the  rotation  from  X07  to  the  mean  tangent  plane  fo 
points  of  the  side  PQ  or  Q'P'  is 

T  JQ'P.K  round  07, 
and  TiQ'/^.»     „     OX 

Hence  if  the  tangent  plane,  XOT,  at  0  remains  fixed,  while 
curvature  changes  from  (ic,  o,  X)  to  (ic+8«c,  04.8s,  A+SA), 
work  done  by  the  couples  /^Q.K  round  OT^  and  PQH  re 
OX,  distributed  over  the  side  PQ,  will  be 
|Q'P.PQ.(K8K+naa), 
and  an  equal  amount  will  be  done  by  the  equal  and  opp< 
couples  distributed  over  the  side  Q'P'  undergoing  an  eqml 
opposite  rotation.     Similarly,  we  find  for  the  whole  work  d 
on  the  sides  P'Q  and  Q'P, 

PQ.Q'P.(nSa+K8ic). 
Hence  the  whole  work  done  on  all  the  four  sides  of  the  rectti 
is  PaQ'i\(K8K+2n8s+A5X) : 

whence  the  proposition  to  be  proved,  since  any  given  area  of 
plate  may  be  conceived  divided  into  infinitely  small  rectanglei 
It  is  an  instructive  exercise  to  verify  the  result  by  begini 
with  the  consideration  of  a  portion  of  plate  bounded  by 
given  curve,  and  using  the  expressions  (I)  of  §  637,  by  wl 
we  find,  for  the  couples  on  any  infinitely  short  portion,  ds,  of 
boundary,  specified  in  position  by  (x,  y), 
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j_  J„  \  Work  don 

(-A^+n^)*  round  OZ  )  '»»«^ 

and  (Kf -nf)..    „   or  I 

But,  ss  we  have  just  seen  (4),  the  rotatioD  experienced  by  the 
tangent  plane  to  the  plate  at  (a?,  ^),  when  the  curvature  changes 
from  (ic,  o,  X)  to  (#c+8ic,  »+8»,  A+8X),  is 

xSk+i/^u  round  OF   )  ^gx 

and  x8«+y8X     „     OJT    f  ^^' 

the  tangent  plane  to  the  plate  at  0  being  supposed  to  remain  un- 
changed in  position ;  and  therefore  the  work  done  on  the  portion 
ds  of  the  edge  is 

The  required  work,  being  the  integral  of  this  over  the  whole 
of  the  bounding  curve,  is  therefore 

(KSK+2U&a+A8X.)A; 

since  A^A  =  -/y^d»=il, 

and  A^=0,/y^c&=0, 

each  integral  being  round  the  whole  closed  curve. 

641.  Considering  now  the  elastic  forces  called  into  action  JSSSitu 
by  the  flexure  (k,  «,  X)  reckoned  from  the  unstressed  condition  5},rifdoM 
of  the  plate  (plane,  or  infinitely  nearly  plane),  and  denoting  by  l^^J^Si? 
w  the  whole  amount  of  their  potential  energy,  per  unit  area  of  p***^ 
the  plate,  we  have,  as  in  the  case  of  the  wire  treated  in  §  694, 

K8k=8^w,  ASk=Bj,w,  2U&a=SjsW  (7); 

or,  according  to  the  other  notation, 

228<r=8^u7,  208^=8;^u;,  2U&a=SrgW  (8); 

where,  as  above  explained,  K  and  A  denote  the  simple  bending 
stresses  (measured  by  the  amount  of  bending  couple,  per  unit 
of  length)  round  lines  parallel  to  OF  and  OX  respectively :  H 
the  anticlastic  stress  with  axes  at  45*"  to  OX  and  OY:  and  S 
and  e  the  synclastic  stress  and  the  anticlastic  stress  with  OX 
and  OY  for  axes,  together  equivalent  to  K  and  A,  Also,  as  in 
§  595,  we  see  that  whatever  be  the  character,  aeolotropic  or  iso- 
tropic, §  677,  of  the  substance  of  the  plate,  it  must  be  a  homo- 


} 
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potenttid  geneous  quadratic  function  of  the  three  components  of  cizn- 
eus^puto  ture,  whether  {k,  X,  «)  or  (<r,  &,  »).  From  this  and  (7;.  or  ? 
held  bent  .^  foUows  that  the  coefficients  in  the  linear  functions  of  c 
three  components  of  curvature  which  express  the  compoiflO 
of  the  stress  required  to  maintain  it,  must  fulfil  the  oidiMT 
conservative  relations  of  equality  in  three  pairs,  reducing  d 
whole  number  from  nine  to  six. 

Thus  Ay  B,  (7,  a,  b,  c  denoting  six  constants  depending «« 
quality  of  the  solid  substance  and  the  thickness  of  the  pbtti 
have       u;=:J(^ic*  +  ^X*+Ca*+2aA«+2^ic+2ricX)  (1 

and  hence,  by  (7), 

K=Ak+cX  +b» 

A=cK+B\+am 

2Ui=bK+ak+Ci» 

Transforming  these  by  §  640  (3)  we  have,  in  terms  of  <r,  ^,  > 

w=i{{A+B+2c)a'*+{A+B-^2cP*  +  Cw^+2(d^a)^+ 

2(b+a)n+2(A-^B)a''^}        (1 

and         2^=(A+B+2c)<r+iA''Bp+(b+a)u    ^ 

2Q=:{A-'B)fr+{A+B-2cp+(b^a)m    I  (1 

2U  =  (b+ayr+(b'-ap+Cu  ) 

These  second  forms  are  chiefly  useful  as  showing  immediatdi 
relations  which  must  be  fulfilled  among  the  coeflicients  for 
important  case  considered  in  the  following  section. 

cweofequai       642.  If  the  plate  be  equally  flexible  in   all  direction! 

•iTdireo-^  °  synclastic  stress  must  produce  spherical  curvature :  an  ai 

^^  clastic  stress  having  any  pair  of  rectangular  lines  in  the  pi 

for  its  axes  must  produce  anticlastic  curvature  having  tl 

lines  for  sections  of  equal  greatest  cun-ature  on  the  oppo 

sides  of  the  tangent  plane  :  and  in  either  action  the  amoun 

the  curvature  is  simply  propoitioual  to  the  amount  of 

8y«cU8tic     stress.     Hence  if  b  and  h  denote  two  coefficients  depending 

clastic         the  compressibility  and  rigidity  of  the  substance  if  isotropic  \ 

orl  putV     §§  677,  680,  below),  and  on  the  thickness  of  the  plate,  we  h 

2=b<r,  e=kX  n=k»  (1 

And  therefore  [§  640  (2)] 

M7=bo-«  +  h(^«+s*)  0 

Hence  the  coefficients  in  the  general  expressions  of  §  641  fi 


in  the  ca^e  of  tqnl  iezibcfitj  in  aU  directions^  Ike  IbllowiDg 
conditions : — 

a=0,  l=^\  A=B,  2(J-c)  =  (7  (15); 

and  the  newlj-introdnc^  coefficients  b  and  k  are  related  to  them 
thus:—         '        A-k-c^hr  lC=^-c=k  (16). 

643.  Let  U5  now  consider  the  equilibrium  of  an  infinite  pi«u  Unt 
plate,  disturbed  from  its  natural  plane  by  forces  applied  to  it  torSl 
in  any  way,  subject  only  to  the  conditions  of  §  632.     The  sub- 

~"'8tance  may  be  of  any  possible  quality  as  regards  elasticity  in 
diflferent  directions:  and  the  plate  itself  need  not  be  homo- 
geneous either  as  to  this  quality,  or  as  to  its  thickness,  in 
different  parts ;  pro\'ided  only  that  round  every  point  it  is  in 
both  respects  sensibly  homogeneous  [§  632  (4)]  to  distances  ^roat 
in  comparison  with  the  thickness  at  that  point. 

644.  Let  OX,  OY  he  rectangular  axes  of  reference  in  tho 
"Jjlane  of  the  undisturbed  plate ;  and  let  z  be  the  inliniU^ly  small 
displacement  from  this  plane,  of  the  point  (a;,  y)  of  thcs  platti, 
Xvhen  disturbed  by  any  forces,  specified  in  their  efiective  com- 
ponents as  follows  : — A  portion,  E,  of  the  plate  bounded  by  a 
:i3ormal  surface  cutting  the  middle  surface  in  a  lin<e  ttncUmiim 
^n  infinitely  small  area  a  in  the  neighbourhood  of  thij  ]Hnni 
ijr,  y)y  being  considered,  let  Za  denote  the  sum  of  tint  (;oin|>oM 
«nt  forces  perpendicular  to  XOY  on  all  the  matU*r  of  K  in  ih«* 
Tieighbourhood  of  the  point  (x,  y) :  and  La,  M<t  i\w  i'tim\Hn\i*ni 
couples  round  OX  and  OF  obtained  by  transferrinK*  «wJ^ior<lii«K 
to  Poinsot,  the  forces  from  all  points  of  the  iKirtioii  K,  KUppoHi;d 
for  the  moment  rigid,  to  one  point  of  it  which  it  in  convi'iiii'Ut 
to  take  at  the  centre  of  inertia  of  the  an*a,  a,  of  the  part  of  thi» 
middle  su^ace  belonging  to  it.     This  forre  and  th<*»e  couples,  ium*\mm» 
along  with   the  internal  forces  of  (elasticity  ex<Jili'd    on    the  xwMmn 
matter/of  E,  across  its  boundary,  by  tln^  niatUtr  surrounding 

it,  mu4t  (§  564)  fulfil- the  conditions  of  (j([uilibrium  for  A' treated 
as  J^^igid  body.  And  E,  being  not  really  rigid,  must  have  the 
curvature  due,  according  to  §  G41,  U>  the  iK-ndinj:  HlreHH  con 
stituted  by  the  last-mentioned  forc(*s.  Thow  ccnulilioiiM  ex- 
y)ressed  mathematically  supply  five  (equations  from  which,  four 
Elements  specifying  the  internal  forces  lK*ing  eliminated,  we 
have  a  single  partial  differential  eijuation  for  z  in  t4»rms  of  x 
and  y,  which  is  the  required  equation  of  equilibrium. 
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Eqnatioiui 
of  equili- 
biiam  of 
plate  bent 
by  any 
forces,  in- 
vestigated. 


Q         P 

E 
P          Q 

......„„...., 

a  —  a=^-&e?, 
ax 


Let  o-  be  a  rectangle  PQP'Q^  wiUi  sides  &r  panU  ii 

and  fy  panDd  ti  < 
Let  afy,  a'ig  be  h 
finitely  nearly  etfoalA 
ing  forces  perpen&di 
the  plate  in  the  nonnl 
faces  throogii  PC( 
QP^  respectivelj:  la 
fij  P'  be  the  wnes^ 

O' X     notation   for  PQ,  i 

We  shall  hiave,  of  course, 

and  )8 -)8=^Sy. 

The  effect  of  these  actions  on  the  portion,  E^  of  the  plate, 
sidcred  as  ri^d,  is  forces  a'hy,  p'&x  through  the  middle  poo 
QP\  Q'F',  in  the  direction  of  z  positive,  and  forces  a^ 
through  the  middle  points  of  PQ\  PQ,  in  the  directioo 
negative.  Hence,  towards  the  equilibrium  of  £r  as  a  rigid 
they  contribute 

(a'-a)8y+(i3'-^)&p,  or  (^+^)&%,  component  force  pani 

aSy.&c  couple  round  OFy 
and  pSx.S^     „  „      OX; 

(in  these  two  last  expressions  the  difference  between  a  and  c 
between  j8  and  j8'  being  of  course  neglected).  Again, 
A,  n  specify,  according  to  the  system  of  §  637,  the  bei 
stress  at  (x,  ^),  we  shall  have  couples  infinitely  nearly 
and  opposite,  on  the  pairs  of  opposite  sides,  of  which,  estii 
in  components  round  OX  and  OF,  the  differences,  refmte 
the  residual  turning  tendencies  on  JE?  as  a  rigid  body,  ai 

from  sides  PQ,  Q'P',  -^Sy.Sr, 
from  sides  PQ,  Q'P",  -^fy.&je, 

„         „       PQ\QP',~Sx.Sy; 


follows : — 

round  OX, 


round  07, 


or  in  all, 


and 


round  OX,  (|+f  )&%, 
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The  equations  of  equilibrium,  therefore,  between  these  and  the  EqnAtiom 
applied  forces  on  A^  as  a  rigid  body  give,  if  we  remove  the  "npu^ 
common  factor,  &r5y,  ISyVoroeik 

The  first  of  these,  with  a  and  p  replaced  in  it  by  their  values 
from  the  second  and  third,  becomes 

dx^'^  dxdy'^  dy^^        dx      dy  ^  ^' 

Now  ic,  A,  0  denoting  component  curvatures  of  the  plate,  accord- 
ing to  the  system  of  §  639,  we  have  of  course 

d*z       .      d*z  dH  ,Qx 

dx*  dy*  dxdy 

and  hence  (10)  of  §  641  give 

„       jd*Z  ^       d*Z  ,    ,   d*Z      \  EqnAtiont 

lv=il  — --f-c-T---t-0  j-j-      I  connecting 

dx*       dy*       dxdy  ^tim»u3r 

.  d*z  ,   ^d*z^     d*z      [  ...    ^^^^"^ 

^^'d-x*+%*  +  ^dxTy  W- 

«n         r  ^-^    .        d*Z  ,    ^d*Z 

Using  these  in  (2)  we  find  the  required  differential  equation  of 
the  disturbed  surface.  On  the  general  supposition  (§  643)  wo 
must  regard  A,  B,  C,  a,  b,  c  as  given  functions  of  x  and  y. 
In  the  important  practical  case  of  a  homogeneous  plate  they  are 
constants ;  and  the  required  equation  becomes  the  linear  partial 
diffiTontial  e(iuation  of  the  fourth  degree  with  constant  coefii- 
cionts,  as  follows : — 

For  the  case  of  equal  flexibility  in  all  directions,  according  to 
§  ()42  (1:5),  this  becomes 

''^dx*^'dx*i1y*'^dy^^-'^'     dx      dy    f  ,g^   ^^^."ij?^ 

or     A(  ^:  +  ^c  y^^z^"!^^^'^^       \  i-"^"' 

'^Uix*^dy*^''  dx      dy  ) 

645.  To  iiivostij^'ato  the  bouiularj'  conditions  for  a  plat<5  of 
iiiitrd  (liini'iisions,  we  may  first  consider  it  as  fonning  jmrt  of 
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Bonncuiry  ail  infinite  plate  bounded  by  a  normal  surface  dn 
condiuoM;  qIq^q^  Q^^yQ  traced  on  its  middle  surface.  The 
vestigation  leads  immediately  to  expressions  for 
couple  on  any  portion  of  the  normal  bounding  sui 
the  portion  in  question  be  actually  cut  out  from 
ing  sheet,  and  if  a  distribution  of  force  and  eo 
with  that  so  found  be  applied  to  its  edge,  its  ela 
will  remain  absolutely  unchanged  throughout  uj 
nomial  edge.  To  fulfil  this  condition  requires  th 
expressing  (1.)  that  the  shearing  force  applied  to 
is,  the  applied  tangential  force  in  the  normal  surf 
Poi88on'«  ing  the  edge),  which  is  necessarily  in  the  din 
normal  line  to  the  plate,  must  be  equal  to  the  reqi 
and  (2.  and  3.)  that  the  couple  applied  to  any  sma 
edge  must  have  components  of  the  proper  amoun 
two  lines  in  the  plane  of  the  plate.  These  tin 
were  given  by  Poisson  as  necessary  for  tlie  full  i 
two  suffl-  the  boundary'  condition  ;  but  Kirchhoff  has  demo 
by  K/roMjoff.  they  cxprcss  too  much,  and  has  shown  that  t\ 
suffice.  This  we  shall  prove  by  showing  that  v 
plate  is  given  in  any  condition  of  stress,  or  free  fn 
may  apply,  round  axes  everywliere  perpendicular 
surface-edge,  any  arbitrar}^  distribution  of  couple 
ducing  any  change  except  at  infinitely  small  di 
the  edge,  provided  a  cei*tain  distribution  of  force 
lated  from  the  distribution  of  couple,  be  applied 
perpendicularly  to  the  plate. 

Lot  XVj  =Ss,  be  an  infinitely  Rmall  clement  at 
of  a  curve  traced  on  the  middle 
infinite  plate  ;  and,  PX  and  PY 
to  the  axes  of  :r  and  y,  let  YXi 
if  fS^  denote  the  shearing  force 
surface  to  the  plate  through  &s,  i 
(§  044),  a./'r  and  p.PX  be  th 
.surfaces  through  PY  and  PX,  y 
for  the  equilibrium  of  the  trianj 
po.s^ed  rigid  (§  r)G4), 
(Ss^a.py+p.PX,  whence  f=a  i 
Using  here  for  o  and  P  their  values  by  (1)  of  §  64- 


Next,  U  G^  mad  Hit  <da<{i»  fiibe  csiBpoamts  nmnd  XF,  and  "''"''^^i*^^ 
round  an  axis  perpcft&n^  tt»  as  on  die  plaae  of  liie  plate,  of  the 
conple  acting  acrns  tkc-  iHmal  iifaic   dbron^  &,  we  have 
[(2)  of  §6371 

G=Acc(»^^^±nifiaii^«K»4+Kan*<^  (2), 

Zf=<K— A*aii.^«».H-n(c«**— 8in«</»)  (8). 

If  {{,G,  H)  denoted  the  action  experienced  by  the  edge  in  virtmi 
of  applied  forces,  all  the  piate  onlade  a  cloeed  curve,  of  which  &i 
is  an  element,  being  reoMiTed,  these  three  equations  would  rx- 
press  the  same  ai«  the  three  boondarj  equations  given  by  Poiinoii. 
Lastly,  let  k^,  G&,  p&  denote  the  force  perpendicular  to  tlw 
plate,  and  the  eoniponent«  of  couple,  actually  applied  at  any  {H;ini 
(x,  ^)  of  a  free  edge  on  the  length  &  of  the  middle  curvo.  Am 
we  shall  inmiediatelv  see  (5  648),  if 

the  plate  will  be  in  the  same  condition  of  stress  throughout,  t^K- 
cept  infinitely  near  the  edge,  as  with  (f,  O,  H)  for  the  aetion  m\ 
the  edge.  Hence,  eliminating  (  and  H  between  theiie  four  aqua' 
tions,'  there  remain  to  us  (2)  unchanged  and  anotlier,  or  iu  all 
these  two— 

G=Acos*<^+2n8in<^cos<^+Ksin*<^,  and  j 

which  are  Kirchhoff's  boundary  cquationH. 

646.  The  proposition  stated  at  the  end  of  lant  W4*<;f  ion  im  iM«MiiHiMim 
iivalent  to  this: — That   a  certain   diHtribution    of  nornui I  r«»M«« «!•.»*» 
jarinjj  force  on  the  bounding  edi^e  of  a  finit^i  idiiU*  may  b««  ^rMuU 
xjrrained  which  shall  produce  the  same  vWwi  un  iiiiy  (/iv««n -••kiv-ii 
tnbution  of  couple,  round  axes  everywhere  |M'r|ieiMlii!iiIiir  to  of  imipu 
J  normal  surface  supposed  to  conHtitute  the  e(l(/«».     To  prove  i»«r|»»ii 
8  let  equal  forces  act  in  opposite?  directuinH  in  line«  A/,  hP  immuUry. 
each  side  of  the  middle  line  and  paralhd  to  it,  couHtituting 
?  supposed  distribution  of  couple.     It  muKt  \m  understood 
it  the  forces  are  actually  distribuUid  along  their  lines  of 
ion,  and  not,  as  in  the  abstract  dynamics  of  ideal  rigid  bodies, 
plied   indifferently  at  any  points  of  these   lines ;  but   the 
ount  of  the  force  per  unit  of  length,  though  equal  in  the 
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Distribation 
of  ahearing 
force  deter- 
mined, to 
prodace 
same  flexure 
MS  a  given 
distribution 
of  couple 
round  axes 
I»erpen- 
dienlar  to 
boundary. 


neighbouring  parts  of  the  two  lines,  must  differ  from  p 
point  along  the  edge,  to  constitute  any  other  than  a  ui 

distribution  of  couple, 
we  may  suppose  the  foi 
the  opposite  directions  to 
confined  to  two  lines,  as 
in  the  diagram,  but  to  bed 
over  the  two  halves  of  tl 
on  the  two  sides  of  its 
line ;  and  further,  the  anw 
them  in  equal  infinitely 
breadths  at  diflTerent  di 
from  the  middle  line  m 
proportional  to  these  dia 
as  stated  in  §  634  (3),  if  ib 
distribution  of  couple  is  to  be  thoroughly  such  as  JET  of  § 
Let  now  the  whole  edge  be  divided  into  infinitelv 
rectangles,  such  as  A  BCD  in  the  diagram,  by  lines  diati 
peudicularly  across  it.  In  one  of  these  rectangles  a 
balancing  system  of  couples  consisting  of  a  diffused 
equal  and  opposite  to  the  part  of  the  given  distribui 
couple  belonging  to  the  area  of  the  rectangle,  and  a 
of  single  forces  in  the  lines  AD,  CB,  of  equal  and  oj 
moment.  Tliis  balancing  system  obviously  cannot  can 
sensible  disturbance  (stress  or  strain)  in  the  plate, 
within  a  distance  comparable  with  the  sides  of  tlie  rect 
and,  therefore,  when  the  same  thing  is  done  in  all  the  rect 
into  which  the  edge  is  divided,  tlie  plate  is  only  distnr 
an  infinitely  small  distance  from  the  edge  inwards  all 
But  the  given  distribution  of  couple  is  thus  removed 
directly  balanced  by  a  system  of  diffused  force  equn 
opposite  ever^'where  to  tliat  constituting  it),  and  there  k 
only  the  set  of  forces  applied  in  the  cross  lines.  Of  thos< 
are  two  in  each  cross  line,  derived  from  the  operation 
formed  in  the  two  rectangles  of  which  it  is  a  common  aid 
their  difference  alone  i-cmains  effective.  Tluis  we  see  t 
the  given  distribution  of  couple  be  uniform  along  the  e 
may  be  removed  withont  disturbing  the  condition  of  the 
except  infinitely  near  the  edge  :  in  otlier  words. 
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17 •  A  uniform  distribution  of  couple  along  iJi£  wluik  edgt  ^^ 
finite  plate,  everywlure  round  axes  in  the  plane  </  ^*f  pkUc,  ^ 
perpendicular  to  the  edge,  prodwoes  digtortian,  ^msadimg  ii/ ' 
infinitely  small  distances  inwards  from  ike  edge  a27  raumd, 
no  stress  or  distortion  of  ike  piati  as  a  wkolt.  Tbt  trs^  «itf 
remarkable  proposition  is  also  obrioos  wbeii  we  txM^Ser 
the  tendency  of  such  a  distribution  of  ooopk  em  oaiw  ht 
rag  the  two  sides  of  the  edge  infinitfariniaHy  in  oppossse 
3tions  round  the  area  of  the  plate.  Later  we  sball  inr^sd- 
strictly  the  strain,  in  the  neighbourhood  of  the  eigt,  pno- 
id  by  it,  and  we  shall  find  that  it  diminishes  with  extreme 
lity  inwards  from  the  edge,  becoming  practically  insensible 
istances  exceeding  twice  the  thickness  of  the  plate. 
48.  A  distribution  of  couple  on  the  edge  of  a  plate,  round  ^^^ 
everywhere  in  the  plam  of  the  plate,  and  perpendicular  to  {JJ/** 
dge,  of  any  given  amount  per  unit  of  length  of  the  edge,  may  J^JJJ^' 
moved,  and,  instead,  a  distribution  of  force  perpendicular  to  [JJJJ^^ 
ylate,  equal  in  amounl  per  unit  length  of  the  edge,  to  the  rate  ^^l^ 
iriation  per  unit  length  of  the  amount  of  the  couple,  unthout 
-ing  the  flexure  of  the  plate  as  a  whole,  or  producing  any  dis- 
ance  in  its  stress  or  strain  except  infinitely  near  the  edge. 

In  the  diagram  of  §  646  let  AB  =  &.  Then  if  /T  be  the 
amount  of  the  ^ven  couple  per  unit  length  along  the  edge,  be- 
tween AD,  BCy  the  amount  of  it  on  the  rectangle  ABCI)  i«  llin, 
and  therefore  U  must  be  the  amount  of  the  forces  introduces]  nVmn 
AD,  CBy  in  order  that  they  may  constitute  a  couple  of  ihiv  ff^fft't- 
site  moment.  Sunilarly,  if  H'^  denote  the  amount  of  iim  H^mpt^ 
in  the  contiguous  rectangle  on  the  other  aide  of  BC\  i\m  ffffHM  Uf 
BC  derived  from  it  will  be  H'  in  the  direction  ti\f\rtmiM  Ut  fl 
There  remains  effective  in  BC  a  single  force  e<|iial  Ui  i\m  4ifl*^ 
ence,  H'—H, 

If  from  A  to  B  he  the  direction  in  which  we  fm\fif^ftm  «^  #  U^hif^h 
measured  along  the  edge  from  any  zero  point,  Uf  U$^f*^umt^  ^ti  t^^t, 

as 
Thus  we  are  left  with  single  forces,  ij^imiI  Ut     »  fts^  <*|/|/<^/  /<  Uf 

lines  perpendicularly  across  the  edge,  at  tifmiuitii^l.\\,u  ihiiiMiHhit 
Ss  from  one  another;    and  for  this   wu    may   mtitMUnhi^    ^Uh 
out  causing  disturbance  except  infinitely  m^t^  iim  ii4if/i,  0  hntt 
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tinoooi  distribution  of  tnnifww  fiNnee, 
length ;  wbich  is  the  propoatioB  to  be  proved. 
this  foroe,  when  ^  ie  pontire,  is  tbU  of  x 
immediately  the  form  of  it  expreiKd  in  (4)  of  f  M5l 
^SSiSL        ®^*  '^^  ^  ^'^  example  of  the  application  of  theM  efi 


^^"^      tioDS,  we  shall  consider  the  veiy  simple  case  of  a 
plate  of  finite  or  infinite  extent,  symmetrically 
concentric  circles  by  a  load  distributed  ajmunetricaUy.  sad  I 
proper  boundary  appliances  if  required. 

Let  the  origin  of  co-ordinates  be  chosen  at  ike  eeatre  dm 
metry,  and  let  r,  0be  polar  co-ordinates  of  any  point  P,  mAi 

x=rco60,  jf=rsin0. 
The  second  number  of  (6),  §  614,  will  be  a  fviielMMi  «f  r,  ^ 
for  brerity  we  may  now  denote  simply  by  Z  (bei^  ths  mm 
of  load  per  unit  area  when  the  applied  fiMrooi  on  eaeh  anslp 
are  reducible  to  a  single  normal  force  thnwigk  rnms  paial  d  i 
Since  i  is  now  a  function  of  r,  and,  as  we  have  asM  hrf 

r  dr^    or ' 
when  «  is  any  function  of  r,  equation  (6)  of  |  644  baesass 

r  dr^    dr^r  dr^  dr-" 
Hence 

z=.Lj^jrdrj^jrZdr+iC{\ogr-\y  +  iCr»+Crhgr^€r  i 

which  is  the  complete  integral,  with  the  lour  arbitniy  esitfn 
explicitly  shown.  The  following  ezpressiona,  femided  an  ■* 
mediate  integrals,  deserve  attention  now,  as  promotiiy  a  Ihss^ 
comprehension  of  the  solution ;  and  some  of  them  will  be  rsfnii 
later  for  cxpn».<8ing  the  boundary  conditions.  The  aelilna  < 
(7)  will  bo  oxplftinoil  in  §  ♦».'><> : — 

(inclination,  (iivided  by  radiii;* ;  or  curvature  in\ 
nornittl  Hfction  ]H*r]H*n<licu1ar  to  radius        / 


(inciinaiion.  (iiviaeu  dj  raniu!« ;  or  curvaiure  in\         \ 
nornittl  Hfction  ]H*r]H*n<licular  to  radius        /         [       , 

< curvature  in  radial  miction)  ' 
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(sum  of  oarvatures  in  rectangular  sections)      )  fuu 

/EN  circolarlT 
COjgtnlned. 


n  of  oarvatures  in  rectangular  sections)      \ 
V'z^jj^jrZdr+C\ogr+Cr  | 


dr*      rdr^ 


^-'^jrdrj^jrZdr+j^jrZdr+^C{{A+c)logr+i{A-c)}    (6) 

+l(7'(4+c)-(r(4-cA 


^=0 

d*z      .dz  ... 


dr*       rdr 
.dA  dz.     dO     jCl^t,_ 
A 


^jjrZdr  +  Cj 


C      [ 

y       (8). 


Of  these  (6)  and  (8)  express,  according  to  the  notation  of  §  645, 
the  couple  and  the  shearing  force  acting  on  the  normal  surface 
cutting  the  middle  surface  of  the  plate  in  the  circle  of  radius  r. 
Thej  are  derivable  analytically  from  our  solution  (2)  by  means  of 
(2),  (3),  and  (1)  of  §  645,  with  (4)  of  §  644,  and  (15)  of  §  642. 
The  work  is  of  course  much  shortened  by  taking  ^=0,  and 
x=r,  and  using  (3)  and  (4)  of  the  present  section.  The  student 
may  go  through  this  process,  with  or  without  the  abbreviation,  as 
an  analytical  exercise ;  but  it  is  more  instructive,  as  well  as  more 
direct,  to  investigate  ab  initio  the  equilibrium  of  a  plate  sym- 
metrically strained  in  concentric  circles,  and  so,  in  the  course  of 
an  independent  demonstration  of  (6)  §  644,  for  this  case,  or  (1) 
§  649,  to  find  expressions  for  the  flexural  and  shearing  stresses. 

650.  It  is  clear  that,  in  every  part  of  the  plate,  the  normal  independea 
sections  (§  637)  of  maximum  and  minimum,  or  minimum  and  fordnoiitf 
maximum  bending  couples  are  those  through   and  perpen-  ' 
dicular  to  the  radius  drawn  from  0  the  centre  of  symmetry. 
At  distance  r  from  0,  let  L  and  0  be  the  bending  couples  in 
the  section  through  the  radius,  and   in  the  section  perpen- 
dicular to  it ;  so  that,  if  X  and  k  be  the  cur\'atures  in  these 
sections,  we  have,  by  (10)  of  §  641  and  (15)  of  §  642, 

L=A\+  CK    \  Qv 

G=cX+Ak   f  ^^'' 

Let  also  f  be  the  shearing  force  (§  616,  foot-note)  in  the 

21 
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idependent  circular  nonual  section  of  radius  r.     The  symmetry  reqnim 
IJcircSar'^  that  there  be  no  shearing  force  in  radial  normal  section& 

Considering  now  an  element,  E,  bounded  by  two  ndii 
making  an  infinitely  small  angle  id  with  one  another,  ail 
Wo  concentric  circles  of  radii  r  —  JSr  and  r-\'\hr\  wc  see 
that  the  equal  couples,  ZSr  on  its  radial  normal  sections,  nmol 
axes  falling  short  of  direct  opposition  by  the  infinitely  snuH 
angle  80,  have  a  resultant  equal  to  LhrhO  round  an  axis  pc^ 
pendicular  to  the  middle  radius,  in  the  negative  direction  wha 
L  is  positive ;  and  the  infinitely  nearly  equal  couples  on  in 
outer  and  inner  circular  edges  have  a  resultant  round  the  same 

axis,  equal  to  — ^-^ — -hr,  being  the  difiference  of  the  values  taka 

by  OrhO  when  r  —  JSr  and  r  +  i&*  are  put  for  r.  There  is  abi 
the  couple  of  the  shearing  forces  on  the  outer  and  inner  edges, 
each  infinitely  nearly  equal  to  fyiO ;  of  which  the  moment  is 
^BOSr.  Hence,  for  the  equilibriiun  of  E  imder  the  action  of 
these  couples, 

-  arBe+'^^^8rse+ CrSeSr = 0, 

or  _L+^^+fr=0  llO- 

dr        * 

if,  as  we  may  now  conveniently  do,  we  suppose  no  conples  to 
be  applied  from  without  to  any  part  of  the  plate  except  iti 
bounding  edges.     Again,  considering  normal  forces  on  E, « 

have  -^ — -Sr  for  the  sum  of  those  acting  on  it  from  the  cm- 

tiguous  matter  of  the  plate,  and  ZrBOSr  from  external  minff 
if,  as  above,  Z  denote  the  amount  of  applied  normal  force  pa 
imit  area  of  the  plate.  Hence,  for  the  eiiuilibrium  of  thiae 
forces, 

'im+Zr=0  (111 

dr 

Substituting  for  fin  (11)  by  (10) ;  for  L  and  O  in  the  iwah 
by  (9) ;  and,  in  the  result  of  this,  for  X  and  /c  their  expresaioDi 

by  the  differential  calculus,  which  ant    ~  and  — ~     since  tfe 

rdr  dr* 

plate  is  a  surface  of  revolution  differing  infinitely  little  fi«» 
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^  plane  perpendicular  to  the  axis,  we  arrive  finally  at  (1)  the  indepen 
_   iiflFerential  equation  of  the  problem.     Of  the  other  formulae  of  fSrcirou 
.f  §  649,  (6),  (7),  (8)  follow  immediately  from  (9)  and  (10)  now  ""*^ 
•roved :  except  H=  0,  which  follows  from  the  fact  that  the 
3.dial  and  circular  normal  sections  are  the  sections  of  maximum 
did  minimum,  or  minimum  and  maximum,  curvature. 

651  •  We  are  now  able  to  perceive  the  meaning  of  each  of  interpro 
ine  four  arbitrary  constants.  terms  in 

(1.)  C'^'  is  of  course  merely  a  displacement  of  the  plate  with- 
out strain. 

(2.)  (7"logr  is  a  displacement  which  produces  anticlastic 

C" 
curvature  throughout,  with  zt  —  for  the  curvatures  in  the  two 

principal  sections  :  corresponding  to  which  the  bending  couples, 

C 
^,  O,  are  equal  to  ±(-4  —  c)-j- ,    An  infinite  plane  plate,  with 

«i  circular  aperture,  and  a  uniform  distribution  of  bending  couple 
applied  to  the  edge  all  round,  in  each  part  round  the  tangent  as 
^Bucis,  would  experience  this  effect ;  as  we  see  from  the  fact  that 
"^he  stress  in  the  plate,  due  to  C",  diminishes  according  to  the 
diverse  square  of  the  distance  fi*om  the  centre  of  symmetry. 
Ht  is  remarkable  that  althougk  the  absolute  value  of  the  deflec- 
tion, C"  log  r,  is  infinite  for  infinite  values  of  r,  the  restrictive 
^condition  (3)  of  §  C32  is  not  violated  provided  (f  is  infinitely 
^nnall  in  comparison  with  the  thickness  :  and  it  may  be  readily 
;jproved  that  the  law  (1)  of  §  633  is,  in  point  of  fact,  fulfilled  by 
"Chis  deflection,  even  if  the  whole  displacement  has  rigorously 
^Wiift  value,  Clogr,  and  is  precisely  in  the  direction  perpen- 
dicular to  the  undisturbed  plane.     For  this  case  f  =  0,  or  there 
'ms  no  shear. 

(3.)  \C'r\  is  a  displacement  corresponding  to  spherical 
^nnature  :  and  therefore  involving  simply  a  uniform  synclastic 
•stress  [§  638  (2)],  of  which  the  amount  is  of  course  [§  641 
<10)  or  (11)]  equal  to  -4  +c  divided  by  the  radius  of  curva- 
ture, or  {A  +  c)  X  J  C,  agreeing  with  the  equal  values  given 
for  L  and  0  by  (6)  and  (7)  of  §  649.  In  this  case  also  f  =  0,  or 
there  is  no  shearing  force.  A  finite  plate  of  any  shape,  acted 
on  by  a  uniform  bending  couple  all  round  its  edge,  becomes 
l>ent  thus  spherically. 
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^SS^         (4.)  IC^ogr — 1)1^  is  a  deflection  iiiTDln^g ft 

toniwiii  0 

iti^^v^      equal  to  — A— ,  and  a  bending  coaple» 

iC{(il+c)Iogr+Ki4-c)}, 
in  the  circle  of  distance  r  horn  the  centre  of  i 
^SS!^  ^2*  1^  i»  i^^^  ^  problem  of  the  mereat  a^gskn  it  i 
■^''BK'  the  flexure  of  a  flat  ring,  or  portion  of  plane  plate  1 
two  concentric  circles^  when  anted  on  bj  anj 
couples  and  transverse  forces  applied  nnilbnnl]r 
outer  and  inner  edges.  For  equilibrium,  the  ibi«es  sa  i 
outer  and  inner  edges  must  be  in  contrary  diieetioa^  mi 
equal  amount&  Thus  we  have  three  arbitiaiy  daU:  i 
amounts  of  the  couple  applied  to  the  two  eclges^  each  lechi 
per  unit  of  length,  and  the  whole  amonnt^  F,  of  the  tmot 
either  edge.    By  (4),  §  66l,  or  (8)  of  §  649.  we  see  thai 

and  there  remain  unknown  the  two  constanta,  (f  and  (f,  t» 
determined  from  the  two  equations  given  by  pallipg  fSm  < 
pression  for  0  [(6)  of  §  649]  equal  to  the  given  vatnea  ivi 
values  of  r  at  the  outer  and  inner  edges  respectively. 

Example, — A  circular  table  (of  isotropic  material),  wiri 
concentric  circular  aperture,  is  supported  by  its  ootar  §4 
which  rests  simply  on  a  horizontal  circle ;  and  ia  dafleelri 
a  load  uniformly  distributed  over  its  inner  edge  (or  Miia 
inner  for  outer).  To  find  tlie  deflection  due  to  this  load  (ali 
of  course  is  simply  added  to  the  deflection  dae  to  the  ai| 
determined  below).     Here  G  must  vanish  at  each 


The  radii  of  the  outer  and  inner  edges  being  m  aai  •'. 

e<|uatioDH  are  . 

}C{(i4  +  f)log<i  +  J^^-0:  +  Jt*\-t+c;-r(^-r  !««. 
aud  the  same  with  a  for  a.     Ht*nco 

CiA-^cM  \  --!,=  - ja.4+r)l,.g^. 

and 

ir(^+c)(a«-a«J=-4/'[:.4-»-r;yk^.i-a'M..,«-*+»{.i  -^)y   « 

and  thun,  iistu^  for  C  it«  value  {VI),  we  find  [Cl)  (  ^9] 
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a 


Putting  the  factor  of  r*  into  a  more  convenient  form,  and  assigQ-       2^1'°'^ 
ing  C'  80  that  the  deflection  may  be  reckoned  from  the  level  of      imtedQ 
_         the  inner  edge,  we  have  finally 

Towards  showing  the  distribution  of  stress  through  the  breadth 
of  the  ring,  we  have  from  this,  by  §  649  (6), 

which,  as  it  ought  to  do,  vanishes  when  r^a,  and  when  r=^a. 
Further,  by  §  649  (8),  F_  j^. 

(which  shows  that,  as  is  obviously  true,  the  whole  amount  of  the 
transverse  force  in  any  concentric  circle  of  the  ring  is  equal  to  F), 

658.  The  problem  of  §  652,  extended  to  admit  load  dis-    andwitii 
tributed  in  any  symmetrical  manner  over  the  surface  of  the    metriot^ 
ring   instead  of   merely   confined    to    one    edge,    is    solved    tSTZrai 
algebraically  in  precisely  the  same  manner,  when  the  terms 
dependent  on  Z,  and  exhibited  in  the  several  expressions  of 
^  649,  are  found  by  integration.     One  important  remark  we 
have  to  make  however :  that  much  needless  labour  is  avoided 
by  treating  Z  as  a  discontinuous  function  in  these  integrations 
in  cases  in  which  one  continuous  algebraic  or  transcendental 
function  does  not  express  the  distribution  of  load  over  the 
whole   portion  of  plate  considered.      Unless  this  plan  were 

followed,  the  expressions  for  ^,  ^ »   Gy  and  f,  would  have  to  be 

worked  out  separately  for  each  annular  portion  of  plate  through 
which  Z  is  continuous,  and  their  values  equated  on  each  side 
of  each  separating  circle.  Hence  if  there  were  i  annular 
portions  to  be  thus  treated  separately  there  would  be  4t 
arbitrar}^  constants,  to  be  determined  by  the  4(i — 1)  equations 
so  obtained,  and  the  4  equations  expressing  that  at  the  outer 
and  inner  Imunding  circular  edges  0  has  the  prescribed  values 


OVi 
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then  '=«+} 

18  the  general  ■olution  of  (2).    The  1 
of  ooune  had  by  sabetitQtiiig  ii+}  fiir  x  in  l 
boonderj  eqaatioDa,  whatever  th^  bmj  be. 

655.  Mathematicians  have  not  hithexto  euooeedad  in  to 
hittM^  this  problem  with  complete  generality,  for  an j  otber  far 


plate  than  the  circular  ring  (or  ciicolar  diao  with 
circular  aperture).  Having  given  (§§  640,  653)  a  del 
solution  of  the  problem  for  this  case,  subject  to  the  restrieti 
symmetry,  we  shall  merely  indicate  the  extenaioii  of  the  ui 
to  include  any  possible  non-symmetrical  distribatkm  of  i 
The  same  analysis,  under  much  simpler  oonditi^Mis^  will  ooc 
us  again  and  again,  and  will  be  on  some  points  mon  mis 
detailed,  when  we  shall  be  occupied  with  impoxtanft  pn 
problems  regarding  electric  influence,  fluid  motiaii,  and  eh 
and  thermal  conduction,  through  cylindrical  i 

Taking  the  centre  of  -the  cireolar  bounding  < 
polar  co-ordinates,  let 

xssrcos0,  ^srrintf. 
We  easily  find  by  transformation 

If  we  put  Iogr=^,  or  ra£^ 

Hence  if,  as  before,  V*  denote  -f -  -f  r!. , 

dx*     dfjf" 

This  e^iuated  to  lom  gives 

if  r  denote  any  solution  of 

Wc  shall  see,  when  oceupiod  with  the  electric  and  other  prol 
referred  to  above,  that  a  g(»nerml  solution  of  this  c^natioa,  a 
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If  tbe  plate  is  in  realitv  continuoiifl  to  it»  centre,  and  umformly 
llottded  over  the  whole  nreji  of  the  circle  of  radius  c^  we  must 
[lave  C=0  and  €r=0  to  avoid  infinite  v&tuas  of  f  and  0  at  the 
l^natTe  :  and  the  e({ii»t]Of]  6'=0  for  the  outer  bounding  of  the 
rdiae  gives  Cf  at  once,  completing  the  determination.  K^  lastly^ 
we  gupjKisa  c  to  bo  not  leiis  than  the  radius  of  the  disc,  we  have 
Ltha  ioltttion  for  a  uniform  circular  disc  uniformly  supported  round 
I  adift,  and  strained  only  by  its  own  weight, 

654*  If  now  we  consider  the  geneml  problem, — to  deter-- 
nine  I  lie  ttf.*XTtre  of  a  plate  of  any  form,  with  an  arbiimry 
listrDnitiori  uf  load  over  it,  and  with  arbitrary'  liouodar)' 
ippljanceap  subject  of  course  to  the  conditioii  that  all  the 
applied  fi)rces,  when  the  data  are  entirely  of  force,  must  cou- 
litute  an  equilibrating  system ;  we  may  immediately  reduce 
his  problem  to  the  simpler  one  in  which  there  ia  no  load 
listributed  over  the  area,  but  arbitrary  boundary  appliaucei 
mlj.     We  shall  merely  sketeb  the  niathcmatical  investigation- 

Fint  it  Is  easily  proved,  aa  for  a  eorreaponding  expression  for 
^  tliroe  independent  Tadablea  in  §  4^].  (c)^  that 

(^r+^p/yp^oeDdx'di,'='iir(,  (1) 

I'  la  any  function  of  two  independent  variabtes^  3t%  ^' ; 
*  function  of  ;c,  ^  ^ 
IJ  denotes  V{(^-^  )'+(i^-J('>*l ; 

%nd/f  integration  over  an  area  comprehending  alt  valuea  of  x  ,  jf 
for  which  ^  does  not  vanish.     Hence 


tAbliJ  of 
lititrtipiff 

■yTojjistri' 
f«lJ>  an  lU 
tdgt.  und 
»tnitit?d 
^iiiLy  by  it* 


rmwQ  af  till 
hMid    v«p 


1^ 


1 


ti  =  J^J/ds'dy'  log  /J/MrV/Z'iog  />• 


(2), 
(8) 


I 


where  />  =^{(x"— x')'+(/— j^^fj  ;  and  if  Z'  and  Z  denote 
the  valucji  for  C^",  i/*)  and  (j-,  j^)  of  any  arbitrary  function  of  two 
indepeiident  vartabloe.  Let  ihia  function  denote  the  amount  of 
of  load  per  unit  of  area,  which  we  may  suppoae  to  vanish  for  all 
\wXum  of  the  eo-ordtnatoj»  not  included  in  the  pUt« ;  and  to  avoid 
trouble  regarding  Umil«,  let  all  the  integrals  be  supposed  to  ex- 
tend from  —  30  to  +  CD,  We  thus  hare,  in  r  =  u^  a  solution 
of  OUT  o<|aation  (2) :  and  tberefore  z--u  unmt  satisfy  the  same 
«<|iyilioii  wanting  the  seeond  member :  or.  if  )  denote  a  gf^neral 
of 
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then  z=M+j 

is  the  general  solution  of  (2).  The  boundary  conditi 
of  course  had  by  substituting  u+}  for  z  in  the  direct) 
boundary  equations,  whatever  they  may  be. 

Flat  circular  655.  Mathematicians  have  Dot  hitherto  8ucceede< 
SSS  hitherto  this  problem  with  complete  generality,  for  any  oth 
plate  than  the  circular  ring  (or  circular  disc  with 
circular  aperture).  Having  given  (§§  640,  653) 
solution  of  the  problem  for  this  case,  subject  to  the  n 
symmetry,  we  shall  merely  indicate  the  extension  oft 
to  include  any  possible  non-symmetrical  distiibutio 
The  same  analysis,  under  much  simpler  conditions,  \9 
us  again  and  again,  and  will  be  on  some  points  mon 
detailed,  when  we  shall  be  occupied  with  importan 
problems  regarding  electric  influence,  fluid  motion,  a 
and  thermal  conduction,  through  cylindrical 


Taking  the  centre  of  >the  circular  bounding  edges  i 
polar  co-ordinates,  let 

a:=rco8^,  t/=rBinO. 
We  easily  find  by  transformation 

dx^^dy^      rdr^dr~r*de* 
If  we  put  logr=^,  or  r=6^ 

this  becomes      g+g=r-(f,US) 

Hence  if,  as  before,  V*  denote  - — h  -?—  > 

dx*     dy* 

This  equated  to  zero  gives 
if  V  denote  anj  solution  of 

d%'^de* 

We  shall  see,  when  occupied  with  the  electric  and  oth 
referred  to  above,  that  a  general  solution  of  this  equal 
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priate  for  our  present  problem  as  for  all  iDvolving  the  expression 
of  arbitrary  functions  of  0  for  particular  values  of  ^,  is 

r=i{(^,cosid+5,sintd)6^+(a.cosi^+$i8ini^)6-<^}         (12), 

0 

where  A^^  Bf,  ^|,  ip^  are  constants.  That  this  is  a  solution,  is  of 
course  verified  in  a  moment  by  differentiation.  From  it  we 
readily  find  (and  the  result  of  course  is  verified  also  by  differ- 
entiation), 

+  8* Bin  itf)€""^*"*^}— l@.cos^+»»6in^j^€^4r'  (13j, 
v'  being  any  solution  of  (11),  which  may  be  conveniently  taken 
as  given  by  (12)  with  accented  letters  A{,  etc.,  to  denote  four 
new  constants.  K  now  the  arbitrary  periodic  functions  of  $, 
with  2ir  for  period,  given  as  the  values  whether  of  displacement, 
or  shearing  force,  or  couple,  for  the  outer  and  inner  circular 
edges,  be  expressed  by  Fourier's  theorem  [§  77  (14)]  in  simple 
harmonic  series ;  the  two  equations  [§  645  (5)]  for  each  edge, 
applied  separately  to  the  coefficients  of  cosid  and  sintd  in  the 
expressions  thus  obtained,  give  eight  equations  for  determining 
the  eight  constants  ^,  gi„  B,,  ^„  A;,  gi/,  B;,  g/. 

656.  Although  the  problem  of  fulfilling  arbitrary  boundary  R^ct^jng^j, 
conditions  has  not  yet  been  solved  for  rectangular  plates,  there  JJi^ljidcS 
is  one  remarkable  case  of  it  which  deserves  particular  notice ;  Jji^*^" 
not  only  as  interesting  in  itself,  and  important  in  practical  «orn«ni. 
application,   but   as   curiously   illustrating   one   of   the  most 
difficult    points  ;|^_ 

[§§  646,648]  of  the 
general  theor}\  A 
rectangular  plate 
acted  on  perpen- 
dicularly by  a 
balancing  system 
of  four  equal  pa- 
rallel forces  ap- 
plied  at    its   four 

comei-s,  becomes  strained  to  a  condition  of  uniform  anti- 
clastic  curvature  throughout,  with  the  sections  of  no-flexure 
parallel  to  its  sides,  and  therefore  with  sections  of  equal  oppo- 
site maximum  cur\'ature  in  the  normal  planes  inclined  to  the 
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RectangnUr 
IiUt«,  held 
and  loaded 
hy  dia^ionnl 
fiaira  (»f 
ctinierH. 


Transit  i<*n 
t'l  flnito 
flexiirixi  ill- 
difahsl 


ki'-it  of  r   r  ■ 


sides  at  45°.  This  follows  immediately  from  §  618 
suppose  the  corners  rounded  oft"  ever  so  little,  and  th- 
diffused  over  them. 

Or,  in  each  of  an  infinite  number  of  normal  line«  in  i 
AB^  lot  a  pair  of  opposite  forces  each  equal  to  i/'  be  : 
which  cannot  disturb  the  plate.  These,  with  halre«  of  tJi 
forces  /'  in  the  dissimilar  directions  at  the  comem  .4  and 
Btitute  a  diffused  couple  over  tlie  whdle  edge  Aii.  ai»HU 
moment  per  unit  of  length  to  \l\  round  axeit  perpei 
to  the  plane  of  the  edge.  Similarly,  the  other  h&Ivc>i 
forces  /'  at  the  corners  AB,  with  halve.**  of  tho^c  at 
D  and  introduced  balancing  forces,  constitute  diffoMHi 
over  the  edges  CA  and  nJi\  and  the  remaining  halve 
corner  forces  at  C  and  I),  with  introduced  balancing  f»*rc 
Ptitute  a  diffused  couple  over  CD ;  each  having  |P 
amount  of  moment  per  unit  length  of  the  edge  over  whi 
diffused.  Their  directions  are  mutnallj  related  in  the 
specified  in  §  638  (2),  and  thus  taken  all  together,  thej  c^ 
an  anticlastic  stress  of  value  ft=]i/*.     Hence  (§  ti42i  th 

is  uniform  anticlastic  strain  amounting  to  i  -r-  *  and  ha' 

axes  inclined  45'  to  the  edges;  that  is  to  nij  (}  6:^1.  a 
with  maximum  curvatures  on  the  two  sides  of  the  tanten 

each  etpial  to  \  .    *  and  in  normal  sections  in  the  po9itit«n« 

657.  F«*w  i>roMoms  of  ]diysioal  mntlieniatirs  aw 
curious  than  that  pn*s«*!itrd  l»y  tin*  transition  fn»ni  this 
tion,  founc1<Ml  on  tin'  su])position  that  tin'  ^reatt-.^t  d>f 
is  hut  a  small  frartinn  td*  tin*  tliirkni*ss  of  tlu»  plate. 
8oluti«ui  lor  lai"j,'er  llfxun*s,  in  whiili  rorner  ]N>rtions  wil 
appi-oximati'ly  a-^  «l«»vrlopaldf  .surfarfs  ryliudrii^al.  in  fac 
a  cfiitnil  ([uadrilatrral  ]»ait  will  ri>niaiii  iiitinit«'iy  ixmiIv 
aml  tlii'ini*  t<»  lli«'  fMiiim*  r.i-r  id"  .iii  intinit'lv  tlim  |-- 
lli'\ild«'  nTiaii'jl.*  .■!  iii«'\!i  ii>ild«'  lalni"-.  "riii-  i-\tPiii.-  •  a- 
Im'  t-a^^ily  nl»sir\ril  mhl  ••\|M'mihntiil  uii  l.y  takiu::  a  ^■x 
rut  5f  n."»  V'tan.:!''  ••!  pai- r.  *«iij'i"'itm^»  u  l.y  tin.-  i 
atlai  lii-il  ti»  t\\«»  I'lijM.^if.- i-..iii.'i  V  ;i!i'l  k'-pt  i-ar.illi  1.  m'l: 
tMjUal  wi'iuld-  iin-  Iimul:  ^'V  tliii.nU  hum  tin-  mtIht  i  ••rii- r 

658.  TIh'  ilttiniliMM--  .iiid   iiiN'-ti-atinnN  r»"L;.ii.l:ni:   *:: 
{$J||  l.'il    \\i\\  ei>nstiliiri<  a  kin>iMalii'.il  iiitnHhht inn  t«i  tl-.>' 
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of  elastic  solids.    We  must  now,  in  commencing  the  elementary  Tranamiii- 
dynamics  of  the  subject,  consider  the  forces  called  into  play  through 
through  the  interior  of  a  solid  when  brought  into  a  condition  of 
strain.  We  adopt,  from  Eankine,^  the  term  stress  to  designate  such 
forces,  as  distinguished  from  strain  defined  (§  154)  to  express 
the  merely  geometrical  idea  of  a  change  of  volimie  or  figure. 

659.  When  through  any  space  in  a  body  under  the  action  Homogene- 
of  force,  the  mutual  force  between  the  portions  of  matter  on  the 

two  sides  of  any  plane  area  is  equal  and  parallel  to  the  mutual 
force  across  any  equal,  similar,  and  parallel  plane  area,  the 
stress  is  said  to  be  homogeneous  through  that  space.  In  other 
words,  the  stress  experienced  by  the  matter  is  homogeneous 
through  any  space  if  all  equal,  similar,  and  similarly  turned 
portions  of  matter  within  this  space  are  similarly  and  equally 
influenced  by  force. 

660.  To  be  able  to  find  the  distribution  of  force  over  the  Force 

traosxDlttod 

surface  of  any  portion  of  matter  homogeneously  stressed,  weacroMuir 
must  know  the  direction,  and  the  amount  per  unit  area,  of  the  ei»«tic  Miid. 
force  across  a  plane  area  cutting  through  it  in  any  direction. 
Now  if  we  know  this  for  any  three  planes,  in  three  different 
directions,  we  can  find  it  for  a  plane  in  any  direction  as  we  see 
in  a  moment  by  considering  what  is  necessary  for  the  equili- 
brium of  a  tetrahedron  of  the  substance.  The  resultant  force  on 
one  of  its  sides  must  be  equal  and  opposite  to  the  resultant  of 
the  .forces  on  the  three  others,  which  is  known  if  these  sides  are 
parallel  to  the  three  planes  for  each  of  which  the  force  is  given. 

661  •  Hence  the  stress,  in  a  body  homogeneously  stressed,  is  8pedflo|ttto« 
completely  specified  when  the  direction,  and  the  amount  per  unit 
area,  of  the  force  on  each  of  three  distinct  planes  is  given.     It  is, 
in  the  analytical  treatment  of  the  subject,  generally  convenient 
to  take  these  planes  of  reference  at  right  angles  to  one  another. 
But  we  should  immediately  fall  into  error  did  we  not  remark 
that  the  specification  here  indicated  consist  not  of  nine  but  in  by  tix  in- 
reality  only  of  six,  independent  elements.     For  if  the  equili-  eiemenu. 
brating  forces  on  the  six  faces  of  a  cube  be  each  resolved  into 
three  components  parallel  to  its  three  edges  OX,  OY,  OZ,  we 
have  in  all  18  forces ;  of  which  each  pair  acting  perpendicularly 
on  a  pair  of  opposite  faces,  being  ec^ual  and  directly  opposed, 

>  Cambriilge  and  Dublin  Mathematical  Journal,  1850. 
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RelatioiM 
between 
pairs  of 
tangentffd 
tractioiM 
necessary 
for  equili- 
brium. 


balance  one  another.    The  twelve  tangential  compooen 
remain  constitute  three  pair  of  couples  having  their  ax^ 

direction  of  the  three  ei: 

^  of  which  must  separatel; 

equilibrium-    The  diagrai 

the  pair  of  equilibrating 

having  OT  for  axis;  fi 

consideration  of  which  y 

that  the  forces  on  the  fa 

parallel  to  OZ,  are  equa 

forces  on  the  faces  {ifx], 

to  OX.     Similarly,  we 

the    forces    on    the   fac 

parallel  to  07,  are  equal  to  those  on  the  faces  {xz),  pa 

OZ;  and  that  the  forces  on  (a»),  parallel  to  OX  are  • 

those  on  {zy),  parallel  to  OF. 

soeciacation      662.  Thus,  any  three  rectangular  planes  of  referen 

by*8ix  in-  *    chosen,  we  may  take  six  elements  thus,  to  specify  a 

efemente :     P,  Q,  R  the  normal  components  of  the  forces  on  these 

lo^tuijunai  and  Sy  Ty  U  the  tangential  components,  respectively 

three  Hiinjiie  diculai  to  OX,  of  the  foFccs  ou  tlic  two  plaues  meeting 

stre^sos"*'^     perpendicular  to  OYy  of  the  forces  on  the  planes  me< 

OF,  and  perpendicular  to  OZ,  of  the  forces  on  the  plam 

ing  in  OZ ;  each  of  the  six  forces  being  reckonetl,  per 

area.     A  normal  component  will  be  reckoned  as  i)ositi^ 

it  is  a  traction  tending  to  separate  the  portions  of  matte 

simple longi-  two  sidcs  of  its  plane.     P,  Q,  R  are  sometimes  called 

shearing,"  '   longitudinal  stresses,  and  H,  T,  U  simple  shearing  stress 

stresses. 


Force  arrtMis 
any  surface 
in  terms  ()f 
rectangular 
speciflcation 
or  stress. 


From  these  data,  to  find  iu  the  manner  explained  in  § 
force  on  any  plane,  specified  by  /,  ?n,  n,  the  direction-cc 
its  normal ;  let  such  a  piano  cut  OX,  O  F,  OZ  in  the  thn 
X,  Y,  Z.  Then,  if  the  area  XYZ  be  denoted  for  a  mo 
i4,  the  areas  FOZ,  ZOX,  XO  }*,  being  its  projections  on  t 
rectangular  planes,  will  be  respectively  equal  to  Ah  ^ 
Hence,  for  the  equilibrium  of  the  tetrahedron  of  matter  ' 
by  those  four  triangles,  we  have,  if  /',  G,  II  denote  t; 
poncnts  of  the  force  experienced  by  the  first  of  them,  X 
unit  of  its  area,  F.A  =  P. I  A  +  U.mA  +  TmA^ 
and  the  two  symmetrical  equations  for  the  components  pa 
OY  and  OZ.     Hence,  dividing  by  Ay  we  conclude 


stKiacs.  3xMt 

F=Pt+Cm-i-Tm  \  r«.««. 

These   exjn^ssions  ftend  in  tlie  wdl-kiiown  relation    to    the  ^*^'^'**^ 
ellipsoid       Px^+Qjf'+B^^2(^S^+Tzx+Uxy)^l  (2), 

according  to  which,  if  we  take 

x=lr^  y^mr,  z=:ar, 
and  if  A,  |i,  K  denote  the  direetion-cosnes  and  p  the  length  of  the 
perpendicular  from  the  centre  to  the  tangent  plane  at  (Xy  y^  z)  of 
the  ellipsoidal  sorfiMe,  we  hare 

F=A,    G=^,    /^=r. 
pr  pr  pr 

We  conclade  that 

663.  For  any  fiilly  specified  state  of  stress  iu  a  Holid,  a  Nir#M 
quadratic  surface  may  always  be  determined,  which  shall  n\   **"**  ^  * 
>resent  the  stress  graphically  in  the  following  manner :-  - 

To  find  the  direction,  and  the  amount  per  imit  area,  «)f  ihn 
force  acting  across  any  plane  in  the  solid,  draw  a  lino  iM?rp«ii 
iicular  to  this  plane  from  the  centre  of  the  quadmtic  Ui  fin 
surface.  The  required  force  will  be  equal  to  the  reciprcMial  of 
the  product  of  the  length  of  this  line  into  the  pcrixindlrtjUr 
from  the  centre  to  the  tangent  plane  at  the  point  «)f  inUn'mni 
tion,  and  will  be  perpendicular  to  the  latter  pluiic!. 

664.  From  this  it  follows  that   for  any  strcfHH  whiiUwiT  «•'»•»•»<    . 
there  are  three  determinate  planes  at  right  ang]<*M   to   on«»«'«»"f* 
another  such  that  the  force  acting  in  the  soli<l  iuiroHH  viuiU  of 
them  is  precisely  perpendicular  to  it.     Tliese  plancM  ar«  (Jttlled 

the  principal  or  normal  planes  of  the  stress ;  th<i  forces  upon 
them,  per  unit  area, — its  principal  or  nonnal  tracti<*nH ;  and 
the  lines  perpendicular  to  them, — its  principal  or  nonnal  axes, 
or  simply  its  axes.  The  three  principal  semi  diam«jterH  of  the 
quadratic  surface  are  equal  to  the  recijjrocalft  of  the  square 
roots  of  the  normal  tractions.  If,  however,  in  any  case  each  of 
the  three  normal  tractions  is  negative,  it  will  be  convenient  to 
reckon  them  rather  as  positive  pressures ;  the  recii)rocals  of  the 
square  roots  of  which  will  be  the  semi  axes  of  a  real  sti-ess- 
ellipsoid  representing  the  distribution  of  force  in  the  manner 
explained  above,  with  pressure  substituted  throughout  for 
traction. 


610  ABSTBACT  DTXAMICa. 

665.  When  the  three  nonnal  tractions  an  all  of  one  aft 
the  stress-quadratic  is  an  ellipsoid ;  the  caaeo  of  an 
of  revolution  and  a  sphere  being  included,  as  those  in 
two,  or  all  three,  are  equaL  When  one  of  the  three  is  : 
and  the  two  others  positive,  the  surface  is  a  hyperboloid  of  csi 
sheet  AMien  one  of  the  nonnal  tractions  is  positive  and  tkc 
two  others  negative,  the  surface  is  a  hyperboloid  of  two  i 

666.  When  one  of  the  three  principal  tmctions 
while  the  other  two  are  finite,  the  stress-quadratic  become*  i 
cylinder,  circular,  elliptic,  or  hyperbolic,  according  as  the  ockr 
two  are  equal,  unequal  of  one  sign,  or  of  contrary  signsL  Whs 
two  of  the  three  vanish,  the  quadratic  becomes  two  planes ;  anl 
the  stress  in  this  case  is  (§  662)  called  a  simple  longitudinal  stitm 
The  theory  of  principal  planes,  and  normal  tractions  jost  stand 
(§  664),  is  then  equivalent  to  saying  that  any  stress  whatever 
may  be  regarded  as  made  up  of  three  simple  l^mgitodiaii 
stresses  in  three  rectangular  directions.  The  geometriad  inCe^ 
pretations  are  obvious  in  all  these  cases. 

ofSKiiiw"  667.  The  composition  of  stresses  is  of  coarse  to  be  effected  hf 
adding  the  component  tractions  thus : — If  (P|,  Q|,  U,,  S|,  T^  C^^ 
(P,,  Q**  t^i*  ^^  ^s>  ^^i)*  ^^f  denote,  according  to  §  661,  tmf 
given  set  of  stresses  acting  simultaneously  in  a  snbstnnos,  thv 
joint  effect  is  the  same  as  that  of  a  single  resultant  ttvesi  if 
which  the  s])eciHcation  in  corresponding  terms  is  {SPf  Si^  SM, 
SS,  ST,  SU). 

Laws  of  668.  Each  of  the  statements  that  have  now  been  Bsii 

■Inio  And        A  a 

(§§  6^d>  ^67)  reganiing  stresses,  is  applicable  to  inJimUtfymmM 
strains,  if  for  traction  iH'ri>endicular  to  any  plane,  reckoned  yw 
unit  of  its  area,  we  substitute  elomgation,  in  the  lines  of  Ibe  Vm- 
tion,  reckoned  per  unit  of  length ;  and  for  half  the  tamgemHal  hm^ 
tion  parallel  to  any  din'ction.x/rm/*  in  the  same  direction  rpckomd 
in  the  manner  cxpluiiHMl  in  J;|  17.'>.  Tin'  student  will  find  it  i 
us<'ful  excn'isi*  ti»  Miidy  in  dt'tuil  this  traustV*n*n(*««  of  each  cut 
of  tliosi*  stat(*ni«'Uts.  und  to  justify  it  by  nu>«lifvin|r  in  the  prtfcr 
manner  the  results  of  {l{j||  171.  172,  173.  174.  17.%.  185.  to  sd«]< 
them  to  intinitt*ly  small  strains.  It  must  Ik>  ri*uiurked  that  tb^ 
strain  tpnidnitie  thus  formed  aiV'tnlin;;  to  the  nile  of  ^  66X 
whi<'li  may  have  any  of  the  varieties  of  rhanietiT  mentioned  is 
§g  G6.%,  GGf),  is  not   th«*  nuim*  as  tli«>  stntin  elli|ii««»id  of  §  1<^ 
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which  is  always  essentially  an  ellipsoid,  and  which,  for  an  in-  Lawt  or 
finitely  small  strain,  differs  infinitely  little  from  a  sphere.  Itreweom- 

The  comparison  of  §  172,  with  the  result  of  §  661  regarding  ^ 
tctngential  tractions,  is  particularly  interesting  and  important 

669.  The  following  tabular  synopsis  of  the  meaning  of  the 
elements  constituting  the  corresponding  rectangular  specifica- 
tions of  a  strain  and  stress  explained  in  preceding  sections, 
will  be  found  convenient : — 


}mpoi 
oftl 


the 


■tnin. 

•ties*. 

e 

P 

f 

Q 

9 

R 

a 

S 

b 

T 

c 

U 

PUnes;  of  which 

relative  motiou,  or 

across  which  force, 

it)  reckoned. 

ZX 
XtJ 


\zx 


{ 


<^y 

xz 

y^ 


Direction 

of  relative 

motion  or 

of  force. 

X 

y 

z 

y 

z 


elements  ol 
strains  and 
stresses. 


670.  If  a  unit  cube  of  matter  under  any  stress  (P,  Q,  R,  8,  workd<me 
T,  U)  experience  the  infinitely  small  simple  longitudinjd  strain  within  a 


t  alone,  the  work  done  on  it  will  be  Pe ;  since,  of  the  com-  soifd. 

ponent  forces  P,  U,  T  pamllel  to  OX,  U  and  T  do  no  work  in 

virtue  of  this  strain.     Similarly  Qf,  Eg  are  the  works  done  if, 

the  same  stress  acting,  the  simple  longitudinal  strains  f  or  g 

are  experienced,  either  alone.     Again,  if  the  cube  experiences 

a  simple  shear,  a,  whether  we  regard  it  (§  1 72)  as  a  dififerential 

sliding  of  the  planes  yXy  parallel  to  y,  or  of  the  planes  zx, 

parallel  to  z,  we  see  that  the  work  done  is  Sa  :  and  similarly, 

Th  if  the  strain  is  simply  a  shear  6,  parallel  to  OZ,  of  planes 

^y,  or  parallel  to  OX,  of  planes  xy :  and  Uc  if  the  strain  is  a 

^hear  c,  parallel  to  OX,  of  planes  xz,  or  parallel  to  OY,  of  planes 

^.     Hence  the  whole  work  done  by  the  stress  (P,  Q,  P,  S,  T,  U) 

tyn  a  unit  cube  taking  the  strain  (<*,/,  g,  a,  b,  c),  is 

Pe+Q/+Rg+Sa+Tb+Uc  (3). 

It  is  to  be  remarked  that,  inasmuch  as  the  action  called  a  stress 
is  a  system  of  forces  which  balance  one  another  if  the  portion 
of  matter  experiencing  it  is  rigid,  it  cannot  (§  551)  do  any  work 
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Work  dume    whcu  the  matter  moves  in  any  way  without  change  of  shv^ 
within*       and  therefore  no  amount  of  translation  or  rotation  of  thf  ry* 
■oii<L  taking  place  along  with  the  stram  can  render  the  am«:*an:   : , 

work  done  different  fi-om  that  just  found. 

If  the  side  of  the  cube  be  of  any  length  p,  instead  of  m." 
each  fui-ce  will  be  p'  times,  and  each  relative  displiuvm-'L: ; 
times;  Qud  therefore  the  wt)rk  done  p*  tiiut's  the  ix**[»y-t;r* 
amounts  reckoneil  al>ove.  Hence  a  iKxly  of  any  shaiie.  At: 
of  cubic  content  C,  subjected  throughout  to  a  unifomi  «t>* 
(P,  Q,  -R,  S,  T,  U)  while  taking  uniformly  throughout  a  kzia 
(^.  /»  Ui  (if  ^>  0»  experiences  an  amount  of  work  ei|tial  t«> 

{Pf+Uf+Rg+Sa+Tb+Uc)C  * 

workdonr  It  is  to  bc  remarked  that  this  is  necessarily  cHjual  t**  *^ 
fweofa"  work  done  on  the  Itounding  surface  of  the  ImhIv  by  f.o-» 
i*hi."*  applied  to  it  from  without.  For  the  work  done  on  any  |K»n>< 
of  matter  within  the  body  is  simply  that  done  on  its  snrfKv  ':^ 
the  niattt»r  touching  it  all  round,  as  no  force  acts  at  a  Ji^UD^ 
from  without  on  the  interior  substance.  Hence  if  we  inuLr> 
the  whole  Inidy  <livided  into  any  number  of  {iarts»  each  of  *:• 
shape,  the  sum  of  the  works  done  on  all  these  {uirtd  is,  by  v» 
disappearance  of  equal  jMisitive  and  negative  tenus  e3qitw«:ac 
the  ])ortions  of  the  work  done  on  eacli  part  by  the  ci^nti^m.-o 
parts  on  all  its  sides,  and  sptMit  by  these  other  {larts  iu  ti-* 
action,  retluced  to  the  integral  amount  of  work  dune  by  fi-r? 
from  without  up])lied  all  mund  Xht*  nuter  surface. 

The  analytical  verification  of  thifl  is  instruct iro  with  npii  * 
the  syntax  of  tin;  niathoiiiatical  language  in  which  the  tht«rr  d 
the  trausinlAsion  of  force  is  cxpro.ojied.  Let  x.  y,  r  be  dbr » 
ordinatt'.s  of  any  point  within  the  body;  11*  the  whi^W  tw^ 
of  work  done  in  the  cirounistanccH  specitied  above;  and  ''  •> 
t4>grntion  *'xtrn«K'»I  thMiijrh«»ut  the  sp:ict»  ooouiiiod  bv  ihf  S^ 
ho  that 

]]'=///". /V-|-(^r'-|-/;/-|-.'vi-H7'A-fr.'  iix'JyiL  '■ 

If  now  w<.'  ilt'nnto  by  a.  /i.  y  the  com^Hincnt  d:^|ilaoi-m«*ni»  -^tff 
point  nf  tho  mattor  iiitini(i-l\  nt'ar  th«*  point  x.  y.  ;  .  oxj^^rwrt 
whon  the  Mniin  '•,.'1  .♦;.  ".  /'.  »'^  tak*?*  pLuv.  whvlhi^r  i>i«  r«»- 
tinnally  '§  l^l!  and  with  *>i>nic  point  of  iht>  lhi,iy  tix.Nl.  ^  vtf 
any  mot  inn  of  tr.ln^hltion  whitrvrr  and  any  infinittW  Aa^ 
rotation,    by    adapting    §    1^1      .'>     to    infinitely    *mml\ 
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according   to  our  present  notation   (§  6G9),  and   unine   in   it  strain  com 

§  190  {e)j  we  have  tenniiofdi 

da  dB                           (fy  \ 

dx  dif                ^      dz  t 

dp  ,   dy        ,  dy  ,  ^.'a                ^/a  dQ     f             ^^^ 

ar       ^///  dx  dz               dy  dx    ) 
With  these,  (5)  becomes 

Hence  by  integration 
ri  =/•/  ( (/>a+  L'i3+  7V)</i^is+i  £/o+(?/3+^)</cc/x+(  ro+.S)3+7?7)rfrrf.v]  (8), 
the  limits  of  the  integrations  being  so  taken  that,  if  da-  denote  an 
element  of  the  bounding  surface,  //  integration  all  over  it,  and 
/,  m,  ;i  the  direction-cosines  of  the  normal  at  any  point  of  it,  the 
exprcsftion  menus  the  same  as 

^V=^//[{Pa+UP+Ty)l+(Ua-^Q|i-{•Sy)mMTc^+^|^+Ry)^^^    (9) ; 

which,  with  the  terms  grouped  otherwise,  becomes 
JV^//{{Pl+Um'\-Tn)a  +  {Ul+Qm+^n)P+{Tl+Sm+Rn)y}diT{l{Sy 

The  second  member  of  this,  in  virtue  of  (1),  expresses  directly  agree*  witii 

the  work  done  by  the  forces  applied  from  without  to  the  bounding  on  surfao^ 

surface. 

671  •  If,  now,  we  suppose  the  body  to  yield  to  a  stress  (P,  Q,  ^^JJtil?^ 
Jt,  Sy  Ty  U)y  and  to  oppose  this  stress  only  with  its  innate  resist-  J^J,^***** 
ctnce  to  cliange  of  shape,  the  differential  equation  of  work  done 
Avill  [liy  (4)  with  dc,  df,  etc.,  substituted  for  e,f,  ete.]  be 

dw=Pde+  Qd/+Rdg+Sda+  Tdb+  Udc  (11), 

if  //'  den(»t<3  the  whole  amount  of  work  done  p(»r  unit  of  volume 
in  any  part  of  the  body  while  the  substance  in  this  part  ex- 
j)eriences  a  stmin  {e,  /,  //,  a,  b,  c)  from  some  initial  state  re- 
gard(*d  as  a  state*  of  no  strain.  This  equation,  as  we  shall  see  Physical 
later,  under  Properties  of  Matter,  expresses  tlie  work  done  in  ^^  ^ 
A  natural  Huid,  by  distorting  stress  (or  diffen^nce  of  pressure  in 
<li  fie  rent  directions)  working  against  its  innate  viscosity  ;  and 
ir  is  then,  acconling  to  »Iouh''s  discovery,  the  dynamic  value  of 
the  beat  generated  in  the  ]»rocess.  The  eciuatinn  may  also  be 
api>li<id  to  ex])ress  the  work  dune  in  straining  an  inqierfectly 
cbistic  solid,  or  an  elastic  solid  of  which  the  tenipemture  varies 
diiinn*^  the  process.  In  all  such  apjilications  the  stress  will 
di*pen<l  j»artly  on  the  speed  of  the  straining  motion,  or  on  the 
varying  temperatui*e,  and  not  at  all,  or  not  solely,  on  the  state 
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Perfectly 
elastic  body 
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Abstract 
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Its  con- 
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fnlttlment 
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Potential 
energy  of 
an  elaKtic 
Kolid  held 
Ktraiued 


of  strain  at  any  moment,  and  the  system  will  not  be  d; 
conservative. 

672.  Definition. — A  perfectly  elastic  body  is  a  h 
when  brought  to  any  one  state  of  strain,  i-equires  « 
the  sam(»,  stress  to  hold  it  in  this  state ;  however 
kept  stmined,  or  however  rapidly  its  state  be  altered 
other  strain,  or  from  no  strain,  to  the  strain  in  que.sti< 
according  to  our  plan  (§§  443,  448)  for  Abstract 
we  ignore  variation  of  temperature  in  tlie  body.  li 
we  add  a  condition  of  absolutely  no  variation  of  tei 
or  of  recun'ence  to  one  specified  temperature  after  i 
strain,  we  have  a  definition  of  that  property  of  perfect 
towards  which  highly  elastic  bodies  in  nature  approxi: 
which  is  rigorously  fulfilled  by  all  fluids,  and  may 
some  real  solids,  as  homogeneous  crystals.  I3ut  inn 
the  elastic  reaction  of  every  kind  of  body  against  str 
with  varying  temperature,  and  (a  therinodjTianiic  coi 
of  this,  as  we  shall  see  later)  any  increase  or  dimi 
strain  in  an  elastic  body  is  necessarily^  accompaE 
change  of  tempemture ;  even  a  perfectly  elastic  body  < 
in  passing  through  different  strains,  act  as  a  ri'^oro 
servative  system,  but,  on  the  contrary,  must  give  ris< 
sipation  of  energy  in  consequence  of  the  conduction  or 
of  heat  induced  by  tliese  changes  of  temperature. 

But  by  making  the  changes  of  strain  quickly  enoug 
vent  any  sensible  equalization  of  temperature  by  cond 
radiation  (as,  for  instance,  Stokes  has  shown,  is  done 
of  musical  notes  travelling  through  air) ;  or  by  maki 
slowly  enough  to  allow  the  temperature  to  be  m; 
sensibly  constant-  by  proper  appliances ;  any  highly  t 
perfectly  elastic  body  in  nature  may  be  got  to  act  vei 
as  a  conservative  system. 

673.  In  nature,  therefore,  the  integral  amount,  k, 
defined  as  above,  is  for  a  perfectly  elastic  body,  ind« 
(§  274)  of  the  series  of  configurations,  or  states  o 
through  which  it  may  have  been  brought  from  the 
the  second  of  tlie  specified    conditions,  i>rovided    it 
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son).     Qiixirtrrly  Journal  of  Ma tliematics.     April  1857.  *  Ihitt, 
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►eeii  allowed  to  change  sensibly  iii  temperature  during  the  Potentua 

eneivy  of 
process.  an  ebuiUc 

solid  held 

The  analytical  statement  is  that  the  expression  (11)  for  dw 
miist  be  the  differential  of  a  function  of  c,  /,  g,  a,  by  c,  regarded 
as  independent  variables ;  or,  which  means  the  same,  U7  is  a 
function  of  these  elements,  and 


(12). 


In  Appendix  C.  we  shall  return  to  the  comprehensive  analytical 
treatment  of  this  theory,  not  confining  it  to  infinitely  small  strains 
for  which  alone  the  notation  (c,/,  ...),  as  defined  in  §  669,  is 
convenient.  In  the  meantime,  we  shall  only  say  that  when  the 
whole  amount  of  strain  is  infinitely  small,  and  the  stress- com- 
ponents are  therefore  all  altered  in  the  same  ratio  as  the  strain- 
components  if  these  are  altered  all  in  any  one  ratio ;  w  must  be  a 
homogeneous  quadratic  function  of  the  six  variables  e,  /,  g,  a,  by  c, 
which,  if  we  denote  by  («,  c),  (/,/)...(«,/)...  constants  depend- 
ing on  the  quality  of  the  substance  and  on  the  directions  chosen 
for  the  axes  of  co-ordinates,  wo  may  write  as  follows : — 

v  =  ^{{eye)e^+(fj)r  +  {9^g)g^  +  {a,a)a^  +  {b,b)b*  +  {c.cy 
+nej)f/+2(e,  g)eg+2(e,  a)ea+2(e,  b)eb+2{f,  c)ec 

+  '^{/>9)f9+^{fy  «)/a+2(/,  b)fb+2{f,c)fc 

+2{g,a)ga+2{gfi)gb+2{g,c)gc 

+2{afi)ab+2{ajc)ac 

+2(b,c)bc}j 

The  21  coeflScients  («,  c),  (ftf)'».{by  c),  in  this  expression  con- 
stitute the  21  "  coefficients  of  elasticity,*'  which  Green  first 
showed  to  be  proper  and  essential  for  a  complete  theory  of  the 
dynamics  of  an  elastic  solid  subjected  to  infinitely  small  strains. 
The  only  condition  that  can  bo  theoretically  imposed  upon  these 
coefficients  is  that  they  must  not  permit  w  to  become  negative  for 
any  values,  positive'  or  negative,  of  the  strain-components  e,  /  ... 
Under  Properties  of  Matter,  we  shall  see  that  a  false  theory 
(Boscovich's),  falsely  worked  out  by  mathematicians,  has  led  to 
relations  among  the  coefficients  of  elasticity  which  experiment  has 
proved  to  be  false. 

Eliminating  w  from  (12)  by  (13)  we  have 


(13). 
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inent.  ^=(«.  «)«+(«./)/+(«.  y)y+ («.«)«+(«.*)*+(«,  «•«■    l 

^  Q={e,f)eHU)fMf,ff)ff+<f,a)a+if,bjb+,f.cr  '    •.; 

iin.  '  etc.  etc.  I 

etc.  etc.  ■ 

Thei^e  eqnationB  express  the  six  compoDcnts  of  5trej«  P.  Q.  L 
Sy  2\  U)  as  linear  functions  of  the  six  componoDL**  til  cvi 
i^if)  9y  ^1  ^}  c)  ^it^  15  equalities'  among  their  M  cneficw::* 
which  leave  only  21  of  them  independent.  The  mt-re  prxc.;  • 
of  8upcr))08ition  (which  we  have  used  above  in  e»tahlL4i-ji<  '■> 
quadratic  form  for  w)  might  have  been  directly  appliird  V'  > 
monstratc  linear  formula?  for  the  streFS-comp«^nent:».  Tba«  r  .• 
that  some  authors  have  been  led  to  lav  down,  a^  the  f«>uif ii:^ : 
of  the  most  general  possible  theory  of  elasticity,  i^ix  i.f|u:/&* 
involving  3G  coefHcients  supposed  to  be  iudejicndent.  to  .'t  » 
only  by  the  principle  of  energy  that,  as  first  discovered  by  i.imi 
the  fifteen  pairs  of  the.se  coefficients  are  proved  to  be  e^inil 
The  algebraic  transformation  of  equations  (14)  to  exprcw  a* 

»oa  strain-components  singly,  by  linear  functions  of  the  .■^tr<»-c» 

Sh  ponent.**,  may  be  directly  effected  of  course  by  foruiing  the  pw^c' 

determinants  from  the  3(»  coefficient:*,  and  taking  the  3t)  ft*V 
quotients.  From  a  known  determiuantal  theorem,  OMd  u> 
above  [§  813  (cf)],  it  follows  that  there  are  15  e(|ualiKie«  l«tv««t 
pairs  uf  these  3(>  quotients,  because  of  the  15  equalities  in  pii^ 
of  the  coefficients  of  i\  t\  etc.,  in  (14).     Thus,  if  we  deni4r  br 

the  set  of  3G  determiuantal  quotients  found  by  that  prtKe*  [brae 
tlierefore,  known  algebraic  funetinns  of  the  original  ccvftoco 

(V, f),  (/,/),  ...  i-tc],  w«*  have 

.•=[/^/']/'+[/\/^]^2-i-[/^/o/i+[/',>']>'-h[/*.r]r+[/'.r]r\ 
/•=[«,/']/'+[a(^]'^+[a/0«+[a.s}<+[ft7p'+[f/.r]r  \  »!•• 

etc.  etc.  f 

:iii«l  tht'sr  \\v\s  r«ii-tVu*iriits  sati-f\   1 ."»  eipiatinii*. 

\\\  wh:it  wi-  prnNnl  in  |j  ;;l:i  d  when  oiiL'npd  with  j r*^  ••  ' 
till   >.uiir  :ili:»'bniie  tr:ni>fi»riii  itinii.  wv  mt  that  [/'.  /•!  [r;  <^'. 

[ /'.  ^'],  ...  nn   >iiii|.|y  l}.iM-..irtiiMtii:s  ..t  /■,  *»' ':!'*' :.  ■■ 

ixpn  ".^inij  fnr  I'ir  ulitaiiH  li  l«\  ♦liiiiiiiatiii^  f-.  f"  ...  fi..ni    ];;     ».  •-. 

ir=i.;[/'./]/'^  \-\u  '.']'.'  -h...  \'j[i'Ji\r't  *-■.'! /V /i-]/ "A- r        > 
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and  ,_r*?i    f-r^l    /,-r--l     \  stmin- 

where  the  brackets  [  ]  denote  the  partial  dijQferential  coefficients 
taken  on  the  supposition  that  w  is  expressed  as  a  function  of 
P,  Q,  etc.,  as  in  (19) ;  to  distinguish  them  from  those  of  equations 
(12)  which  were  taken  on  the  supposition  that  w  is  expressed  as 
a  function  of  e,  /,  etc.,  as  in  (13).  We  have  also,  asjin  §  313  (cf), 
w=l{Pe+Q/+Bg+Sa+Tb+Uc)  (20) ; 

which  might  have  been  put  down  in  the  beginning,  as  it  simply 
expresses  that 

674.  The  average  stress,  due  to  elasticity  of  the  solid,  when  Average 
strained  fi-om  its  natural  condition  to  that  of  strain  (e,  /,  g,  a,  6,  c)  through 
L8  (as  from  the  assumed  applicability  of  the  principle  of  super-  Tng  stmii?" 
position  we  see  it  must  be)  just  half  the  stress  required  to  keep 

it  in  this  state  of  strain. 

675.  A  body  is  called  homogeneous  when  any  two  equal,  Homogene- 
similar  parts  of  it,  with  corresponding  lines  parallel  and  turned  doflned. 
towards  the  same  parts,  are  undistinguishable  from  one  another 

by  any  difference  in  quality.     The  perfect  fulfilment  of  this 
condition  without  any  limit  as  to  the  small  ness  of  the  parts, 
though  conceivable,  is  not  generally  regarded  as  probable  for 
any  of  the  real  solids  or  fluids  known  to  us,  however  seemingly 
homogeneous.     It  is,  we  believe,  held  by  all  naturalists  that  Moiecuur 
there  is  a  molecular  structure,  according  to  winch,  m  compmcnd 
bodies  such  as  water,  ice,  rock-crystal,  etc.,  the  constituent 
substances  lie  side  by  side,  or  arranged  in  groups  of  finite 
dimensions,  and  even  in  bodies  called  simjyle  (i.e.,  not  known 
to  be  chemically  resolvable  into  other  substances)  there  is  no 
ultimate  homogeneousness.      In  other  words,  the   prevailing 
belief  is  that  every  kind  of  matter  with  which  we  are  acquainted 
has  a  more  or  less  coarse-grained  texture,  whether  having  visible  JJ^S'SJi.* 
molecules,  as  great  masses  of  solid  stone  or  brick-building,  or  gj[^^j^ 
natural  granite  or  sandstone  rocks ;  or,  molecules  too  small  to  ^^^^' 
be  visible  or  directly  measurable  by  us  (but  not  infinitely  small)^  hiilllig^.c. 
in  seemingly  homogeneous  metals,  or  continuous  arystals,  oro"anc«. 
liquids,  or  gases.      We  must  of  course  return  to  tliis  subject 

'  Probably  not  undiscorenibiy  small,  althouprh  of  dimeiibiouK  not  yet  known  to  us. 
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defined. 


tn»pv  I'f 
flillrn-iit 


under  I'l-opeilies  of  Matter ;  and  in  the  meantime  ntwd  '*.; 
say  that  the  definition  of  homogencoumess  may  be  appb^i 
practically  on  a  ver}'  large  scale  to  masses  of  Luilding  or  coftr* 
grained  conglomerate  rock,  or  on  a  more  motleiate  sca!^  "- 
blocks  of  ctnnmon  sandstone,  or  on  a  ver>'  small  scale  tn  stm: 
ingly  homogeneous  metals;^  or  on  a  scale  of  extreme,  unL- 
covered  fineness,  to  vitreous  bodies,  continuous  crystals,  solkLi-: 
gums,  as  India  nibber,  gum-arabic,  etc.,  and  fluids. 

676.  The  substance  of  a  homogeneous  solid  is  called  t* 
tropic  wlien  a  sjjherical  portion  of  it,  tested  by  any  ph\»i-^ 
agency,  exhibits  no  difference  in  quality  huwever  it  is  turT:**! 
Or,  which  amounts  to  the  same,  a  cubical  portiiai  cut  fn>m  ir;. 
position  in  an  isotropic  body  exhibits  the  same  ^ualitit^  r-L. 
tively  to  each  \m\v  of  paraHel  faces.  Or  two  etjual  and  ^iiaili: 
portions  cut  fnmi  aiit/  positions  in  the  bo«ly,  not  subjei-t  to  :}r 
condition  of  parallelism  i,§  t>7r)),  aiv  undistinguishable  from  mr 
annthiT.  A  substance  which  is  not  isotropic,  but  exhibit?  d:: 
ft-rences  of  (piality  in  different  directions,  is  called  n^t<i4njn.'. 

677.  An  individual  Iwxly,  or  the  sultstance  of  a  b'to- 
geneous  solid,  may  be  isotn»iiic  in  one  quality  or  cla«  i< 
qualities,  but  aeolutnipic  in  otlu*ix 

Thus  in  abstract  dynamics  a  ri^id  body.  <»ra  gnuip  of  l-J.^ 
ri;:idly  connected,  contained   within  and  rigidly  atUcheti  ^^  » 
rigid  sjdiiTical  surface,  is  kinetically  symmetrical  (§  J:^ri   \f  ::• 
C(»nlre  of  ini'rtia  is  at  tin*  centn*  of  the  splii»n\  ami  if  its  niomrc'j 
of  inertia  are  equal  niund  all  diameters.      It  is  al«<»  i^>tn*{v 
n»hitively  to  gravitatinn  if  it  is  imtroliaric  (§  ri2«>  .  si^  that  :> 
c«Miln'  of  ti-uif  is   U"'   merely  a  centre  of  inertia,   !»ut  a  t.--' 
ceiitn*  of  gravity.     Or  a  tnins])arent  sulistance  may  tnui*t-' 
liiiht   at  diHtTenl  vidocitifs  in  ditfeivnt  tlinvtions  thn^ncl:   ■ 
(that   is.  !»«•  ihtuhlft  /rfrtfrfinff  .  and  yet  a  euU»  of  it   ma}    n- 
;j«'nenilly  d••l"^  in  natural  rr\ -tal-    ;ib>orb  thi*  -^aiu*-   :  .ir. 
b'MUi  of  whiii*  li:^ht    ir.in*;ni:  t-tl   a-Mi-N   it   perp*  ij«i:.  i:'..i:".-   * 
:i5iy  of  its  ihrei-  pairs  i»r  ta^-s      i  h'    .«>  a  ri\^tal  wbj-  ii  i  \i 
ili,Jirt,isi,,    i:  ni;t\  lie  a»«»!«'ii««p:r  ri-l.iMVt'ly  t.«  the  l.»!!.  :    -.  * 
rjthiT.  •i-tir  quality,  and   \tt    i:    nin\  ii»n«l»nt    ln.tt   i-i*.:.;.!' 
all  dirt<  l:*^i>. 


■  Wl.irl..  1. 

■  1  .   iM.'- 


X     I- 


;  \  . 
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678.  The  remarks  of  §  675  relative  to  homogeneousuess  in  Practical 
the   aggregate,   and  the   supposed    ultimately    heterogeneous  onw^Spy, 
texture  of  all  substances  however  seemingly  homogeneous,  in-  ^ni^SSnew 
dicate    corresponding   limitations   and   non-rigorous  practical  J^'^^^^  tn 
interpretations  of  isotropy.  Sea^^t 

679.  To  be  elastically  isotropic,  we  see  first  that  a  spherical  «^"»o»««^<^ 

,  .      ,  «  1.  ,     .A        ,  .  1  -n  1  Conditions 

or  cubical  portion  of  any  solid,  if  subjected  to  uniform  normal  fumiiedin 
pressure  (positive  or  negative)  all  round,  must,  in  yielding,  iaotropy. 
experience  no  deformation  :  and  therefore  must  be  equally 
compressed  (or  dilated)  in  all  directions.  But,  further,  a  cube 
cut  from  any  position  in  it,  and  acted  on  by  tangential  or  dis- 
torting stress  (§  CG2)  in  planes  parallel  to  two  pairs  of  its  sides, 
must  experience  simple  deformation,  or  shear  (§  171),  in  the 
same  direction,  unaccompanied  by  condensation  or  dilatation,^ 
and  the  same  in  amount  for  all  the  three  ways  in  which  a  stress 
may  be  thus  applied  to  any  one  cube,  and  for  different  cubes 
taken  fi-om  any  different  positions  in  the  solid. 

680.  Hence  the  elastic  quality  of  a  perfectly  elastic,  homo- 
geneous, isotropic  solid  is  fully  defined  by  two  elements  ; — its 
resistance  to  compression,  and  its  resistance  to  distortion.     The  Mewures  oi 
amount  of  uniform  ])ressure  in  all  directions,  per  unit  area  of  {If iomprJt- 
its  surface,  rcquired  to  produce  a  stated  very  small  compression,  gisS^JS^to 
measures  tlie  fii-st  of  these,  and  the  amount  of  the  distorting  *'^»^^'®"- 
stress   required   to   produce   a   stated    amount    of    distortion 
measures  tlie  second.     The  numerical  measure  of  the  first  is 

the  compressing  pressure  divided  by  the  diminution  of  tlie 
bulk  of  a  poi-tion  of  the  substance  which,  when  imcompressed, 
occupies  the  unit  volume.  It  is  sometimes  called  the  elasticity  Eiaaticity 
of  volume,  or  the  resistance  to  carnjyression.  Its  reciprocal,  or ''^  ^'°^°"**' 
the  amount  of  compression  on  unit  of  volume  divided  by  the 
compressing  pressure,  or,  as  we  may  conveniently  say,  the  com- 
preasiou  per  unit  of  volume,  per  unit  of  compressing  pressure, 
is  commonly  called  the  compressihility.     The  second,  or  resist-  comprw- 

1  It  inuHt  1>e  remembered  that  the  chan<;es  of  fi^re  aud  volume  we  are  coucemeil 
with  are  so  small  that  the  principle  of  Kii{>crposition  is  applicable ;  so  that  if  any 
distortiii'/  stress  produced  a  condensation,  an  oj)p<isite  distorting  stress  would  pro- 
duce  a  dilatation,  which  is  a  violation  of  the  inotropic  condition.  But  it  is  possible 
that  a  distorting  Htre!»s  may  produce,  in  a  truly  isotropic  solid,  q^odensation  or 
dilatation  in  ]in»portion  to  the  mjuare  of  it8  value  :  and  it  is  probable  that  such 
effects  may  be  sensible  in  India  i-ubbcr,  or  cork,  or  other  bodies  susceptible  of 
vrreat  defomiati«»ns  or  compression*,  with  persistent  elasticity. 
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aiice  to  change  of  shape,  is  measured  by  the  tangential  ete* 
(reckoned  as  in  §  002)  divided  by  the  amount  of  tlie  distwft* 
or  shear  (§  175)  which  it  produces,  and  is  called  the  riifuiu»i^ 
the  substance,  or  its  dasiticUy  of  figure, 

681.  From  §  109  it  follows  that  a  Btitiin  coniiKHimleJ  ^Ai 
siniph^  extension  in  one  set  of  parallels,  and  a  simple  contik- 
tion  of  equal  amount  in  any  other  set  peri>endioular  to  iW. 
is  the  same  as  a  simple  shear  in  either  of  tlie  two  stb  •: 
planers  cutting  the  two  sets  of  parallels  at  45^  Ami  ti- 
numerical  measure  (§  175)  of  this  shear,  or  sim]ile  distntti't 
is  equal  to  duithJc  the  amount  of  the  elongation  (^r  contrai-:!* 
(each  meiuHured,  of  course,  per  unit  of  length).  h>imilarly.  i- 
see  (§  008)  that  a  longitudinal  traction  (or  negative  pr«&«n 
pamUel  to  one  line,  and  an  equal  longitudinal  positive  pr*ssnff 
parallel  to  any  line  at  right  angles  to  it,  is  equivalent  to  a-u? 
torting  stress  of  tangential  tractions  (§  661)  })arallel  to  :k 
planes  which  cut  those  lines  at  45^  And  the  numenoi 
measure  of  this  distoi-ting  stress,  being  (§  662)  the  amount -J 
the  tangential  tmction  in  either  set  of  jdanes,  isff|ualiotk 
amount  of  th(^  i)ositive  or  negative  normal  pivsusun*,  m»t  dmU'i 

682.  Since  then  any  stress  whatever  may  be  niaile  up  rf 
simple  longitudinal  stresses,  it  follows  that,  to  find  the  r\*kti'tt 
between  any  stress  and  the  stniin  produced  by  it,  we  have  onl} 
to  find  the  stmin  produced  by  a  single  longituilinal  sm^s* 
which  we  may  do  at  once  thus  :— A  simjde  longitudinal  stresi 

1\  is  equivalent  to  a  unifonj 
dilating  tension  ^P  in  all  diiw 
tions.  compounded  with  twv 
distorting  stresses,  eai*h  eijual 
to  JP,  and  having  a  cu«im»'E 
axis  in  the  line  of  the  given 
longitudinal  stress,  and  ihtir 
other  two  axes  any  two  liiu¥ii 
right  angles  to  one  amnbirwi 
to  it.  The  diagram,  tlniwu  in  a 
plane  thi-ough  one  of  thi*se  laHcr 
lines,  and  the  former,  sufficient 
ly  imliiates  the  synthwis:  ih» 
only  foivrs  not  shown  being  tlios»»  ]M']pendicular  to  its  piano 


-F  (^)' 


STATICS.  521 

i.      Hciue  if  71  denote  tlie  rigidity,  and  k  the  resistance  to  dila-  ^^V^' 
station  [beiiit^  the  same  as  the  reciprocal  of  the  compressibility  *«in«ie 
i(§  C80)].  the  effect  will  bo  an  equal  dilatation  in  all  direc-  "treaa. 
lions,  aiiioiiuting,  j»er  unit  of  volume,  to 

i,  compounded  with  two  equal  distortions,  each  amounting  to 

IL  (2), 

'  and  having  (§  G79)  tlieir  axes  in  the  directions  just  stated  as 
•those  of  the  distorting  stresses. 

683.  The  dilatation  and  two  shears  thus  detennined  may 

-  be  conveniently  reduced  to  simple  longitudinal  strains  by  still 

-  following  the  indications  of  §  G8i,  thus  : — 

i        The  two  shears  togt^ther  constitute  an  elongation  amounting 

IP 

to    "  in  the  direction  of  the  given  force,  P,  and  equal  contrac- 

ip 
tion  amounting  to  ^—  in  all  directions  perpendicular  to  it. 

\P 
And  the  cubic  dilatation  - .-  implies  a  lineal  dilatation,  equal 

1  P 

in  all  ilirections,  amounting  to  ^  -x^-     On  the  whole,  therefore, 

we  have  „^„,« 

1  1  \  Younff'n 

linear  elongation  =  P( — \--f)i  in  the  direction  of  the  applied  ]  (JfliS)"* 

3n     9a:  I  _  gnt 

stress,  and  \  ~8A+»' 

11..  {    ^^* 

linear  contraction  =  P( -),  in  all  directions  perpendicular  I 

to  the  applied  stress.  ' 

684.  Hence  when  the  ends  of  a  column,  bar,  or  wire,  of 
is4)tn.jpic  material,  are  acted  on  by  equal  and  opposite  forces, 

it  exiHiriences  a  lateral  lineal  contraction,  eciual  to  —777-; — ;  of  Ratio  of 

*  ^  2(3^-4-w)         UteniUon- 

tlie  longitudinal  dilatation,  each  reckoned  as  usual  per  unit  longitudtntj 
*>f  lineal   nieasui-e.      One  si>eciuien  of  the  fallacious  mathe-  *^* 
iiiatics  al)Ove  n-ifenxHl  to  (§  673),  is  a  celebrated  conclusion  of 
Nftviers  and  Poisson*s  that  this  mtio  is  \,  which  rcquii-es  the 
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Ratio  of      rigidity  to  be  f  of  the  resistance  to  compression,  f 

ISin  to'   and  which  was  first  shown  to  be  false  by  Stokes 

IxSon?^  obvious  obsen-atioiis,  proving  enormous  discrepai] 

ill  many  w^ell-known  bodies,  and  rendering  it  most 

that  there  is  any  approach  to  a  constancy  of  n 

rigidity  and  resistance  to  compi'ession  in  any  ch 

Thus  clear  clastic  jellies,  and  India  rubber,  prw 

specimens  of  isotropic  homogeneous  solids,  which. 

ing  very  much  from  one  another  in  rigidity  (**st 

probably  all  of  very  nearly  the  same  compi-e&sibil 

This  being  ao^^ooo  per  pound  per  square  inch ;  the 

compression,  measured  by  its  reciprocal,  or,  as  we 

"308000  lbs.  per  square  inch,"  is   obviously  ma 

times  the  absolute  amount  of  the  rigidity  of  the  sti 

substances.     A  column  of  any  of  them,  tlierefore,  v 

different       together  or  pulled  out,  within  its  Umits  of  elasticity 

Kuhstances^  iug  forces  applied  to  its  ends  (or  an  India-rubV»ei 

jdiy  */o'^     pulled  out),  experiences  no  sensible  change  of  vol 

for  cork.       ^,^^^,  sensible  change  of  length.      Hence  the  profK 

tension   or  contraction  of  any  transverse   diamet 

sensibly  equal  to  1  the  longitudinal  contniction  o 

and  for  all  ordinary  stresses,  such  substances  may  b 

regarded  as  incompressible  elastic  solids.      Stokes  < 

for  believing  that  metals  also  have  in  general  «n- 

ance  to  compression,  in  proportion   to   their   ri«n* 

according  to  the  fallacious  theory,  althougli  for  tl 

croj)ancy  is  very  much  less  than  for  the  gelatinous  b 

probable  conclusion  was  soon  exi)erimentally  demo 

Wertheim,  who  tVnind  the  mtio  of  lateral  to  li)n<ntu«; 

of  lineal  dimensions,  in  columns  acted  on  solely  bv  1 

force,  to  be  about  J  for  glass  and  bmss ;  ami  by  Kir 

by  a  very  well-devised  exi>erimciital  method,  found 

value  of  that  i-atio  for  brass,  and  '294  for  iix>n.     Ko 

liiid  that  it  j^robably  lies  between  '226  ami   '441 

exj>eriments-  of  our  own,  measuring  the  torsional 

tudinal  rigidities  ({{{)  590,  51)9,  G8())  of  a  coj»per  wii 

•  On  tlie  P'riotion  of  Fluids  in  Mntion,  nn«l  the  E'inililiriiini  nml  M 
Snli«ls.  —  yyvz/'-v.  C<finh.  /V///.  ./oj//.,  Aj)ril  1845.  Scc  alsu  (\'mb.  m 
Jour.,  Man-h  1818. 

•  (>u  tljo  Eb^itu'ity  nml  ViccM.^ity  ..f  Metals  /W.  Tl...niv.>n>.     Vrt»i.  I 
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685.  All  these  results  indicate  rigidity  less  in  proportion  to  supposition 
lie  compressibility  than  according  to  Naviers  and  Poissons  perfect «oUd. 
Jieory.     And  it  has  been  supposed  by  many  naturalists,  who 

lave  seen  the  necessity  of  abandoning  that  theory  as  inapplic- 
ible  to  ordinary  solids,  that  it  may  be  regarded  as  the  proper 
theory  for  an  ideal  jtcrfect  solid,  and  as  indicating  an  amount  of 
rigidity  not  quite  reached  in  any  real  substance,  but  approached 
to  in  some  of  the  most  rigid  of  natural  solids  (as,  for  instance, 
iron).  But  it  is  scarcely  possible  to  hold  a  piece  of  cork  in  the 
hand  without  perceiving  the  fallaciousness  of  this  last  attempt 
to  maintain  a  theory  which  never  had  any  good  foundation. 
By  careful  measurements  on  columns  of  cork  of  various  forms 
(among  them,  cylindrical  pieces  cut  in  the  ordinary  way  for 
bottles)  before  and  after  compressing  them  longitudinally  in  a 
Brahmah's  press,  we  have  found  that  the  change  of  lateral 
dimensions  is  insensible  both  with  small  longitudinal  contrac- 
tions and  return  dilatations,  within  the  limits  of  elasticity,  and 
with  such  enormous  longitudinal  contractions  as  to  J  or  J  of 
the  original  length.  It  is  thus  proved  decisively  that  cork  is 
much  more  rigid,  while  metals,  glass,  and  gelatinous  bodies  are 
all  less  rigid,  in  ])roportion  to  resistance  to  compression  than 
the  supposed  "perfect  solid;"  and  the  utter  wortldessness  of 
the  theory  is  experimentally  demonstrated. 

686.  The  modulus  of  elasticity  of  a  bar,  wire,  fibre,  thin  Young', 
filament,  band,  or  cord  of  any  material  (of  which  the  substance  difliTed!' 
need  not  be  isotropic,  nor  even  homogeneous  within  one  normal 
section),  as  a  bar  of  glass  or  wood,  a  metal  wire,  a  natui-al  fibrc, 

an  India-rubber  l)and,  or  a  common  thread,  cord,  or  tape,  is 
a  term  introduced  ])y  Dr.  Thomas  Young  to  designate  what 
we  also  sometimes  call  its  lonyitudinal  rigidity:  that  is,  theeamoas 
quotient  obtained  by  dividing  the  simple  longitudinal  force  rigidity, 
required  to  produce  any  infinitesimal  elongation  or  contraction 
by  the  amount  of  this  elongation  or  contraction  reckoned  as 
always  per  unit  of  length. 

687.  Instead  of  reckoning:  the  modulus  in  units  of  weight,  weight 

it  is  sometimes  convenient  to  exi)ress  it  m  terms  ot  the  weight  andiengui 

A«  .,  ,ni  !•  .1  imi  11        of  modulus. 

of  the  unit  length  of  the  rod,  wii-e,  or  thread,  llie  modulus 
thus  reckoned,  or,  as  it  is  called  by  some  writers,  the  length  of 
the  modu1u.*<,  is  of  course  found  bv  dividing  the  weight  modulus 
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Velocity  of    bv  the  Weight  of  the  unit  length.     It  is  useful  in  manv  i 

transmission  n  it       .^  /»     i      i*    '^  ^         •  .       I- 

of  a  simple    tious  ot  the  theoFy  01  elasticity ;  as,  for  instance,  in  this 

stress  which  will  bc  proved  later : — the  velocity  of  transniis: 

a  rod.  longitudinal  vibrations  (as  of  sound)  along  a  bar  or  ( 

equal  to  the  velocity  acquired  by  a  body  in  felling 

height  equal  to  half  the  length  of  the  mod  ill  ua* 

fn^^L  of        688.  The  specific  modtdus  of  elasticity  of  an  isotrof 

anisotropic  stance,  OP,  as  it  is  most  often  called,  simply  the  mod 

elasticity  of  the  &uhstan<:e,  is  the  modulus  of  elasticity  ol 

of  it  having  some  definitely  specified  sectional  area. 

be  such  that  the  weight  of  imit  length  is  unity,  the  moc. 

the  substance  will  be  the  same  as  the  length  of  the  nioJ 

any  bar  of  it :  a  system  of  reckoning  which,  as  we  ha> 

has  some  advantages  in  application.     It  is,  however,  nioi 

to  choose  a  common  unit  of  area  as  the  sectional  area 

bar  referred  to  in  the  definition.     There  must  also  be  a  < 

understanding  as  to  the  unit  in  terms  of  which  the  i 

In  tenns  of   mcasurcd,  wliicli  may  be  either  the  absolute  unit  TS  2' 

the  absolute  ..  .*  •»ii-i.  no' 

unit;  or  of    tlic  ffmvitatioii  uuit  tor  a  specified  locautv  ;  that  is  TS  tt 

tlie  fort'c  of  .1.1  IT  n     1  •         t* 

gravity  on     weij^ht  111  that  locauty  of  the  unit  of  masa      Exnerii 

the  unit  of  ,"  i      i      .  i         .  *  * 

mass  in  uny  hithcrto  liavc  Stated  their  results  m  terms  of  the  ffrav 

particular  •  i     /»       i  .  ,1.1  ° 

locality.  unit,  each  for  his  own  locality  ;  the  accuracy  hitherto  ai 
being  scarcely  in  any  cases  sufficient  to  require  corr 
for  the  different  forces  of  gravity  in  the  different  plj 
observation. 

689.  The  most  useful  and  generally  convenient  spc 
tion  of  the  modulus  of  elasticity  of  a  substance  is  in  gni; 
weight  per  square  centimetre.  This  has  only  to  be  divi< 
the  specific  gravity  of  the  substance  to  give  the  length 
7nodultcs.  British  measures,  however,  being  still  unh 
sometimes  used  in  practical  and  even  in  liigh  scientific 

»  It  is  to  be  understood  tliat  the  vibratioiiH  in  question  air  »o  niucli  *p 
through  the  length  of  the  body,  that  inertia  does  not  sensibly  intliienc^  tl 
vense  contractions  and  dilatations  which  (unless  the  substance  have  in  Xhi* 
the  peculiar  character  presented  by  cork,  §  631)  take  place  along  with  theiu. 
under  thermodynamics,  we  shall  see  that  changes  of  temperature  prxidace 
varying  stresses  cause  changes  of  temperature  which,  in  ordinary  ftolids,  tr 
velocity  of  transmission  of  longitudinal  vibrations  sensibly  greater  than  th; 
lated  by  the  rule  stated  in  the  text,  if  we  use  the  sUtdc  Viotiulug  as  UD«Ier»to 
the  definition  tliere  ;^'iven  ;  and  we  shall  learn  to  take  into  account  the  therni 
by  using  a  detinile  ."Ottic  vuuhflus,  or  h'tictic  vuH.lvlaSy  according  to  thecirciui 
of  any  case  that  mav  occur. 
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.eiits,  we  may  have  occasion  to  refer  to  reckonings  of  the 
lodulus  in  pounds  per  square  inch  or  per  square  foot,  or  to 
!n^h  of  the  modulus  in  feet. 

690.  The  reckoning  most  commonly  adopted  in  British 
•eatises  on  mechanics  and  practical  statements  is  pounds  per 
:j[uare  inch.  The  modulus  thus  stated  must  be  divided  by 
:ie  weight  of  1 2  cubic  inches  of  the  solid,  or  by  the  product 
f  its  specific  gravity  into  '4337,^  to  find  the  length  of  the 
loclulus,  in  feet. 

To  reduce  from  pounds  per  square  inch  to  grammes  per 
juare  centimetre,  multiply  by  70*31,  or  divide  by  '014223. 
'rench  engineers  generally  state  their  results  in  kilogrammes 
er  square  millimetre,  and  so  bring  them  to  more  convenient 
umbers,  being  ioq^qoo  of  the  inconveniently  large  numbers 
xjiressing  moduli  in  grammes  weight  per  square  centimetre. 

691.  The  same  statements  as  to  units,  reducing  factors,  and 
oininal  designations,  are  applicable  to  the  resistance  to  com- 
ression  of  any  elastic  solid  or  fluid,  and  to  the  rigidity  (§  680) 

f  an  isotropic  body;  or,  in  general,  to  any  one  of  the  21  co-  Metrical 
fficients  in  the  expressions  [§  673  (14)]  for  stresses  in  terms  of  tiowfof"** 
trains,  or  to  the  reciprocal  of  any  one  of  the  21  coeflficients  lifeuwttcity 
a  the  expressions  [§  673  (16)]  for  strains  in  terms  of  stresses,  ^^^^^ 
s  well  as  to  the  modulus  defined  by  Yoimg. 

I  ThiH  decimal  being  the  weight  in  U>s.  of  12  cubic  inches  of  water.  The  one 
reat  a<lvantage  of  the  French  metrical  system  is,  that  the  mass  of  the  unit  volume 
I  cubic  centimetre)  of  water  at  its  temperature  of  maximum  density  (3* '945  c.)  is  unity 
I  gramme)  to  a  sufficient  degree  of  a]>proximatiou  for  almost  all  practical  purposes, 
"hus,  Rcconling  to  this  system,  the  density  of  a  body  and  its  8]>ecific  gravity  mean 
ne  and  the  same  thing ;  whereas  on  the  British  iio-systero  the  density  is  expressed 
y  a  uumWr  found  by  multiplying  the  specific  gravity  by  one  number  or  another, 
cconiing  to  the  choice  of  a  cubic  inch,  cubic  foot,  cubic  yard,  or  cubic  mile  that  is 
lade  for  the  unit  of  volume ;  an<l  the  grain,  scruple,  gunmaker's  drachm,  apothe- 
Br>'*s  drachm,  ounce  Troy,  ounce  avoirdupois,  pound  Troy,  pound  avoirdupois, 
tone  (Imperial,  Ayrshire,  I^narkshire,  Dumbartonshire),  stone  for  hay,  stone 
or  com,  quarter  (of  a  hundredweight),  quarter  (of  com),  hundredweight,  or  ton, 
hAt  im  chosen  for  unit  of  mass.  It  is  a  remarkable  phenomenon,  belonging  rather 
o  moral  and  social  than  to  pliysical  science,  that  a  people  tending  naturally  to  be 
efH'lated  by  common  sense  should  voluntarily  condemn  themselves,  as  the  British 
lave  so  long  done,  to  unnecessarj'  hanl  labour  in  every  action  of  common  business 
tr  Ecientilic  work  relattMl  to  mea^u^enlent ;  from  which  all  the  other  nations  of 
Suroite  have  emancipatetl  themselves.  We  have  been  informed,  through  the  kind- 
less  of  Professor  W.  11.  Miller,  of  Cambridge,  that  he  concludes,  from  a  verj-  trust- 
I'orthy  comparison  of  standanls  by  KupfTer,  of  St.  Petersburgh,  that  the  weight 
»f  a  cubic  dei-imetre  of  water  at  temperature  of  maximum  density  is  lOOO'OlS 
Tanimetf. 
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ptressre  692.  In  §§  681,  682  we  examined  the  effect  of  a  ssi 

maintain      loiigitiiJiiial  stress,  in  producing  elonsration  in  its  own  L"- 

a  simple  .     ^  .  .         .•         •      i-  ,. 

longitudinal  tioH,  and  contraction  m  lines  perpendicular  to  it,  Witn  5^>?- 
substituted  for  strains,  and  strains  for  stresse:?,  we  may  i:;. 
the  same  process  to  investigate  the  longitudinal  a&l  )^^.- 
tractions  required  to  produce  a  simple  longitudinal  strain  i. 
is,  an  elongation  m  one  direction,  with  no  change  of  Jimtnai 
peri)endicular  to  it)  in  a  I'od  or  solid  of  any  shape. 

Thus  a  simple  longitudinal  strain  e  is  equivalent  to  a  d 
dilatation  c  without  change  of  figure  (or  linear  iHlatati'.'ii 
equal  in  all  directions),  and  two  distortions  consisting  ead 
dilatation  ^e  in  the  given  direction,  and  contraction  J^inci 
of  two  directions  perpendicular  to  it  and  to  one  anothet 
produce  the  cubic  dilatation,  e,  alone  requires  (§  680)  a  non 
traction  ke  equal  in  all  directions.  And,  to  produce  eithei 
the  distortions  simply,  since  the  measure  (§  175)  of  eacLi* 
requires  a  distoiling  stress  equal  to  n  x  f  ^,  which  constsfi 
tangential  tractions  each  equal  to  this  amount,  positive 
drawing  outwards)  in  the  Ime  of  the  given  elongation,  i 
negative  (or  pressing  inwards)  in  the  perpendicular  diwcti 
Thus  we  have  in  all 

normal  traction  ={k  +  in)e,  in  the  direction  of  the  given    ] 

strain,  and  I 

normal  traction  =  {k  —  f  n)tf,  in  every  direction  perpcn-     | 

dicular  to  the  given  strain.  j 

stress-  693.  If  now  wc  supposc  any  possible  infinitely  smaU  sni 

in  terms  of    (c,  f,  flr,  a,  ft,  c),  accordiug  to  the  specification  of  S  669,  to 

strain  for  .  t      t  ^  y*-k">v«-. 

•wtropic  given  to  a  body,  the  stress  (P,  Q,  R,  S,  T,  IT)  Kquired 
maintain  it  will  be  expressed  by  the  following  foimubc,  i 
tained  by  successive  applications  of  §  692  (4)  to  the  cc 
ponents  e,  f,  g  separately,  and  of  §  680  to  a.h.c : — 

S-=na,  T=nh,  U=nc, 


where  3'=*+J 


9=1- J' 


2„     h«=K^-») 
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694.  Siniihirly,  by  §  G80  and  §  G82  (3),  we  have 
n  n  n 

3/y={7?-cr(/'+Q)}, 
J)nk_ 


J/  = 


8tnun- 

in  terms  of 
Mtress  for 
i8otm]iic 
body. 


(6), 


irhere 

uid  "*'  - 

2m  2{Sk+nj 

18  the  foniinhi'  exi)ressiiig  the  strain  (e,  /,  ^,  a,  6,  c)  in  terms  of 
the  sti-ess  (P,  Q,  It  S,  T,  IT).  They  are  of  course  merely  the 
ilgehraic  inversions  of  (5);  and  (§  G73)  they  might  have  been 
found  by  solving  these  for  c,  /,  g,  a,  b,  c,  regarded  as  the  un- 
known quantities.  M  is  here  introduced  to  denote  Youngs 
luodulus  (§  G83).  and  m  from  §  698  (5). 

695.  To  express  the  equation  of  energy  for  an  isotropic  Eqiuuonof 
jubstance,  we  may  take  the  general  formula, 

w^l{Pe+Qf+ng+Sa+Tb+Uc)...[^(\lS  (20)1 
uid  eliminate  from  it  P,  Q,  etc.,  by  (5)  of  §  693,  or,  again,  e,/, 
etc..  by  (G)  of  §  G94,  we  thus  find 

=1  [(|+.4)(i^+^+/^;~2(^— ;ij(0/^+^^^ 


energy  for 
thet 


!•" 


696.  The  mathematical  theory  of  the  equilibrium  of  an  Punda- 
ehuitie  solid  pR^sents  the  following  general  problems  : —  prowenw 

A  solid  of  any  given  shajyc,  whni  undisturhcd,  is  acted  on  in  mauoai 
i(A  sithsfance  hg  force  di.^irihvted  through  it  in  any  given  manner,     ^^' 
and  di.'<2^!ace mints  are  arhitrarily  produced y  or  forces  arbitrarily 
applied,  over  its  bounding  surface.      It  is  required  to  find  the 
di-^jddcnncnt  of  every  point  of  its  siibstaiice. 

This  problem  has  been  thoroughly  solved  for  a  shell  of 
homogeneous  isotropic  substance  bounded  by  surfaces  which, 
when  undisturbed,  are  spherical  and  concentric  (§  735) ;  but 
not  hitherto  for  a  body  of  any  other  shape.  The  limitations 
umU-r  which  solutions  have  been  obtained  for  other  cases  (thin 
jdates,  and  rods),  leading,  as  we  have  seen,  to  important 
practical  n»sults,  have  been  stated  above  (§(J  588,  632).     To 


528 


ABSTRACT  DYNAMICS. 


Conditions 
of  internal 


demonstrate  the  laws  (§§  591,  633)  which  were  taken  iii 
ticipation  will  also  be  one  of  our  applications  of  the  2tri 
equations  for  interior  equilibrium  of  an  elastic  solid,  whiii 
now  proceed  to  investigate. 

697.  Any  portion  in  the  interior  of  an  elastic  solid  may 
eqilViVbrilTni,  regarded  as  becoming  perfectly  rigid  (§  564)  without  dkii 
ing  the  equilibrium  either  of  itself  or  of  the  matter  n)und 
Hence  the  traction  exerted  by  the  matter  all  rourd  it,  r^p: 
as  a  distribution  of  force  applied  to  its  surface,  must,  with 
applied  forces  acting  on  the  substance  of  the  portion  couriJ- 
fulfil  the  conditions  of  equilibrium  of  forces  acting  i»n  a  r 
body.  This  statement,  applied  to  an  infinitely  small  rectait: 
parallelepiped  of  the  body,  gives  the  general  differential  e- 
tions  of  internal  equilibrium  of  an  elastic  solid.  It  is  t* 
remarked  that  three  equations  suffice ;  the  conditions  of  qi 
brium  for  the  cmijples  being  secured  by  the  relation  establis 
above  (§  GGl)  among  the  six  pairs  of  tangential  compoi 
tractions  on  the  six  faces  of  the  figure. 

Let  (x,  y,  z)  be  any  point  within  the  solid,  and  &r,  %,  &  « 
respectively  parallel  to  the  rectangular  axes  of  reference,  o 
infinitely  small  parallelepiped  of  the  solid  having  that  poia 
its  centre. 

If  I\  Q,  R,  S,  T,  U  denote  (§  662)  the  stress  at  (x.  ^,  :\ 
average  amounts  of  the  component  tractions  (see  table,  §  6© 
the  faces  of  the  parallelepiped  will  be 

/    ±(^±77- •  i^%&?,  paraUel  to  0. 


expresao^l 
by  three 
e<iuation». 


on  the  two  faces  SySz 


'  dx 
±(^±J~J&r)Syaj, 


n\ 


0/ 


Taking  the  symmetrical  expressions  for  the  tractions  on  the 
other  pairs  of  faces,  and  summing  for  all  the  faces  all  the  c 
poncnts  parallel  to  the  three  axes  separately,  we  hare 


( 


dP 
dx 


+^-+'"')&8yS;,  paraUel  to  OA', 
ay      a: 


,dU  ,  da  ,  dS^.  .  . 

,dT  ,  dS  ,  dR,^  jt  J, 
^d.+  d^+d.^''^^''' 


or. 


oz. 
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Let  now  X,  F,  Z  denote  the  components  of  the  applied  force  General 
on  the  substance  at  {x,  y^  z)^  reckoned  per  unit  of  volume ;  so  that  intericn^oi- 
Xhxhyhz^  YSxSySzj  ZSxSy^  will  be  their  amounts  on  the  small       ^'^ 
portion  in  question.     Adding  these  to  the  corresponding  com- 
ponents just  found  for  the  tractions,  equating  to  zero,  and  omitting 
the  factor  SxSySzj  we  have 

which  are  the  general  equations  of  internal  stress  required  for 
equilibrium. 

If  for  P,  Q,  R,  8j  T,  U  we  substitute  the  linear  functions  of 
«,  /,  g,  a,  bj  c  in  terms  of  which  they  are  expressed  by  (14)  of 
§  673,  we  have  the  equations  of  internal  strain.  And  if  we 
eliminate  c,  f,  g,  a,  6,  c  by  (6)  of  §  670  we  have,  for  (a,  )8,  y)  the 
components  of  the  displacement  of  any  interior  point  in  terms  of 
{x,  y,  z)  its  undisplaced  position  in  the  solid,  three  linear  partial 
differential  equations  of  the  second  degree,  which  are  the  equa- 
tions of  internal  equilibrium  in  their  ultimate  form.  It  is  to  be 
remarked  that,  by  supposing  the  coefficients  (e,  e),  (e,/),  etc., 
to  be  not  constant,  but  given  functions  of  (a?,  y^  z),  we  avoid 
limiting  the  investigation  to  a  homogeneous  body. 

698.  These  equations  being  sufficient  as  well  as  necessary  b^^- 
or  tlie  equilibrium  of  the  body,  they  must  secure  that  the  con-  }JJP^^*,„ 
lition  of  8  697  is  fulfilled  for  anv  and  every  finite  portion  o{^Jff*i»*p- 
t :  as  IS  easily  venfied.  roi«  ^  •*« 

"^  eqnaUoiw  of 

Let  jQT"  denote  integration  throughout  any  particular  part  of  the  JfJriS""* 
solid,  da-  an  element  of  the  surface  boimding  this  part,  and  [jff^  ^^xUr. 
integration  over  the  whole  of  this  surface.     We  have 

Hence,  integrating  each  term  once,  attending  to  the  limits  as  in 
Appendix  A.,  and  denoting  by  ^  m,  n  the  direction-cosines  of 
the  normal  through  da, 

Jjy,Xdxdifdz^—[MPdyd:+  Ud2dx+  Tdxdy)]s^-[ja{PH-Um+  Tn)dcl 
and  therefore  [§  662  (1)]  /J!/Xdxdydz+[//Fd(r]^0  (8). 

2l 
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VcnflealioD 
ofequtlou 
ofeqafU- 
brimn  for 
any  put  rap- 
poMd  rigid 


Now,  integniing  by  ptftB,  eie^  m  in  Appendix  A^  «*  kart 


and 


Hence 


Itimplifl«d 
M]iiAtinii«  fur 
iiM>tn>pic 
MoUd. 


Using  this  in  the  preceding  ezpreHioii,  integnUiiig  tW  cike 
terms  each  once  simply  as  before,  and  naiiig  §  662  (1),  «c  fi< 

The  six  eqoAtions  of  eqniiibriimi  being  (3),  (4).  and  tbe  m 
metrical  equations  relative  to  jf  and  z ;  are  thos  proved. 

For  an  isotropic  solid,  the  eqoaUons  (2)  become  of  eoene  m^ 
simpler.  Thus,  using  (5)  of  §  693,  eliminatiag  e,  /,  y,  «,i' 
by  (6)  of  §  670,  grouping  couTeniently  the  lerms  which  tmk 


and  putting 
we  find 

d  ,da 


dP     dy^  .     ,d*a  .  eTo 


a.aaapay.,    .a-a    a'a     d*a,    .  _^ 
d  ^da      dp      dy  d^P     d'P     d'fi 

'''H^dx^  dy^  iL^^^'^dx'^  ilf^l?^^^-^ 
or,  as  wc  may  write  them  short, 
dl  dS  d6 

-r  •  da    ,  dp      tiy      ^ 

dx'^dy'^iiz*     ^ 
so  that  S  shall  denote  the  amount  of  dilataliou  in  ndomt  fs- 
pcricnccd  by  the  substance ;  and  V'  the  same  symbol  of  ap^fatioi 
as  formorly  [Appendix  A.  and  H..  and  §§  VJl,  V.tl.  4W.  tie  ] 

699.  One  of  the  most  lM*;uitit'ul  ap|di(-Atitins  of  tlio  v.vn'.'v 
i»n.M.-nim      i»fpiatioiisofiiit«'riialiM|iiilibriuinnt  uni'hu-^tii'sidiilhithort.ixnj'.- 
i.s  that  of  M.  ill'  St.  Vniaiit  to  *•  thf  torsion  of  iirisms,"*     T"   i 
t'Mii  of*  a  loii<r  strai;^'lit  prismatic  nNl.  win*,  or  si>liti  i»r  !i>>I<  « 
4  ylindiM'  of  any  lorin.  a  ;:ivi*n  rtuijilt*  i*«  ap|»li«'ii  in  a  |i|:inf  ;*: 

<''>ni>ii|ii»ti<'n-  "iir  li*ur  Klr\i<in."  ft< 


Nt    VriiAiil  « 

«ppil>«tlllll 


STATICS. 


531 


[)endicular  to  the  length,  while  the  other  end  is  held  fast :  it  towi^mj- 
s  required  to  find  the  degree  of  twist  (§  120)  produced,  and 
the  distribution  of  strain  and  stress  throughout  the  prism, 
riie  conditions  to  be  satisfied  here  are  that  the  resultant  action 
between  tlie  substance  on  the  two  sides  of  any  normal  section 
is  a  couple  in  the  normal  plane,  equal  to  the  given  couple. 
Our  work  for  solving  the  problem  will  be  much  simplified  by 
lirst  establishing  the  following  preliminary  propositions  : — 

700.  Let  a  solid  (whether  aeolotropic  or  isotropic)  be  so  ] 
icted  on  by  force  applied  fix)m  without  to  its  boundary,  that 
throughout  its  interior  there  is  no  normal  traction  on  any 
plane  parallel  or  perpendicular  to  a  given  plane,  XOY,  which 
implies,  of  course,  that  there  is  no  distorting  stress  with  axes 
in  or  parallel  to  this  plane,  and  that  the  whole  stress  at  any 
point  of  the  solid  is  a  simple  distorting  stress  of  tangential 
forces  in  some  direction  in  the  plane  parallel  to  XOY,  and  in 
the  plane  perpendicular  to  this  direction.    Then — 

(1.)  The  interior  distorting  stress  must  be  equal,  and 
similarly  directed,  in  all  parts  of  the  solid  lying  in  any  line 
perpendicular  to  the  plane  XOY, 

(2.)  It  being  premised  that  the  traction  at  every  point  of 
my  surface  perpendicular  to  the  plane  XOY  is,  by  hjrpothesis. 
El  distribution  of  force  in  lines  perpendicular  to  this  plane ;  the 
integral  amount  of  it  on  any  closed  prismatic  or  cylindrical 
surface  perpendicular  to  XOYy  and  bounded  by  planes  parallel 
to  it,  is  zero. 

(3.)  The  matter  within  the  prismatic  surface  and  terminal 
planes  of  (2.)  being  supposed  for  a  moment  (§  564)  to  be  rigid, 
the  distribution  of  trac-  y 
bions  referred  to  in  (2.) 
constitutes   a    couple 
whose  moment,  divided 
by  the  distance  between 
those  terminal  planes,  is 
equal   to   the   resultant 
force  of  the  tractions  on 

the  area  of  either,  and 

whose  plane  is  parallel   ^ 

to  the  lines  of  these  resultant  forces. 


In  other  words,  the 
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Tu'^^ 


-Tkf 


uuima.  moment  of  the  distribution  of  forces  over  the  prismatic  «utU" 
referred  to  in  (2.)  round  any  line  (OFor  OJT)  in  the  jilaiw  .T"i' 
is  equal  to  the  sum  of  the  components  (7*  or  S.,  perp^niiizx 
to  the  same  line,  of  the  traction  in  either  of  the  termijud  pU>^ 
multiplied  by  the  distance  between  these  planes. 

To  prove  (I.)  consider  for  a  moment  as  rigid   ^  564   t: 
intinitesimal  prism,  AB  (of  sectional  area  »).  i>eqienili^alAr  ■ 
jl      ^  ^    XO  Y,  and  liaviug  plane  enils.  A ,  B,  i«ril>: 
to  it    Tliere  l>eing  no  forces  on  its  siJrs    ■ 
cylindrical  boundary)  perpcndimliir  t<->  :-• 
length,  its  eciuilibrium  so  far  as  moti<va  j: 
the  direction  of  any  line  {OX ,,   perpe&i: 
cular  to  its  length,  retiuires  (§  ^51,  l  tiu: 
the  components  of  the  tr;ictions  on  its  en*i» 
Ik3  eijual  and  in  op|K>site  directions.   Uenct 
in  the  notation  of  §  662,  the  distortiih: 
^  f  stress  components,  T,  must  be  eqiud  a:  J 

and  B ;  and  so  must  the  stress  components  ^\  for  the  uiof 
I'easoiL 

To  prove  (2.)  and  (3.)  we  have  taily  to  remark  that  they  «r 
required,  according  to  §  551, 1,  and  II.,  for  the  equilibrimn  ctf 
the  rigid  prism  ix»ferred  to  in  (3.) 

Or,  analytically,  by  the  general  equationa  (2)  of  §  697, 
jr=:0,   F=0,  Z=0,  P==0,  a=u,  i?=0,  t  sO,  by 


we  have 


and 


OS  (U 

dT     dS_  ^ 


iZ 


Of  these  (1)  pruvc  that  ^  and  T  arc  funotiona  of  x  and  y  * 

z,  or,  in  words,  (1.)     And  if  ^denote  integration  over  the  w^.w 

of  any  cloned  area  of  XOV,  wo  have 

of  which  the  Hcoond  iuchiIkt.  when  tho  liiiiic**  of  ihv  ofTivud  it: 
iiitiicated  intogratioii>«  an*  prn|KTlv  iuisigu«Mi.  in  found  t«^  li^  !£ 
Niino  US  /{ Tsi  1 1  </»  -f-  .S'  c«  »>  <f>  w  A«, 

whore  /  ilniotos  iiiU-pratinii  .tvrr  th*-  wh«»lr  lM»tiiii|iii|*  ciir\t'.  <:• 

Thr  l>i.i<  kcN  [  ).  .1%  hilf  u  1-1. -lvli<'^#  :i<l.'.i  i'>  4^<.|.■llt      J  i    ]*,■%•    ^  ".»  •    ■.•.* 
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nn  element  of  its  length,  and  <^  the  inclination  of  cb  to  XO.  i^mma. 
But,  by  (I)  §  602,  with  /=sin<^,  m=:cos^,  /i=0,  we  have 

//=r8in<^+/Scos<^  (3), 

if  //  denote  the  traction  (parallel  to  OZ),  reckoned  as  usual  per 
unit  of  area,  experienced  by  the  bounding  priflmatic  surfuce. 

and  therefore,  because  of  (2), 

/Hds=zO  (5), 

which  is  (2.)  in  symbols.    Again  we  have,  by  integration  by  parts, 

,     ^    .     .        ^      ^dS  ^  dT 

and  substitution,  (2),  of  ^  -  tor  —  ^  , 

^ffTdxdy^UTxdyY-^ffx'^Idxdy 
ax 

^UTxdyY+ffx^^dxdy=^[fTxdyy+[fSxdxy 

=/r(  rsin  <^+5cos  4>)d8  ^fxHds  (6), 

which  proves  (3.) 

701.  For  a  solid  or  hollow  circular  cylinder,  the  solution  of  Tonion  ©r 
§  699  (given  first,  we  believe,  by  Coulomb)  obviously  is  that  ^wSdl-r 
each  circular  normal  section  remains  unchanged  in  its  own 
dimensions,  figure,  and  internal  arrangement  (so  that  every 
straight  line  of  its  particles  remains  a  straight  line  of  un- 
changed length),  but  is  turned  round  the  axis  of  the  cylinder 
through  such  an  angle  as  to  give  a  uniform  ro^  o/* /im^  (§  120) 
equal  to  the  applied  couple  divided  by  the  product  of  the 
moment  of  inertia  of  the  circular  area  (whether  annular  or 
complete  to  the  centre)  into  the  rigidity  of  the  substance. 

For,  if  we  suppose  the  distribution  of  strain  thus  specified  to 
be  actually  produced,  by  whatever  application  of  stress  is  neces- 
sary, we  have,  in  every  part  of  the  substance,  a  simple  shear 
parallel  to  the  normal  section,  and  perpendicular  to  the  radius 
through  it.  The  elastic  reaction  against  this  requires,  to  balance 
it  (§§  679,  682),  a  simple  distorting  stress  consisting  of  forces  in 
the  normal  section,  directed  as  the  shear,  and  others  in  planes 
through  the  axis,  and  directed  parallel  to  the  axis.  The  amount 
of  the  shear  is,  for  parts  of  the  substance  at  distance  r  from  the 
axis,  equal  obviously  to  rr^  if  r  be  the  rate  of  twist.     Hence  the 

*  The  brackets  [  ],  as  here  us(*<1,  denote  integrals  affAigned  pro])erly  for  the  bonnd- 
ing  curve. 
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Torsional  amount  of  the  tangential  force  in  eiUier  set  of  pknesbinri 

Sffi""^  ^^^  0^  area,  if  n  be  the  rigidity  of  Uie  sabstanoe.    Haioe  tk 

.cylinder.  ^g  ^^^  f^j.^^  between  parts  of  the  sabstance  lying  on  the  two  li 

of  any  element  of  any  circnlar  cylinder  ooaxal  with  the  hcmk 
cylinder  or  cylinders ;  and  conseqaently  no  force  is  reqmicd  i 
the  cylindrical  boundary  to  maintain  ihe  supposed  state  of  in 
And  the  mutual  action  between  the  parts  of  the  snbstanoe  ci  t 
two  sides  of  any  normal  plane  section  consists  of  force  ii  i 
plane,  directed  perpendicular  to  the  radius  throogh  each  poi 
and  amounting  to  nrr  per  unit  of  area.  The  moment  of  this  d 
tribution  of  force  round  the  axis  of  the  cylinder  is  (if  db-  da 
an  element  of  the  area)  nrffdar^j  or  the  product  of  itr  into  i 
moment  of  inertia  of  the  area  round  the  perpendicolar  toitspii 
through  its  centre,  which  is  therefore  equal  to  the  moment  of 
couple  applied  at  either  end. 

Prism  of  any  702.  Similarly,  we  see  that  if  a  cylinder  or  prism  of  a 
JtSKed*  to  a  shape  be  compelled  to  take  exactly  the  state  of  strain  ab( 
simple  twist,  gp^cified  (§701)  with  the  line  through  the  centres  of  inerdi 
the  noimal  sections,  taken  instead  of  the  axis  of  the  cylind 
the  mutual  action  between  the  parts  of  it  on  the  two  sidea 
any  normal  section  will  be  a  couple  of  which  the  moment  i 
be  expressed  by  the  same  formula,  that  is,  the  product  of  1 
rigidit}%  into  the  rate  of  twist,  into  the  moment  of  inertia 
the  section  round  its  centre  of  inertia. 

The  only  additional  remark  required  to  prove  this  is,  tbi 
the  forces  in  the  normal  section  be  resolved  in  any  two  re 
angular  directions,  OX,  07,  the  sums  of  the  componenta^  bd 
respectively  nr/yxda-  and  nrjfydir,  each  vanish  by  the  propai 

(§  230)  of  ihe  centre  of  inertia. 

requirei  703.  But  for  any  other  shape  of  prism  than  a  solid 

onitflsideii.  symmetrical  hollow  circular  cylinder,  the  supposed  state 
strain  will  require,  besides  the  terminal  opposed  couples,  for 
parallel  to  the  length  of  the  prism,  distributed  over  the  pri 
matic  boundary,  in  proportion  to  the  distance  along  the  tangei 
from  each  point  of  the  surface,  to  the  point  in  which  this  lii 
is  cut  by  a  perpendicular  to  it  from  the  centre  of  inertia  of  tl 
normal  section.  To  prove  this  let  a  normal  section  of  tl 
prism  be  represented  in  the  annexed  diagram.  Let  PJT,  r 
presenting  the  shear  at  any  point,  P,  close  to  the  prismat 
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boundary,  be  resolved  into  PN  and  PT  respectively  along  the 

normal    and     tangent.  ^^.^^^- — ^^---'^'"na     p*"*«™<»» 

The  whole  shear,  PK,  ^ — ^  \     aimpietw 

being  equal  to  rr,  its 
component,  Pi^,  is  equal 
to rr sinm or T.PK  The' 
corresponding  compo- 
nent of  the  required 
stress  is  nr-PJ?,  and 
involves  (§  661)  equal 
forces  in  the  plane  of 
the  diagram,  and  in  the 
plane  through  TP  perpendicular  to  it,  each  amounting  to  nrJ^E 
per  unit  of  area. 

An  application  of  force  equal  and  opposite  to  the  distribu- 
tion thus  found  over  the  prismatic  boundary,  would  of  course 
alone  produce  in  the  prism,  otherwise  free,  a  state  of  strain 
which,  compounded  with  that  supposed  above,  woidd  give  the 
state  of  strain  actually  produced  by  the  sole  application  of 
balancing  couples  to  the  two  ends.    The  result,  it  is  6*^%  fJ-^^J^ 
seen  (and  it  will  be  proved  below),  consists  of  an  increased  J^gj"*"* 
twist,   together  with  a  warping  of  naturally  plane  normal  d»««i^ 
sections,  by  infinitesimal  displacements  perpendicular  to  them-  "^JS^ 
selves,  into  certain  surfaces  of  anticlastic  curvature,  with  equal  vStm^ 
opposite  curvatures  in  the  principal  sections  (§  130)  through 
every  point.    This  theory  is  due  to  St.  Venant,  who  not  oidy 
pointed  out  the  falsity  of  the  supposition  admitted  by  several 
previous  writers,  that  Coulomb's  law  holds  for  other  forms  of 
prism  than  the  solid  or  hollow  circular  cylinder,  but  discovered 
fully  the  nature  of  the  requisite  correction,  reduced  the  deter- 
mination of  it  to  a  problem  of  pure  mathematics,  worked  out 
the  solution  for  a  great  variety  of  important  and  curious  cases, 
compared  the  results  with  observation  in  a  manner  satisfactory 
and  interesting  to  the  naturalist,  and  gave  conclusions  of  great 
value  to  the  practical  engineer. 

704.  We  take  advantage  of  the  identity  of  mathematical 
conditions  in  St.  Venant's  torsion  problem,  and  a  hydrokinetic 
problem  first  solved  a  few  years  earlier  by  Stokes,*  to  give 

1  "  Ou  some  cues  of  Fluid  Motion. *'^Cam6.  Phil,  Trant.  184a 
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Hv.lro- 
kinetic 
Analogue 
to  torsion 
problem. 


Solution 
of  toniion 
problem. 


the  following  statement,  which  will  be  found  very  use 
estimating  deficiencies  in  torsional  rigidity  below  the  m 
calculated  from  the  fallacious  extension  of  CoulomVs  la^ 

705.  Conceive  a  liquid  of  density  n  completely  fil 
closed  infinitely  light  prismatic  box  of  tbe  same  shape 
as  the  given  elastic  prism  and  of  length  unity,  and  let  a 
be  applied  to  the  box  in  a  plane  perpendicular  to  its ! 
The  effective  moment  of  inertia  of  the  liquid*  will  be  « 
the  correction  by  which  the  torsional  rigidity  of  the 
prism  calculated  by  the  false  extension  of  Coulomb  s  la^ 
be  diminished  to  give  the  true  torsional  rigidity. 

Further,  the  actual  shear  of  the  solid,  in  any  infinite 
plate  of  it  between  two  normal  sections,  will  at  each  pc 
when  reckoned  as  a  differential  sliding  (§  172)  parallel  t 
planes,  equal  to  and  in  the  same  direction  as  the  velocitj 
liquid  relatively  to  the  containing  box. 

706.  To  prove  these  propositions  and  investigate  the  i 
matical  equations  of  the  problem,  we  first  show  that  tl 
ditions  of  the  case  (§  699)  are  verified  by  a  state  of 
compounded  of  (1.)  a  simple  twist  round  the  line  throu 
centres  of  inertia,  and  (2.)  a  distorting  of  each  normal 
by  infinitesimal  displacements  perpendicular  to  its  plane 
find  the  interior  and  surface  equations  to  determine  tim 
ing :  and  lastly,  calculate  the  actual  moment  of  the  co 
which  the  mutual  action  between  the  matter  on  the  tw 
of  any  normal  section  is  equivalent. 

Taking  OXy  OF  in  any  normal  section  through  O  i 
Tcnient  point  (not  necessarily  its  centre  of  inertia),  and  ( 
pendicular  to  them,  let  x+a,  ^+A  ^+7  be  the  co-ordi 
the  position  to  which  a  point  (x,  ^,  z)  of  the  mistrmined 
displaced,  in  virtue  of  the  compound  strain  just  described. 
y  will  be  a  function  of  x  and  ^^  without  g ;  and,  if  tl 
(1.)  be  denoted  by  r  according  to  the  simple  twist  reckc 
§  120.  we  shall  have 

a:-f-a=xco8(T2)— y8iu(Tr),  ^+P=x»in(Tz)+yc(M(TZ 
Hence,  for  infinitely  small  values  of  r, 
a=-Tyz,  P=^TXZ 

1  That  iR,  the  moment  of  inertia  of  a  rigid  aolid  which,  as  wiU  be  prored  ii 
may  be  fixed  i^ithin  the  box,  if  the  liqnid  be  removed,  to  make  itn  motioiiJi 
un  they  are  with  the  lii|uid  in  it 
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Adhering  to  the  notation  of  §§  670,  693,  only  changing  to  Saxon  Eqtuitioiu 
letters,  we  have  stroM,  And 

//v  d-^t  internal 

t  =  0,   f=0,  g=0,   H=Ta?+^,   b=-iy+g,  t=0  (9).  eqnilibrinm. 

Hence  [§  693  (6)] 
>=0,  Q=0,  i2=0,  ^=n(TX+^),  r=n(-iy+g),  17=0     (10). 

And  with  the  notation  of  §  698,  (8)  and  (9), 

8=0,  Va=0,  V)3=0  (11). 

Hence  if  also  ^7+^=^:0  (12), 

dx*     dy* 

the  equations  of  internal  equilibrium  [§  698  (6)]  are  all  satisfied. 

For  the  surface  traction,  with  the  notation  of  §§  662,  700,  we 

have,  by  §  662  (1), 

F=0,  (?=0,  jy=  rsin«^+/8fcos^  (18) ;  snrikw  tnc 

J  tion  to  be 

or  eliminating  T  and  S  by  (10),  and  introducing  ^  to  denote  "»«*•»«>• 

the  rate  of  yariation  of  y  in  the  direction  perpendicular  to  the 
prismatic  surface,  and  q  {PE  of  §  703)  the  distance  from  the  point 
of  the  surface  for  which  H  is  expressed,  to  the  intersection  of  the 
tangent  plane  with  a  perpendicular  from  0, 

^=«{(-:r^C08<^+-5^8in<^)— T(ysin<^— xcos<^)} 

dy  dx  ^      ^14^ 


} 


or  //=n(^-T^). 

To  find  the  mutual  action  between  the  matter  on  the  two  sides  Couple  re- 
of  a  normal  section,  we  first  remark  that,  inasmuch  as  each  of  the  traction  in 
two  parts  of  the  compound  strain  considered  (the  twist  and  the  ^ton. 
warping)  separately  fulfils  the  conditions  of  §  700,  we  must  have 
f/Tdxdy^fxHds,  tkudXfSdxdy^fyHds  (15). 

Hence  when  the  prescribed  surface  condition  ^=0  is  fulfilled,  we 
have  JfTdxdy^O,  JfSdxdy^O  (16), 

and  there  remains  only  a  couple 

in  the  plane  of  the  normal  section.     That  condition,  by  (14),  gives 

-^  =  T0',  or  -P^cos<^+-r-8i'^<^=T(y8in<^— a?cos<^)        (18), 
dp '  ay  ax 

for  every  point  of  the  prismatic  surface. 

We  shall  see  in  Vol.  ii.  that  (12)  and  (18)  are  differential  equa-  Hydro- 

tions  which  determine  a  function,  y,  of  x,  y,  such  that  -jf-  and  -  ^  gU^JJ^?}  **' 

...  eqiuitlonn. 

are  the  components  of  the  velocity  of  a  perfect  liquid  initially  at 
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rest  in  a  prisnatie  box  as  described  m  {  7M,  wmd  tei  a 
commanicating  to  the  box  an  angular  Tdoeiftj,  r,  in  tk 
reckoned  negatiye  round  OZ:  and  thmt  the  tiaae-inicgr 
of  the  continnouB  couple  by  which  tlus  ia  done,  hovcrci 

or  graduafly,  ia  njjr(x^^y^)drtfy^  which  ia  the 

nT//(x*+i/^)dx€fy  OTcr  N.  Alao,  a  and  h  in  (9>  are 
ponenta,  parallel  to  OX  and  OT,  of  the  relodtyof 
relatively  to  the  box,  since  ^ry  and  tx  are  the  coh 
the  Telocity  of  a  point  (x,  jf)  rotating  in  the  pocibTe 
round  OZ  with  the  angular  Telocity  r.  Henee  the  pi 
(§  705)  to  be  proTed. 

707.  ^L  de  St.  Venant  finds  solutiona  of  these  eqn 
two  ways : — (A.)  Taking  any  solntion  whatever  of  (15), 
a  series  of  curves  for  each  of  which  (18)  ia  satisfied. 
one  of  which,  therefore,  may  be  taken  as  the  boan<j 
prism  to  which  that  solution  shall  be  applicable :  and 
the  purely  analytical  method  of  Fourier,  he  solves  {IS) 
to  the  surface  equation  (18),  for  the  particular  case  ci 
angular  prism. 

(A.)  For  this  M.  de  St.  Venant  finds  a  general  intcf 
boundary  condition,  Ticwed  aa  a  differential  e<|iiatioo  in 
the  two  variables  x,  y^  thus: — Multij^ying  (IS)  by  d 
placing  sin<^  and  coe<^  by  their  values  ^  and  ^dx 

In  this  the  first  two  terms  constitute  a  complete  diffnci 

function  of  x  and  y,  independent  variables ;  became  ' 

(12).     Thu/<,  denoting  this  function  by  «,  we  have 

f/y      du  .   dy  dm 

-J=z-j-i  and  -.'=  —  :,- 
dx      dy  dy  dx 

and  (19)  becomes    f/w  — jTdlfx*+y*)=0, 

which  rt'4uin'8  that     m— jT(x*  +  y')=C 

for  every  poiut  in  the  iMmndary.     It  \»  t«>  be  retnari 

because  d   dy  _  d    dy 

dx  djf  ~"  dy  dx 

it*u  .  d*u 

dx^^dy^ 
nr    u    ttljM),    a.s    y,    fulfilU  the   equation   r'y  =  0.      A 
alf(«*braioa)ly  honi<»genrous  aM  tn  s^y,  which  Niti^fie«  thi» 
Im  [Ap|H>niliz   H.   uf  ]  a  •«pherical  harmonic  indcpcnd 


we  have,  from  (*2(>), 
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[     Hence  a  homogeneous  solution  of  integral  degree  t  can  only  be  ^  ^^!!?^f 
the  part  of  Appendix  B.  (39)  not  containing  z.     This  is  •oivmbia 

ce+cw,  _  ._  ""■ 

where  [Appendix  B.  (26)]  f=x+y^  — 1,  and  iy=x— y^  — 1; 
or,  if  we  change  the  constants  so  as  to  extirpate  the  imaginary 
symbol, 

or,  in  terms  of  polar  co-ordinates, 

2r^ilcositf+J5sini^  (24). 

Using  this  solution  for  the  case  t=s2  and  (without  loss  of 
generality)  putting  J?=:0,  we  have 

ti=2.4(x'-y«)  (26); 

whence  by  (20) 

7=-4^xy  (26); 

and  the  equation  (21)  of  the  series  of  bounding  curves  to  which 
this  solution  is  applicable  is 

?4=^  (27). 

if  we  pnt,  for  broTity, 

-C   _  ,         -C   _,. 

which  give  iA  sr-^ ~    ,  bo  that  (26)  becomes 

Uning  this  in  (17)  we  have 

A'=nT{^x«+y«)<fcdy-?|-^|j(7(x«-y)^^^  Sllpjf  ^ 

or,  if  /,  J  denote  the  moments  of  inertia  of  the  area  of  the  normal 
Mection,  round  the  axes  of  x  and  t/  respectively, 

iV=nT{J+/_^;(J-/)}  (29); 


or  la.<ttly,  as  we  have  for  the  elliptic  area  (27 ), 


4  4 


X'         /Fi   F\ft      /«*—^*\«)  va^b* 

A  =«T(J+/){l-(-j-^.)'|=nr-j^. 


(80). 


Another  very  simple  but  most  interesting  case  investigated  by 
M.  dc  St  Venant,  is  that  arrived  at  by  taking  a  harmonic  of  the 

third  degree  for  u.     Thus,  introducing  a  factor  ^  —  for  the  sake 
of  homogeneousness  and  subsequent  convenience,  we  have 
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j^(x--sjf«x)-tT(x-+y)«r. 

or  in  polar  co-ordinates,  | — r*co03^ — }ry-*=sC. 

as  an  equation  giving,  by  different  Tmloes  oi  C 
bounding  lines,  for  which 

y =i^(y' -ar«y)=  -  J^  H  aiii3^ 
is  the  solution  of  (12),  subject  to  (18).     For  tlie  pai 

(31)  gives  three  straight  lines,  the  sides  of  an  eqnila 
having  a  for  perpendicular  from  angle  to  oppoal 
placed  relatively  to  x  and  y,  as  shown  in  the  disj 
below).  Thus  we  have  the  complete  solution  of  tlie 
blem  for  a  prism  of  normal  section  an  eqnOak 
Equation  (17)  worked  out  for  this  area,  with  (82)  fa 

.V=m(A:-|A')t. 
But  (A'  being  the  proper  moment  of  inertia  of  the 
A  its  area) 


K= 


9^3 


and  thus,  for  the  torsional  rigidity,  we  have  the  seTera 

A-rT=rnA  =  n =  11— il  =  n — ;—  s=n  — : 

^  15^3  15  5^3  45J 

Similarly,  taking  for  u  a  harmonic  of  the  fovntl 
adjusting  the  constants  to  his  wants,  ^t.  Venai 
equation,  x«+^«— a(x*— Gr*y*+y*)=l— a 

or  r*— ar*cos40s=l— a 

to  give,  for  different  values  of  a,  a  series  of  corrili: 
(see  diagram  of  §  708  (3.).  below),  all  having  nxn 
except  two  similar  though  differently  turned  eorrUi 
with  concave  sides  and  acute  angles  correspondii 
and  a=  — 1(^2— 1):  for  each  of  which  the  tOTRioi 
algebraically  solved. 

An<l  by  taking  u  the  sum  of  two  harmonic«^  of  th 
eighth  <h»^Tt'(.'s  rospt'otivt'ly,  ami  |»ri»|H'rlv  mlj listing  tl 
\\v  tiiuls 


r'+y' 


lull — '\      r  i : 


*  *"  —  1       . 


:is  thi-  I'^piation  of  t!u»  oiirvi'   hIiowu  in  $  7«K».  di^j 
which  therofon*  tht*  torsion  |»n»Mrni  i*  soIvi.h1. 
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(B.)  The  intogration  (21)  of  the  boundary  equation,  introduced  st.  Venant's 
by  St.  Vcnant  for  ubc  in  his  synthesis,  (A.)  is  also  very  useful  in  toOreen'H 
the  analytical  investigation,  although  he  has  not  so  applied  it.  ^^  ^^ 
First,  we  may  remark,  that  the  determination  of  u  for  a  given 
form  of  prism  b  a  particular  case  of  ^^  Green's  problem''  proved 
possible  and  determinate  in  Appendix  A.  (e) ;  being  to  find  u,  a 
function  of  x,  ^  which  shall  satisfy  the  equation 

for  every  point  of  the  area  bounded  a  certain  given  closed  circuit, 
subject  to  the  condition,  M=jT(a:*+y*)  (36) 

for  every  point  of  the  boundary. 

When  u  is  found,  equations  (20)  and  (17)  with  (10)  complete 
the  solution  of  the  torsion  problem. 

For  the  case  of  a  rectangular  prism,  the  solution  is  much  ^{J^^^*^ 
facilitated  by  taking  prinn, 

, .  ,     .  d*v    d*v 

wIuchgiveH  ^.+^=0;  I  ^3^^ 

and  for  boundary  condition, 

v={^^A)x'  +(4t+^)/-5. 
If  the  rectangle  be  not  square,  let  its  longer  sides  be  parallel  to 
OX;  and  let  a,  6  be  the  lengths  of  each  of  the  longer  and  each 
of  the  shorter  sides  respectively.     Take,  now, 

il= Jt,  and  B=zlTb*  (38). 

The  boundary  condition  becomes 

r=0  when  y==t  J6,  }  /ggx 

and  r=  — t( J6«— y«)  when  x=s=k^a  ) 

To  solve  the  problem  by  Fourier's  method  (compare  with  the  J?wnd  ijr 
more  difficult  problem  of  §  655),  the  requisite  expansion  of  uuiyri*. 
J6*— y*  is  clearly* 

i&«-y«=(l)V{cosi,-i  cosSi,  +  icos6i,-etc.}      (40) ; 
w  o*  o* 

where,  for  brevity,  ^=-r  *    ) 

And,  for  the  same  cause,  putting       f  ^-r-      ) 
we  have,  for  the  form  of  solution. 


»  ObUinable,  m  a  matter  of  courw,  from  Fourier'n  general  theorem,  but  most 
•i] y  by  two  nuccessive  integratioiu  of  the  common  formula 
2 
^ = —(cos  tf  -  J  cos  3^  + 1  co«  6tf  -  etc. ) 
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which  satisfies  (87),  and  gives  v=0  for  ^  =  ±  )^.    1 
boundary  condition  gives,  for  determining  ^«,>,  and 

These  two  equations  give  a  common  value  for  the  ti 
quantities  Au+i,  B^i^i ;  with  whieh  (42)  become* 

— '<7'->-^,4TJ-,s-...„5t,„..,S~^'- 

From  this  we  find,  by  (37),  (38),  and  (20^ 


y=-TX^  +  T(--)«6«2, 


--IIB(Sl 


(2«-+i)-^+<..^oi+e-<.**.>= 

and  (17)  gives,  for  the  torsional  rigidity, 

If  we  had  proceeded  in  all  respects  as  above,  only  takn 
instead  of  A  =  ^r,  in  (37),  we  should  have  oblaii 
sions  for  y  and  N-i-r,  seemingly  very  diflerent,  b«k 
giving  the  same  values.  These  other  expremions  ma; 
down  immediately  by  making  the  interchange  x,  jr,  m 
b,  a  in  (45)  and  (46),  and  changing  the  sign  of  eii^  t< 
They  obviously  converge  less  rapidly  than  (45)  and 
we  have  supposed,  a  :::>  6,  and  it  is  on  this  aoooonft  i 
ceeded  as  above  rather  than  in  the  other  way.  The 
of  the  results  gives  astonishing  theorems  of  pore  ■ 
such  as  rarely  fall  to  the  lot  of  those  mathematicians 
themselves  to  pure  analysis  or  geometry,  instead  of  aDc 
selves  to  be  led  into  the  rich  and  beautiful  fielda  of  ■ 
truth  which  lie  in  the  way  of  physical  research. 

A  relation  discovered  by  Stokes*  and  Larov*  iih 
[which  we  have  already  U5od  in  C()uatioii5  ^'JtM,  ,  :^J 
connexion  with  Lamo's  method  of  curvilinear  coordin; 
U8  to  extend  the  Fourier  analytical  method  to  a  iai 
curvilineal  rectangles,  including  the  rectilineal  rvd 
particular  case,  thus  :— 

'  On  thi'  Steaily  MmIiou  ot  Inci^uxyrv^^xhW  VUiuU,     i\imK  rku     T' 
*  Mt'nioirv  %ur  Ich  h\\%  da  ri-^iuilihrr  <iu  Klitiii^  Ktht-rv.     Jtmr%al  d* 

trthnuiuf,  1ST  I. 

■  S«N»  Tli«»mson  «*n  the   FI«{UAti«>no  of  iUr  M'-tP-n  »'f  II«At^rr(rrrr<l 

roonlinatf*.     ^'a-wA.  Math.  Jonrnnl,  IM.^ 
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Let  ^  be  a  function  of  x,  y  satisfying  the  equation  Lamp's 


"^J-Z-?— n  ^47^    tlon  to  plana 

^  ^y  C<M»ldllUlt6S. 

and,  as  this  shows  that  ^dy^-^dx  b  a  complete  differential, 

let  ,=/(gdy_|^)  (48); 

or,  which  means  the  same, 

^=^.  a„d-^  =  -#  (49). 

dy     dx  dx         dy 

This  other  function  i\  also,  as  we  see  from  (49),  satisfies  the 
equation  ^  .  ^==0  (50^  Theo««of 

dx'^^dy^     "  ^    ^  SSS"^ 

Andy  also  because  of  (49),  two  intersecting  curves,  whose  equa- 
tions are  £=-^9  i7=J9  (51), 
out  one  another  at  right  an^es.  Let  now,  A  and  B  being 
supposed  ^ven,  x  and  y  be  determined  by  these  two  equations. 
The  point  whose  co-ordinates  are  x,  y  may  also  be  regarded  as 
specified  by  {A^  B\  or  by  the  values  of  £,  17,  which  give  curves 
intersecting  in  (a?,  y).  Thus  (£,  17)  with  any  particular  values 
assigned  to  £  and  17,  specifies  a  point  in  a  plane.  Common 
rectilineal  co-ordinates  are  clearly  a  particular  case  (rectilineal 
orthogonal  co-ordinates)  of  the  system  of  curvilineal  orthogonal 
co-ordinates  thus  defined.  Let  now  u,  any  function  of  x,  ^,  be 
transformed  into  terms  of  £,  17.  We  have,  by  differentiation, 
I  d^u  d^ud^  d^  d*u  M  dq  ,di  dfi.  d*u  dn*  .  rf»y« 
'''^^*  d^^dx*^dy*''^^di^^dx  dx'^dy  dy'^ dq^^dx*'^ dy*^ 
.duJ*id*$du^d*fi     d*ri  .g2\ 

which  is  reduced  by  (49)  and  (50)  to 

dhi     d*u_.d*u    d^u.  fd(*     d(\  /^ox 

Hence  the  equation      -Ji + —^ = 0 
dx*     dy* 

transforms  into  ^+^=0.  (54). 

of*     cnj* 

Abo  the  relations 

du  ^dy       du  _^      dy 

dy"^  dx^    dx''      dy 
transform,  in  virtue  of  (49),  into 

du_dy      du_     dy  .^^. 
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1-P      ) 

1  =  0     f 


Uenoc  the  general  problem  of  finding  m  and  7  hm§ 
same  statement  in  terms  of  £,  i|,  as  thai  given  abovi 
and  (20),  in  terms  of  x,  y,  with  this  exeeption,  that 
M=jT(f*-hiy*),  but  if/(f,  1;)  denote  the  fonctioo 
which  a?*+y*  transforms, 

u=i^rf(iy  rj)  for  every  point  of  the  boandarr 
The  solution  for  the  coryilineal  rectangle 

i  =  0     I     1;: 
is,  on  Fourier's  plan, 

ti  =  2sini!^(^i6?+^<'6~?)+28in'^(Z^,£T+A'« 

where  Ai,  Al  arc  to  be  determined  bj  two  equatioi 

thus: — Equate  the  coefficient  of  sin— 2  when  i|ss( 

a 

r)=p  respectively  to  the  coefficients  of  sin— ^  in  the 

of /(£ ,  0)  and/(f ,  P)  in  series  of  the  form 

P.sin^+P.sin^+P.sin -?^+ etc. 
a  a  a 

by  Fourier's  theorem,  §  77.  Similarly,  Bi,  Bi%  are 
from  the  expansions  of/(0, 17)  and/(ay  i|),  in  scries  d 


Q,sin^+0««n-g'+Q.»in-p+etc. 

Of  one  extremely  simple  example,  very  interestin 
and  valuable  for  practical  mechanics,  we  shaO  indieili 


Let 


l-.W^ 


This  clearly  satisfies  (47) ;  and  it  gives,  by  (4^\ 

X 

The  Holution  may  bo  oxpn^ssed  in  a  sorics»  of  *iin»i» 
of  ^  [mi  the  plan  of  '.*JT  ...  4r>  ]  by  taking* 

vihich,  with  (M),  givo** 

'   It  kh-.ul'l  >'v  ii-lu^l  thAt  lhi»  ^..lutj-.n  tiiU  f  r  ihr  .a*r     I  *  .    *, 


8TATIC& 


545 


bounded  by 
two  con- 
centric arai 

(65).  ndlL 


and  leaves,  as  boundary  conditions  in  the  solution  for  v,  Szunpie. 

and  r=0  when  iy=0,  and  when  iy=j8. 

The  last  condition  shows  that  the  Bi  and  Bi  part  of  (58)  is  proper 
for  expressing  r,  and  the  first  two  determine  Bi  and  Bi  as  usual. 
Or  when  it  is  best  to  have  the  result  in  series  of  sines  of 

multiples  of  ^ ,  we  may  take 


which,  with  (54),  gives 

and  leaves,  as  boundary  conditions  in  the  solution  for  w. 


(66), 


(67), 


tr=jTa*{c*^— .1- 


c««— 1 


£}  when  17=0,  and  when  17=^ 


'} 


^  (68). 
and  w=0  when  £=0,  and  when  £=a. 

The  last  shows  that  the  Ai  and  Ai  part  of  (58)  is  proper  for  w, 
and  the  two  first  determine  Ai,  Ai. 

708.  St  Yenant's  treatise  abounds  in  beautiful  and  instruc- 
^e  graphical  illustrations  of  his  results,  from  which  we  select 
le  following : — 

(1.)  Elliptic  cylinder. — ^The  plain  and  dotted  curvilineal  arcs  contour 
■e  "  contour  lines  **  (cowpes  topographiques)  of  the  section  as  m^mdSm 

\r       -^     ^       ^  ofelUptle 

x  cyllnaer,  u 

warped  Qj 
tornon: 
equiUteral 
byperbola«. 


iiped  by  torsion ;  that  is  to  say,  lines  in  which  it  is  cut  by  a 
ries  of  parallel  planes,  each  perpendicular  to  the  axis,  or 


otr, 
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lines  for  which  ♦y  (§  700)  has  ililtereut  coustant  valu*-*.    T 
lines  are  [§  707  (28)]  equilateral  hyperbolas  iu  tlii?  -  ar*-- 
ari-ows  indicate  the  direction  of  rotation   iu  thtr  imit   ' 
])rism  above  the  plane  of  the  diagraiu. 

(2.)  £^(/ui/ttUnfItr>^  1 
]f/'i\fM. — Till"    lt•u^•l-^  . 
are  shown   a:*  m  •  k.^ 
the  dotteil  i:ur% t-^-  Imiu^  Ti 
where    the    \iaqi»^l    ^• 
falli>  bi'/otr  th»-  j>Ui»-    < 
diagram,     tlu-    ilin^tit 
rotation   ttt   tht'  |..irr    * 
prism      alxtvr      tljr 
lK?in«^'  indicaUni  K\  :..■ 
anijw. 

(3.)  This  diagium  shows  the  series  of  lines*  repn-M-n:-- 
(34)  of  §  707,  with  tlie  indicated  valut•^  fi»r  ".     It  i^  reizur^i 


tiiat  tilt'  valur.  //       n  ;.  ,iii«l  "  ^    N  -        '     -•^'    -''■«-• 

not   (Miual  «ur\iliiHal  ni|U.ii«  ^    IimHmw  ^jilo  .ini)     «.  n*. 
•Ml.'  ^^\  thtia  tiiiipd  tlin»\i;:li  h.ilt  .i  ii-lit  an-l*    ii-l;iti\*I\ 
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otluT.  Kverythiiig  in  the  diagiiim  outside  the  lai^yer  of  these 
S4|uai-('.s  is  to  he  cut  away  as  irreh»vant  to  the  physical  problem ; 
the  series  of  closed  cur\'e8  ixuuaining  exhibits  figures  of  prisms, 
for  any  one  of  which  the  torsion  problem  is  solved  algebraically. 
These  figures  vary  continuously  from  a  circle,  inwards  to  one  of 
the  acute  angled  squares,  and  outwaiils  to  the  other :  each, 
••xcept  these  extremes,  l)eing  a  continuous  closed  cuitc  with  no 
angles.  The  cui-ves  for  a  =  0-4  an<l  a  =  —  0*2  approach  ro- 
iiiarkably  near  to  the  rectilineal  s(|uai'es,  paitially  indicated  in 
the  diagmni  hy  dotti^d  lines. 

(4.)  This  diagram  shows  the  contour  lines,  in  all  respects  as  contour 
111  tlie  cases  (1.)  and  (2.),  tor  the  case  of  a  prism  having  lor  yeuani** 

quAtre 

Itointii  anx 
lb." 


MM-tinii   tht*  tiguiv  indicattMl      The  portions  of  curve  outside 
ihi*  I'Mutinuous  closed  curve  are  merely  indications  of  mathe 
niatical  extensions  irrelevant  to  the  physical  problem. 
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Contour  (5.)  This  shows,  as  in  the  other  cases,  the  contoi 

lines  of  nor-  j  i*  n  •  j        ^         • 

inai  neciion   the  warped  section  of  a  square  pnsm  under  torsion. 

of  square 
prism,  an 
warped  by 
torsion. 


Kijnjwc,  (6.),  (7.),  (8.)  These  are  shaded  drawings,  showi 

tt«t  rert-      pearances  presented  by  elliptic,  square,  and  flat  i 

tStsted. 


1 


I 


hai-s  under  exaggerated  torsion,  as  may  be  realissed 
a  substance  as  India  rubber. 
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709.  Inasmuch  as  the  moment  of  inertia  of  a  plane  area  about  Tomionai 
n  axis  through  its  centre  of  inertia  perpendicular  to  its  plane  is  in  propor- 
»bviousIy  equal  to  the  sum  of  its  moments  of  inertia  round  any  of  principal 
wo  axes  through  the  same  point,  at  right  angles  to  one  another  ngidiuea 
Q  its  plane,  the  fallacious  extension  of  Coulomb's  law,  referred  infto  uim> 
o  in  8  703,  would  make  the  torsional  rigidity  of  a  bar  of  any  (i703)of 

*^  ^        "  "   Conlomb'fi 

iection  equal  to  i^  (§  694)  multiplied  into  the  sum  of  its  **^ 

lexural  rigidities  (see  below,  §  715)  in  any  two  planes  at  right 
ingles  to  one  another  through  its  length.     The  true  theory, 
IS  we  have  seen  (§§  705,  706),  always  gives  a  torsional  rigidity 
ess  than  thia     How  great  the  deficiency  may  be  expected  to 
)e  in  cases  in  which  the  figure  of  the  section  presents  project- 
ng  angles,  or  considerable  prominences  (which  may  be  imagined 
rom  the  hydrokinetic  analogy  we  have  given  in  §  705),  has 
yeen  pointed  out  by  M.  de  St.  Venant,  with  the  important 
>ractical  application,  that  strengthening  ribs,  or  projections 
see,  for  instance,  the  fourth  annexed  diagram),  such  as  are 
ntroduced  in  engineering  to  give  stififness  to  beams,  have  the 
leverse  of  a  good  effect  when  torsional  rigidity  or  strength  is  an  lutioi  or 
ibject,  although  they  are  truly  of  great  value  in  increasing  the  rtgidrnw 
lexural  rigidity,  and  giving  strength  to  bear  ordinary  strains,  ^mm 
vhich  are  always  more  or  less  flexural.     With  remarkable  S^**'^ 
ngenuity  and  mathematical  skill  he  has  drawn  beautiful  illus- 
rations  of  this  important  practical  principle  from  his  algebraic 
ind  transcendental  solutions  [§  707  (32),  (34),  (35),  (45)].    Thus 


L 


(S) 
Sqaare  with  conred 
corneiv  and  hollow 
■IdM ;  being  conre, 
a  =  0-4,  of  I  708  (8X 


(3) 

Hqnare  with  acute 

angles  and  hollow 

sides. 


(4) 

Utar  with  four 

rounded  points, 

beiuff  a  curve  of 

the  eiichth  degree 

n  707  (S6)J. 


lullatf 


Equilateral 
triangle. 


•00000. 
7»62. 


or  an  equilateral  triangle,  and  for  the  rectilineal  and  three 
mrvilineal  squares  shoMm  in  the  annexed  diagram,  he  finds  for 
;he  torsional  rigidities  the  values  stated.    The  number  im- 
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Ration  of 
toraional 
rigiditiert 
to  those  of 
Dolid  cir- 
cular nxlH 

(o)  of  Rftine 
moment  of 
inertia, 


(h)  of  same 
({uantitv  nf 
material. 

Places  of 
tcreatest 
distortion 
in  twisted 
prisms. 


mediately  below  the  diagram  indicates  in  each  case 
tion  which  the  true  torsional  rigidity  is  of  the  old 
estimate  (§  703) ;  the  latter  being  the  product  of  tl 
of  the  substance  into  the  moment  of  inertia  of  the  en 
round  an  axis  perpendicular  to  its  plane  through  its 
inertia  The  second  number  indicates  in  each  case  tl 
which  the  torsional  rigidit}'  is  of  that  of  a  solid  circula 
of  the  same  sectional  area 

710.  M.  de  St.  Venant  also  calls  attention  to  a  i 
from  his  solutions  which  to  many  may  be  startling,  t 
simpler  cases  the  places  of  greatest  distortion  are  th 
of  the  boundary  which  are  nearest  to  the  axis  of  tl 
prism  in  each  case,  and  the  places  of  least  distoF 
farthest  from  it.  Thus  in  the  elliptic  cylinder  the  su 
most  strained  at  the  ends  of  the  smaller  principal  diai 
least  at  the  ends  of  the  greater.  In  the  equilateral 
and  square  prisms  there  an*  longitudinal  lines  of  maxim 
through  the  middles  of  the  sides.  In  the  oblong  n 
prism  there  are  two  lines  of  greater  maximum  stiaii 
the  middles  of  the  broader  pair  of  sides,  and  two  lin^ 
maximum  strain  through  the  middles  of  the  narrow  sii 
strain  is,  as  we  may  judge  from  (§  705)  the  hydrokiuetu 
excessively  small,  but  not  evanescent,  in  the  projectin 
a  prism  of  the  figure  shown  in  (4)  §  709.  It  is  quit< 
Solid  of  any  ccut  infinitely  near  the  angle,  in  the  triangular  and  pe« 
l^y  o*r  "*  prisms,  and  in  each  other  case  as  (3)  of  8  709,  in  wh 

pyramidal       f        ^     .,  ,  ,     ,,  ,  ,  .  .         . 

or  conical  IS  a  finite  angle,  whether  acute  or  obtuse,  projectmg  < 
under  HtresM.  Tliis  rcmiuds  US  of  a  general  remark  we  have  to  make, 
consideration  of  space  may  oblige  us  to  leave  it  withoi 
proof.  A  solid  of  any  elastic  substance,  isotropic  or  ae< 
bounded  by  any  surfaces  presenting  projecting  edges  o 
or  re-entrant  angles  or  edges,  however  obtuse,  cannot  ej 
any  finite  stress  or  strain  in  the  neighbourhood  of  a  / 
angle  (trihednil,  polyhedral,  or  conical) ;  in  the  neighl 
of  an  edge,  can  only  experience  simple  longitudini 
parallel  to  the  neighbouring  part  of  the  edge ;  and  j 
«xi)eri(mce8  infinite  stress  and  strain  in  the  ncighbou 
;J;J»j^*'ytmnt  a  rr  entrant  edge  or  angle ;  when  influenced  by  any  < 
tion  of  force,  exclusive  of  surface  tractions  infinitely 


strain  nt 
pruje<»ting 
an^lM, 
<»vano«ocnt. 


flnJ 


f[leM 
te. 
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gles  or  eJges  in  question.     An  important  application  of  the  Liabmtytu 
at  part  oi'  tliis  statement  is  the  practical  rule,  well  known  in  <eedingfroni 

*  re-^ntnuit 

Bchanics,  that  every  re-entering  edge  or  angle  ought  to  be  wigieB,  or 
uiided  to  prevent  risk  of  nipture,  in  solid  pieces  designed  to  of  toonharp 
lar  stress.     An  illustration  of  these  principles  is  afforded  by  curvature. 
e  concluding  example  of  §  707  ;  in  which  we  have  the  com- 
ete  mathematical  solution  of  the  torsion  problem  for  prisms  cmm  of 

i/»  ▼!      curvlUneal 

fan-shai>ed  sections,  sucii  as  the  annexed  figures.     In  the  '^^^^^ 
sea  correspondin^T  to  a  =  0,  we  see,  without  working  out  the  torsion  pro- 

*^  *^  '  '  c  blem  luu 

lution,  tliat  the  distortion  —^  vanishes .  when  r  =  0,  if  fl  is       ***  * 

rdrj  '^ 

:  IT ;  becomes  infinite  when  /•  =  0,  if  ^  is  >  tt  ;  but  is  finite 

id  determinate  if  /8  =  tt. 


The  dilution  indicated  above  determining  v  to  satisfy  (04)  j[JJ^j[J'"" 
and  (66)  of  §  707,  if  we  translate  it  into  polar  co-ordinates  r,  iy,  central  aiiKi« 

\      /        ^  J  «^  orBeotor(4). 

such  that  a?=r cosiy,  and  y=rRini;,  and  if  we  put  ^  =  v,  becomes  JintoU  angif 

P  of  sector  (6): 

merely  this-  Srofher 

r=2(/?,.r'»'  +  /;iV-'»')sin  ivri  •  (69),  anglen. 

where  /A,  Bi  are  to  be  determined  by  the  equations  (65)  of 
§  707,  with  r=a  and  r=:a'  instead  of  f =0  and  f =a,  and  a* 
instead  of  a*€*«  (a  and  a  denoting  the  radii  of  the  concave  and 
convex  cylindrical  surfaces  respectively).  When  «=0,  these  give 
Hi  =0 ;  and  therefore 

^^        =^»      =/?lC0Siy,       =x, 

according  as  v'>^'i,  =1,  or  'c:  1 ;  whence  also  similar  results  for 

711.  To  i)rove  the  law  of  flexure  (§§  591,  592),  and  to  in-  JJj|;;;"»"« 
stigate  the  flexural  rigidity  (§  r)96)  of  a  bar  or  wire  of  iso- 
>pic  substance,  we  shall  first  conceive  the  bar  to  bo  bent  into 

Comparti  jS  707  (23)  (24) ;  by  wbioh  we  nee  that  thia  solution  i%  merely  the  genenil 
>rea!4ioii  in  i>*>lar  co-oniinate^  for  serica  of  Hpberical  harmonica  of  r,  y,  with  «=0, 
Jeffiw«  «,  2i,  Si,  etc.,  ami  -t,  -2«,  -Si,  cU-,  These  are  "complete  harmonics" 
pn  «  in  unity  «»r  any  integer. 
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Problem  of  a  circolET  QIC,  and  investigate  the  application  of  force 
"^*       to  do  so,  subject  to  the  following  conditions  : — 

(1.)  All  lines  of  it  parallel  to  its  length  become  dr 
in  or  parallel  to  the  plane  ZOX,  with  their  centres  ii 
perpendicular  to  this  plane ;  OZ  and  all  parallel  to  i1 
OY  being  bent  without  change  of  length. 

(2.)  All  normal  sections  remain  plane,  and  perpeni 
those  longitudinal  lines  (so  that  their  planes  come 
through  that  line  of  centres). 

(3.)  No  part  of  any  normal  section  experiences  defc 

Abm 
of  the 
ing    d 
plane 
enoe,  . 

P.  (*, 
any  j 
the  unl 

the  m 

oftbeb 

eachse 

-^jeotion, 

plane 

theJBag 

letpbei 

"g  of  the 

into  which  the  line  ON  of  the  straight  beam  is  bent    ^ 

a?'=a:+(p-a:)(l-oofl— ),  y'=jf, 
P 

«'=(p— a:)8m-f-. 
P 

But,  according  to  the  fundamental  limitation  (§  588) 

most  infinitely  small  in  comparison  with  p :   mnd  thn 

length  of  the  bar  not  exceeding  its  greatest  transverse  di 


« is  so  also. 


Hence  we  neglect  higher  powers  of  —  an 


the  second  in  the  preceding  expressions ;  and  putting  x 
y'— y=j8,  r'— zssy,  we  have 


a=J-,   ^  =  0,   r  =  — - 
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These,  sabstitated  in  |  693  (5)  and  §  697  (2),  give  smftee  ti»e. 

P=-(„-.)£,  «=-(.-.)|.  *=-(„+.)£  I    ^^^^^1 


} 


BonnalMC- 


5=0,  r=o,  tr=o,  J         SS;;- 

Xz='!^^^,    F=0,  Z=0  (3). 

P 

The  interpreUtkm  of  tJiis  lesolt  is  interesting  in  itsdf^  but,  not 

requiring  it  for  our  present  purpose,  we  lesTO  it  as  an  exercise 

to  the  student 

712.  The  problem  of  simple  flexure  supposes  that  no  force 

applied  from  without  either  as  tractioii  on  the  sides  of  the 

r,  or  as  force  acting  at  a  distance  on  its  interior  substance, 

t  that,  by  opposing  couples  properly  applied  to  its  ends,  it  is 

pt  in  a  circular  fonn,  with  strain  and  stress  uniform  through-  oorrMUon 

t  its  lengtL  with  iSSii 

To  the  a,  j8,  y  oflast  section  kt  corrections  a'=  iA'(a:«-y«),  *^^  ^^^ 
P'^^Kxy,  /=0,  be  added.    This  wiQ  give  [by  §  693  (5)] 

i>'=:Q'=2iit£r,  jr=2(iii-n)ira?,  S^%  r=o,  tr=:0, 
[and  by  §  698  (2)]  Jr'=-2mjr,  r=0,  Z'sO, 
to  be  added  to  the  P,  Q ...  JT,  F,  Z.    Hence  if  we  take 

iro  —  n 
2mp 
the  surfiM^e  tractions  on  the  sides  of  the  bar  and  the  bodily  forces 
are  reduced  to  nothing ;  so  that  if  now 

we  have  [§  670  (6)  and  §  693  (6)]  wew. 

m-^n       a-  ni'-n        a-  1 

%fmi        p    '  "^       2pm         P  P        f     \^n 


a=ft=c=0 

and  [§  693  (5),  §  694  (6)] 

^    ^    ^     ^    ^        (8m— n)«  X  -.X 

P=0,  Q=0,i?=:-L_i^==«if.,     ^         ^3^ 

jr==o,  r=o,  Zso 

To  complete  the  fulfihnent  of  the  conditions,  it  is  only  necessary 
that  the  traction  across  each  normal  section  be  reducible  to  a 
couple.    Hence         J[fIldxdt/=0, 
<M^>  by  (3),  ffxdxdy^O ; 

that  is  to  say, 
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nwin-ofa  713^  III  oilier  that  no  force,  but  ouly  a  l>euJiug  coQptt. 
may  ha  tmnsmitted  alon;,'  the  rod,  the  centre  of  inertia  of  iw 
nonnal  section  must  be  in  OF,  that  line  of  it  in  which  it  » 
!l!Sfri«!l1?f**'^  tut  by  the  sniface  sejmniting  longitudinally  stretcbe«l  fr« 
mTmni"'  longitudinally  short^jued  parts  of  the  substance. 
JJSJainH  714.  In  our  analytical  expressions  only  an  infinit^'lr  ^h.-r 

TukiiSir*    part  of  the  beam  has  l)een  considered;  and  it  lias  not  Wi. 
necessary  to  incjuire  whether  the  axis  of  the  couple  calltnl  mi 
thn>"'h       P^^y  ^^  ^^  ^^  "^*  perpendicular  to  the  plane  of  flexnm     Be' 
llTonoHftn.--  ^'^®"  so  great  a  length  of  the  l)eam  is  concemetl.  tliat  i&f 
.change  of  direction  (§  5)  from  one  i»nd  to  the  other  is  tini:r 
the  couples  on  the  ends  could  not  Ik*  directly  op]KVHNi  iinl'^ 
their  axes  were  ])oth  i)eri>endicular  to  the  plane  of  flexun*.  r. 
asnuK  h  as  each  axis  is  in  the  proper  nonnal  sei*tion  of  lir 
nxl.     F*or  finite*  tlexurt*  in  a  circular  arc.  without  lateral  c»-n 
'?5f*  ^V?    straint,  we  must  therefore  have 

either  of  two 

{lureiTir  JjRydxdy^^ ;  whence,  by  (8),  //xydxdy^O : 

S^i»?y  by     ^'^^^  ^s  *^  ^^y*  *'*^  ph"i**  of  flexure  must  l>e  |>er|)endioalar  to  *^xr 
I*JJS^"?„    of  the  two  principal  axes  of  inertia  of  the  normal  section  in  :;• 
thelwoen-u  Qyyj^  plane.     Tliis  bt»ing  the  case,  the  moment  of  the  wkJ- 
couple  acting  acrof^s  each  normal  section  is  equal  to  th«*  |»n^ 
duct  of  the  curvatuns  into  Ycmng*«  mmlulus,  into  the  nionKBt 
of  inertia  of  the  area  of  the  nonnal  section  round  its  princip*! 
axis  i)erpendicular  to  the  plane  of  flexure. 
For  wc  have  [§712(3)] 

f/Rxdxdy^  -  ^^/jx^drdy  \\ 

P 

niJiullfl**  715.  Hene«»  in  a  rod  of  isotrojne  8ul>^tance  the  principtl 

JlS'Mir      axes  of  flexure    §  599)  coincide  with  the  princiiial  axf»  *rf 

inertia  of  the  an*a  of  the  nonnal  section;  and  the  n>m*»{ioDii 

in;;  flexural  ri^iditi«*<  [Jf  59r»]  an*  th«»  moments  of  im^rtia    i 

this  an'a  nnind  thesr  ax»***  niultiplit'd  by  V<»untr'^  in«t<iul  > 

716.  The  int<*r].n'tation  of  thf  results  (}}  712     2.    \]  ^ 

which  till*  analytieal   inv«»sti^atiou  has  I.mI  u**  i-*  «:niply  that  .: 

wr  ima;;ine  th**  whnh-  x^^^\  divjilt'd.  luirallrl  t«»  U>  li'fi:^)i.  in* 

intinitf*simal   lilaiu»-nts    prisms  when  tlir  r>>d   i**  ^tniii:h!     '-a." 

of  th«'s«»  roiitnnts  Ml   HWrlls  hitrially  with  »«ifiisibly  thf  *ar: 

IVrrdoni  as  it' it  wrif  si>|i;init4Ml  fn»m  ihf  n'st  ^f  ih.*  huImar-^ 

and  l>i>ciMn«'s  t'lnii-Mtetl  *%\  shnrt«'n»Ml   in  a  ntnii^rht    hn«    t.>  :) 
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^^nie  extent  as  it  is  really  elongated  or  shortened  in  the  circular  Geometric«i 

°  interpreta- 

^irc  which  it  becomes  in  the  bent  rod.    The  distortion  of  the  cross  tion  of  du 
i^ection  by  which  these  changes  of  lateral  dimensions  are  neces-  normal 
jsarily  accompanied  is  illustrated  in  the  annexed  diagram,  in 


which  either  the  whole  nonnal  section  of  a  rectangular  beam, 
or  a  rectangular  area  in  the  normal  section  of  a  beam  of  any 
figure,  is  represented  in  its  strained  and  unstrained  figures, 
Avith  the  central  point  0  common  to  the  two.  TJie  flexure 
is  in  planes  perpendicular  to  YOY,  and  concave  upwards  (or 
towards  X) ;  0  the  centre  of  curvature,  being  in  the  direc- 
tion indicated,  but  too  far  to  be  included  in  the  diagram. 
The  straight  sides  AC,  BD,  and  all  straight  lines  parallel 
to  them,  of  the  unstrained  rectangular  area  become  con- 
centric arcs  of  circles  concave  in  the  opposite  direction,  their 
centre  of  curvature,  H,  being  for  rods  of  gelatinous  substance, 
or  of  glass  or  metal,  from  2  to  4  times  as  far  from  0  on  one 
side  as  O  is  on  the  other.  Thus  the  originally  plane  .sides 
AC,  BD  of  a  rectangular  bar  become  anticlastic  surfaces,  of 

curvatures  —  and ,  in  the  two  principal  sections.     A  flat 

P  P 

rectangular,  or  a  squai-e,  rod  of  India  rubber  [for  which   a 


AnticUttiir 
and  conical 
cunratureH 

ftrodiicfd 
n  the  fonr 
ftidea  of  a 
rectangular 
prism  ny 
tlexnre  In  a 
principal 
plane. 
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Rzperi-       amounts  (§  684)  to  veTy  nearly  |,  and  which  is  911 

uios^uon.  very  great  amounts  of  strain  withoat  utter  loss  of 

ing  elastic  action],  exhibits  this  phenomenon  renuu 

717.  The  conditional  limitation  (§  588)  of  the  i 

being  very  small  in  comparison  with  that  of  a  circl 

equal  to  the  greatest  diameter  of  the  normal  aecti 

viously  necessary,  and  indeed  not  generally  known  1 

sary,  we  believe,  when  the  greatest  diameter  is  pe 

to  the  plane  of  curvature)  now  receives  its  full  c 

For  unless  the  breadth,  AC,  of  the  bar  (or  diame 

dicular  to  the  plane  of  flexure)  be  very  small  in 

with  the  mean  proportional  between  the  radios,  0 

thickness,  AB,  the  distances  from  OF  to  the  con 

uncakQ-      would  fall  short  of  the  half  thickness,   OE,  an 

ofoniiiuiy    tances  to  B^,  ly  would  exceed  it  by  differences 

athiiTSt'    with  its  own   amount      This  would  give  rise  \ 

Kpring.        j^^  ^^^  greater  shortenings  and  stretchings  in  th 

towards  the  comers  than  those  expressed  in  01 

[§712  (2)],  and  so  vitiate  the  solution.     Unhap; 

maticians  have  not  hitherto  succeeded  in  solving,  [ 

even  tried  to  solve,  the  beautiful  problem  thus  pi 

the  flexure  of  a  broad  very  thin  band  (such  as  a  wi 

into  a  circle  of  radius  comparable  with  a  tliird  pn>| 

its  thickness  and  its  breadth.    See  §  657. 

^^^^  718.  But,  provided  the  radius  of  cun'ature  of  tli 

itoiuiti*       *^^^  ^^^y  ^  ^^  multiple  of  the  grcatcM  diameter. 

1 6«.  of       a  thinl  ])roportional  to  tlie  diameters  in  and  peri^ 

than  i  6*w     thc  plane  of  flexure :  then  however  ineat  mav  U»  t 

2^iu"*  great<?st  diameter  to  the  least,  the  preceding 

iiUm  |N>r-     applicable  ;  and  it  is  remarkable  that  the  neccssar 

priKliruUrto     *  *  ' 

itji  br*a«ith.  of  the  noniial  section  (ilhistrat^Ml  in  the  diii«n^.un  i»f  j 
not  sensibly  innK'de  the  fn»o  lat4*nil  contmetit»ns  :i 
sions  in  the  fihinieiits,  even  in  the  Ciwm  of  a  Imwd  i 
(whi'ther  of  precisely  rect4in^ilar  stvtion,  or  of  un«*» 
iiesses  in  diflVivut  partsX 

Juil-xfiw"  719.  (.'onsideriii^'  now  n  uniform   thin  bnxnl  1; 

..f«i.utr  in  {[^^,  iiijiinn.r  supiw^sod  in  the  pnriMling  s^ilutim 
l»n»risely  thc  ciise  nf  a  pliite  un«lcr  thc  inHuenc«*  e 
iH'udin^'  stn'ss  ({j  r,3S).      If  the  !»rcaihh  W  a,  ainl  th 
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the  momeut  of  inertia  of  the  cross  section  is  i^ft'.ai,  and  nexmor* 
txefore  the  flexural  rigidity  is  rsMal^,  or  riMV  if  the  breadth  "jpi^bt^d- 
-unity.    Hence  a  couple  K  (§  637)  would  bend  it  to  the  curva- 
>e  K  -^  T^Ml^  lengthwise  (or  across  its  length),  and  (§  716) 
iild  produce   the  curvature  aK-^r^MV  breadthwise  (or 
X)8S  the  breadth),  but  with  concavity  turned  in  the  contrary 
section.    Precisely  the  same  solution  applies  to  the  effect  of  by  simui- 
bending  sti'ess,  consisting  of  balancing  couples  applied  to  bending 
3  two  edges,  to  bend  it  across  the  dimension  which  hitherto  twopUnM 

have  been  calling  its  breadth.  And  by  the  principle  of  *n«i««  *<><»• 
perposition  we  may  simultaneously  apply  a  pair  of  balancing 
L&ples  to  each  pair  of  parallel  sides  of  a  rectangular  plate, 
l:£out  altering  by  either  balancing  system  the  eflect  of  the 
xer ;  so  that  the  whole  e'fifect  will  be  the  geometrical  result- 
t^  of  the  two  effects  calculated  separately.  Thus,  a  square 
Bite  of  thickness  h,  and  with  each  side  of  length  unity,  being 
iren,  let  pairs  of  balancing  couples  K  on  one  pair  of  opposite 
les,  and  A  on  the  other  pair,  be  applied,  each  tending  to  pro- 
Lce  concavity  in  the  same  direction  when  positive  If  tc  and 
denote  the  whole  curvatures  produced  in  the  planes  of  these 
\iples,  we  shall  have 

720.  To  find  what  the  couples  must  be  to  produce;  n%m\Ay  n^^m 
'lindrical  curvature,  ir,  let  X  =  0.     We  liave  22l22J* 

A=(rK 

r  to  produce  spherical  curvature,  let  /r  z=  X    Tim  ^v';i»  m*  Hi^^^ti^^ 

T  lastly,  to  produce  anticlastic  canraton;,  e^iual  in  tii/;  two  ^  •^ 
sections,  let  /r  =  —  X    This  gives  U>*9tHM* 

euce,  comparing  with  §  641  HO^  and  $  ^i'J  '10^,  w<;  »**>-,  p/f 
the  cylindrical  rigidity,  and  for  ||  »nd  fe  iitd-  ^.ytt^ljt^u.  M^i 
iticlastic  rigidities  of  a  unifomi  pbiU;  ^/f  MKA^/|/i/r  ii««4AyMj, 
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Klexuiml                                                                   A        I      ^b* 
riitiditlw  -^^ r*l Zi  * 

(^)cTliiMln-  l/rt  i/ta 

cUrtlcdr)  9-TTi_^»       ^~«r+^ 

AUUcljWtK-  "^ 


or  [§  694  (6)  aud  §  698  (5)] 


^_     ZfM*     _n(3in— ii)6'      fc_i_i. 


The  coefficient  ^1  Mliieh  appears  in  the  equation  of  t;«ji;i 
thi\)u^^i  a  plate,  urged  by  any  forces  [§  644  (6)  and  ^  611* 
and  r,  which  appears  in  its  boundary  conditions,  an*  \%M 
given  in  temis  of  h  and  h  thus  simply :-  - 

saiiierwuit        721.  It   is  interesting'  and   instructive  to  uivesti;:] 
tUstio  Hox    anticlastic  llexure  ot  a  plate  by  viewin;?  it  us  an  ritiw 

urr  of  a  i«lat«'      -  .  •  i  .  «         •  *. 

arrived  at     of  torsioiL     Considcr  tirst  a  flat  bar  of  nnrtaniniUr 

aluu  by  ^ 

tnuiaition  uuiforiuly  twisted  by  the  proper  application  of  tangenti 
t*.IS.m*r.f' *  tions  [8  706  (10)1  on  its  ends.  Let  now  it«  breadth  b 
prism.  pamble  with  it«  length ;  equal,  for  instance*  to  its  leii{!ti 
thu^  have  a  s(|uan^  plate  twisted  by  opposing  coupler 
in  the  planes  of  two  opjiosite  edges,  anil  so  dislribob 
these  areiis  as  to  cause  uniform  action  in  all  8ecti«.>ii$ 
to  them  when  the  other  two  edges  are  left  quite  five.  II 
we  supiH)8i'  the  thickness,  (,  infinitely  small  in  c*omiians 
the  brtnulth,  a,  in  (46)  of  §  707,  we  have 

The  twi.st  t  i)er  unit  of  length  gives  ar  in  the  length  « 
[§  640  (,4)]  is  equivalent  to  an  anticlastic  cur\'ature  •  iSi 
to  the  notation  of  §  639)  =  t.  And  the  balancing  o 
applied  in  i»nly  one  pair  of  op))08ite  sides  of  the  S4|ui 
we  see  by  (;}  656,  (Hjuivalent  to  an  anticlastic  stress  s< 
to  the  notation  of  (J  637)  11=  i*V+/i.  Henct*.  for  tl 
rlastic  ri>,'i(lity.  arronling  to  §  f»42  .13  .  wt*  hrt\»' 

which  a^HMs  with  thr  valuf  [}\    othfrwiM'  ti»nn«l  in   jS 
ilir  (*om|»o.sitiou  of  lh\iNf'< 

It  i^  uimM  iiii|H)rtaiit  to  n*mark-  ^1..  That  «»nr  half  k4 
\nTtib'  in  thr  value  of  A'  piv«»ii  by  the  formula  .  4»»  •  of 
«liTivt'«|  fn»in  a  and  /i  a^  given  h\  ( ^ )  of  §  7*H?.  and  the  !■  r 
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of  y  by  [-ily) ; — and  (2.)  That  if  we  denote  by  y'  the  transcen-  An«iy»w 
dental  series  completing  the  expression  (46)  for  y,  it  is  the  term  TnllSSirr 

fiy'  nection  of 

nffx-Ldxdy  of  $  706  (17),  that  makes  up  the  other  half  of  the  ^^l^ 

*^  ^  ^  Itrimn. 

part  of  N  in  question,  and  that  it  docs  so  as  follows,  according 
to  the  process  of  integrating  by  parts,  in  which  it  is  to  be  re- 
membered that  to  change  the  sign  of  either  x  or  y,  simply 
changes  the  sign  of  y': — 


where 


Thiu  in  A"  wu  have  a  term 

<ir,  because  [as  we  see,  by  integrating  (40)  with  reference  to  ;/, 
•ud  putting  y=J6], 

1  +—  +  -i  +  etc.  =  ^-)* 

?^Gdx^\,nrah*^nr{lrab^:L  --^-  ^    (12). 

The  transcendental  series  constituting  the  second  term  of  this, 
together  with 

J  i)  J  0  "-^ 

makes  up  the  transcendental  series  which  appears  in  the  expres- 
Hiou  (46)  for  N.  This,  when  a-f-6  is  infinite,  vanishes  in  com- 
parison with  the  first  term  of  (46),  as  we  have  seen  above 
§  721  (8).  But  in  examining,  as  now,  the  compositicm  of  the 
expression,  it  is  to  bi^  remarked  that,  when  a-r-b  \s  infinite,  y' 
vanishes  except  for  values  of  x  differing  infinitely  little  from 
±}a,  and  therefore  we  see  at  once  that  in  this  case, 

by  which,  in  connexion  with  what  precedes,  we  see  that 

722.  Oiif  half  of  the  couple  on  each  of  the  edges,  by  which 
lese  conditions  are  fulfilled,  consists  of  two  tangential  tractions 
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Compodtion 
of  action  In 
nonnal  sec- 
tion of  a  long 
rectangoUr 
lamina  under 
toiaion. 


Uniform 
diitribation 
of  couple 
applied  to 
itsedgea  to 
render  the 
stress  uni- 
form fjrom 
the  edges 
inwards. 


Algebraic 
solution 
rzpreiwing 
diiiplace- 
uufnt.  strain, 
and  strpss, 
thnHigh  a 
plate  Iwiit 
to  uniform 
aaticlastic 
cnnrature. 


distributed  over  areas  of  the  edge  infinitely  nemr  ita  ends  ac 
perpendicularly  to  the  plate  towards  opposite  put&  Tkec 
half  consists  of  forces  parallel  to  the  length  of  the  ed^ 
formly  distributed  through  the  length,  and  varying  mirom 
simple  proportion  to  distance,  positive  or  negative,  f^fl 
middle  Una 

723.  If  now  we  remove  the  former  half,  and  apply  intf 
over  the  edges  {BB,  AA')  hitherto  free,  a  uniform  disufr* 
of  couple  equal  and  similar  to  the  latter  half,  and  in  the  pe 

directions  to  kerp  a; 
same  twist  through 
plate,  we  have  the  pf 
edge  tractions  to  1 
Pois8on*8  three  bout 
conditions  (§  615  ta 
case  in  question ;  th 
to  aay,  we  have  m 
distribution  of  tnt 
on  the  four  edges  of  a  square  plate  as  prodncess  antad 
stress  (§  638)  uniform  not  only  through  all  of  the  pbi 
distances  from  the  edges  great  in  comparison  with  the  U 
ness,  but  throughout  the  plate  up  to  the  very  edges.  The 
of  strain  and  stress  through  the  plate  is  represented  bj 
following  formulas  [as  we  may  gather  from  §§  706  and  iO; 
(45),  (9),  (10),  (17),  and  §  722,  or,  as  we  see  diiectlv.ln 
verification  which  the  operations  now  indicated  piesent]  :- 

o=-Tyz,  ^=TX»,  y=-TJ3r  i 

e=f=g=0,  8=0,  b=— 2ry,  c=0  I 

/>=Q=i?=0,  5=0,  r=-2iiry,  U^O  ) 

where  L  and  X  denote.*  the  moiiifuts  (with  s^i}::ti>  ni.k  :. 
in  §  551)  of  the  whole  amounts  of  o)U|»l«».  npplifii  t.*  i!.- 
i'ih^vH  i>i»qKindicular  t4)  OX  and  OZ  res|)ei:tively,  in  iIk  \ 
of  these  edges, 

Hy  tuniing  the  oxom  <)X,  oZ  through  45   in  their  own 
wr  fall  back  on  the  fonimla*  of  flexure  as  in  {  Tit*,  f  >r  th* 
ticular  eaito  of  equal  flexures  in  thi*  two  tipponito  din-ctit^^ 
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724.  If,  on  the  other  hanJ,  we  superimpose  on  tL*-  su^r  A 
strain  investigated  in  §  721,  another  prwiuoed  ly  aj^h-iL^  vi*  juaoema^ 
lie    pair  of  edges   which   it  leaves   fr*c^,  prKdarrly  iL*   s&zi*e  2^^4^- 
sntire   distribution   of  couple   as   that   de^cHlei   in   §   7r*,  i?|«lr 
>ut  in  the  direction  opposite  to  the  twist  which  Ae  iomutT 
^ve  to  the  plate  (so  that  now  it  is  not  —  L,  'mti  L  ^lai  is 
M^ual  to  X),  we  have  the  Y 

iqiiare  plate  precisely  in 
;he  condition  described  in  a\ 
I  647,  except  infinitely 
lear  its  corners.  To  find 
;he  expressions  for  com- 
ponents of  displacement, 
strain,  and  stress,  in  this 
^ase,  we  must  add  to  the 

axpressions  for  a,  ;3,  7  in  (6;  of  §  706,  and  M5;  of  §  707, 
v^alues  obtained  by  changing  the  sign  of  each  of  these  exprws 
3ions,  and  interchanging  z  for  z,  and  a  for  j.  The  cotus^iufiUX 
i^aes  oft,  f,  g,  a.  b,  (,  P,  Q,  R,  S,  T,  U,  are  of  eourge  obtain^  in 
the  same  way,  but  need  not  be  written  down,  as  the}'  can  be  Been 
in  a  moment  from  a,  fi,  j.  Lastly,  the  strain  thus  Buperimj^oMd 
vrould,  if  existing  alone,  leave  the  cadges  parallel  Uj  x  free  from 
traction,  just  as  the  first  supposed  strain  [§  706  -MJl  leaves  tlie 
gdges  parallel  to  z  free ;  and  thus,  without  fredi  iixtegration, 
we  see  that  "S  has  still  the  value  ("46;,  and  is  the  result  of 
the  distribution  of  tractions  descril^e*!  in  §  722.  Tlie  part**  of 
tlie  component  displacements  represented  by  products  of  co- 
>rdinates  disappear,  and  only  transcendental  series,  as  follows, 
remain : — 


(J>-1)« 


—  « 1 — 


7=+T(-)«6'2 


-fe'lD 


(2i+l>«y 


ti'\)m 


(nVl>»'» 


725.  ^^^len  «-=-6  is  infinite,  i'^     2«'      becomes  infinitely  great, 

_(2»+l)rt 

ind  £        26      infinitely  small     If  then  we  put  hf  —  •  =  2^,  and 
\fi  — x=:z^,  the  preccdin;:  expressions  l>econio 

2  N 
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Thlnn^ct-  ^_        .2  (-ly         gil^  ■    (2l+l)xj 

olatesub-  ^  V^«  "T  *;  O 

the edg©.  for  DointB  not  infinitely  near  the  edge  A'B* ; 

traction 

for  points  not  infinitely  near  the  edge  AA'; 
a=0,  7=0,  for  all  points  not  infinitely  near  an  edge 
and  )3=0  throoghont. 

Lastly,  L=iV=JfiTaft«, 

of  each  of  which  one-half  is  constituted  by  tractions 
formly  distributed  along  the  corresponding  edge,  and 
portional  to  distances  from  the  middle  line;  and 
other  by  tractions  infinitely  near  the  comers  and  pei 
dicular  to  the  plate. 

Transition  to      726.  It  Is  cleai  that  if  the  comers  were  rounder 

Sutcoraeri   plate  wcrc  of  any  shape  without  corners,  that  is  to  s 

Sge^-     part  of  its  edge  where  the  radius  of  curvature  is  not 

°°  *^  *  ^    in  comparison  with  the  thickness,  the  eflfect  of  appl 

tribution  of  couple  all  round  its  edge  in  the  maimer 

§  647  would  be  expressed  by  either  of  these  last  1 

a  and  y.     Thus  the  whole  displacement  of  the  substs 

parallel  to  the  edge  for  all  points  infinitely  near  it ; 

for  all  other  points  of  the  plate ;  and  will  be  equal 

ceding  expression  (15)  for  y  if  a/  denote  simply  di 

the  nearest  point  of  the  edge  of  the  plate,  and  y,  as  ] 

formulae,  distance  from  the  middle  surface. 

727.  We  may  conclude  that  if  a  uniform  plate,  1 
an  edge  everywhere  perpendicular  to  its  sides,  and  o 
a  small  fraction  of  the  smallest  radius  of  cur\''ature  i 
at  any  point,  be  subjected  to  the  action  describetl 
with  the  more  particular  condition  that  the  distribul 
gcntial  tmction  is  [as  asserted  in  §  634  (3.)  for  o 
section  remote  from  the  boundary  of  a  bent  plato] 
proportion  to  distance,  positive  or  negative,  from  i 
line  of  the  edge;  the  interior  strain  and  stress 
specified  by  the  following  statement  and  formulie  :— 
ihiSSi  fh>  ^^  ^  ^®  ^^y  point  in  one  com(T  of  the  edge  :  an<] 
jj*jj*«>«  Vd*"*  perpendicular  to  the  edge  inwanls,  and  OV  per|>endi( 

of  plate. 
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plane  of  tlie  plate.  The 
any  distance  from  0  not 
a  considerable  multiple 
of  the  thickness,  6,  will 
be  peq^endicular  to  the 
plane  YOX,  and  (de- 
noted by  y)  will  be 
given  by  the  formula — 


displacement  of  any  particle  P,  (oj,  y),  at  ^^t' 

substance 
prodnced 
by  edge- 
traction 
of  1647. 


.12,2 


COS- 


^+6-.' 


I     5?-'-».6^+cto.)  (16) 


TCOS- 


where  H  denotes  the  amount  of  the  couple  per  unit  length  of 
the  edge,  and  n  the  rigidity  (§  680)  of  the  substance.  But  the 
simplest  and  easiest  way  of  arrixang  at  this  result  is  to  solve 
directly  by  Fourier's  analytical  method  the  following  problem, 
a  case  of  one  of  the  general  problems  of  §  696  : — 

728.  A  uniform  plane  plate  of  thickness  6,  extending  to  in-  SSfpenS-** 
finity  in  all  directions  on  one  side  of  a  straight  edge  (or  plane  J^JJ^tid. 
perpendicular  to  its  sides)  being  given, — 

It  is  required  to  find  the  displacement,  strain,  and  stress, 
produced  by  tangential  traction  applied  uniformly  along  the 
edge,  according  to  a  given  arbitrary  function  [^(y)]  of  position 
on  its  breadth. 

Taking  co-ordinates  as  in  §  727,  wo  have  to  solve  equations 
(2)  of  §  697,  with  jr=0,  7=0,  Z=0,  for  all  points  of  space  for 
which  X  is  positive,  and  y  between  0  and  5,  subject  to  the  boundary 
conditions, 
See  §  601,  or  r  p^(^^  q^^  j^^^  g^^^  2^=0,  i7=0,  when  y=0  or  6 :    ^ 

5  Ss  %:  Si  ^^'  «=^'  ^=^'  ^=^'  ^=^ '  ^=^>'  "^«°  *=^ ''  r'^' 

i  670  (6).  ^*"^  *=^'  ^^^'  '^'^^»  ^***^°  a;=QO.  ) 

From  these,  inasmuch  as  a,  )3,  y  must  each  be  independent  of 
z,  we  find 


(a)    ^-+—L=zO,  throughout  the  solid  ; 

(5)    y=0  when  a:=x  ; 

(c)    >i-J^  =0  when  3^=0  or  b  ; 

dy 

and  (</)    «y-=</,(y)  when  a:=0; 


;  (18); 
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laMoffMT         and  all  the  cqaations,  both  thorough  and  sopcrfidaL  iBnin 
Siy^S!^'  a  and  )3  are  satisfied  by  a=0,  /5=0,  and  thervfure  .  Aff-  ■ 

Mtlgated.  require  a=0,  )3=0.     The  Fourier  solntion,  of  coone.  u  a 

seen,  because  of  (a),  (5),  and  (c),  to  be  of  the  form 

aud,  because  of  (d),  the  coefficients  Ai  are  to  be  found  k  w 

They  are  therefore  [as  we  see  by  taking  in  §  77,  (13>  aai  U 
<f>  such  that  <^(p— {)  =  <^i  and  putting  p=S^]  as  foUon  - 

If  (for  the  particular  case  in  question)  we  take 
we  find      i4,i=:0,  andyl«i4.,=r»—(l)i-     ^  * 


nb  t'  {ii  +  iy 
and  so  arrive  at  the  result  (16). 

ff^  ^f-  729.  It  is  remarkable  bow  very  rapidly  the  whole  di*tc: 
ftllra^iK'^*  ance  represented  by  this  result  diminishes  iuwanis  fr»m  : 
inwapdn.       edge  where  the  disturbing  traction  is  applie*!  (compaiv  §  •^*' 

also  how  very  much  more  rapidly  the  secoml  t*»nn  dixuis;*: 

than  the  first ;  and  so  on. 

Thus  as  €  =  2-71828,   €4»  =  4«01,  €••••  =  10,  c-s'J^H 
€«»  =  585-6,  we  have 

O     9        .CO»  L  COS   .'  CO*    . 

x=J/.,  y=(;"t-)'( — -^--.     *     +-.     *    -eu- 

.r=  A,     v  =  «;   "<  "    M  —  4.      -     . 


.r  =  ^ 
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730.  We  regret  that  limits  of  space  compel  us  to  leave  Problem*  to 
linvestigated  the  torsion-flexure  rigidities  of  a  prism  aud  the     ^^ 
xural  rigidities  of  a  plate  of  eolotropic  substance :  and  to 
11  confine  ourselves  to  isotropic  substance  when,  in  conclu- 
)n,  we  pi*oceed  to  find  the  complete  integrals  of  the  equation 

697  (2)]  of  internal  equilibrium  for  an  infinite  solid  under 
e  influence  of  any  given  forces,  and  the  harmonic  solutions 
litable  for  problems  regarding  spheres  and  spherical  shells, 
id  solid  and  hollow  circular  cylinders  (§  738)  under  plane 
rain.  Tlie  problem  to  be  solved  for  the  infinite  solid  is  this  : 
Let,  in  (6)  of§  698,  X,Yy  Z  be  any  arbitrary  functions  what- 
er  of  {Xy  y,  «),  either  discontimtotis  and  vanishing  in  all  points  General 
Xsule  sonic  finite  closed  surface,  or  contimums  and  vanishing  at  of  inflnite 
/  infinitely  distant  paints  loith  sufficient  convergcncy  to  make 
D  canvc7'ge  to  0  as  D  increases  to  co ,  if  R  be  the  resultant  of 
,  Y,  Zfor  any  point  at  distance  Dfro7n  origin.  It  is  required 
find  a,  fi,  y  satisfying  those  equations  [(6)  of  §  698],  svijed 

tJie  condition  of  each  vanishing  for  infinitely  distant  points 
kai  is,  for  infinite  values  of  x,  y,  or  z). 

(a)  Taking  —  of  the  first  of  these  equations,  —  of  the  second,  •^j^  Jot 

«  "  gabttance. 

and  --  of  the  third,  and  adding,  wc  have 

(-+'')v;H^i+^J+f=o  (1). 

(6)  This  shows  that  if  we  imagine  a  mass  distributed  through 
space,  with  density  p  given  by 

'      /I+-I+'l)  (2). 


4ir{m+nydx      dy      dz^ 
5  must  be  equal  to  its  potential  at  (a:,  y,  z).     For  [§  491  (c)]  if 
V  be  this  potential  wc  have 

V*F+4irp=0. 
Subtracting  this  from  (1)  divided  by  (m+n),  we  have 

V(3-F)=0  (3), 

for  all  values  of  (a:,  y,  z).  Now  the  convergcncy  of  JCD,  YD^ 
ZD  to  zero  when  D  is  infinite,  clearly  makes  ^=0  for  all 
infinitely  distant  points.  Hence  if  S  be  any  closed  surface  round 
the  origin  of  co-ordinates,  everywhere  infinitely  distant  from 
it,  the  function  (8—  V)  is  zero  for  all  points  of  it,  and  satisfies 
(3)  for  all  points  within  it.  Hence  [App.  A.  (c)]  wo  must  have 
5=  F.  In  other  words,  the  fact  that  (1)  holds  for  all  points  of 
space  gives  determinatcly 
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General 


5=— ^— r  r  r 


sitlul  intc- 

F«^«**  where  JT,  F,  Z*  denote  the  values  of  X,  K,  Z  fur  inj  >« 

('     '     '\ 

(c)  Modifying  by  integration  by  parts,  and  attenii]:f  *>  a 
prescribed  condition  of  convergences,  according  to  whic^ 

when  X  =  X,  j'Jl^  ^^^^_^,^.;g^-y^__,  ,.,..  ■: 
we  have 

which  for  most  purposes  is  more  convenient  than  (4). 

(</)  On  precisely  the  same  plan  as  {b)  we  now  intwatr  ttt 
of  the  three  equations  (6)  of  §  698  separately  for  <t.  &  ?  i^ 
spectively,  and  find 

where  u,  r,  w,  U^  V,  W  denote  the  potenttab  at  (x,  5.  r  •  *i  * 

tributions  of  matter  through  all  space  of  densities  re«pe<tirch 

m    dS         m    dZ        m    dS        X         Y         Z 

4r;i  dx  '    4r/i  dy  '    4r/i  </j  '    4rfi      Am  '    4m ' 

in  other  words,  such  functions  that 

V'w+^  S?=^»  ^^-^  ^^^  y«r+~=0,  etc. 
oach  through  all  space.     Thus  if  5^,  JT*,  l",  Z*  denote  tb*  n!^ 
of  5,  A',  r,  Z  for  a  point  (x*,  y",  r"),  we  find,  for  «, 

if  in  this  wo  substitute  for  5"  its  value  by  (0)  we  have  «  cifrr* 
by  the  sum  of  a  sextuple  integral  and  a  triple  integral,  the  or 
bi'iiig  the  Tof  (7);  and  similarly  fur  P  and  y.  Th«*  <nr" 
sions  may,  however,  be  greatly  simpHtied.  sinc\*  wc  «hill 
prrsently  that  each  of  tho  soxtujilo  iiitrp^L-  ui.iv  K-  r.  J^:'  : 
a  tripK'  integral. 
^"'^/  ,  [r .   As  a  particular  ca-i\  lot  A'.  >',  Z  bo  each  c«<ii>!aD:  thr   , 

uiiif..niiiv  «nit  a  Spherical  si»acc  haviu;:  it>  contro  at  thr  ori^riii  a:.  1  r-- 

j.rti.i.  -f  (t,  and  ZiTo  ovcrywlioro  ol>o.     Thi>  by     »»     ^ill  iii.ii*.    — 

ii'.tn'v-riM-  >uin  nf  tho  pHiducts  of  A',  }',  Z  ro-iHCtix rlv  int.'  iLt  o- 


•'><•  ^iii«i 


in;r   cniii|Hiiu'iit  attractions  of  a   unifonu   di«»tributi'i:  .f 

of  druxitv  lhr«iU^'h  thi>  m»:uv       IL  nco  [$  41*1     ' 

*    4jr»  /M  -f  ;<  p 
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5=    -     .     ,  -JlT    V"^      for  points  outside  the  spherical  space,  lEyit 
3(m+/i)  r»  "^  I 

-1  (10)- 

id  S=-,——AXx+  Yy+Zz)  for  points  within  the  spherical  space,  j 

Now  we  may  divide  u  of  (8)  into  two  parts,  u  and  m",  depend-    inrettiy. 


ing  on  the  values  of  ^  within  and  without  the  spherical  space  ^**^°*®"* 


dx 
respectively ;  so  that  we  have, 

for  r*^a,  V'u' = .,~/ — \ — \ »  *  constant,  .^  ^  v , 

forrr:*«,  y*u'=0; 

forr<:a,  W=0, 

forr>a,  VV=:-!!1^,    which    is   a 

n  dx  I  (12). 

solid  spherical  harmonic  of  degree  ^8,  because  B  is 

given  by  the  first  of  equations  (10). 

The  solution  of  (11),  being  simply  the  potential  due  to  a  uniform 

sphere  of  density .'- ,  is  of  course 

4t  8n(wi+n) 

u  =ir-/ — ,-*^\  —  for  r  :>  a. 
On(m+n)  r 

Again,  if  in  (12)  of  App.  B.  we  put  ni  =  2,  n  =  —  8,  and 

1  _,=  — -,  we  have 
dx 

V*<'-'S)=-«§fo"->«  (14). 

since,  for  r  r>a,  — —  is  a  spherical  harmonic  of  order  —8.     And 
dx 

r*  .    18  [App.  B.  (13)]  a  solid  harmonic  of  degree  2 :  hence  if 
[      ]  denote,  for  any  point  within  the  spherical  space,  the  same 

algebraic   expression   as  -  -   by   (10)   for  the   external  space, 
dx 

~Jl  /  ]  >»  a  function  which,  for  all  the  interior  space,  satisfies 

J© 
the  equation  V*w=0,  and  is  equal  to  r«—  for  points  infinitely 

near  the  surface,  outi^ide  and  inside  respectively.     Ilenco  —  [      ] 
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applied 
nniformly 
to  8|dkencal 
portion  of 
infinite 
homogene- 
ofu  solid. 


for  interior  space,  and  r*-—  for  exterior  nMce,  etmxx 
ax 

potential  of  a  distribation  of  matter  of  densitr  -  $      * 

'  4r     CI 

the  spherical  space  and  xero  within,  and,  oo  &r  v  t«c  it 

any  lajer  of  matter  whatever  distributed  over  the  ^-^ 

spherical  surface.     To  find  the  sorlace  density  of  thii  lij' 

first,  for  an  exterior  point  infinitely  near  the  sorfiMe,  ukc 

and,  for  an  interior  point  infinitely  near  the  surface. 

Then,  remembering  that  x^ — ^-u— — i.g^  is  the  sami:  l« 
dx    ^  dy       ds 

according  to  the  notation  of  App.  A.  (a) ;  we  find  [by  App  B 

dh 
Therefore,  ^^^JZ  ^^^  external  space  is  independent  of  r 

08  r  differs  infinitely  little  from  a  for  each  of  the  two  potuu 

But  {R}  and  [R]  being  the  radial  componentu  of  the  tw 
points  infinitely  near  one  another  outside  and  inside,  c^vrrvf 
ing  to  the  supposed  distribution  of  potential,  it  follows  frw  \ 
that  to  produce  this  distribution  there  must  be  a  layer  of  ■ 
on  the  separating  surface,  having 

for  surface  density.     But,  inasmuch  as  {A}  — [i?]  is  a  m 

harmonic  of  the  second  order,  the  potential  dae  to  Chat  n 

distribution  alone  is  [§  530  (4}] 
.« 
l/{7?: —[/?];-  through  th.-  innor  ^*pac^^ 
n 

and  \J\R\^^R\     ^  through  the  oiitor  s\*xc%'  ; 

or.  aci*<»nliiig  to  tlio  viilin'  found  abovi*  for  I/^!—   A' 

.'J      r  dt^  ,1  II- 

i'''l  /    J  through  Chf  iniuT  H^act*. 


aii.J 


.Ml*     W/r 


f/.r 


thrMiigh  X\iv  (lUttT  >]>:icr 
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Subtracting  now  this  distribution  of  potential  from  the  whole  dis-  ^"'TT. 
tribution  formerW  supposed,  we  find  uniformly 

J©  to  BIlhl'riCAl 

2     .r"^T  -        1      .  1   .   •      n    .x""    ^        1  iKirtionef 

^^r*| -j-J  for  the  inner  space,  and  (r'— ?«  )~7~  for  the  outer,      inflnite 

as  the  distribution  of  potential  due  simply  to  an  external  dis-  **^  *'"*^ 

1  f?5 

tribution  of  matter,  of  density  — .  6r*-r-  >  with  no  surface  layer. 

Ilcnce,  and  by  (14),  we  see  that  the  solution  of  (12)  is 

and  u''=J^(r«-^*)^  for  r>a.      ) 

And  [(d)  showing  that  U  is  the  potential  of  a  distribution  of 
matter  of  density  equal  to  -^]  as  X  is  constant  through  the 
spherical  space  and  zero  everywhere  outside  it,  we  have 
C7=-(3a«-r*)forr<a,     ) 

This,  with  (13),  (15),  and  (10),  gives  by  (7)  DUpUc*- 

br  r«=a,  docedbjit 

md  for  r:>-  Oj  5(17), 

18n(m+n)*    ^      ^     'r         ^        ^    ' dx  r»  W 

with  symmetrical  expressions  for  p  and  y. 

731.  A  detailed  examination  of  this  result,  with  graphic 

ustrations  of  the  displacements,  strains,  and  stresses  con- 

nieil,  is  of  extreme  interest  in  the  theory  of  the  transmission 

force  through  solids;  but  we  reluctantly  confine  ourselves 

the  solution  of  the  general  problem  of  §  730. 

To  deduce  which,  we  have  now  only  to  remark  that  if  a  become  DiapUce- 
infinitely  small,  A',   y,  Z  remaining  finite,  the  expressions  for  (TuixNi'^a 
a,  )8,  y  become  infinitely  small,  even  within  the  ppace  of  applica-  to'Inin?"**' 
tion  of  the  force,  and  at  distances  outside  it  great  in  comparison  JlJjJ'if  ]^*" 
with  a,  they  become  !siu?«,ud. 

<»=  ..     T--^-v{2(2w+3n) wir-, — f— I  ,,ov 

)3  =  ctc.,  7  =  i»tc.  j 


DUplacc- 
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where  V  denotes  the  volume  of  the  sphere.  As  these 
simply  on  the  whole  amount  of  the  force  (its  componeDl 
XV,  TV,  ZV),  and  when  it  is  given  are  independeni 
radius  of  the  sphere,  the  same  formulae  express  the  efioci 
same  whole  amount  of  force  distributed  through  an  h 
incnt  pro-  small  spacc  of  any  form  not  extending  in  any  direction 

any  distribu-  than  an  infinitely  small  distance  from  the  origin  of  co-or 

ihw^h  an*^  Hence,  recurring  to  the  notation  of  §  730  (b),  we  have 

elastic  solid.  required  general  solution 

where  />=  V{(^-^T+(y-yr+(^-0*}, 

jQ7  denotes  integration  through  all  space,  and  -J',  T\  Z 
arbitrary  functions  of  x\  y,  z'  restricted  only  by  the  conv< 
condition  of  §  730. 

This  solution  was  first  ^ven,  though  in  a  somewhat  d 
form,  in  the  Cambridge  and  Dublin  Mathematical  Journal 
On  the  Equations  of  Equilibrium  of  an  Elastic  Solid, 

Comparing  it  with  (9),  we  now  see  the  promised  rcductio 
sextuple  integral  involved  in  that  expression  to  a  triple  in 
The  process  (e)  by  which  it  is  effected  consists  virti 
the  evaluation  of  a  certain  triple  integral  by  the  proper  sol 
the  partial  differential  equation  y*  r+4Tp=0  [like  that  f 
worked  out  (§  G49)  for  the  much  simpler  ease  of  f>  m 
function  of  f].  Proof  of  the  result  by  direct  integnti< 
good  exercise  in  the  integral  calculus. 
Application        732.  In  88  730,  731  the  imagined  subject  has  been  a 

to  problem  _    ^^  i.  ,    .>,,.  ,,  ,  .         . 

of  §690.  gcncous  elastic  sobd  filling  all  space,  and  cxpenencu 
effect  of  a  given  distribution  of  force  acting  bodily 
substance.  The  solution,  besides  the  interesting  appli 
indicated  in  §  731,  is  useful  for  simplifying  the  practica 
blem  of  §  69G,  by  reducing  it  immediately  to  the  ease  in 
no  force  acts  on  the  interior  substance  of  the  body,  thus 

The  equations  to  be  satisfied  being  (6)  of  §  698,  thrc 
the  portion  of  space  occupied  by  the  body,  and  certain  eq 
for  all  points  of  its  boundary  expressing  that  the  surface  di 
mcnt.s  or  tractions  fulfil  the  prescribed  conditions ;  let  'a 
be  functions  of  (x,  y,  r),  which  satisfy  the  equations 
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-:*erc,  for  brevity,    >8=^%^+9',  \    ^^ 

dx       dy       dz  )     Jcoorwi 

through  the  space  occupied  by  the  body.     Then,  if  we  put  ^S^^i 

a=^a+a,,    P=P+P„    7=7  +  7,,  (2), 

we  see  that  to  complete  the  solution  we  have  only  to  find  a,,  )3„ 
7/,  as  determined  by  the  equations 

«V%+;.§=n,  nv'^,+/^^^=0,  .V^7,+m§=0,  | 

^'^dx^  dy^  dz'  ) 

to  be  fulfilled  throughout  the  space  occupied  by  the  body,  and 
certain  equations  for  all  points  of  its  boundary,  found  by  sub- 
tracting from  the  prescribed  values  of  the  surface  displacement 
or  traction,  as  the  case  may  be,  components  of  displacement  or 
traction  calculated  from  ^0,^)8,^7. 

Values  for'a,^)3,^7  may  always  be  found  according  to  §§  730, 
731,  by  supposing  equations  (1)  §  732  to  hold  through  all  space, 
and  X,  T,  Z  to  be  discontinuous  functions,  having  the  given 
values  for  all  points  of  the  body,  and  being  each  zero  for  all 
points  of  space  not  belonging  to  it.  But  all  that  is  necessary  is 
that  (1)  be  satisfied  through  the  space  actually  occupied  by  the 
body;  and  in  some  of  the  most  important  practical  cases  this 
condition  may  be  more  easily  fulfilled  otherwise  than  by  deter- 
mining ^a,')3,Y"a  that  way  with  its  superadded  condition  for  the 
rest  of  space. 

733.  Thus,  for  example,  let  us  suppose  the  forces  to  be  import* 
Such  that  Xdx+  Ydy+Zdz^  is  the  differential  of  a  function,  W,  cascn.*' 

•  Let  m  1»€  the  mass  of  any  smaU  part  of  the  bo<ly,  x,  y,  z  its  co-onlinates  at  any 
^imc,  an«l  /'»i,  ^n,  Itm  the  components  of  the  force  acting  on  it.  If  the  Ryntem  be 
^oiutcrvative,  Pdx  +  Q./y  +  Rfiz  must  be  t!ie  differential  of  a  function  of  x,  y,  z.  Let, 
for  instance,  the  forces  on  all  parts  of  the  bo<ly  be  due  to  attractions  or  repulsions 
from  fixed  matter  ;  and  let  tlie  particle  consitlered  be  the  matter  of  the  body  within 
<^ii  infinitely  small  volume  Ixiyiz,  Then  we  have  Pfn=.XSxSy6z,  etc.  ;  and  therefore, 
if  p  be  the  density  of  the  mattc^  of  w,  so  that  pixiyit=m,  we  have,  in  the  notation 
Of  the  text,  Pp^X,  Qp  =  T,  Rp-Z\  and  therefore  Xdx  +  Yily-{-Zdz  is  or  is  not  a 
Complete  differential  acconling  as  p  is  or  is  not  a  function  of  the  potential ;  that  is 
to  say,  acconling  as  the  density  of  the  bmly  is  or  is  not  uniform  over  the  equi- 
|H>tential  surfaces  for  the  distribution  of  force  to  which  (/',  Q,  R)  belongs.  Thus 
tlitf  condition  of  the  text,  if  the  system  of  force  is  conservative,  is  8atisfic<l  when  the 
l>0(ly  iK  homogeneous.  But  it  is  satisfied  whether  the  system  be  conserv'ative  or  not 
if  the  density  is  ho  distributed,  that,  were  the  body  to  lose  its  rigidity,  and  1)ocome 
%n  incolllp^c^sible  litjuid  held  in  a  clos<.*tl  rigid  vessel,  it  would  (§  755)  be  in  e<|ui- 
li^iriiiin. 
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Important 
class  of 


nHlucotI  Ut 

CSUr  nf  ||f> 


of  X,  y,  z  considered  as  independent  variablea 
tion  includes  some   of  the   most   im{>ortaut   an 
practical  applications,  among  which  an*  -  - 

(1.)  A  homogeneous  isotropic  Ixnly  acttni  ou  \ 
sensibly  uniform  and  in  parallel  lines,  as  in  the  < 
of  moderate  dimensions  under  the  influence  of  Urrrt 

(2.)  A  homogeneous  isotropic  body  acted  on  by 
tion  of  gravitating  matter,  and  either  et|uilibrat< 
the  aid  of  surface-tractions  if  the  attract  in*^'  f  ^r 
themselves  balance  on  it;  or  fulfilling  the  cont 
temal  equilibrium  by  the  balancing,  according  t.» 
principle  (§  264)  of  the  reactions  against  aocrl 
parts  of  its  mass  and  the  forces  of  attraction  t* 
subjected,  when  the  circumstances  are  such  tha 
ration  of  rotation  has  to  be  taken  into  account- 
belongs  the  problem,  solved  below,  of  finding  the  t 
tion  of  the  solid  Earth,  supjwsed  of  unifonu  sjHJcif 
rigidity  throughout,  produceil  by  the  tide-generat 
of  the  Moon  and  Sua 

(3.)  A  uniform  body  strained  by  centrifu^ 
unifonn  rotation  round  a  fixed  axis. 

But  it  does  not  include  a  solid  with  any  ar 
uniform  distribution  of  siKHiific  gravity  subjects 
those  influences ;  nor  generally  a  piece  of  xxvk^ 
su])jected  to  magnetic  attmction  ;  nor  evt*n  a  u 
fulfilling  the  conditions  of  internal  e^iuilibrium  i 
fluencc  of  reactions  against  acceleration  roun«l 
produced  by  forc(»s  applied  to  its  surface. 

Wc  have,  according  to  the  present  a«raiiipci(«, 


d\V 


which  give 


dX 


=  -V, 


dW 


=  r. 


dW  _ 

dz    " 


llencts  for'^  a>  in  fj  T.'JO  (<i)  f«»r  «\ 
which  is  s;i(i>ruMl  hy  \\\v  :uv«uiiip(i«>n 

..=  -  "■ 

N«'Xt.  inlPMluciii^  thr«*i-  u>.<>uiii|iti<>ns  iu  \\ 


Ak 
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these  equations  are  finally  satisfied  by  values  for^a,*)3/y,  assumed  ^.PJJ*^^ 
as  follows : —  <-*««  «^ 

1      d^     yr,        I      d^      y  I      d^   )  ^*rfSo 

**=i7r+7id^'    ^^^i^n-^'     '^=;ii+i,rfr    I  ^Qy^yf<^ 

where  ^  is  any  function  satisfying  V*^=  —  W  J 
Further,  we  may  remark  that  if  IF  be  a  spherical  harmonic 
[App.  B.  (a)],  a  supposition  including,  as  we  shall  see  later, 
the  most  important  applications  to  natural  problems,  we  have  at 
once,  from  App.  B.  (12),  an  integral  of  the  equation  for  ^,  as 
follows:—  ^__      r*      ^  ^, 

where  the  suffix  b  applied  to  W  to  denote  that  its  degree  is  i. 

T84.  Tlie  general  problem  of  §  690  being  now  reduced  to  ^^^^^^ 
^  case  in  wliicli  no  force  acts  on  the  interior  substance,  it  "»<» '«« 
C3omes  this,  in  mathematical  language : — To  find  a,  0,  y,  three  •»"««« : 
motions  of  (x,  y,  z)  M'hich  satisfy  the  equations 

,d*a  ,  d*a  ,  d*a ,  .       d  ,da      dB      dy  ^     ^     \ 

,rf'y  .  d*y  .  d«y,  .      d  ,da  ,  dB  ,  dy,     ^    \ 

i:  all  points  of  space  occupied  by  the  body,  and  the  proper 
I  nations  for  all  points  of  the  boundary  to  express  one  or  other 
'  any  sufficient  combination  of  the  two  suiface  conditions 
dicated  in  §  69G.  When  these  conditions  are  that  the 
irface  displacements  are  given,  the  equations  expressing  tliem 
*te  of  course  merely  the  assignment  of  arbitrary  values  to 
0,  y  for  every  point  of  the  bounding  surface.  On  the  other 
E^d,  when  force  is  arbitrarily  applied  in  a  fully  specified 
lanner  over  the  whole  surface,  subject  only  to  the  conditions 
r  a[uilibrium  of  forces  on  the  body  supposed  rigid  (§  564),  in 
^  actual  strained  state,  and  the  problem  is  to  find  how  the 
ody  yields  both  at  its  surface  and  through  its  interior,  the 
conditions  are  as  follows ; — Let  dfl  denote  an  infinitesimal 
lement  of  the  surface ;  and  F,  (?,  //  functions  of  position  on 
he  surface,  expressing  the  components  of  the  applied  traction. 
*hese  functions  arc  quite  arbitrary,  subject  only  to  the  follow- 
Xg  conditions,  being  the  equations  [{:)  551  (a),  (b)]  of  equili- 
rium  of  a  rigid  body  : — 
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cquatioDB  of 
equilibrium 
to  which  the 
surface-trac- 
tions aro 
subject. 

Equations 
of  surface- 
condition, 
when  trac- 
tions are 
given. 


Problem  of 
S  696  solved 
for  spherical 
shell. 


Dilatation 
prove«l  ex- 
prasHible  in 
convergent 
sericit  of 
Mphcri('«l 
harmonics. 


XrFda=0,  JTGdSl=0,  JfHdSi^O, 
Jf(Hy-Gz)dQ==0,  MFz~ffx)cm=0,  jr(Gx-Fy)da= 

and  the  strain  experienced  by  the  body  must  be  su( 
satisfy  for  every  point  of  the  surface  the  following  equa; 

which  we  find  by  (1)  of  §  662,  with  (6)  of  §  670,  with  (5)  < 
and  (5)  of  §  698  ;/,  (7,  A  being  now  taken  to  denote  tl 
tion-cosines  of  the  normal  to  the  bounding  surface  at  { 
735.  The  solution  of  this  problem  for  the  spheri* 
(§  696),  found  by  aid  of  Laplace's  spherical  harmonic  : 
was  first  given  by  Lam6  in  a  paper  published  in  L 
Jmimal  for  1854.  It  becomes  much  simplified*  byl 
we  follow  of  adhering  to  algebraic  notation  and  sym 
formuljB  [App.  B.  (l)-(24)],  until  convenient  practic;d 
sions  of  the  harmonic  functions,  whether  in  algebraic  or 
metrical  forms,  are  sought  [App.  B.  (25)-(41),  (56)-(66} 

(a)  Using  for  brevity  the  same  notation  5  and  V  u 
[§  698  (8)  (9)],  we  find,  from  (1)  of  §  734,  by  the  proci 
§  730,  V>8=0. 

[h)  Now  let  the  actual  values  of  5  over  any  two  ci 
spherical  surfaces  of  radii  a  and  a'  bo  expanded,  by 
App.  B.,  in  series  of  surface  harmonics,  jS©,  5|.  St,  < 
^'o,  'S*',,  5',,  etc. ;  so  that  when 

r:=za,    5=5o+5,  +  5.  +  ...^i  +  ...        ) 
and  r=a',  8=5'o+5',+5',  +  ...5'£+...    / 

Then,  throughout  the  intermediate  space,  we  must  Live 

For  (1.)  this  series  converges  for  all  values  of  r  inte 
between  a  and  a',  as  wo  see  by  supposing  a'  to  be  the  lo 
two,  and  writing  it  t)ius : — 

0  0 

»  **  Dynamical  ProMenis  repanling  ElaNtii-  Sphcnuilal  ShelU,  an!  S] 
Incompressible  Liquid."     W.  Thomson.     Phil.  Tran*.,  \S*V2. 
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where  5»,  5_i«,  are  solid  harmonics  of  degrees  t  and  —  t— 1  given 
by  the  following : — 

i-(J)  i-(J) 

For  very  great  values  of  i  these  become  sensibly 

Si=5K^),and8.,_,=^<(^)     ' 

and  therefore,  as  each  of  the  series  (4)  is  necessarily  convergent, 
the  two  scries  into  which  in  (6)  the  expansion  (5)  is  divided, 
ultimately  converge  more  rapidly  than  the  "  geometrical "  series 

(-),    (^)     ,    (^)     ,....  and(^)     ,    (^)     ,    (|)     ,..., 

respectively. 

Again  (2.)  the  expression  (5)  agrees  with  (4)  at  the  boundary 
of  the  space  referred  to  (the  two  concentric  spherical  surfaces). 

And  (3.)  it  satisfies  V'8=0  throughout  the  space. 

Hence  (4.)  no  function  differing  in  value  from  that  given  by 
(5),  for  any  point  of  the  space  between  the  spherical  surfaces,  can 
[App.  A.  (e)]  satisfy  the  conditions  (3)  and  (4)  to  which  8  is 
subject. 

In  words,  this  conclusion  is  that 

736,  Any  function,  S,  of  x,  y,  z,  which  satisfies  the  equation  ocncrti 
^S=  0  for  every  point  of  the  space  between  two  concentric  ganiinK cx- 
^herical  surfaces,  may  be  expanded  into  the  sum  of  two  series  Kna '  ^ 
'  complete  spherical  harmonics  [Ai)p.  B.  {c)]  of  positive  and  *""**"  *^'** 

negative  degrees  respectively,  which  converge  for  all  points 
*  that  space. 

(c)  We  may  now  write  (6),  for  brevity,  thus — 

«=_|«'  (7), 

where  ^t,  a  complete  harmonic  of  any  positive  or  negative  degree, 
I,  is  to  be  determined  ultimately  to  fulfil  the  actual  conditions  of 
the  problem.  But  first  supposing  it  known,  we  find  a,  ^,  y  as  in 
§  730  (rf),  except  that  now  we  take  advantage  of  the  formula) 
appropriate  for  spherical  harmonics  instead  of  proceeding  by  DwpUcc- 
triple  integration.     Thus,  by  (1)  and  (7),  we  have  S^'o^' 

,«  UmiM>niiy 

fn^aOi  «upp«»»iItioi 


V* a  =  —  —  2-7-  i  that  dilaU- 

n      ax  tion  in 


iiupp<  tuition 
that  dila 
tion  in 
known. 
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and  therefore,  as  ^  is  a  harmonic  of  degree  i*— 1,  bj  u 

App.  B.  (1*2),  11  =  1  —  1  and  iii  =  2,  we  soo  that  li-  c- 
8«jlation  of  this  equation,  regarded  as  an  e«iuatiuD  f^T  a.  y 


mr' 

o=M -z- 


1     d^ 


C<iini>lotc 
bomionic 
Holiition  of 
eqiiatiouH 
or  interior 
equilibrium. 


is('"*^^^')+:7r('- 


2n      2i+l  dx     . 
where  u  denotes  any  solation  whatever  for  the  e«|aitii«  ' 
Similarly,  if  r  and  w  denote  any  functions  i>ach  thai  T' 
y'ii7=0,  we  have 

^  mr*  ^     \      dBi  ,  mr*        1      * 

{d)  Now,  in  order  that  (1)  may  In*  sati^ticd.  tv  m> 
related  to  t/,  r,  w  that 

Ilonce,  by  differentiating  the  expressions  ju^t  fmn-i  t* 
and  attending  to  the  formula 

dx'     dy^    dy  '      dz'     dz  '        ^    dx     ^ rfy        it 

</>,  being  any  homogeneous  function  of  degree  i,  we  find 

'     dx^dy^dz      n-2i+l 

This  gives      -;—  4-  — — — —  =  v ' — i--/ — '. —  ^ 
^  dx^  dy^  dz      -     (•.'1+1)1 

If,  therefore,  I'lii,  Srj,  IVi  be  the  harmonic  exp«i»noii» 
of  u,  r,  tr,  we  must  have 

g  _     (2i+ 1  ^n     .dui^  X     dv,  ^^     dtc  ,, 
'"(2i  +  l)ii  +  i/«^   dx   "^   <(y' "^    •/--    ^ 
Using  thii*,  with  i  ehangt^d  into  i— 1,  in  the  pnHX-iing  eij 
for  a,  /i,  y.  wo  have  finallv.  as  the  spherical  hanu«*nio  ••-l 

(1),  §::jl 

_  '  \^,'     ,  ,  mr*  d    du.      dv,      '/." 


/>=    1'    :r. 


_  1 


VI  r 


*/      ./■■ 


l 


./      r/.. 

4 

•  1  "/*  dz    dw 


.   ..,  -.I'i— I  '/If  /  —  I 

whiTo  If,,  ''t.  "'i  driiotr  :iii\  >|ih»Tir;il  liariii'-iLr*  .f  .1.  jr 
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For  the  analytical  inTe8t]gaU<ni8  Uiat  Mlow,  ii  b  wmTemcat 
to  introduce  the  following  abbrevialioiif : — 

JLf^l !? 

^"'*(2i-l)n+(i-.l)j« 

dui 


and 

so  that  (11)  becomes 


,  aui     avi  ^  dwi 


(12). 
(13), 


j8=  *Y  {Vi-Mtf'^*- 


)  \ 


(14). 


/ 


(e)  It  is  important  to  remark  that  the  addition  to  «,  p,  u'  re- 
spectively of  terms  ^  ,  --^ ,  -^  (^  being  anj  foDCtioD  satufy- 
dx     dy      dz 

ing  V*^=0),  does  not  alter  the  equation  (10).  This  allows  ns  at 
once  to  write  down  as  follows  the  solndon  of  the  problem  for  the 
solid  sphere  with  surface  displacement  giren. 

Let  a  be  the  radius  of  the  sphere,  and  let  the  arUtrarOj  giyen 
values  of  the  three  components  of  displacement  for  erery  point 
of  the  surface  be  expressed  [App.  B.  (52)]  by  series  of  surface 
harmonics,  Zil^,  Z^^,  2(7^,  respectiyely.     The  solution  is 

ito^    "^a^  "^2a'[(2i- l)n+(i- l>i] "^"^ 


with 
dicpiaee- 


i=m 


,r< 


where 


'^'^  L^    '^'^^  ^2a'L(2i-l)n+(i-l)iii]~5^^ 

^■"<=o*    '^a^      2<(2«-l)n+(i-lH     dz    ^ 
_d(A,r^)     dCB^     d(C^ 


(15). 


^®'+»,r,=  etc.  etc., 


For  this  is  what  (11)  becomes  if  we  take 

_^^r  <^ m 

u^^A,^^)  '^2a'l(2i+3)n  +  (t  +  l)m]    dx 
and  it  makes 

a:=lAi,  p=^Bi,  y=Wi,  when  r=a  (16). 

This  result  might  have  been  obtained,  of  course,  by  a  purely 
analytical  process ;  and  we  shall  fall  on  it  again  as  a  particular 
case  of  the  following  : — 

20 


578 


ADSTRACT  DYNAMICS. 


Shell  with 
given  dU- 
pUcenientM 
cif  ttil  outer 
fend  inner 

MirflUMM. 


(/)  The  problem  for  a  shell  with  displaeemeiiU  giTen  ari:: 
for  all  points  of  each  of  its  concentric  upkerical  bnoadiBf 
faces  is  mach  more  complicated,  and  we  »hall  find  i  r 
analytical  process  the  most  convenient  for  getting  lo  it^  ^•4: 
Let  a  and  a  be  the  radii  of  the  outer  and  inner  spherical  -or 
and  let  ^A^,  etc.,  2ili,  etc.,  be  the  series  of  muiacf  hxra 
expressing  [App.  B.  (52)]  the  arbitrarily  given  Ckoifk-D"! 
displacement  over  them  ;  so  that  our  surface  conJiiii^D.*  ^xr 

a=2^,    )  a=2.4,    )  ) 

p=:^Di    When  r=a;  and  /3=2:/r,    V  when  r=a    V 

r=2a,  j  r=2c;  j  ) 

Using  the  abbreviated  notation  (12)  and  (13),  selecting  frna 
all  terms  of  a  which  become  surface  harmonics  of  onkr  i 
constant  value  of  r,  and  equating  to  the  proper  hamc-nic 
of  (17),  we  have 


ti,+u^.,-rW^Al^+if-...^) 


d^i 


</^- 


dx 


dx 


=i4j  when  r=tf  I 

Remarking  that  r^^,  r'+'u.,-,,  r-<?[^  .  and  r^*'^" 

ax  oJ 

each  of  them  independent  of  r,  we  have  immediately  frcm 

the  following  two  equations  towards  determining  thest 

functions : — 

«'(r-'MO+a-'-U'^*'"-<-i)-a'[if*^.«'(r-'^i'*')+i^^ 


dx 


and 


a\r--i/0+a'-'-'(r'*'u.,_0-a'W+.«Xr--li'*-')+i^-i*> 


dx 


These,  and  the  symmetrical  equations  relative  to  jr  and  :.  « 
with  (13),  for  the  determination  of  k,.  r„  tr^  for  cvrrr 
positive  and  negative,  oft.  The  mo^t  convenient  ordtr  ^ 
oedure  is  first  to  find  equations  for  the  dt^tvrminatii^n  •  f 
functions  by  the  elimination  of  the  u,  r,  ir,  thu«  -  Kn  a 
we  have 


(ii* 


>)3A 


a«)J/ 


-(««')«' •»(./»-«  •).!/..,»-•* 


u   ,   i=. 


../' 


>)j/ 


•+(..••:. I. 


•■-.« 


•ikI  i<yniiiictrioal  c<|iiation!>  fi>r  i- 
put 


aD<l  tc      "r  if.  f-T  l-ri  i 


STATICa 


$7» 


and 


2«»+«  — 12'«*+* 


S^+«  --a*^+»  — a'*'+i^'+«»     ?*«=     O**^:— tf«^r      '*^*-*      "— * 


-jj-^.r«-«%+a^ 


(«> 


Performing  the  proper  differentiatiw  md  fwrnitiflpg  to  i 
nate  the  u,  v^  tr,  fonctioDB  between  these  <23;  wd  (IS/,  uid 
taking  advantage  of  the  properties  of  the  ^  foiietktti,  that 


dx 


we  find 


-^  +  ^^+'%=-V-.. 


<£r 


d9 


and 

CluuDging  I  into  t+1  in  the  iint  of  tbese,  and  into  i— 1  in  the 
second,  we  have  two  equations  for  the  two  unknown  quantities 
^^  and  ^_«_, ;  which  give 

.      e<+(2/+3)(i-H)«  ,el«_,i^' 

*'*    l-(2i+3)(2i-i;(i+l;tH_ 

where,  for  brevity 


>(24). 


■     e<+(2/+3)(i-H)«  ,el«_,i^'  -v 

^*    l-(2i+3)(2i-i;(i+i;tH_45^,  (^ 

^  (2i-i)iir<.nef>-"-'+e_^,  r 

-•     l-(2.-+3K2i-l)(i+l)i|f^,+,  -^ 


(25), 


and 


®* d^        +         ^ +         Tt 

®^-  -  ~^5^ ■•"  ~^^ "*■ Si 


\ 


(26). 


The  functions  v^<  and  v^_<_i  for  every  value  of  i  being  thus  given, 
(23)  and  (14)  complete  the  solution  of  the  problem. 

{g)  The  composition  of  this  solution  ought  to  be  carefully 
studied.  Thus  separating  for  simplicity  the  part  due  to  the 
terms  A^^  etc.,  ^i,  etc.,  of  the  single  order  t,  in  the  surface  data. 
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we  see  that  were  there  no  such  tomis  of  other  onler?.  si 
functions  would  Tanish  except  ^^.„  ^^4,,  tf^_i,  ^J,^ ,. 
would  give  t/i_„  u*,  t/<+|,  M-_<^.„  M.t_„  and  M_i_, ;  with  *\T3 
cal  expressions  for  the  v  and  w  functionn ;  of  which  the  c^ 
tion  will  be  best  studied  by  first  writing  them  out  in  full.  «-i 
in  terms  of  gi„  J„  f  ^  ^o  So  <ii  *n<l  ^^^  derived  *•  L 
monies  0i_i  and  ©'_<_». 

737,  When,  instead  of  surface  displacement.*.  :hv 
applied  over  the  surface  is  given,  the  problem  wlu'ihrr  f 
solid  sphere  or  the  shell,  is  longer  becau.se  of  the  pn.lii: 
process  (A),  required  to  express  the  components  of  tnut 
any  spherical  surface  concentric  with  the  given  spheiv  «-! 
in  proper  harmonic  forms ;  and  its  solution  is  men*  ci>m;>l 
because  of  the  new  solid  harmonic  function  ^^,  [32,  I 
which,  besides  the  function  -^j.i  employed  abovo,  w 
obliged  to  introduce  in  this  preliminaiy  process. 

(h)  Taking  F,  O,  H  to  denote  the  componenta  of  the  tnr 
the  spherical  surface  of  any  radius  r,  having  ita  wntiv 
origin  of  co-ordinates,  instead  of  merely  for  the  boandarr 
body  as  supposed  formerly  in  §  734  (3),  we  hate  ftlll  tk 

formula) :  but  in  them  we  have  now  to  put  /=s  '  .  9^—  • 

By  grouping  their  terms  conveniently,  we  may,  with  the  n 
(28),  put  them  into  the  following  abbreviated  forms  : — 


where 
and 


llr 


c 


''7/;  =  ' 


cU^^'fy 


I 


that  y  ifl  the  radial  component   of  the  di.«tpbcrmt  c: 


fiincti«in  of  X.  v.  z  J*r-: 


point,    and   4-  prefixod  to  nnv 

rate  of  it.s  \ariation  \h}T  unit  «>f  Kii^th  in  tho  radial  ii-rict; 
(k)  To  hmIucc  those  rx|»n's>ionN  to  .«iurln«v  )iarxn*>rito«. 
»'«»iiHidt»r  ImiiiMgoiH'Ous  toniih  of  flt-^n-i-  /  i.f  tl:**  Oi>n)|-Ii  Xc  ^ 
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(14),  which  we  shall  denote*  by  a<,  Pi,  yi,  and  let  fi^„  fi+i  componex 
denote  the  corresponding  terms  of  the  other  functions.  Thus  anysp^^'* 
behave  centric  wit 

/V=2{(m-n)V,ar+ii(t-l)a,+n'^^^'},    \  ^"^ 

Gr=2{(m-n)5i.,y+n(t-l)A+n^J>»},    J  (29). 

(/)  The  second  of  the  three  terms  of  order  i  in  these  equations, 
when  the  general  solution  of  §  13  is  used,  become  at  the  boundary 
each  explicitly  the  sum  of  two  surface  harmonics  of  orders  t  and 
1—2  respectively.  To  bring  the  other  parts  of  the  expressions 
to  simibur  forms,  it  is  convenient  that  we  should  first  express  d+i 
in  terms  of  the  general  solution  (12)  of  §  13,  by  selecting  the 
terms  of  algebraic  degree  f .     Thus  we  have 

mr*  dif^i^i  ,_-, 

^="'""2[(2,-l)n+(.--l)m]  ~dx  (^^)' 

and  symmetrical  expressions  for  Pi  and  y<,  from  which  we  find 

^TH1J-T7^      w+1       <   T  «^-r    -     2[(2i-l)ii+(t-.l}m] 
Hence,  by  the  proper  formulie  [see  (36)  below]  for  reduction  to 
harmonics, 

.  1     c(2«— 1)[0-1>»— 2n]  ,,       .    .      .  ,„-, 

^^'  =  "27ri^2[(2.--l).  +  0^  (31)' 

wherfi 

*„,=,..«,«^)+*^J^)+*^,        (32). 
and  (as  before  assumed  in  §  12) 

Also,  by  (10)  of  §  736,  or  directly  from  (30)  by  differentiation,  we 
^^®  ^     _         yi(2t-l)  «, 

^*-'  =  (2»-l)n+(t-l)m'^^>  ^^^' 

Substituting  these  expressions  for  5i_„  a»-,  and  f,+x  in  (29),  we 
find 
/V-v.<„/,.«XX^   .«(2'rl)[('+2)m-(2i-l)n]  _ 

IT ,n[i     l)u,+  (2/+l)[f2i~l)n  +  (/-l)m]''^'-* 

w[2/(i-l)m~(2l-l)w]      yf^^., n_^^.      o..    hjnnonlc- 

(2i+ 1  )[(2i- l)/i  +(/—  l)m]       cG"     2i  +  l     c/a:   >    ^     ^*  prisei 

1  Tlie  iiuffixett  now  introiluccd  have  reference  solely  to  the  algebraic  degree,  poBitive 
r  negative,  of  the  fanctionft,  whether  harmonic  or  not,  of  the  Bynjbols  to  which 
hej  are  applied. 
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Component-  This  is  rcduocd  to  the  rcqaircd  harmoiiio  fonn  b j  the  ol 

tncUonii  on  ^  i 

•nyspheiicm         propor  formula 

^^Sih^-^  Thus,  and  dealing  dmiUrlj  with  the  ezpressiotis  for  Gr  \ 

we  have,  finally, 

dx  dx  ii-^ 

gr=n2{(.-l)r,-2(.-8)if^'%-£,r««-^.'^^'-''^""'>--i-, 

ay  ax  Six' 

dz  ax  2i-f> 

where  [as  above  (12)], 


■(2i—l)ii+(i— 1)111 
and  now,  farther, 


^     (2i+l)[(2i-l)ii+(r-lH/ 


rairf!^^.  (m)  To  express  the  surface  conditions  bj  harmoiue  ec 

^itioMpat  for  the  shell  bounded  by   the  concentric   upberical  t 

r^a,  r=zay  let  us  suppose  the  superficial  Tallies  of  A*,  < 

be  given  as  follows : — 

Qzs^Bi    }*whcn  r^a 
and 


}' 


0=2^;     Vwhen  r=fl'  ] 

//=2c:;  j 


where  i4(,  /^i,  C'o  i4j,  Z?i,  C^  denote  surface  harmonies  of  a 
To  apply  to  this  harmonic  development  the  cnndiii«« 
(2)  t<)  which  the  surface  traction  in  8u!>jcct,  lot  a'^ds  and  c 
elements  of  tho  outor  and  inner  sphorical  ftuffaocsi  >ul>u  e 
the  centre  (§  40^)  a  common  infinitoimal  M>Hd  aii^Ic  •:' 
K*t  JJtIs  denote  inti'gration  ovor  the  wh«>k*  ^phorioal  ^u: 
unit  radiu.M.     K<|uationjt  (*2)  hrcomo 

•urfar.' tril!^  ^'<>^  Ap|l.  H.  (!♦»)  shoWS  that,  of  tho   tlr>t    three  of  thc!K\   X. 

iuloi*?*  except  the  first  (th(\«e  in  which  i  =  n    \aui>hefi:  and  iKa: 

M*coud  three  all  the  term.**  except  the  >ocond  (iht^M'  f,»r 
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1  =  1)  vanish  because  x^  y^  z  are  harmonics  of  order  1.     Thus  Limitatioi» 
the  first  three  become  on  the 

which,  as  A^,  A\,  etc.,  arc  constants,  require  amply  that  (Uuofmr- 

a*A,=d*A,,  a*B,=d*B^  a*C,=d'Ci  (41).u^?fS; 

The  second  three  arc  equivalent  to  Ubtiam! 

(aM.-aM;)=?^',r(«'5.-a"F,)=^',  r(a'a.-a'a.)=^'  (42), 

where  H^  is  a  homogeneous  function  of  x,  y,  z  of  the  second 
degree.  For  [App.  B.  (a)]  rA^  rA\j  etc.,  are  linear  functions  of 
Xy  y,  z.  If  therefore  {A,  x),  (A,  t/),.,{BjX) ..,  denote  nine  con- 
stants, we  hare 

r{a*A^'-a*A[)={A,x)x+{A,y)y+{AjZ)z 

r{a*B,--d*B^)^{B,  x)x+{B,y)y+{B,  z)z 

Using  these  in  the  second  three  of  (40)  of  which,  as  remarked 
above,  all  terms  except  those  for  which  i = 1  disappear,  and  re- 
marking that  yzy  zx,  xy  are  harmonics,  and  therefore  (App. 
^'  (16)]  JTyzdn^Oj/zxdTz^Oj/xyd^^O, 

we  have  (C7, y)//y^dis-{B, z)  Jfz^dn^O :  etc. 

From  these,  because  Jfji^dti=iJJy*dts=z//z*d9y 
it  follows  that 

(C,y)=(5,r),    (^,z)=(C,a:),   (5,x)=(.l,y), 
which  prove  (42). 

(n)  The  terms  of  algebraic  degree  i,  exhibited  in  the  preceding 
expressions  (37)  for  Fr^  Or,  Hr,  become,  at  either  of  the  con- 
centric spherical  surfaces,  sums  of  surface  harmonics  of  orders  t 
and  f— 2,  when  t  is  positive,  and  of  orders  —  i  — 1  and  — t — 3 
when  I  is  negative.  Hence,  selecting  all  the  terms  which  lead  to  Surface 
surface  harmonics  of  order  t,  and  equating  to  the  proper  terms  of  e^'resJ2!d'iii 
the  data  (39),  we  have  SjJSSS^ 

>u,-(i+2)ti.^,-2,-if,+.r«^»  +  2(,-+l)if^,,r«^ 
dx  '*-'  dx 


(43), 


{Ai  when  r=:ia    ) 
A'i  when  rz=,a     f 


and  symmetrical  equations  relative  to  y  and  z. 

(o)  These  equations  are  t<i  be  treated  precisely  on  the  same  plan 
as  formerly  were  (18).  Thus  after  finding  m<  and  tt_i_', ;  we 
perform  on  «,-,  r<,  Wi  the  operations  of  (33),  and  on  tt_,_i,  r_<_,, 
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BaiCu«-tnti-  u^_<-i  tho8c  of  (32),  and  so  arriTC  at  two  eqaatums  vkich  ix 

gj^!^  Mia-         of  unknown  quantities  only  ^^.i,  ^^,  and  t^^i,  and  ukinc 

tphttiMi  responding  expressions  fur  u^.,,  u-i^-iy  and  applying  :l*l 

*  r<_„  Wi^t}  «^d  (33)  to  M_<+„  r_rf^.l,  ir-.<^,  we  nimiLirlj  •.<■ 

equations  between  ^_„  ^'i-u  '^^  ^-i-     Thus  wc  haT«r  is 

simple  algebraic  equations  between  ^g-„  ^.<.  ^.|.  o.,  c 

we  find  these  four  unknown  functions :  and  the  y.  r.  <r  f 

having  been  already  explicitly  expressed   in  terms  of  :: 

thus  have,  in  terms  of  the  data  of  the  problem,  ercrr  n 

function  that  appears  in  (14)  ita  solution. 

'•hmn^  (/>)  The  case  of  the  solid  sphere  is  of  course  faHea 

the  more  general  problem  of  the  shell,  by  patting  as 

if  we  begin  with  only  contemplating  it,  we  ni*ed  n*x  ix 

any  solid  harmonics  of  negative  degree  (»iDce  every  han 

negative  degree  becomes  infinite  at  the  centre,  and  thci 

inadmissible  in  the  expression  of  effects  produced  thr^a 

solid  sphere  by  action  at  its  surface) ;  and  (43^,  and  aO 

mulie  described  as  deducible  from  it,  become  mncli  ahortcai 

we  thus  confine  ourselves  to  this  case.     Thus,  instead  uf 

now  have  simply 

r  *'        '  dx  dx  2i+l   dx    * 

whA 

Hence,  attending  [as  formerly  in  (/)]  to  the  property  of  i 
geneous  function  //;,  of  any  order  y,  that  r'^H^  is  indrpn 

r,  and  depends  only  on  the  ratios  —  ,  ^  •  -f- ;  we  hare 

values  of  x,  y,  z, 

^         ^  ^       dx  '  dx  2i  +  l    dx      ■ 

From  this  and  the  symmetrical  equations  for  r  and  v.  \ 
by  (33), 

mi*-»  <      dx  dy  dz 

and  by  (:J2) 

.H..,+2.V+l)(2/+l).l/,,,a%\.,,  =  '•';:;.;<-'>•;  '^     e^/?r  '   '.^. 

Kliminatinp,  by  this,  </»,^i  fr-'in  ( ITO.  and  intHniucing  th« 
viatod  notation,  «I»,|,  !(i>0)  bflow  .  wo  find 

(,-l>,=  /-l)J/...a''^'{;-+A>.-'^''   •;•  ""'+     '.    •1.,..+      ^ 
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and  (43)  gives  Surfkce-tnM:- 

.  V    ^ »  tioi»  given : 

•     [(I—  1)+ (21+ l)iB,]na*-»     [(2i»  +  l)m-(2«— l)n]»a*-'         '' loUd •!*«». 
wHcrG 

*-'"     d^    '^     dj,     +     dz  I     ,50) 

and  4>,,.  =..H.(^(^^-)  +^^^')^e^(C^-)  ^    f 
<tr  ay  dz        '    J 

With  these  expressions  for  ^^  and  u^,  (14)  is  the  complete  solu- 
tion of  the  problem. 

(jq)  The  composition  and  character  of  this  solution  is  made 
manifest  by  writing  out  in  full  the  terms  in  it  which  depend  on 
harmonics  of  a  single  order,  t,  in  the  surface  data.  Thus  if 
the  components  of  the  surface  traction  are  simply  Ai^  Bt,  Ciy  all 
the  '^  functions  except  '^i.i,  and  all  the  ^  jfunctions  except 
^i^i  vanish.  Hence  (48)  shows  that  all  the  u  functions  except 
Ui^t,  and  Ui  vanish :  and  for  these  it  gives 


'-=^^"-2=-^ 


(51). 


^-iZTi^^^  dx         ^na*-^^^^2i(2i+\)     dx    J^ 

Using  this  in  (14)  and  for  Ei  and  Mi  substituting  their  values  by 
(38),  we  have,  explicitly  expressed  in  terms  of  the  data,  and  the 
solid  harmonics  ^<_i,  *»+i,  derived  from  the  data  according  to 
the  formulae  (50),  the  final  solution  of  the  problem  as  follows : — 

with  symmetrical  expressions  for  P  and  y. 

(r)  The  case  of  i  =  1  is  interesting,  inasmuch  as  it  seems  at  Cm«  of 

«•!  11  1  i»i  '  fir,     t>  h<»niogeiie- 

first  Sight  to  make  the  second  part  of  the  expression  (52)  for  a  oiu  strain. 
infinite  because  of  the  divisor  t  —  1 .     But  the  terms  within  the 
brackets  [  ]  vanish  for  /=  1,  owing  to  the  relations  (42)  proved 
above,  which,  for  the  solid  sphere,  become 

.       dH^         „      dH^         ^     dHx  ,-„. 

*'  niinate  rota- 

//,  denoting  any  homogeneous  function  of  x,  y,  z  tii  the  second  out"Itrmto, 
degree.     The  verification  of  this  presents  no  difficulty,  and  we  f„*J'i„*3Sa  in 
leave  it  as  an  exercise  to  the  student.     The  true  interpretation  p*"«™i  •oiu- 
of  the  J  appearing  thus  in  the  expressions  for  a,  )8,  y  is  clearly  piactment, 
that  they  are  indeterminate  :  and  that  they  ought  to  be  so,  we  see  dau  are 
by  remarking  that  an  infinitesimal  rotation  round  any  diameter  fo^7  ^ 
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^^t^'rota-  without  strain  may  bo  superimpoeed  on  anj  floliiUi« 

tioDfl  with-  violating  the  conditioDs  of  the  probkin ;  in  other  vorit 

out  stndn,  ° 

M^Mjjriiy  95),  «t^— ««y,  «p:— •ir,  •jf— ••.x 

g^eni  t^w         may  be  added  to  the  expresdoiui  for  a,  /3,  7  in  any  K^^m 
pUcementT  the  result  will  still  be  a  eolation. 

ttu^""  But  though  a,  /9,  y  are  indeterminate,  (50)  gire^  y 

mweijof  determinately.      The  student  will  find  it  a  pood  aik 

exercise  to  verify  that  the  determination  of  ^^  and  ^  dc 

the  state  of  strain  [homogeneous  (§155)  of  coarse  in  t 

actually  produced  by  the  given  surface  traction. 

Plane  ttnaii  738.  A  solld  is  Said  (§  730)  to  exi)erieDce  a  plan- 
er to  be  strained  in  two  dimensions,  when  it  is  straiuiet] 
manner  subject  to  the  condition  that  the  displacomt^nt 
in  a  set  of  parallel  planes,  and  are  equal  and  panill*.' 
points  in  any  line  perpendicular  to  these  planes :  and  , 
of  these  planes  may  be  called  the  plane  of  the  strain, 
in  plane  strain,  all  cylindrical  surfaces  perpeniliculax 
plane  of  the  strain  remain  cylindrical  surfaces  perpei 
to  the  same  plane,  and  nowhere  experience  stretching  al 
generating  lines. 

The  condition  of  plane  strain  expressed  analyticaDy,  if 
XOY  for  the  plane,  is  that  y  must  vanish,  and  that  «  an^ 
be  functions  of  x  and  y,  without  z.     Thus  we  see  that 

Only  two  independent  variables  enter  into  the  anal\-ti 

pression  of  plane  strain ;  and  thus  this  case  pn^sents  a 

problems  of  peculiar  simplicity.     For  instance,  if  an  io 

long  solid  or  hollow  circular  cylinder  is  the  "  given  a< 

Probiemfor  §  696,  ami  if  the  bodily  force  (if  any)  and  tho  surfiuv 

under^e  consist  of  forccs  and  tractions  everj-whon*  porpentlit  r.!j 

■tnin,         ^^jg^  ^^^j  equal  and  parallel  at  all  {)oints  of  any  hno  ] 

to  itd  axis,  we  have,  whether  surface  displacenivnt  ^r 

traction  be  givoii,  pn»bK*ins  precis<»ly  iUKil't^'»»n>  :•»  : 

§§  735,  736,  but  much  siinpltT.  an-l  f)bviMii>Iy  ..f  \.:; 

practical  inijM)rtaniv  in  tin*  eiiginL'tTinL:  nt'  l«ni^'  >:ni;^l. 

und(»r  strain. 

739.   It  is  intrnvslinL!  t«>  n.'in.irk,  ihsit  in  ih. -••  .r. 

pn)bl«*ins.   instoail   <»f  surfaco   harnn>nii's   nf   surr»-v^:\. 

rrn,r;*J?       l,  2,  3,  vW.,  which   uw  [App.    IV    7'  J   fun.  ti-ii^  -i"  -: 

»iJm!inii  "   *^"''****'*  ^''*  nnliiiati's  ji.-^,  tor  iiistaiiM'.  lalitu.I.-  .iii.I  1.::^; 

a  k1<>^>^0'  ^^'^  '^'^^'^'  f^iinple  barmouii-  fuiutions    jjJJC  :»|.  ;.'» 


STATICS.  587 

une  degrees,  of  the  angle  between  two  planes  through  the SJJV, 
3ds,  and  of  its  successive  multiples:  and  instead  of  solid  JjcMom 
armonic  functions  [App.  R  (a)  and  (6)],  we  have  what  we 
lay  call  plane  fiamumic  functions,  being  the  algebraic  functions 
f  two  variables  (x,  y),  which  we  find  by  expanding  cos  id  and 
n  id  in  powers  of  sines  or  cosines  of  0,  taking 

id  multiplying  the  result  by  («*+y*)T. 

A  plane  harmonic  function  is  of  coarse  the  particular  case  of  a 

solid  harmonic  [App.  B.  (a)  and  (5)]  in  which  z  does  not  appear ; 

that  is  to  say,  it  is  any  homogenoous  function,  V,  of  x  and  y, 

which  satisfies  the  equation 

d*V     d*V 

-^r+"TT=0>  or?  *8  ^e  ni*y  write  it  for  brevity,  V*F=0. 

And,  as  we  have  seen  [§  707  (23)],  the  most  general  expression 
for  a  plane  harmonic  of  degree  t  (positive  or  negative,  integral 
or  fractional)  is 
l{(x+ys/=r)4-(*-yV^)'M5^^=i{(H^V=r)M«-yV:=Tr}  )  ,jv 
or  in  polar  co-ordinates,  A  coBiO+BsiniO  j 

equations  of  internal  equilibrium  [§  698  (6)]  with  no  bodily  foi'cc 
(that  b,  jr=0  and  F=0)  become,  for  the  case  of  plane  strain, 


-I 

;)=o) 


monies. 


The  plane  hannonic  solution  of  these,  found  by  precisely  the  Problem  fui 
same  process  as  §  735  (a)...(e),  but  for  only  two  variables  under puiii 
instead  of  three,  b  T^r^^^ 

«=2t«*-2(,_l)(2n+m)''  -^r^    . 

and  U{,  Pi  denote  any  two  plane  harmonics  of  degree  t,  so  that 
ifi^i  is  a  plane  harmonic  of  degree  t— I.  Of  course  t  may  be 
positive  or  negative,  integral  or  fractional. 

This  solution  may  be  reduced  to  polar  co-ordinates  with  advan- 
tage for  many  applications,  by  putting 
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Problem  fur  X=rCO80,  Jf=r  tin  0,        \ 

^der plane  and  taking  Ui=r*{AiCOSiO+Ainni$)    > 

^i-i=ty-«{(^i  +  F,)co8(t-l)0+(24,— i?i 'sin  1-1  r 
and 

The  stadent  will  find  it  a  good  exercise  to  work  dot  i: 
explicit  ezpressions  for  the  displacement  of  anj  point  *4 
in  the  cylindrical  problems  corresponding  to  the  ^phei 
blems  of  §  735  (/),  and  of  §  736  (A)...{r).  The  pmc 
the  latter  may  be  worked  through  in  the  symmetrical 
form,  as  an  illustration  of  the  plan  we  have  followed  ii 
with  spherical  harmonics ;  but  the  result  eorrespondini 
of  §  737  may  be  obtained  more  readily,  and  in  a  mmp 
by  immediately  putting  (29)  of  §  737  into  polar  co-ordi 
(4),  (5),  (6)  of  §  739.  We  intend  to  use,  and  to  iUostn 
solutions  under  "  Properties  of  Matter." 

740,  In  our  sections  on  hydrostatics,  the  {»n»blem  •»! 
the  deformation  produceil  in  a  spheroid  of  incomprrssil! 
by  a  given  disturbing  force  will  bt»  solved ;  and  then  ^ 
consider  the  application  of  the  pnH.*eding  result  [§  71 
for  an  elastic  solid  sphere  to  the  tht*orj*  of  the  tidi-* 
rigidity  of  tlie  earth.  This  pro]H>9iHl  application.  I 
reminds  us  of  a  genend  rtunark  of  gn.*at  practical  imp 
with  which  we  shall  leave  elastic  solids  fur  th** 
Considering  ditVcn^nt  ela.stic  S4>litls  of  similar  suli^tai 
Hmaii hMies  similar  slmiK»s,  we  stn*  that  if  bv  fnn.es  appliotl  tt)  tli.n 

•tr<inK<'r  ,  ••11  •      '  t       1  i» 

thanuoj..     Way  tliev  an»  similarly  stmine<l,  the  surfiU'i*  tnu'tj*:: 
|.r..j»,.rtj..M    across  siiiiiliirly  >itu:iti'il  fhnn*nts  of  surf.ui*.  wh- :!.•  r 

t*>  thrir  II-  '      ,•  »•  •  •         I  -  I 

wcitjhu  nouiuhirit's  or  ol  siinacfs  iiaai^iiUMl  as  ruttuii:  thr'i, 
substiUKvs,  must  Ik*  r»|ual.  nrktiin-d  as  usual  |ir  vni' 
Hrnce  ;  tin*  fon-f  acmss.  t»r  in,  any  "-Ufli  surla-  •.  \^  it:.* 
into  cornpoiu'iits  jKirallrl  to  any  tliitM'ti'm^  :  ih--  w !;•!•■ 
<»f  oarh  snrh  c«»nii»oin-nt  for  >iniilar  surta  •"•  ••!*  th- 
IxHlif-*  an*  in  pn»j»«ntion  to  iln*  s-y*.'//.  ^  .t  ih-ir  l:ii«..il 
sions.      Hi'iK't'.   if  f'piilil.ratril   .similarly   un»ifi    tin*   ... 
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^ity,   or  of  their  kinetic  reactions  (§   264)  against  equal  smtn  bodk 
(Urations  (§  28),  the  greater  body  would  be  more  strained  tSa^gt 
1  the  less ;  as  the  amounts  of  gravity  or  of  kinetic  reaction  pSSortio* 
similar  portions  of  them  are  as  the  cubes  of  their  linear  wdgbu. 
leusions.      Definitively,  the  strains  at  similarly  situated 
its  of  the  bodies  will  be  in  simple  proportion  to  their  linear 
lensions,  and  the  displacements  will  be  as  the  squares  of 
^e  lines,  provided  that  there  is  no  strain  in  any  part  of  any 
hem  too  great  to  allow  the  principle  of  superposition  to  hold 
h  sufficient  exactness,  and  that  no  part  is  turned  through 
oe  than  a  very  small  angle  relatively  to  any  other  part 
illustrate  by  a  single  example,  let  us  consider  a  uniform  ^^jl^jT^ 
g,  thin,  round  rod  held  horizontally  by  its  middle.     Let  its  ]^^^., 
stance  be  homogeneous,  of  density  p,  and  Young's  modulus,  ^^ 
and  let  its  length,  /,  be  ^  times  its  diameter.     Then  (as 
moment  of  inertia  of  a  circular  area  of  radius  r  round  a 
meter  is  iirr*)  the  flexural  rigidity  of  the  rod  will  (§  715) 

Af        I  B 

—  Tr(r--)*,  which  is  equal  to  —  in  the  notation  of  §  610, 

B  is  there  reckoned  in  kinetic  or  absolute  measure  (§  223; 
tead  of  the  gravitation  measure  in  which  we  now,  according 

engineers'  usage  (§  220)  reckon  if.  Also  te;=:^(--)',  and 
trefore,  for  §  617, 

B"  Ml*  ' 

is,  used  in  §  617  (10),  gives  us;  for  the  curvature  at  the 
Idle  of  the  rod;  the  elongation  and  contraction  where 
atest,  that  is,  at  the  highest  and  lowest  points  of  the  nonrial 
tion  through  the  middle  point ;  and  the  droop  of  the  ends  ; 
following  expressions 

^J^'P±'    and  P'^f". 
M    '    M'  bM 

lis,  for  a  rod  whose  length  is  200  times  its  diameter,  if  its 
tstance  be  iron  or  steel,  for  which  p  =  7*75,  and  if  =  1 94  X  10^ 
mmes  per  square  centimetre,  the  maximum  elongation  and 
traction  (being  at  the  top  and  bottom  of  the  middle  section 
3re  it  is  held),  are  each  equal  to  SX  lO^^X/,  and  the  droop 
its  ends  2X  10"*X/'.     Thus  a  steel  or  iron  wire,  ten  centi- 
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Stlffhen  of 
uniform  or 
Bteel  rods  of 
different 
dimensions. 


Transition 
to  hydro- 
dynamics. 


Imperfect- 
nessof 
elasticity 
in  solids. 


metres  long»  and  half  a  millimetre  in  diameter,  held  h 
zontally  by  its  middle,  would  experience  only  •000008 
maximum  elongation  and  contraction,  and  only  "002  ol 
centimetre  of  droop  in  its  ends :  a  round  steel  rod,  of  hal 
centimetre  diameter,  and  one  metre  long,  would  expeiiei 
•00008  of  maximum  elongation  and  contraction,  and  "2  o 
centimetre  of  droop :  a  round  steel  rod,  of  ten  centimel 
diameter,  and  twenty  metres  long,  must  be  of  remaiki 
temper  (see  VoL  IL,  Properties  of  Matter)  to  bear  being  held 
the  middle  without  taking  a  very  sensible  permanent  set :  i 
it  is  probable  that  no  temper  of  steel  is  high  enough  in  a  roi 
shaft  forty  metres  long,  if  only  two  decimetres  in  diametei 
allow  it  to  be  held  by  its  middle  without  either  bending  i1 
some  great  angle,  and  beyond  all  appearance  of  elasticitj 
breaking  it 

741.  In  passing  from  the  dynamics  of  perfectly  elastic  so 
to  abstract  hydrodynamics,  or  the  dynamics  of  perfect  flu 
it  is  convenient  and  instructive  to  anticipate  slightly  soin 
the  views  as  to  intermediate  properties  observed  in  real  so 
and  fluids,  which,  according  to  the  general  plan  propc 
(§  449)  for  our  work,  will  be  examined  with  more  detail  u 
Properties  of  Matter. 

By  induction  from  a  great  variety  of  observed  phenom 
we  are  compelled  to  conclude  that  no  change  of  volume  o 
shape  can  be  produced  in  any  kind  of  matter  without  < 
sipation  of  energy  (§  275) ;  so  that  if  in  any  case  there 
return  to  the  primitive  configuration,  some  amount  (how( 
small)  of  work  is  always  required  to  compensate  the  enc 
dissipated  away,  and  restore  the  body  to  the  same  phys 
and  the  same  palpably  kinetic  condition  as  that  in  whid 
was  given.  We  have  seen  (§  672),  by  anticipating  sometl 
of  thermodynamic  principles,  how  such  dissipation  is  inevita 
even  in  dealing  with  the  ahsolutely  perfect  elasticity  of  voli 
presented  by  every  fluid,  and  possibly  by  some  solidsi  as, 
instance,  homogeneous  crystals.  But  in  metals,  glass,  porcel 
natural  stones,  wood.  India-rubber,  homogeneous  jelly, 
fibre,  ivory,  etc.,  a  distinct  frictional  resistance^  against  ei 

>  See  Proceedings  of  the  Roy»l  Society,  M»y  18«5,  "  On  the  Viscodty  and  1 
ticity  of  Metals  "  ( W.  Thomson). 
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^e  of  shape,  is,  as  we  shall  see  in  VoL  n.,  under  Pro-  viscodty  of 
es  of  Matter,  demonstrated  by  many  experiments,  and  is 
d  to  depend  on  the  speed  with  which  the  change  of 
Kj  is  mada  A  very  remarkable  and  obvious  proof  of 
ional  resistance  to  change  of  shape  in  ordinary  solids, 
Bforded  by  the  gradual,  more  or  less  rapid,  subsidence  of 
ations  of  elastic  solids ;  marvellously  rapid  in  India-rubber, 
even  in  homogeneous  jelly ;  less  rapid  in  glass  and  metal 
Dgs,  but  still  demonstrably,  much  more  rapid  than  can  be 
•anted  for  by  the  resistance  of  the  air.  This  molecular 
ion  in  elastic  solids  may  be  properly  called  viscosity  of 
h,  because,  as  being  an  internal  resistance  to  change  of 
)e  depending  on  the  rapidity  of  the  change,  it  must  be 
sed  with  fluid  molecular  friction,  which  by  general  con- 
is  called  viscosity  of  fluids.  But,  at  the  same  time,  we  vi»co«ity  of 
bound  to  remark  that  the  word  viscosity,  as  used  hitherto 
the  best  writers,  when  solids  or  heterogeneous  semisolid- 
ifluid  masses  are  referred  to,  has  not  been  distinctly  applied 
tolecular  friction,  especially  not  to  the  molecular  friction  of 
ghly  elastic  solid  within  its  limits  of  high  elasticity,  but 
rather  been  employed  to  designate  a  property  of  slow,  con- 
al  yielding  through  very  great,  or  altogether  unlimited, 
Qt  of  change  of  shape,  under  the  action  of  continued  stress. 
in  this  sense  that  Forbes,  for  instance,  has  used  the  word  Porb**' 
ating  that  "  Viscous  Theory  of  Glacial  Motion  "  which  he  Th2J^^ 
Dnstrated  by  his  grand  observations  on  glaciers.  As,  how-  Mouon." 
,  he,  and  many  other  writers  after  him,  have  used  the  words 
ticity  and  plastic,  both  with  reference  to  homogeneous 
is  (such  as  wax  or  pitch,  even  though  also  brittle;  soft 
lis  ;  etc.),  and  to  heterogeneous  semisolid-semifluid  masses 
Qud,  moist  earth,  mortar,  glacial  ice,  etc.),  to  designate  the 
erty,*  common  to  all  those  cases,  of  experiencing,  under 
inucd  stress  either  quite  continued  and  unlimited  change 

>ine  confaition  of  ideas  might  have  been  avoided  on  the  part  of  writeni  who 
profeiwedly  objected  to  Forbes*  theory  while  really  objectiog  only  (and  we 
e  groundleasly)  to  his  usage  of  the  word  viscosity,  if  they  had  paused  to  con- 
Lhat  no  one  physical  explanation  can  hold  for  those  several  caseH ;  and  that 
s*  theory  is  merely  the  proof  by  observation  that  glaciers  have  the  property 
mnd  (heterogeneous),  mortar  (heterogeneous),  pitch  (homogeneous),  water 
tgeneons),  all  have  of  changing  shape  indefinitely  and  continuously  under 
tion  of  continued  stress. 
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puurticity     of  shape,  or  gradually  very  great  change  at  a 

ofsouds.      (jjsyniptotic)  rate  through  infinite  time  ;  and  as  the  use  of  tl 

term  plasticity  implies  no  more  than  does  viscosity,  any  ph^ 

theory  or  explanation  of  the  property,  the  word  viscosity 

without  inconvenience  left  available  for  the  definition  we  b 

given  of  it  above. 

u^mnS^        742.  A  perfect  fluid,  or  (as  we  shall  caU  it)  a  fluid,  is 

SSSpi^^    unrealizable  conception,  like  a  rigid,  or  a  smooth/ibodT :  it 

wctiin  °tho  defined  as  a  body  incapable  of  resisting  a  change  of  shape :  a 

irti??fthe    therefore  incapable  of  experiencing  distorting  or  tangent 

filSi,  of'Ite-  stress  (§  C69).     Hence  its  pressure  on  any  surface,  whet] 

d?Simf<^  of  a  solid  or  of  a  contiguous  i)ortion  of  the  fluid,  is  at  eri 

point  perpendicular  to  the  surfaca     In  equilibrium,  all  comn 

liquids  and  gaseous  fluids  fulfil  the  definition.     But  there 

finite  resistance,  of  the  nature  of  friction,  opposing  change 

shape  at  a  finite  rate ;  and,  therefore,  while  a  fluid  is  changi 

shape,  it  exerts  tangential  force  on  every  sur£ace  other  it 

normal  planes  of  the  stress  (§  G64)  required  to  keep  this  chii 

of  shape  going  on.     Hence ;  although  the  hydrostatical  resnl 

to  which  we  immediately  proceed,  are  verified  in  practice ; 

treating  of  hydrokinetics,  in  a  subsequent  chapter,  we  shall 

obliged  to  introduce  the  consideration  of  fluid  {notion,  ex« 

in  cases  where  the  circumstances  are  such  as  to  render  ] 

effects  insensible. 

Fluid  743.  With  reference  to  a  fluid  the  pressure  at  any  point  \ 

pressure.  , .         .        .  .  ^  a       t  i 

any  direction  is  an  expression  used  to  denote  the  average  pre 
sure  per  unit  of  area  on  a  plane  surface  imagined  as  containiz 
the  point,  and  perpendicular  to  the  direction  in  question,  whc 
tlie  area  of  that  surface  is  indefinitely  diminished 

744.  At  any  point  in  a  fluid  at  rest  the  pressure  is  tl 
same  in  all  directions :  and,  if  no  external  forces  act,  tl 
pressure  is  the  same  at  every  point  For  the  proof  of  ties 
and  most  of  the  following  propositions,  we  imagine,  acconlin 
to  §  564,  a  definite  portion  of  the  fluid  to  become  solid,  withoi 
changing  its  mass,  form,  or  dimensions. 

Suppose  the  fluid  to  be  contained  in  a  closed  vessel  tl 
pressure  within  depending  on  the  pressure  exerted  on  it  by  ih 
vessel,  and  not  on  any  external  force  such  as  gravity. 

745.  The  resultant  of  the  fluid  pressures  on  tiie  elenieni 


STATICa  593 

7  portion  of  a  spherical  surface  must,  like  each  of  its  com-  ^^^  p«^ 
its,  pass  through  the  centre  of  the  sphere.     Hence,  if  we  ^^^^ 
)se  (§  564)  a  portion  of  the  fluid  in  the  fonn  of  a  plano- 
X  lens  to  be  solidified,  the  resultant  pressure  on  the  plane 
iiust  pass  through  the  centre  of  the  sphere ;  and,  therefore, 

l)erpendicular  to  the  plane,  must  pass  through  the  centre 
t  circular  area.  From  this  it  is  obvious  that  the  pressure 
5  same  at  all  points  of  any  plane  in  the  fluid.  Hence, 
561,  the  resultant  pressure  on  any  plane  surface  passes 
gh  its  centre  of  inertia. 

txt,  imagine  a  triangular  prism  of  the  fluid,  with  ends 
ndicular  to  its  faces,  to  be  solidified  The  resultant 
ares  on  its  ends  act  in  the  line  joining  the  centres  of 
a  of  their  areas,  and  ai-e  equal  (§  551)  since  the  resultant 
ures  on  the  sides  are  in  directions  perpendicular  to  this 

Hence  the  pressure  is  the  same  in  all  parallel  planes, 
it  the  centres  of  inertia  of  tlie  three  faces,  and  the  resultant 
ures  applied  there,  lie  in  a  triangular  section  parallel  to 
ads.  Tlie  pressures  act  at  the  middle  points  of  the  sides 
is  triangle,  and  perpendicularly  to  them,  so  that  their 
tions  meet  in  a  point  And,  as  they  are  in  equilibrium, 
must  be,  by  §  557,  proportional  to  the  respective  sides  of 
iangle ;  that  is,  to  the  breadths,  or  areas,  of  the  faces  of 
rism.  Thus  the  resultant  pressures  on  the  faces  must  be 
trtional  to  the  areas  of  the  faces,  and  therefore  the  pressure 
lal  in  any  two  planes  which  meet, 
llecting  our  results,  we  see  tliat  the  pressure  is  the  same 

points,  and  in  all  directions,  throughout  the  fluid  mass. 
fi.  One  immediate  application  of  this  result  gives  us  a  Application 
e  though  indirect  proof  of  the  second  theorem  in  §  557,  soiidii. 
e  have  only  to  supi)ose  the  polyhedron  to  be  a  solidified 
)n  of  a  mass  of  fluid  in  ef[uilil>rium  under  pressures  only. 
resultant  pressure  on  each  side  will  then  be  proportional 
area,  and,  by  §  561,  will  act  at  its  centre  of  inertia ;  which, 
is  case,  is  the  Centre  of  Pressure.  ^.'^IZn. 

t7.  Another  proof  of  the  equality  of  pressure  throughout  Ai.pUraUon 
38  of  fluid,  uninfluenced  by  other  external  force  than  the  "ipie^o?  "' 
ure  of  the  containing  vessel,  is  easily  furnished  by  the  *^"*^'*^ 
y  criterion  of  cciuilibrium,  §  280  ;  but,  to  avoid  coniplica- 
2  1' 
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^^''^...  tion,  we  will  consider  the  fluid  to  be  incompieaaible.   .'* 

energy  of  the  ^ 

equality  «>f    a  iiuiiiber  of  pistons  fitted  into  cylinders  inserted  in  A 

fluid  ppe»-  *  • 

sure  fn  all     of  tlic  closed  vcssel  Containing  the  fluid.     Then,  if  i 

directiuuH.  <.     i  •  i 

area  of  one  of  these  pistons^  p  the  average  pressure  on  \ 
distance  through  which  it  is  pressed,  in  or  out ;  the 
criterion  is  that  no  work  shall  be  done  on  the  wbolf,  i' 

^iPia:«+-4«P«ar,+...=2(ilpr)=0, 
as  much  work  being  restored  by  the  pi9t4>ns  whicb  « 
out,  as  is  done  by  those  forced  in.  Also,  since  the  llai< 
compressible,  it  must  have  gained  as  much  space  b; 
out  some  of  the  pistons  as  it  lost  by  the  intrusion  of  tb 
Tliis  gives 

The  last  is  the  only  condition  to  which  x„  x^  etc,,  in 
equation,  are  subject ;  and  therefore  the  first  can 
satisfied  if 

that  is,  if  the  pressure  be  the  same  on  each  piston.  V 
property  depends  the  action  of  Brahmah's  Hydrodatu 

If  the  fluid  be  compressible,  the  work  expended  m  ea 
it  from  volume  V  to  V^IV,  at  mean  pressure p,  ufl\ 

If  in  this  esse  we  assume  the  pressure  to  be  iIm  mum 
out,  we  obtain  a  result  consistent  with  the  eoergj  criid 

The  work  done  on  the  fluid  is  S  (Apx)^  that  is,  in  om 
of  the  assumption,  p^(Ax), 

But  this  is  equal  to  pSl\ 

for,  evidently,  2(/lx)=«r. 

nui«i  i»rw         748.  When  forces,  such  as  gravity,  act  from  extenu 

"ur^n""  "*   upon  the  substance  of  the  fluid,  either  in  proportio 

(leiisity  of  Its  <»wn  substance  m  its  difTenait  i»arts,  oi 

]»ortioii  to  till*  ilon.sity  of  rltHnririty.  nr  of  ni;i;:nrtic  j-* 
of  any  other  conceivubk*  airiilriital  pn»iM»rty  (»f  it.  tho 
will  still  l»c  the  same  in  all  dirt'ttions  at  any  **uv  y 
will  now  vary  continunusly  fn»m  p<ant  to  |H»iut.  F«*: 
cctlin^'  (leinoiistratiiai  ,{j  74.'>)  may  still  U»  appliM  h 
Uikuv^  tliu  tlinien.sions  of  the  prism  small  fMouj:h .  « 
pressun's  an*  as  tin*  s<|uan's  of  its  liinar  ilimcn^ii'n!^ 
t'llirts  of  tlir  aj»i'liiMl  li»n-os  surh  as  'jravitv.  as  tli»»  ^  t:^ 
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749.  ^Vllcn  forces  act  on  the  wliole  fluid,  surfaces  of  equal  snrfacca  ©r 
pressure,  if  they  exist,  must  be  at  every  point  perpendicular  mire  ai4p«.r- 
to  the  direction  of  the  resultant  force.     For,  any  prism  of  the  u»theiinM 

:  fluid  so  situated  that  the  whole  pressures  on  its  ends  are  equal 
must  (§  551)  experience  from  the  applied  forces  no  component 
in  the  direction  of  its  length ;  and,  therefore,  if  the  prism  be  so 
small  that  from  point  to  point  of  it  the  direction  of  the  re- 
sultant of  the  applied  forces  does  not  vary  sensibly,  this  direc- 
tion must  be  peq>endicular  to  the  length  of  the  prism.  From 
this  it  follows  that  whatever  be  the  physical  origin,  and  the 
law,  of  the  system  of  forces  acting  on  the  fluid,  and  whether  it 
be  conservative  or  non  conservative,  the  fluid  caimot  be  in 
equilibrium  unless  the  lines  of  force  possess  the  geometrical 
property  of  being  at  right  angles  to  a  series  of  surfacea 

750.  Again,  considering  two  surfaces  of  equal  pressure  in- 
finitely near  one  another,  let  the  fluid  between  them  he  divided 
into  columns  of  equjil  transverse  section,  and  having  their 
lengths  peri^endicular  to  the  surfaces.  Tlie  difference  of  pres- 
sures on  the  two  ends  being  the  same  for  each  colunm,  the 
resultant  applictl  forces  on  the  fluid  masses  composing  them 

must  be  eciuaL     Comparing  this  with  8  488,  we  see  that  if  the  And  aw«ir 

applieil  forces  con8titut<*  a  con8er\'ative  system,  the  density  of  «unHity  aii«i 

matter,  or  electncity,  or  whatever  property  of  the  subsUmce  j-'tMitw 

1  11111  1     ^*"'"  **** 

they  depend  on,  must  be  equal  throuLMiout  the  layer  under  •»>«t«'in  or 

.,.  r«i..  11  111  .  ..  ^••"'*  *■  *""**■ 

consideration.    This  is  the  celebrated  hydrostatic  pn)i>osition  wnatitc. 
that  in  a  fluid  at  rest,  surfaces  of  equal  pressure  are  also  surfaces 
€ff  rqiial  ilcnsity  and  of  equal  potential, 

751.  Hence  when  cravity  is  the  only  external  force  con-  omvity  the 

,_-  ^  -1  111.  /I  only  I'xU'roal 

sidered,  surfaces  of  equal  pressure  and  equal  density  are  (when  ^-rce. 
of  moilerate  extent)  horizontal  planes.  On  this  depends  the 
action  of  levels,  syphons,  barometers,  etc. ;  also  the  separation 
of  li<iuids  of  different  densities  (which  do  not  mix  or  combine 
chemically)  into  liorizontAl  strata,  etc.  etc.  The  free  surface  of 
n  liquid  is  exix)sed  to  the  pressure  of  the  atmosphere  simply ; 
and  theroforts  when  in  equilibrimn,  must  be  a  surface  of  equal 
pressure,  and  consequently  level.  In  extensive  sheets  of  water, 
audi  as  the  American  lakes,  differences  of  atmospheric  pressure, 
even  in  moilerately  calm  weather,  oft(>n  produce  considerable 
deviations  from  a  truly  level  surface. 
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Rate  of  752.  The  rate  of  increase  of  pressure  per  unit  of  \t 

pi^!^  the  direction  of  the  resultant  force,  is  equal  to  the  intf 
the  force  reckoned  per  unit  of  volume  of  the  fluid.  L 
the  resultant  force  per  unit  of  volume  in  one  of  the  o»li 
§  750 ;  p  and  p'  the  pressures  at  the  ends  of  the  colun 
length,  S  its  section.  We  have,  for  the  c<[uilibha]ii 
column,  {p'-'p)S^SlF. 

Hence  the  rate  of  increase  of  pressure  per  unit  of  lenjrtl 
If  the  applied  forces  belong  to  a  conservative  sj-st 
which  V  and  V  are  the  values  of  the  i)otential  at  the 
the  column,  we  have  (§  486) 

where  p  is  the  density  of  the  fluid.     This  gives 

or  dpsz  ^pdV. 

Hence  in  the  case  of  gravity  as  the  only  imprm 
the  rate  of  increase  of  pressure  per  unit  of  depth  in  t 
is  p,  in  gravitation  measure  (usually  employed  in  hyJn 
In  kinetic  or  absolute  measure  (§  224)  it  is^^ 

If  the  fluid  be  a  ga?,  such  as  air,  and  be  kepi  ml  s 
temperature,  we  have  pzs  rp^  where  c  denotes  a  eeoi 
reciprocal  of  //,  the  '*  height  of  the  homogeneous  ate 
defined  (§  753)  below.  Hence,  in  a  calm  atmo^hcrt  d 
temperature  we  have 

P 

and  from  this,  by  integration, 

where  p^  is  the  pressure  at  any  particular  Icrel  {the  lea- 
instancc)  where  we  choose  to  reckon  the  potential  •«  sn 

"VMicn  the  differi'iiccH  of  level  con?idered  are  iufiDitrli 
comparison  with  the  earth's  radiujt.  a.H  we  may  pmeticaJ 
them,  in  meaKurin^  the  heights  of  mountaiui^,  or  <'f  a  ha 
the  barometer,  the  foree  of  gravity  is  coii>taDt.  and 
differences  of  i>otential  (foree  bein^  reektinetl  in  unit.*  v 
are  simply  e*|ual  to  <lifference>»  of  levil.     Hence  if 
height  of  the  h*vel  of  pressure  ;>  al)Ove  that  ofyi..  we  ha 
preceding  formula*.  r=x,  and  therefore 
/'=y»v«";  that  in, 
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753«  If  the  air  be  at  a  constant  temperature,  the  pressure  ^ 


Pressure 
calm 


iimiuishes  in  geometrical  progression  as  the  height  increases  JJ'^gJlJJ* 
in  arithmetical  progression.     This  theorem  is  due  to  Halley.  t«mper«tar«. 
Without  formal  mathematics  we  see  the  truth  of  it  by  remark- 
ing that  differences  of  pressure  are  (§  752)  equal  to  differences 
of  level  multiplied  by  the  density  of  the  fluid,  or  by  the  proper 
mean  density  when  the  density  differs  sensibly  between  the  two 
stationa     But  the  density,  wlien  the  temperature  is  constant, 
varies  in  simple  proportion  to  the  pressure,  according  to  Boyle's 
mncl  Mariotte's  law.    Hence  differences  of  pressure  between  pairs 
of  stations  iliffering  equally  in  level  are  proportional  to  the  proper 
mean  values  of  the  whole  pressure,  which  is  the  well-known 
€K>U]pound  interest  law.      The  rate  of  diminution  of  pressure 
per  unit  of  length  upwanls  in  proi)ortion  to  the  whole  pressure 
at  any  imni,  is  of  course  equal  to  the  reciprocal  of  tlie  height 
above  that  point  that  the  atmosphere  must  have,  if  of  constant 
density,  to  give  that  pressure  by  its  weight     The  height  thus 
defined  is  commonly  called  "the  height  of  the  liomogeneous  "<?*Kht of 
atmosphere,"  a  very  convenient  conventional  expression.     It  K«n«»aii  m 
ia  wjuAl  to  the  product  of  the  volume  occupied  by  the  unit 
mass  of  the  gas  at  any  pressure  into  tlie  value  of  that  pressure 
reckoned  per  unit  of  area,  in  terms  of  the  weight  of  the  unit  of 
mass.     If  we  denote  it  by  H,  the  exponential  expression  of  the 
law  is  ^     ^  ^  £ 

which  agrees  with  the  final  formula  of  §  752. 

The  value  of  //  for  dry  atmospheric  air,  at  the  freezing 
teini»crature,  accortling  to  Kegnault,  is,  in  the  latitude  of  Paris, 
790,020  centimetres,  or  2G,2 1 5  feet  Being  inversely  as  the  force 
of  gravity  in  different  latitudes  (§  222),  it  is  798,533  centimetres, 
or  20,191)  feet,  in  the  latitude  of  Edinburgh  and  CJlasgow. 

Let  X,  y,  Z  bo  the  components,  parallel  to  three  rectangular  j^"**^*^*^ 
axes,  of  the  force  acting  on  the  fluid  at  (x,  y,  r),  reckoned  per  tionofUie 
anit  of  its  mass.  Then,  inasmuch  as  the  dificronco  of  pressures  theorcniM. 
on  the  two  faces  Si/Ba  of  a  rectangular  parallelepiped  of  the  fluid 

in  £y&^8jr,  the  equilibrium  of  this  portion  of  the  fluid,  regarded 
ax 

for  a  niomcDt  (§  5G4]  as  rigid,  requires  that 

8^Bz'[^  Sx  -  .V/)Sx5y5c  =  0. 
dx 
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AniUytiail 
lnve«tiga- 
tion  of  the 
preceding 
tiMorema. 


CoiKlitioiie 
oTfqul- 
lihrium  of 
Hold  r«>ni- 
lOrlely  nil- 
InK  «  vUmed 
Mauri. 


From  this  and  ihe  Bymmetrioal  cquataoni  reUUvc  to  jf : 

have 

!=».  ^-* 

which  are  ihe  conditions  neceatarj  and  soficient  Ibr  i 
libriam  of  any  fluid  mass. 
From  these  we  hava 

Thb  shows  that  the  expression 

Xdx+rdy-\-Zds 
must  be  the  complete  differential  of  a  funetion  of  three  i 
cut  variables,  or  capable  of  being  made  so  bj  a  Uetar ; 
say,  that  a  scries  of  surfaces  exists  which  cttts  the  liaci 
at  right  angles ;  a  conclusion  also  proved  above  (§  1A% 
When  the  forces  belong  to  a  conservative  system  no 
required  to  make  the  complete  differential :  and  we  kav 

Xdx+  Ydy+Zdz^--dV 
if  V  denote  (§  485)  their  potential  at  (x,  jr,  ;; :  so  1^ 
comes  dpss—pdV 

This  shows  that  p  is  constant  over  eqnipolcatial  MrfM 
functiou  of  V) ;  and  it  gives 

'^        dV 
bhowiug  that  p  aUo  is  a  function  of  T;  codcIqmoqs  eft 
have  had  a  more  elementary  proof  in  $  752.     As  ( 
analytical  expressiou  equivalent  to  the  three  cqsitMai 
the  case  of  a  conservative  system  of  forct  s,  we  coochJt 

754«  It  is  both  uecessar}'  aiid  sufficieut  fur  the  eqni 
iif  an  inconipreasible  fluid  completely  filling  a  rigid 
Vi*ssoI,  and  influeucod  only  by  a  conscnrative  sytiem  ol 
that  lis  density  Ix;  uiiifonn  over  every  C(|ui}iitCt*ntial 

tlijit  is  to  sav,  cvrry  surface  cuttiii*;  tin'  liiu»s  «.f  fi»n.v 
aii^'h's.  If,  however,  the  iMMindar}*.  or  any  jmrl  of  thi 
(lai'V.  of  tlie  fluid  mass  eoiisidenHJ.  Im-  n«»t  ri^*itl :  uhrth 
nf  flrxIMe  <«oIid  matter  (as  a  iia*ml>niiu\  or  a  thin  « 
ela^ti(•  soliil',  or  wln-thrr  it  Ik*  u  uiru*  ^iMiuietricHl  U»un- 
tlif  nther  si<Ir  of  wliieli  tht*rc  i.s  another  fluid.  «ir  m*^ 
<  asf  wliic  li.  without  In^lifx  in^  in  vncuum  as  a  n-ality.  i 
«'i«lmii   in  al»stmct   dyniunies   (§   43H  ).  a  fnrthrr  c«»nd 
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-necessary  to  secure  that  the  pressure  from  without  shall  fulfil  conditions 
(4)  at  every  point  of  the  boundary.     In  the  case  of  a  bounding  libSTm  of 
membrane,  this  condition  must  be  fulfilled  eitlier  through  v\eu\y  Aii- 
pressure  artificially  applied  from  without,  or  through  the  in-  v'JSml  ***" 
tenor  elastic  forces  of  the  matter  of  the  membrana     In  the 
ease  of  another  fluid  of  different  density  touching  it  on  the 
other  side  of  the  boundary,  all  round  or  over  some  part  of  it, 
with  no  separating  membrane,  the  condition  of  ecjuilibrium  of 
a  heterogeneous  fluid  is  to  be  fulfilled  relatively  to  the  whole 
fluid  mass  made  up  of  the  two ;  which  shows  that  at  the  boun- 
dary the  pressure  must  bo  constant  and  equal  to  that  of  the 
fluid  on  the  other  side.    Thus  water,  oil,  mercury,  or  any  other  ftm  nnrfkci 
liquid,  in  an  open  vessel,  with  its  free  surface  exposed  to  the  v^T  u 
air,  requires  for  equilibrium  simply  that  this  surface  be  leveL 

755.  Itecurrini;  to  the  consideration  of  a  finite  mass  of  fluid  Fi"i<it  in 
completely  filhng  a  rigid  closed  vessel,  we  see,  from  what  pre-  «»»«»«'  * »«»« 
cedes,  that,  if  homogeneous  and  incompressible,  it  cannot  be  "y*tein  »f 
disturbed  from  equilibrium  by  any  conservative  system  of 
forces ;  but  we  do  not  require  the  analytical  investigation  to 
prove  this,  as  we  should  have  "  the  perpetual  motion"  if  it  were 
denied,  which  would  violate  the  hypothesis  that  the  system  of 
forces  is  conser\'ative.  On  the  other  hand,  a  non-conservative 
system  of  forces  cannot,  under  any  circumstances,  equilibrate 
a  fluid  which  is  either  uniform  in  density  throughout,  or  of 
homogeneous  substiuice,  rendered  heterogeneous  in  density 
only  through  difference  of  pressure.  But  if  the  forces,  thougli 
not  conservative,  be  such  that  through  every  point  of  the 
sjiace  occupied  by  the  fluid  a  suiface  may  l)e  dmwn  which 
shall  cut  at  right  angles  all  the  lines  of  force  it  meets,  a  hetero 
gcneous  fluid  will  rest  in  equilibrium  under  their  influence, 
provideil  (§  750)  its  density,  from  point  to  point  of  every  one  of 
these  orthogonal  surfaces,  varies  inversely  as  the  product  of  the 
resultant  force  into  the  thickness  of  the  infinitely  thin  layer  of 
8|)ace  between  that  surface  and  another  of  the  orthogonal  sur- 
faces infinitely  near  it  on  (»ither  side.     (Compaix*  §  488.) 

The  same  conclusion  w  proved  as  a  matter  of  course  from  (1), 
ffince  that  equation  is  merely  the  analytical  expression  that  the 
force  at  every  point  (x,  y,  z)  is  along  the  normal  to  that  surface 
of  the  Rcries  given  by  cHflfcrcnt   values  of  (7  in  ;>  =  (.*,  which 
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Fluid  tinder  pas866  through  {x,  jf ,  £) ;  Mid  Uiftt  the  magnitiidc  of  tbe 

•o??o^"  force  is 

P 

of  which  the  numerator  is  eqiuil  to  —  ,  if  r  be  the  tlu< 

(x,  y,  z)  of  the  shell  of  space  between  two  sorfaoet 
/>=C  and />=C+«C, 

infinitely  near  one  another  on  two  mdea  of  (x,  jr,  z\ 
The  analytical  expression  of  the  condition  which  J,  F 

fulfil  in  order  that  (1)  may  be  possible  is  found  this; 
d  dp  ^  d  dp       . 
dz  d^'~  d^dz^        * 

we  have 

Performing  the  differentiations,  and  mnlliplyiiig  the  fr 
resulting  equations  by  X^  the  second  by  F,  and  the  thi 
we  have 

which  is  merely  the  well-known  condition  that  the  dEpn 

Xdx^  Ydy^Zdz 
may  be  capable  of  being  rendered  by  a  fiictor  the  coaj 
fercntial  of  a  function  of  three  independent  Tariablcs. 

Or  if  we  multiply  the  first  of  (5)  by   ^^^  ,   the  h 

dx 

/*,  and  the  third  bv    ,^  »  and  add.  wo  have 

dif  "   dz 


dp/lZ     d}\  .  dp  dX    d7.    .  dp  dY     dX 
dx^di/       dz^^dif^dz       dx'^  dz    dx      dy 


This   Rhow8  that   the   lino  whosi'   d  i  root  ion -ct^^tncs  art 
tional  to  d/. _dY     dX _dZ      dY^dX 

'///       tiz        dz       d.r       d.r      dy 
i(t  pi*r|xui(Iioular  to  tho  Mirfuoo  of  oqual  don>it\  thn*u^h 
and  (0)  fhowB  that  the  samo  lino  i>  |»iT|>iudiciilar  t«»  the 
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force.    It  is  therefore  tangential  to  both  the  surface  of  equal  Fluid  undtt 
density  and  to  that  of  equal  pressure,  and  therefore  to  their  ^ft^t. 
curve  of  intersection.     The  differential  equations  of  this  curve 
are  therefore 

dx dy     _     dz 

dZ^dY^dX^iiZ^dY^dX  (8). 

^      ds       dz      dx      dx     "Sj 

756«  If  we  imagine  all  the  fluid  to  become  rimd  except  an  Eqnoibrium 

,  ^  r  condition, 

finitely  ihiu  closed  tubular  portion  lying  in  a  surface  of  equal 
tnsity,  and  if  the  fluid  in  this  tubular  circuit  be  moved  any 
ngth  along  the  tube  and  left  at  rest,  it  will  remain  in  cqui- 
)rium  in  the  new  i)osition,  all  positions  of  it  in  the  tube 
(ing  iudiflerent  because  of  its  bomogeneousness.  Hence  the 
ark  Qwsitive  or  negative)  done  by  the  force  {X,  Y,  Z)  on  any 
irtion  of  the  fluid  in  any  displacement  along  the  tube  is 
tlanced  by  the  work  (negative  or  positive)  done  on  the  re- 
ainder  of  the  fluid  in  the  tuba  Hence  a  single  particle, 
jtecl  on  only  by  A",  F,  Z,  while  moving  round  the  circuit,  that 
moving  along  any  closed  curve  on  a  surface  of  equal  density, 
IS,  at  the  end  of  one  complete  circuit,  done  just  as  much  work 
;ainst  the  force  in  some  parts  of  its  course,  as  the  forces  have 
me  on  it  in  the  remainder  of  the  circuit 

An  interesting  application  of  (7)  §  190  may  be  made  to  prove 
this  result  analytically.  Thus,  if  we  take  for  a,  )8,  y  our  present 
force  components  X^  Y,  Z\  and  for  the  surface  there  referred 
to,  a  surface  of  equal  density  in  our  heterogeneous  fluid;  the 
expression 

ffjtQKit^Z     dY.        fdX    dZ.       fdY    dX.. 

vanishes  because  of  (7),  and  wo  conclude  that 

/{Xdx+Ydi/+Zd2)=0, 
for  any  closed  circuit  on  a  surface  of  equal  density. 

757.  The  following  imaduary  example,  and  its  realization  imiwrfnao* 
I  a  subsequent  section  (8  759),  show  a  curiously  int<»resting  ^^luuiiwium 

.      _        ^    ,.        .  -     ,  ,  n   rt     .1  .1-1     .  1  °  m»«hTnon- 

n&cticai  application  of  the  theory  of  fluid  equiln)niim  under  n.nwnauv* 
ctraonlinary  circumstances,  generally  i-eganlcd  as  a  mcit^lv 
istract  analytical  theory,  practically  useless  and  quite  un- 
itural,  *•  bi'cause  forces  in  nature  foUow  the  conser\'ative  law." 
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imaginao'  758.  Let  the  liiies  of  force  be  circles,  with  their  eenti 
«iuiiS>riam  in  one  line,  and  their  planes  perpendicular  to  it  They  u 
S^nnenrative  at  light  anglcs  by  planes  through  this  axis ;  and  therd 
fluid  maybe  in  equilibrium  under  such  a  system  of  1 
The  system  will  not  be  conservative  if  the  intensity  c 
force  be  according  to  any  other  law  than  inverse  proportio] 
to  distance  from  this  axial  line ;  and  the  fluid,  to  be  in  e 
brium,  must  be  heterogeneous,  and  be  so  distributed  as  tc 
in  density  from  point  to  point  of  every  plane  tlirough  the 
inversely  as  the  product  of  the  force  into  the  distance  fioi 
axis.  But  from  one  such  plane  to  another  it  may  be  < 
uniform  in  density,  or  may  vary  arbitrarily.  To  partial 
farther,  we  may  suppose  the  force  to  be  in  direct  simple 
portion  to  the  distance  from  the  axis.  Then  the  fluid  w; 
in  equilibrium  if  its  density  varies  from  point  to  point  of 
plane  through  the  axis,  inversely  as  the  square  of  that  disA 
If  we  still  farther  particularize  by  making  the  force  un 
all  round  each  circular  line  of  force,  the  distribution  of 
becomes  precisely  that  of  the  kinetic  reactions  of  the  paita 
rigid  body  against  accelerated  rotation.  Tlie  fluid  pressun 
(§  749)  be  equal  over  each  plane  through  the  axi&  Ai 
one  such  plane,  which  we  may  imagine  carried  round  the 
in  the  direction  of  the  force,  the  fluid  pressure  will  increa 
simple  proportion  to  the  angle  at  a  rate  per  unit  angle  (J 
equal  to  the  product  of  the  density  at  unit  distance  into 
force  at  unit  distance.  Hence  it  must  be  remarked,  that  ii 
closed  line  (or  circuit)  can  be  drawn  round  the  axis,  wit 
leaving  the  fluid,  there  cannot  be  equilibrium  without  i 
partition  cutting  every  such  circuit,  and  maintaining  the  di 

ence  of  pressures  .on  the  two  rid 
it,  corresponding  to  the  angle 
Thus,  if  the  axis  pass  through 
fluid  in  any  part,  tliere  must  1 
partition  extending  from  this  p« 
the  axis  continuously  to  the  c 
bounding  surface  of  the  fluid, 
if  the  bounding  surface  of  the  « 
fluid  be  annular  (like  a  hollow  anchor-rin^,  or  of  any  irrejj 
shape),  in  other  wuixls,  if  the  fluid  fills  a  tubular  circuit ; 
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the  axis  (A)  pass  through  the  apeilure  of  the  ring  (witlioiit  iiu*gin«ry 
passini;  into  the  lluid) ;  there  must  be  a  finn  partition  (CD)  iquUiWium 

~  r.  1.  ,  111  under  non- 

.extenauig  somewhere  contmuously  across  the  channel,  orconwnrauve 
'Pttsaage,  or  tul)e,  to  stop  the  circulation  of  the  fluid  round  it ; 
dtherwise  there  could  not  be  equilibrium  with  the  supposed 
fiyrces  in  action.  If  we  further  suppose  the  density  of  the  fluid 
to  be  uuifonn  nmnd  each  of  the  circular  lines  of  force  in  the 
•ystem  we  Iiave  so  far  considered  (so  that  the  density  shall  be 
eqnal  over  ever}'  circular  cylinder  having  the  line  of  their 
eentres  for  its  axis,  and  shall  vary  from  one  such  cylindrical 
surface  to  another,  inversely  as  the  squares  of  their  radii),  we 
may,  witliout  disturbing  the  e<^uilibrium,  impose  any  conserva- 
tive system  of  force  in  lines  ]>eq)endicular  to  the  axis  ;  that  is 
(§  488),  any  system  of  force  in  this  direction,  with  intensity 
varying  as  some  function  of  the  distance.  If  this  function  be 
the  simple  distance,  the  su])erimposed  system  of  force  agrees 
precisely  with  the  n^actions  against  curvature,  that  is  to  say, 
the  centrifugal  forcjes,  of  the  parts  of  a  rotating  rigid  Ixxly. 

758.  Thus  we  arrive  at  the  remarkable  conclusion,  that  if  Actiui  nmr. 
a  rigid  closed  box  be  completely  filled  with  incompressible 
heterogeneous  fluid,  of  density  vaiying  inversely  as  the  square 
flif  the  distance  from  a  certain  line,  and  if  the  lx)x  l>e  moveable 
round  this  line  as  a  fixed  axis,  and  be  urged  in  nny  way  by 
forces  applied  to  its  outside,  the  ihiid  will  remain  in  equilibrium 
relatively  to  the  box  ;  that  is  to  say,  will  move  nmnd  with  the 
l>ox  as  if  the  whole  wen*  one  rigid  boily,  and  will  come  to  n»st 
with  the  box  if  the  Ik)x  be  brought  again  to  rest:  provided 
always  the  preceding  condition  as  to  partitions  be  fulfilled  if 
the  axis  imws  through  the  fluid,  or  be  surrounded  by  continuous 
lines  of  fluid.  For,  in  starting  from  rest,  if  the  fluid  moves 
like  a  rigid  solid,  we  have  reactions  against  acceleration,  tan- 
gential to  the  circles  of  motion,  and  ecpial  in  amount  to  wr 
|ier  unit  of  mass  of  the  fluid  at  distance  r  from  the  axis,  w 
being  the  rate  of  acceleration  (§  42)  of  the  angular  velocity ; 
and  (see  Vol.  II.)  we  have,  in  the  direction  periK?ndicular  to  the 
axis  outwards,  reaction  against  cur^'ature  of  ])ath,  that  is  to 
say,  "  centrifugal  force,"  etpial  to  o^^r  per  unit  of  mass  of  the 
fluid.  Hence  the  equilibrium  which  we  have  demonstrated 
ill  the  preceding  section,  for  the  flui<l  supposed  at  rest,  and 
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ActoidcaM  arbitrarily  influenced  by  two  systems  of  force  (the  c 
^aiifbriam  non-conservative  and  the  radial  conservative  8}'steiD;  a: 
ron!^^'v«  in  law  with  these  forces  of  kinetic  ivaetion,  proves  f»r  i 
'^""^         the  D'Alembert  (§  264)  equilibrium  condition  for  ibe 
of  the  whole  fluid  as  of  a  rigid  body  experiencing!  ftcrr 
rotation ;  that  is  to  say,  shows  that  this  kind  of  ni«»ti*>ii 
for  the  actual  circumstances  the  laws  of  motion,  and,  tin 
that  it  is  the  motion  actually  taken  by  the  fluiiL 
b^wSS?  760,  If  the  fluid  is  of  homogeneous  substance  and  n 

*mt?ntti5"If  ^™P®K^^^i^  throughout,  but  compressible,  as  all  real  tlci 
fireUr*  ^^  ^^^  ^  heterogeneous  in  density,  only  because  of  dif 
of  pressure  in  different  |)arts ;  the  surfaces  of  e<|aal  • 
must  be  also  surfaces  of  equal  pressure ;  and,  as  we  hi 
above  (§  753),  there  can  be  no  ei[uilibrium  unle»  the 
of  forces  be  conservative.  The  function  which  the  dei 
of  the  pressure  must  be  supposed  known  (§  448>,  ad  it  <! 
on  physical  properties  of  the  fluid.  Comjiare  §  751 
Let  p=/(;>) 

We  have,  by  §  753  (3),  mtegrated, 

or,  if  F  denote  such  a  function  thai 

and,by(9X  p^f^F(C^V)] 

{JZlTon  '^^^^  ^"  §  ^*^  ^®  considered  the  resultant  prewui 
•  plane  arvm.  plaiio  surfacc,  whcn  the  pressure  is  unifomL  We  m 
consider  (briefly)  tlio  resultant  pn^ssure  on  a  plane  an 
the  pressure  varies  from  iwint  to  point,  ci»nfinin<:  t»ur  a) 
to  a  case  of  great  importance ;— that  in  which  graviti 
only  npi^liml  force,  an<l  tlio  iluiil  is  a  nrarly  inci>in| 
li«|iii(l  .such  as  w;iti*r.  In  this  caso  tlit*  dti«nuiii.it;'T; 
position  of  the  C%'ntre  of  Trossun*  is  v««rk-  .sinipk* .  \ 
whole  pn\ssure  is  the  sjiine  as  if  X\w  phuie  ar^-.i  ««'r^ 
about  its  centre  (»f  inertia  into  a  hoii/,.ntal  |Hi>i!ioii. 

uil^iluw  T^*?  proj».^ure  at  any  p<»int  ut  n  drpih  .-  in  the  !i.|«h 

/•  -i«»M  tp^  ex|)ri*8scd  by  /'  =  ^»-  -f />- 

whiTf  p  i.M  the  (o<»n>taijt»  i|tn>ity  of  thf  hi|ui«],  ami  |.,  tj 
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upheric)  prcflsare  at  the  free  surface,  reckoned  in  anits  of  weight  i^^^»^ 
per  unit  of  area.  pune  area. 

Let  the  axis  of  or  be  taken  as  the  intersection  of  the  plane 
of  the  immersed  plate  with  the  free  surface  of  the  liquid,  and 
that  of  ^  perpendicular  to  it  and  in  the  plane  of  the  plate.  Let 
a  be  the  inclination  of  the  plate  to  the  vertical.  Let  also  A  be 
the  area  of  the  portion  of  the  plate  considered,  and  £,  y,  the  co- 
ordinates of  its  centre  of  inertia. 

Then  the  whole  pressure  is 

=  Apo+Apyeoaa, 
The  moment  of  the  pressure  about  the  axis  of  a?  b 
jyp^dxdif=ApoS+Ak*pc08a, 
k  being  the  radius  of  gyration  of  the  plane  area  about  the  axis 
of  X. 

For  the  moment  about  y  we  have 

//pxdxdy=^  Ap^+peo8a//xydxdy, 
The  first  terms  of  these  three  expressions  merely  give  us  again 
the  results  of  §  746 ;  we  may  therefore  omit  them.  This  will  be 
equivalent  to  introducing  a  stratum  of  additional  liquid  above  the 
free  surface  such  as  to  produce  an  equivalent  to  the  atmospheric 
pressure.  If  the  origin  be  now  shifted  to  the  upper  surface  of 
this  stratum  we  have 

Pressure  =  Apycosdy 

Moment  about  Ox  =  Ak*pcoBa^ 

k* 
Distance  of  centre  of  pressure  from  axis  of  x  =  — . 

9 

But  if  ki  be  the  radius  of  gyration  of  the  plane  area  about  a 

horiiontal  axis  in  its  plane,  and  passing  through  its  centre  of 
inertia,  we  have,  by  §  283, 

k'^k,*+y\ 
Hence  the  distance,  measured  parallel  to  the  axis  of  y,  of  the 
centre  of  pressure  from  the  centre  of  inertia  is 

k,\ 

~y  \ 

and,  as  we  might  expect,  diminishes  as  the  plane  area  is  more 
and  more  submerged.  If  the  plane  area  be  turned  about  the  lino 
through  its  centre  of  inertia  parallel  to  the  axis  of  x,  this  distance 
varies  as  the  cosine  of  its  inclination  to  the  vertical ;  supposing, 
of  course,  that  by  the  rotation  neither  more  nor  less  of  the  plane 
area  is  submerged. 
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L.»ssnr  762.  A  body,  wholly  or  partially  immersed  in  any 

weVguby  influenced  by  gravity,  loses,  through  fluid  pressure,  in  aj*] 
iirn  fluia.  weight  an  amount  equal  to  the  weight  of  the  fluid  disj 
For  if  the  body  were  removed,  and  its  place  filled  witl 
homogeneous  with  the  surrounding  fluid,  there  would  l»e 
librium,  even  if  this  fluid  be  supposed  to  become  rigid 
the  resultant  of  the  fluid  pressure  upon  it  is  therefore  a 
force  equal  to  its  weight,  and  in  the  vertical  line  throi: 
centre  of  gravity.  But  the  fluid  pressure  on  the  original) 
mersed  boily  was  the  same  all  over  as  on  the  solidified  p 
of  fluid  by  which  for  a  moment  we  have  imagined  it  rep 
and  therefore  must  have  the  same  resultant  Tliis  propn 
is  of  great  use  in  Hydrometry,  the  determination  of  s] 
gravity,  etc.  etc. 

Analytically,  the  following  demonstration  is  of  in 
especially  in  its  analogies  to  some  preceding  theorem 
others  which  occur  in  electricity  and  magnetism. 

If  r  be  the  potential  of  the  impressed  forces,   _  j- 

dx 

force  parallel  to  the  axis  of  x  on  unit  of  matter  at  jcyi 

pdxdydz  is  the  mass  of  an  element  of  the  fluid,  and  therefo 

whole  force  parallel  to  the  axis  of  a;  on  a  mass  of  fluid  sahtl 

for  the  immersed  body,  is  represented  by  the  triple  integral 

taken  through  the  whole  space  enclosed  by  the  sor&ce. 
by  §  762, 

dp^_  dV 

dx  dx 

Hence  the  triple  integral  becomes 

///^dxdydz^/fpdyflz 

extended  over  the  whole  surface. 

Let  dS  be  an  element  of  any  surface  at  x^  y^  z\  X,  /t, 
direction-cosines  of  the  normal  to  the  clement ;  p  the  prvsEi 
the  fluid  in  contact  with  it.  The  whole  resolved  prvssure  pi 
to  the  axis  of  x  is  Px^ff^pdS 

the  same  expression  as  above. 
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The  couple  about  the  axis  of  z^  due  to  the  applied  forces  on  liOMof 
any  fluid  mass,  is  (§  559)  we^^Tby 

V  J    /  -IT         XT  \  iiiioier^uii 

Zam(JLy^  IX)y  In  a  fluid 

dm  representing  the  mass  of  an  clement  of  fluid. 
This  may  be  written  in  the  form 

the  integral  being  taken  throughout  the  mass. 
This  is  evidently  equal  to 

=^JXpydydZ'-JJpocdzdx 

wbich  is  the  couple  due  to  surface-pressure  alone. 

r68.  The  following  lemma,  while  in  itself  interesting,  is  of  Lemma. 

%l  use  in  enabling  us  to  simplify  the  succeeding  investiga- 

U  regarding  the  stability  of  equilibrium  of  floating  bodies  :— 

Let  a  homogeneous  solid,  the  weight  of  unit  of  volume  of 

Ich  we  suppose  to  be  unity,  be  cut  by  a  horizontal  plane 

XYX'r.    Let  0  be  the 

itre  of  inertia,  and  let  XX^,  ^ 

^  be  the  principal  axes,  of 

Barea. 

Let  there  be  a  second  plane 

ttion  of  the  solid,  through 

f^  inclined  to  the  first  at 
infinitely  small  angle,  ft 

en  (1.)  the  volumes  of  the 

o  wedges  cut  fi-om  the  solid  by  these  sections  are  equal ;  (2.) 

jir  centres  of  ineitia  lie  in  one  plane  peq)endicular  to  YY^; 

d  (3.)  the  moment  of  the  weight  of  each  of  these,  round  YY\ 

equal  to  the  moment  of  inertia  about  it  of  the  correspond- 

;  portion  of  the  area,  multiplied  by  ft 

Take  OX,  OF  as  axes,  and  let  0  be  the  angle  of  the  wedge  : 
the  thickness  of  the  wedge  at  any  point  P{xj  y)  is  6x,  and  the 
volume  of  a  right  prismatic  portion  whoso  base  is  the  elementary 
area  dxdy  at  P  is  Sxdxdy, 

Now  let  []  and  ( )  be  employed  to  distinguish  integrations  ex- 
tended over  the  portions  of  area  to  the  right  and  left  of  the  axis 
of  y  respectively,  while  integrals  over  the  whole  area  have  no 
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Lemma.  saob  distiiigiUBhing  mark.     Let  a  and  a'  be  theie  mm 

the  volumes  of  the  wedges ;  (x,  y),  (*',  ^')  the  CQ-«r 
their  centres  of  inerUa.     Then 

whence  v^v'^O/fxdxdy^O  since  O  is  the  ceotrr  i 
Hence  r=»',  which  is  (1.) 

Again,  taking  moments  about  XX y 

vS^ey/xydxdyl 
and  —vy  ^d(Jfxydxdy\ 

Hence  vy^v'y'= Bfjxydxdy. 

But  for  a  principal  axis  (§  281)   'Zxydm  Tanishei 
ry— r'j^'=:0,  whence,  since  r=r',  we  hare 
y=y',  which  proves  (2.) 
And  (3.)  b  merely  a  statement  in  words  of  the  obfvit^ 
\JJx^dxdy'\^B\/fx^.dxd^\. 

suhiutyof        764.  If  a  positive  amount  of  work  is  re«iuin^l  :• 
of  a  floating  any  possiblc  infinitely  small  displacement  of  a  U>l 
position  of  equilibrium,  the  equilibrium  in  lUi*  y 
stable  (§   291).     To  apply  this  test  to  the  case  i-f  \ 
body,  we  may  remark,  first,  that  any  |K»ssible  infini: 
displacement  may  (§§  26,  95)  be  conveniently  rec^inlc 
I)ouuded  of  two  horizontal  displacements  in  lines  at  rii 
to  one  another,  one  vertical  displacement,  and  thrw 
round  rectangular  axes  through  any  chosen  (Mjint 
these  axes  lui  vertical,  then  thn*e  of  the  C(»mp«»neut 
ments,  viz.,  the  two  horizontal  dis]»lacemeutj»  and  thi 
al>out  the  vertical  axis,  ret^uire  no  wurk  :  jNnjitive  i>r 
and  theivfon*,  so  far  as  they  an»  oonceni«Ml.  the  r»qiiil 
essentially  neutral     Hut  so  far  Jis  the  ntln-r  thn-- 
displart'UH'iit   an*  ioinrnuMl.  thr  r^uilihriuni  i»t.iv  '- 
stabli'.  or  may  be  uii>lal»li',  or  may  In*  nrutnil.  .f  •  y^'A. 
fulfilnK'iit  of  conditions  wliirh  wr  imw  jnw.  ft-*!  t,.  \\\\ 
vortirai .Ii^         765.  If.   lii'>t,  a  >ihii'l.'  vt-rtiral   di-i.I.imh.r.r    .: 
l(»t  us  .mipjMiM'.  l»o  in.i'lf,  tlh'  woik  i>  ili.Uf  a^Miii^t  ai; 
ing  resultant  of  uj»\vanl  tluiil  |Hf.->urt'.  and  i-*  "!  ■  '»: 
to   tlir   nu*au    iucn-aNi'  nf  this  fnne   multij'li*-*!   !•>   \i 
space.      If  this  spar<*  Im*  dfimt*'*!  i»y  :.  Mh*  ana  n!  the 
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tation  by  A,  and  the  weight  of  unit  bulk  of  the  liquid  by  w, 
J  increased  bulk  of  immeraion  is  clearly  Az,  and  therefore  the 
:rease  of  the  resultant  of  fluid  pressure  is  wAz,  and  is  in  a  line 
■tically  upward  through  the  centre  of  gravity  of  A.  The 
an  force  against  which  the  work  is  done  is  therefore  ^wAz, 
this  is  a  case  in  which  work  is  done  against  a  force  increas- 
l  from  zero  in  simple  proportion  to  the  space.  Hence  the 
rk  done  is  ^wAz\  We  see,  therefore,  that  so  far  as  vertical 
placements  alone  are  concerned,  the  equilibrium  is  neces- 
ily  stable,  unless  the  body  is  wholly  immersed,  when  the 
a  of  the  plane  of  flotation  vanishes,  and  the  equilibrium  is 
itraL 

766,  The  lemma  of  §  763  suggests  that  we  should  take,  as 
t  two  horizontal  axes  of  rotation,  the  principal  axes  of  the 
ne  of  flotation.  Considering  then  rotation  through  an  in- 
.tely  small  angle  0  round  one  of  these,  let  0  and  £  bo  the 


Work  done 
in  Tertlcal 
displace- 
ment 


Dii]>Uee- 
ment  by 
rotation 
almnt  an 
axis  in  the 

J  lane  of 
otation. 


placed  centres  of  gravity  of  the  solid,  and  of  the  portion 
its  volume  which  was  immei'sed  when  it  was  floating  in 

2Q 
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DUpUce- 
n»«*Tit  hy 
riitation 
abuut  iin 
nxiA  in  the 
plane  «tf 
flotation. 


Work  .loll.* 
in  tiii^.l  ^ 

I'lt.'Cllli-Ilt 


]>l:i<.-(llii  lit 


equilibrium,  ami  G',  E'  the  positiotia  which  tht-y  :l 
all  projected  on  the  plane  of  the  (iia^^^nini  wliiirh  w*-  • 
be  through  /  the  centre  of  inertia  of  thi»  pl;ui»-  -f 
The  resultant  action  of  gravity  on  the  ilisplao.**!  l-^i;. 
weight,  acting  downwanls  thnmgh  G\  antl  tliat  .'f : 
pressure  on  it  is  Wupwanls  through  K  oorn-ctc^l  brtb 
(upwanls)  due  to  the  additional  inunersion  of  ih**  w.-L 
and  the  amount  (downwards)  due  to  the  oxtnidt^l  W"! 
Hence  the  whole  action  of  gravity  and  fluid  prvsiiim 
displaced  lx)dy  is  the  couple  of  forces  np  antl  ilown  in 
through  0  and  E,  and  the  com.»ction  due  to  the  wiiLje 
correction  consists  of  a  force  vertically  upwanLs  Uu* 
<x»nti*e  of  gravity  of  A' I  A,  and  downwards  thnm^h  thai 
Th(»se  forces  are  equal  [§  7G3(1)],  and  therefore  ohj 
crmple  which  [§  763  (2)]  has  the  axis  of  the  disitLkvi 
its  axLs,  and  which  [§  763  (3)]  has  its  moment  equal  t 
if  il  be  the  area  of  the  plane  of  flotation,  and  i:  it« : 
gyration  (§  281)  round  the  princii>al  axis  in  quesft 
since  GEy  which  was  vertical  {G'E^)  in  the  ]»ositi<m  c 
brium,  is  inclined  at  the  inlinittdy  small  angle  $  Ut  th 
in  the  displaced  IkhU',  t lie  couple  of  forcfs  irintbe 
tlirough  G  and  E  has  for  moment  Whd,  if  h  d«'noie ' 
is  in  a  plane  ])er]»endicular  to  the  axis,  and  in  tii«* 
tending  to  increju^e  the  disjdacement,  whi^-n  G  U  ; 
Hence  the  resultant  action  of  gravity  and  fluid  pream 
displaced  l)ody  is  a  couple  whose  moim^nt  is 

{wAk^-  Wh)e,  or  ir<^«-  Vh  $, 
if  V  ho  the  volume  inimerst»d.     It  folltiws  that  wh»'n 
th(*  ecpiilibrium  is  stabh*.  so  far  as  this  displacomon 
concerned. 

Also,  since  the  r«Mipli»  workotl  nir.iinst  in  pnHhn  in. 
pLuN'Uicnt  in<n-asts  tVom  zrn»  in  *iinipl«*  j-t»'J*  -rt;  ■ 
an;:]«'  of  «li^plac«'ni<'nt.  its  iman  valm-  i<  lialf  tl.*-  .i' 
tliiTi-ton"  tilt'  \\l:«'|,'  ainMimt  of  \\..rk  lioni-  j^  i.ju.il  !■• 

767,  \(  now  \Vi'  rnii-^i.iri  a  di^pKu  riiit-nt  i  ••injNiiii 
vntii'al  plownwanU  ilJHj.larriM. nt  :.  aii.|  !•  tat;«'!j* 
iulinit.U  small  aii-lr>.  0,  0'  n»ini-l   tli.-  tw.'  h.»ii/..ii!al 
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the  plane  of  flotation,  we  see  (8S  765,  766)  that  theG«iCTaid 
'(|uirea  to  produce  it  is  equal  to  w#wk  le- 

conclude  that,  for  complete  stability  with  reference  to  conditio 

3ible  displacements  of  this  kind,  it  is  necessary  and 

It  tliat  ^     Ak*        ,       Ak'* 

A<:  .,  ,  and  -c-yr-- 

,  WTien  the  displacement  is  aliout  any  axis  through  the  Th*  meu- 

)f  inertia  of  the  plane  of  flotation,  the  resultant  of  fluid  o^wmion 

3s  is  equal  to  tlie  weight  of  the  body ;  but  it  is  only 

le  axis  is  a  principal  axis  of  the  plane  of  flotation  that 

ultant  is  in  the  plane  of  displacement     In  such  a  case 

rit  of  intersection  of  the  resultant  with  the  line  originally 

,  and  through  tlie  centre  of  gravity  of  the  body,  is  called 

'accnire.     And  it  is  obvious,  from  the  above  investiga- 

at  for  either  of  these  planes  of  displacement  the  con- 

){  stable  equilibrium  is  that  the  metacentre  shall  be 

le  centre  of  gravity. 

,  The  spheroidal  analysis  with  which  we  propose  to 

e  this  volume  is  proper,  or  practically  successful,  for 

^namic  problems  only  when  the  de\Tations  fit>m  spheri- 

mctry  are  infinitely  small ;  or,  practically,  small  enough 

r  US  to  neglect  the  squares  of  ellipticities  (§  801);  or, 

s  the  same  thing,  to  admit  thoroughly  the  principle  of 

erposition  of  disturbing  forces,  and  the  deviations  pro- 

by  them.      But  we  shall  first  consider  a  case  which 

of  very  simple  synthetical  solution,  without  any  re- 

i  to  approximate  sphericity ;  and  for  which  the  follow- 

aarkable    theorem    was    discovered    by    Xewton   and 

rin : — 

,  An  oblate  ellipsoid  of  revolution,  of  any  j^iven  eccen-  a  homo- 

is  a  figure  of  equilibrium  of  a  mass  of  homogeneous  tmimtui  is 

ressible  fluid,  rotating;  aljout  an  axis  with  d(;terminate  <^i»iin>rimi 

,       .  ,  .  of « mtatin 

velocity,  and  su])ject  to  no  forces  but  those  of  gravita-  Hauidmnw 
ong  its  parts. 

mgular  velocity  for  a  given  eccentricity  is  independent 
mlk  of  the  fluid,  and  profKirtional  to  the  sciuare  root  of 
ity. 

The  ]>ro<)f  of  this  propf>sition  is  easily  obtained  from 
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A  homo-      the  residts  already  deduced  with  respect  to  tlie  altncti- 

gencous  *  * 

*"flJwre**o?    ellipsoid  and  the  properties  of  the  free  surface  of  a  tin: 
SySiibrium        We  know,  8  522,  that  if  APB  be  a  meridian  ?- : 

of  a  rotating  '  ^  ' 

liqaidmaas.  hoHiogcneous  oblate  spheroid,  AC  the  i»<>lar  axis,  ^'A: 
torial  radius,  and  P  any  point  on  the  surface,  thv  .ii 
of  the  spheroid  may  be  resolvetl  into  two  j»art.^ ;  • 

Iwrpen«hcuLir 
l»olar  axis,  &d 
ing    as    th^ 
PMi   thf    .t 
parallel   t*i  tl 
axi.s  an<l  va: 
Py,      Tla^ 
nents   aiv  u« 
when  MP  an- 
equal,  else  tL 
ant  atnactii'i 
(Xkints  in  th- 
would  pass  tlirough  C\  whereas  we  know  that  it  i* 
such  dirt^etion  as  Pf,  cutting  the  radius  BC  hft^tn  I 
but  at  a  point  nearer  to  C  than  n  the  foot  of  the  Ui-ni 
Let  then  Pp^a,PM, 

and    Ps  =  l3.Py, 
where  a  and  fi  are  known  constants,  de]»endiuj;  mrnl 
density,  (p),  and  eccentricity,  (e),  of  the  sphemiil 
Also,  we  know  by  geometry  that  Xn  =   1  —  r*  fW. 
Hence  ;  to  find  the  magnitude  of  a  ft>rce  /*y  |»*»qw 
to  the  axis  (»f  the  sphenoid,  which,  when  ctmiiN.tundoi 
attraction,  will  ]>riiig  the  n*sultant  force  into  the  n«»f 
make  jfr  =:  Pq,  and  we  must  have 

Htiuv  /V=:l-f'       rp 


,=.l-r^ 


=  («-    1— c- 


/^ 


•  1 

/i)t'.\/. 
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Now  if  the  spheroid  were  to  rotate  with  angular  velocity  q>  a  homo- 
ftbout  AC,  the  centrifugal  force,  §§  32,  35a,  259,  would  be  in  dn^wj. 
the  direction  Pq,  and  would  amount  to  enuuibriam 

ofamtatins 

Sence,  if  we  make 

Cu«=:o-(l-C«)/3, 

Jie  whole  force  on  P,  that  is,  the  resultant  of  the  attraction 
ind  centrifugal  force,  will  be  in  tlie  direction  of  the  normal  to 
Jie  surface,  which  is  the  condition  for  the  free  surface  of  a  mass 
>f  fluid  in  equilibrium. 


Now,  §  522,         a==2irp(^J-7^*8in->e-^-,"*) 
/J=4ir^(i«Vl^8in-ie). 


aence  cu«=2irp{(^"^''-'WJ_T.?%in-it;-3^";*-Y  (1). 

rUis  determines  the  angular  velocity,  and  proves  it  to  be  pro-  riic  nqtura 

pOrtional  to  ^/p.  slto  Angular 

772.  If,  after  Laplace,  we  introduce  instead  of  e  a  quantity  the'Jieiity" 
g  defined  by  the  equation  ^    e  qu  . 

>r  g=  —  — rr— =tan(sin~V),       1 

Vl-e«  J 

the  expression  (1)  for  ©'  is  much  simplified,  and 

\Vlien  €,  and  thereforc  also  e,  is  small,  this  formula  is  must 
easily  calculated  from 

2';|.],=A^'-A^^+ctc.  (4), 

:)f  which  the  first  teiin  is  sufficient  wlien  we  deal  with  spheroids 
so  little  obhitii  as  the  earth. 

The  following  table  has  been  calculated  ]>y  means  of  these 
simplified  fonnula*.     The  last  figure  in  each  of  the  four  last 
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Table  of  cor  coluiuns  is  given  to  the  nearest  unit.     The  twi»  Li»t 
^SlSof"*^    will  be  explained  a  few  sections  later  : — 

antianguUr  i.  ii.  iii.  \r. 

velocities. 


1 

w> 

--»   .. 

e. 

—  vIkd  «  =  }-««  •  !•»-          C  . 

e 

Up' 

m               '                                       ' 

01 

9-950 

00027 

79,l»ti6 

,    '■i 

4899 

•0107 

39,397 

•3 

3-180 

•0243 

26,495 

•4 

2-291 

-0436 

lOjM) 

•5 

1-732 

-0690 

15,730 

■G 

1-333 

•1007 

13,i»22 

•7 

1-020 

•1387 

ll.OtHi 

'     -8 

0  750 

-1816 

9,697 

•9 

•4843 

•2203 

8,804 

•91 

•455C 

-2225 

8,75!» 

•92 

-4260 

-2241 

8.729 

•93 

•3952 

-2247 

8,718 

;     ^94 

-3629 

-2239 

8,732 

'      -95 

-3287 

•2213 

8,783                  I 

•96 

•2917 

•2160 

8,891                   1 

,     -97 

•2506 

•2063 

9,098                  1 

1     ^98 

•2030 

•1890 

9,5<>4                  1 

•99 

•1425 

•1551 

10,490                 -J 

1-00 

0-0000 

00000 

X 

From  this  we  see  that  tlie  value  of  -■-  incri*u.v-< 

ti'om  z.-ru  to  a  maximum  as  the  eccentricity  e  ri^es  fm 
a1>out  0*93,  and  then  (more  ([uickly)  fails  to  zeru  as  t 
tricity  risrs  from  093  to  unity.  Tlie  valut-s  of  tho  uti 
tities  c()rresi)ondiiig  to  tliis  maximum  are  ^'iven  in  tL 

773.  If  the  anguhir  vel*K.'ity  excfotl  thf  value  calcnl 

:'  =02-247, 

whrii  tor  p  is  >iil.>iiitiitiMl  ih.-  «lrnsity  ol"  tin*  li.|u:.l.  .-^ 
is  iinjM»ssil»li?  in  iht*  t'niin  nf  an  i'lliji-;i»id  ff  n-v.-lnti-i 
a!i;^Milar  vrl«niiy  fall  >liort  <»f  tliis  limit  thrn-  .m-  a! 
rlJij>s<»i«j-<  nf  iwnliiiinn  wliirh  sati>ty  thi'  iMnditi-n- 
liluium.  Ill  niir  <.»r  til'-.-  tl  !•  f,  c«'iitiiritv  i^  i:i>Mivr 
in  thi'  oiluT  lr>s. 

774.  It   iiiiv   1m-   u--»  rill,  foi   sjM-  i.il  .i]'i'::«  .itiiii>.  : 
I'lirlly  Imw  p  i^  iiifaNiiivd  m  ihiM-  !t»rmuL'        In  ili,  . 
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_-^Tiff  §§  ^^^9  ^^^»  ^^  which  the  attraction  formulte  are  based,  Mean  den- 
init  mass  is  defined  as  exerting  unit  force  on  unit  mass  at  earth  ex- 
anit  distance ;  and  unit  volume-density  is  that  of  a  body  which  attraction 
— has  unit  mass  in  unit  voluma     Hence,  with  the  foot  as  our 
-  liiiear  unit,  we  have  for  the  earth's  attraction  on  a  particle  of 
_„viiit  mass  at  its  surface 

where  R  is  the  radius  of  the  earth  (supposed  spherical)  in  feet ; 
and  a-  its  mean  density,  expressed  in  terms  of  the  unit  just 
defined. 

Taking  20,900,000  feet  as  the  value  of  JB,  we  have 

<r  =  0000000368  =  368  X  10"^  (6). 

As  the  mean  density  of  the  earth  is  somewhere  about  5*5 

times  that  of  water,  §  479,  the  density  of  water  in  terms  of  our 

present  unit  is  3*68 

^10-*=6  7xl0-. 

775,  The  fourth  column  of  the  table  above  gives  the  time  of  Time  of 
rotation  in  seconds,  corresponding  to  each  value  of  the  ecceu-  rphl^nlilio? 
tricity,  p  being  assumed  equal  to  the  mean  density  of  the  tridty*^*^*^**" 
earth.    For  a  mass  of  water  these  numbers  must  be  multri)lied 

by  a/5*5,  as  the  time  of  rotation  to  give  the  same  figure  is  in- 
versely as  the  S(|uare  root  of  the  density. 

For  a  homogeneous  litjuid  mass,  of  the  earth's  mean  density, 
rotating  in  23^ 56°*  4",  we  find  e  =  0093,  wliich  corresponds  to 
an  ellipticity  of  about  i^Jiy. 

776.  An  interesting  form  of  this  problem,  also  discussed  by  Masa  and 
Laplace,  is  that  in  which  the  moment  of  momentum  and  the  LKlISelltiim 
mass  of  the  fluid  are  given,  not  the  angular  velocity ;  and  it  is  ^^cu'** 
required  to  find  what  is  the  eccentricity  of  the  corresponding 
ellipsoid  of  revolution,  the  result  proving  that  there  can  be 

but  one. 

It  is  evident  that  a  mass  of  any  ordinaiy  li(|uid  (not  a 
jKTft^t  fluUly  §  742),  if  left  to  itself  in  any  state  of  motion, 
must  preserve  unchanged  its  moment  of  momentum,  §  235. 
But  the  viscosity,  or  internal  friction,  §  742,  will,  if  the  mass 
remain  continuous,  ultimately  deslix)y  all  relative  motion 
among  its  jwirts;  so  that  it  will  ultimately  rotate  as  a  rigid 


6 1 6  ABSTRACT  DTN  AM1C8. 

mI5Se'S**of  solid.  If  the  final  form  be  an  ellii>8oicl  of  n-vulutwn 
roor^ntum  gg^iiy  ^]^^^  that  thcFC  is  a  single  definite  valut?  r-f  lit 
given.  tricity.  But,  as  it  has  not  yet  been  discovere«l  wh-:r. 
is  any  other  form  consistent  with  sialic  e«iuilibnnm.  v 
know  that  the  mass  will  necessarily  assume  th*.*  r>ns 
particular  ellipsoid  Nor  in  fact  do  we  know  wiit  tl 
the  ellipsoid  of  rotation  may  not  become  an  uMt'U'\ 
the  moment  of  momentum  exceed  some  limit  de{4;D<i:o 
mass  of  the  fluid.  We  shall  return  to  this*  subjec:  ii 
as  it  affords  an  excellent  example  of  that  diffii-ult  ati 
question  Kinetic  Stahility,  §  346. 

If  we  call  a  the  equatorial  semi -axis  of  the  elli]« 
eccentricity,  and  m  its  angular  velocity  of  rotatiuD.  ' 
quantities  are  the  mass 

and  the  moment  of  momentum 

Those  equations,  along  with  (2),  determine  the  three  • 
a,  €,  and  cd. 

Eliminating  a  between  the  two  just  written,  and  c 
c  as  before  in  tenns  of  €,  we  have 

This  gives  £p={iW)r 

where  Ic  is  a  t/ii'en  multiple  of  ^*.     Substituting  in  7 
X=(l +€«)!(_ T?  tau-'6--,). 

Now  the  last  column  of  the  table  in  §  772  shows  th^l 
of  this  funiti*»n  of  e  (which  vanishes  with  i  onuti 
civasi-s  with  e.  an<l  Ikhmhih-.s  inliiiite  wlu'U  f  is  iiirii.::. 
then*  is  always  on**,  an«l  our  only,  valu**  •'!'  i,  avA  :: 
t\  which  satisfies  the  roiulitiuns  ot'iiic  prMbh*in 

777.  All  ihr  ahnv!*  n -^ults  nii;:Iit  \\ith..nt  iiiu  !. 
have  ln'cn  ohtainttl  .mah  tii  allv.  h\  the  ili>v  U'*>i«.n  •! 
tinns;  hut  We  have  pnl'tritMl,  fi»r  onee.  !••  >liiiw  Iv 
<  aM'  that  iiniiHrieal  lalmlatiiMi  iua\  "-••lu.-tiiiii  -  i 
''\'ra{  use. 
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rrS.  No  one  seems  yet  to  have  attempted  to  solve  the  Bquiinwii 
eral  problem  of  finding  all  the  forms  of  equilibrium  which  a  uirSun- 
^8  of  homogeneous  incompressible  fluid  rotating  with  uniform  ^     "* 
:ular  velocity  may  assume.     Unless  the  velocity  be  so  small 
t   the  figure  difiers  but  little  from  a  sphere  (a  case  which 
I  be  care^xUy  treated  later),  the  problem  presents  difficulties 
^ar-cxc6edingly  formidable  natura     It  is  therefore  of  some 
t>ortance  to  show  by  a  synthetical  process  that  another  form, 
ides  that  of  the  ellipsoid  of  revolution,  may  be  compatible 
ill  equilibrium ;  viz.,  an  ellipsoid  with  three  unequal  axes,  of 
ich  the  least  is  the  axis  of  rotation.     This  curious  theorem 
8  discovered  by  Jacobi  in  1834,  and  seems,  simple  as  it  is, 
bave  been  enunciated  by  him  as  a  challenge  to  the  French 
tthematicians.^     The  proof  which  follows  is  virtually  the 
Xie  as  that  given  by  Archibald  Smith.^ 

By  §  522,  the  components  of  the  attraction  of  a  homogeneous 

ellipBoid,  whose  semi-axes  are  a,  b,  c,  on  a  point  (,  rj,  (  at  its 

suriace  are 


d^ 


etc., 


which,  for  the  present,  we  may  call  A^,  Brj^  CC 

If  the  ellipsoid  reyolve,  with  angular  velocity  (u,  about  the  axis 
of  (,  the  components  of  the  centrifugal  force  are 

^%  ^%  0. 
Hence  the  components  of  the  whole  resultant  of  gravity  and 
centrifugal  force  on  the  particle  at  (,  rj,  (  are 

M-a.«)f  (5-u.')i,,   C'f 
But  the  direction-cosines  of  the  normal  to  the  surface  of  the 
ellipsoid  at  {,  17,  (,  are  proportional  to 
$       V        f  . 

^'   V*'   V*' 

and,  for  equilibrium,  the  resultant  force  must  be  perpendicular 
to  the  free  surface.     Hence 

a'(^-a)«)=ft«(Z^-cu«)=c«C  (1). 

These  equations  give 

.     aM-c«C    b*B-c*C  ,^. 

-•=-^r— =  — Ji—  (2)- 

We  must  show,/r5/,  that  for  any  given  values  of  a  and  b  a  value 

'  See  a  Paper  by  Liouville,  Journal  de  VKcoU  Polytecftnuiue,  caliier  xxiii.,  foot- 
le to  p.  290. 
'  Cambridge  Math.  Journcd,  Feb.  l^^. 
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Eaanibriam  of  c  Can  be  ftflrigned  whiob  will  mmke  Uiese  Tabes  of  «* 

^STil^.'^  Then  we  most  show  that  the  value  of  m*  thot  fovad  » ] 

eqoAimxat.  giving  a  real  value  of  •.     K  we  put,  aii  iu  §  522, 

we  have 

^=-tifrf^)'  ^=-J^^)'  ^•=-?^.*. 

Substituting  these  values  in  (2),  we  have 

a* =6'  gives  the  ellipsoid  of  revolution  already  treated 
equation  may  be  satisfied  without  assuming  a'=A'.  i 
factor  in  brackets,  in  the  integral,  may  be  written  in  the 

of  which  the  numerator  alone  can  change  sign.  Nov 
greater  than  the  greatest  of  a  and  b,  the  integral  tt  po 
c  bo  very  small,  it  is  evidently  negative.  Hence  for 
values  of  a  and  b  whatever  the  integral  may  be  made 
by  properly  assigning  e.  With  this  value  of  r  the  inu 
tains  an  equal  amount  of  positive  and  negative  elemei 
it  can  have  no  negative  elements  unless  c^a^-^c'L* 
negative,  i.e.,  unless  c  is  less  than  the  least  of  a  and  L 
LasUy,  by  (2)  and  (4) 

,     r^M      d^         ,  ^  » 

which  is  positive,  an  we  have  shown  that  c  in  U-m  than  a , 
the  required  angular  velocity  wbiii  r  has  Ikvh  f.m..i  it 

lUiiTvsHu.M  779.   A  lew  words  ot*  e.\j»liinatii>n,  ami  s'lii.-  i:nij.l,.. 

ii"riu..ui?M.''    tioiis,  <»f  the  character  af  s]>hfrit*al  >urfa<*f  harinM!:i.  ^ 
unite  the  clear  unih'rstaniliii;;  not    nnly  uf  !h.-  \».\* 
hyiln>statie  api»lieati'»ns  4»f  hij»la.i'-»  analy-is.  whi.  1;  w ; 
us  ]H"e<eiitIy,  hut  nf  luucli  iiii»ix'  irujHiitiint   a|«:'li.a::. 
iiia«le  ill  Vol.  II.,  wlhii  wa\i'-aii-l  \i!»ratiou^   in    Hj.K.r 
'•r  elastic   solj.l   ma^Ms   will   U-  tnatnl.     Tn  a\«'i'l 
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-sontiouH,  we  shall  designate  by  the  term  harmonic  spheroid,  or  DigrMdon 
^itfkerical  harmonic  undulation,  a  surface  whose  radius  to  any  bAmonict. 
-point  diflers  from  that  of  a  sphere  by  an  infinitely  small  length  SSSff 
.  varying  as  the  value  of  a  surface  harmonic  function  of  the 
position  of  this  point  on  the  spherical  surface.    The  definitions 
of  spherical  Solid  and  Surface  Harmonics  [App.  B.  (a),  (6),  (c)] 
r  show  that  the  harmonic  spheroid  of  the  second  order  is  a  surface 
of  the  seconil  degree  subject  oidy  to  the  condition  of  being 
approximately  spherical :  that  is  to  say,  it  may  be  any  elliptic 
spheroid  (or  ellipsoid  with  approximately  equcd  axes).     Gene- 
rally a  harmonic  sphei*oid  of  any  order  i  exceeding  2  is  a 
surface  of  algebraic  degree  i  more  restricted  than  merely  to 
being  approximately  spherical 

Let  iSi  be  a  surface  harmonic  of  order  t  with  coefficient  of 
leading  term  so  chosen  as  to  make  the  greatest  maximum  value 
of  the  function  unity.  Then  if  a  be  the  radius  of  the  mean 
sphere,  and  c  the  greatest  deviation  from  it,  the  polar  equation 
of  a  harmonic  spheroid  of  order  t  will  be 

r=ia+cSi  (1) 

if  Si  is  regarded  as  a  function  of  polar  angular  co-ordinates,  0,  <^. 

Considering  that  -^  is  infinitely  small,  we  may  reduce  this  to  an 

equation  in  rectangular  co-ordinates  of  degree  t,  thus : — Squaring 

each  member  of  (1);  and  putting  -^.'     for  —  ,  from  which  it 

a'"*"*  a 

differs  by  an  infinitely  small  quantity  of  the  second  order,  wo 
'«"«  r«=«'+^f.rV9,  (2). 

This,  reduced  to  rcctaugular  co-ordinates,  is  of  algebraic  degree  i. 
780.  Tlie  line  of  no  deviation  from  the  mean  siJierical  narnM.iiio 
surface  is  called  the  nodal  line,  or  the  nodes  of  the  harmonic  nndHuf. 
spheroid.  It  is  the  line  in  which  the  spherical  surface  is  cut 
by  the  harmonic  nodal  cone;  a  certain  cone  with  vertex  at  the 
centre  of  the  sphere,  and  of  algebmic  degree  equal  to  the  order 
of  the  harmonic.  An  important  property  of  the  hannonic  nodal 
line,  indicated  by  an  interesting  hydrodynamic  theorem  due  to 
I^ankine,^  is  that  when  self-cutting  at  tuiy  point  or  points,  the 
different  branches  make  equal  angles  with  one  another  round 
each  ^Kiiut  of  section. 

•  '•  Suiiiiiiar}'  of  the  I*rojM;rlieb  of  certain  Stream-Liuea."    Vhil.  Maij.,  Oct.  IWl. 
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DlgreMloii 
on  spherical 
hAnnonica. 

Theorem 
regarding 
nodal  cone. 


Cjtnen  of 
•M»li«|  bar- 
liiollir^  n> 

fiitlVAhlv 
into  ruf'toT.4. 

PoUr  liir 
luoiiiin 


Denoting  f^Si  of  §  779  bj  Vt,  we  hare 

for  the  equation  of  the  harmonie  nodal  cone.     \s  r, 
B.  (a)]  a  homogeneous  function  of  degree  i,  we  may  v 

Vi=^H^* + //,!*-»  +  /i,z*-«  +  //.I*- » +elc. 
where  Ho'istL  constant,  and  //„  //„  II ,,  etc.«  deoa 
homogeneous  functions  of  x,  ^  of  degrees  1,  2,  S,  etc ; 
the  condition  V*  F<=0  [App.  B.  (a)]  girea 

Vif,+i(i- 1)^0=0,    V7/,  +  (i-l>(i-2>//,= 
V«//.+(i-f+2)(i-f+l)//<..^,=0 
which  express  all  the  conditions  binding  on  //,,  II i,  i 

Now  suppose  the  nodal  cone  to  be  autotomic,  and, 
and  simplicity,  take  OZ  along  a  line  of  intersection, 
makes  (3)  the  equation  in  x,  y,  of  a  cunre  Ijing  in  i 
plane  to  the  spherical  surface  at  a  double  or  mnltipU 
nodal  line,  and  touching  both  or  all  its  branchca  in 
The  condition  that  the  curve  in  the  tangent  plaae 
double  or  multiple  point  at  the  origin  of  its  eo-ordisai 
(4)  is  put  for  Vi , 

jFfo=0 ;  and,  for  all  values  of  x,  y ;  II ^^0, 
Hence  (5)  gives  V*^,=:0, 

so  that,  if  //,=:i4x«+Z?/+2Cxy, 

we  have  il+^=0.     Thb  shows  that  the  two  brasc 
another  at  right  angles. 

If  the  origin  be  a  triple,  or  it-multiple  pointy  we  mi 
//o=0,  //,=0...//..,=0, 
and  (6)  gives  V* //,=«. 

Hence  [§  707  (28)] 

or,  if  xs=^co8<^,  y=^8in^ 

//„= 2p"(^  cosii<^4- ^sin  »i<f») 
which  shows  that  the  n  branches  cut  one  another  at  i 
round  the  origin. 

781.  The  harmonic  ihkIuI  cum*  may,  in  a  utx-ai 
cases  [  V-  rcs(>lval>U»  into  fattors].  U»  daniHiSfil  of  i.tlu 
(Ir^TCfS.  Thus  (the  (JuIy  class  ai  casfS  yet  \vorkt\l  i- 
the  2/  -f-  1  elemental  V  pohir  harmonies  [as  \vu  may  n. 
rail  those  expiose*!  l»y  ^'M\  or  ■:17)  I'f  App.  \\ .  \\\\ 
aloiie  of  tlie  2/+  I  c«»eni.ients  A,,  li,]  ha-  for  it-  li 
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of  the  spherical  surface.    These  circles,  for  each  such  harmonic  wgrcMion 

on  ■]>ii6ricAj 

dement,  are  either  (1.)  all  in  parallel  planes  (as  circles  of  lati-  hamonica. 
~  tilde  on  a  globe),  and  cut  the  spherical  surface  into  zones,  in  SSShS*^ 
r- which  case  the  harmonic  is  called  zonal ;  or  (2.)  they  are  all  in  SSSSl^*^ 
'  planes  through  one  diameter  (as  meridians  on  a  globe),  and  cut 
=•:  the  suiface  into  equal  sectors,  in  wluch  case  the  harmonic  is 
-  called  sectorial;  or  (3.)  some  of  them  are  in  parallel  plaues, 
and  the  others  in  planes  through  the  diameter  perpendicular  to 
«:.  those  planes,  so  tliat  they  divide  the  surface  into  rectangular 
=  quadrilaterals,  and  (next  the  poles)  triangular  segments,  as 
areas  on  a  globe  lx)unded  by  parallels  of  latitude,  and  meridians 
.  at  equal  successive  differences  of  longitude. 

"With  a  given  diameter  as  axis  of  symmetry  there  are,  for 
complete  harmonics  [A pp.  B.  (c),  (it)],  just  one  zonal  harmonic  of 
eacli  order  and  two  sectorial.    The  zonal  harmonic  is  a  function 

of  latitude  alone  (—  —  0,  according  to  the  notation  of  App.  B.) ; 

being  tlie  Oj^^  given  by  putting  «  =  0  in  App.  B.  (38).  Tlie 
sectorial  hannonics  of  order  i,  being  given  by  tlie  same  with 
#=1,  are  Bin'0co8t<^,  and  Bin'^sintV^  (1). 

The  general  polar  harmonic  element  of  onler  i,  being  the 
0j*\'O8«^  and  Bj'^sin*^  of  B.  (38),  with  any  value  of  s  from 
0  to  i,  has  for  its  nodes  i — s  circles  in  parallel  planes,  and  s 
great  circles  intersecting  one  another  at  equal  angles  round 
their  i>oles;  and  the  variation  from  maximum  to  minimum 
along  the  equator,  or  any  parallel  circle,  is  according  to  the 
siniiJe  haniionic  law.  It  is  easily  proved  (as  the  mathematical 
student  may  find  for  himself)  that  the  law  of  variation  is 
approxhnaU'iy  simple  harmonic  along  lengths  of  each  meridian 
cutting  but  a  small  number  of  the  nodal  circles  of  latitude,  and 
not  too  near  either  pole,  for  any  polar  harmonic  element  of  high 
order  having  a  large  number  of  such  nodes  (that  is,  any  one  Tewrai 
for  which  i — 8  is  a  large  number).  The  law  of  variation  along  gurficlTby 
a  nieriilian  in  the  neighbourhood  of  either  pole,  for  polar  har-  iMTuTbkr- 
monic  element.s  of  high  orders,  will  be  carefully  examined  and 
illustrated  in  Vol.  ii.,  when  we  shall  ho  occupied  with  vibra- 
tions and  waves  of  water  in  a  circular  vessel,  and  of  a  circular 
stretched  membrane. 
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Digreasion         782.  The  following  simple  and  beautiful   investigt 

iSi?iwni^*  the  zonal  harmonic  due  to  Murphy^  may  1k3  accei>tabl 

analytical  student ;  but  (§453)  we  give  it  as  leading  l< 

ful  formula,  with  expansions  deduced  from  it,  differii 

any  of  those  investigated  above  in  App.  B. : — 

"  Prop.  I. 
Murpby'8  «  To  find  a  rational  and  entire  function  of  given  (lim 

invenuon     "  with  resDCct  to  auv  variable,  such  that  when  multip 

of  the  zonal  .         i  i  .•         /•         i.*  i»    i  i-  • 

hanuonica.  "  any  rational  and  entire  function  of  lower  uimensic 
"  integral  of  the  product  taken  between  the  limits  0 
"  shall  always  vanish. 

'*  Let  f{t)  be  the  required  fanction  of  n  dimensions  witi 
'^  to  the  variable  t ;  then  the  proposed  condition  will  erid^ 
"  quire  the  following  equations  to  be  separately  true ;  nam 

"(«) /f(t)dt=o,/f(t).t<u^o,/AtU*dt=o, ./At).r 

''  each  integral  being  taken  between  the  given  limits. 

"  Let  the  indefinite  integral  of  f{t)j  commencing  when 
"  represented  hjfi{t)]  the  indefinite  integral  of /,(/),  comi 
"  also  when  ^  =  0,  by  /,{/) ;  and  so  on,  until  we  arrive 
"  function  fn{t),  which  is  evidently  of  2/i  dimensions.  1 
"  method  of  integrating  by  parts  will  give,  generally, 

'^  Let  us  now  put  ^=1,  and  substitute  for  x  the  values 

" («— 1)  successively;   then  in  virtue  of  the  cquati< 

"  we  get, 

"W /i(o=o,  /.(o=o,  /.(o=o, .a:o=o 

"  Hence,  the  function  fi{t)  and  its  (t— 1)  successive  dill 
"  coefficients  vanish,  both  when  t  =  0,  and  when  /  =  1 ;  tl 
"  0  and  (1—0*  *^®  ®*c^  factors  of  fi(f) ;  and  since  this  fuu 
'^  of  2/  dimensions,  it  admits  of  no  other  factor  but  a  oonsta 

"  Putting  1—/=^',  wo  thus  obtain 
/,(0=c.(«7; 

"  and  therefore  y^/)=c^^^'- 

"  Corollary, — If  we  suppose  the  first  term  ofJ{t\  when  a 
"  according  to  the  powers  of  /,  to  be  unity,  we  evident! 

"  r=     ,:  on  this  supposition  we  shall  denote  tb< 

1.2.3 1  ^'^ 

"  quantity  by  G,-. 

»  Treatise  on  Electricity.    Canibridgc,  1^33. 
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"  Pkoi».  II. 
"  The  function  Qj  which  has  been  investigated  in  the  pre-  Digrewrfon 
"  ceding  ])r<)iK)sition,  is  the  same  as  the  coefficient  of  c'  in  the  iiannonicB. 
•  expansion  of  the  quantity  JISiJJi?!!'* 

*'  Lot  u  bo  a  quantity  which  BatisGes  tho  equation 
{c) tt=e+e.u(l-tt); 

'•  that  is,        u=--^~+~  {l-.2^.(l~20+e"}*; 

"therefore  ^=:{l-2<?(l-20+c'}-*. 

"  But  if,  as  before,  we  write  t'  for  1—^,  we  have,  by  Lagrange's 
**  theorem,  appHed  to  the  equation  (c) 

"='+^-''  + 172-  V  +1273     -y-+^*^- 

**  If  we  differentiate,  and  put  for  -\  J-  its  value  1.2.3. ..tCi  given 

at* 

**  by  tho  former  proposition,  we  got 

^=l  +  Qi^+Q.e«  +  Q,c>+etc. 

"  Comparing  this  with  tho  above  value  of  ^  tho  proposition  irt 
"  manifest.  ''^ 

"  Prop.  V. 

'•  To  develop  the  function  0...  Fiti«imi(.n« 


"  First  Exjtanston, — By  Prop,  i.,  we  have 
1        (P.itt'Y 


liiimiiiiiir. 


0,= 


1.2.3... I      (ft* 


"  Hence  Q,=--]_..^{<«_ftH'+'t(i^^).<'+._otc.} 

"  0') =  1-4  L+i.,+L(i_-l).  (i±M±2).,,_etc. 

"  StTond  Exjxtmion. — If  u  and  v  are  functions  of  any  variable  /, 
'*  then  the  theorem  of  Leibnitz  gives  the  identity 

dH»v)_  d^ii     .dr  d^-Ui     i(ij-2})  ^^'^  d^'^v 
dt^   '^^dV^^dt'  dr-'"^    1.2     '  dt^' dr-* 

"  Put  »/=/'  and  r=/'*,  and  dividing  by  1.2.3. ..f,  we  have 
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"  Uiird  Expansion,— Ptii  1— 2/=sfi,  and  therefore  " 
1         1 


"  hence    C2<= 


2<*  1.2.3...! 

1 


4? 


"(i/)..- 


2.4.6... 2i   dfji' 
1.3.5... (2t-l) 
'1.2.8... I 


d*  I 

.•  //«<   ^'^        ''^       ^ 


i-l: 


1.2 


^^      2(2i-l)  '^ 


i-l 


1(1-1)7- 


«i  •-*    ^^ 


•    2.4.(2i— 1;  2i— 3 
The  t,  t!  aud  ft  of  Murphy's  noUtion  are  reUt«d  to 
have  used,  thus : — 

f=(2sinj^*,     r'=(2cosJtf;«  \ 

fl=COS0  ) 

Also  it  is  convenient  to  recall  from  App.  B.  (r')«  (S'^K 
(42),  that  the  value  of  QU  [or  ^f  of  App.  B.  (61  )J.  wh. 
unity,  and  that  it  is  related  to  the  6^,  of  our 
harmonic  elements,  thus : — 


i?^,  . 


1.2  3... I 

as  is  proved  also  hy  comparing  (^)  with  App.  B.  {^y 
the  following  formula,  manifest  from  (38),  which  lilmwi 
tion  of  6J^  from  S^^  valuable  if  only  aa  proTing  thai 
roots  of  6^=0  arc  all  real  and  Qneqaalf  inacmiidi  1 
(/>)  proves  that  the  t  roots  of  6^=0  are  all  neal  and  1 

Bind     I— *+lrf/i*^8in'   »/*' 
Prom  this  and  (3)  wc  find 

«••=  1  ->  3. 

^*       l.M./>...(ii- 
And  lastly,  rcforring  to  App.  H.  (ir);  K-t 

Q'i  and  (^[cos6/c<»>^  ^-^in^^in^'c«l^(«^  — *6   ] 
ih'iioto  rcspt'ctivoly  what   U,  Wcomoj*  nhon  Ci*f»  i*  r 
cos^,  and  apiin  l»y  cos^co?*(/ H-Mn^.^inf^'cti?*!^ — <^  \ 
doni)ti'  co.-*^;  and  /i',  CKM^i)' .     By  nhat  prfOtNlv,  ki«*  nn 
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of  App.  B.  into  the  following  much  more  convenient  form,  agree-  BUxai 
ing  with  that  given  by  Murphy  {Electricity,  p.  24) :—  ^m. 

'^     t(i+l)  dii   dfJL     (i^l)t(t+l)(i+2}  dfi*  dfi**^     ^  ^ 

788.  Elementary  pdar  harmonics  become,  in  an  extreme 
^e  of  spherical  harmonic  analysis,  the  proper  harmonics  for 
i  treatment,  by  either  polar  or  rectilineal  rectangular  co- 
Linates,  of  problems  in  which  we  have  a  plane,  or  two 
rallel  planes,  instead  of  a  spherical  surface,  or  two  concen-  Physical 

,    *  .      -  -  ,.  *  problems 

c  sphencal  surfaces,  thus : —  relative  to 

*  plane  rect- 

First,  let  Si  be  any  surface  harmonic  of  order  i,  and  F<  and  JjJ^iJJ*"*^ 
F_<_,  the  solid  harmonics  [App.  B.  (6)]  equal  to  it  on  the  v^^^ 
spherical  surface  of  radius  a :  so  that 

V,={^)Si,  and  r-,_,  =  (-i/*'-S,. 

Now  [compare  §  655] 

and,  therefore,  if  a  be  infinite,  and  r — a  a  finite  quantity  denoted 
by  Xy  which  makes 

,      r      X 
^  a'~  a 

and  if  t  bo  infinite,  and  -^  =p,  we  have 

r  <        i«        1  a  *+*       -*^s       ~L 

(— )=^*  =^'j  and  similarly  (— )      =6     «     =s^    p  ; 

the  solid  harmonics  then  become 

n  * 

ipSi  and  i   pSi. 

Supposing  now  iS^  to  be  a  polar  harmonic  element,  and  consider- 
ing, as  Green  did  in  his  celebrated  Essay  on  Electricity,  an  area 
sensibly  plane  round  either  pole,  or  considering  any  sensibly  plane 
portion  far  removed  from  each  pole,  it  is  interesting  and  instruc- 
tive to  examine  how  the  formulae  [App.  B.  (36)..  .(40),  (61),  (65) ; 
and  §  782,  («),  (/),  {gj]  wear  down  to  the  proper  plane  polar 
or  rectangular  formulas.  This  we  may  safely  leave  to  the  ana- 
lytical student.  In  Vol.  n.  the  plane  polar  solution  wUl  be  fully 
examined.  At  present  we  merely  remark  that,  in  rectangular 
surface  co-ordinates  (y,  x)  in  the  spherical  surface  become  plane, 
Si  may  be  any  function  whatever  fulfilling  the  equation 

2  R 
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and  that  the  recUngular  solaiion  into  which  the  elevt 
spherical  harmonic  wears  down,  for  semnhlv  plane  puru 
spherical  surface  far  removed  from  the  poles,  is 

iSi=eoo— cos-7 
9      9 
where  q  and  q'  are  two  constants  sach  that 

784.  The  following  tables  and  graphic  repn^ir 
all  the  polar  harmonic  elements  of  the  Gth  an<l  7th  vi 
be  useful  in  promoting  an  intelligent  comprehen^iv 
subject 

=  "©^(«-^ 


21 

l_ 

210 

1 

1260 

1 
4725 

1_ 

16.395 

1 


^•-i'-=Tp3M*-30MH5)M 


d^Q,  _  1 


(/^> 


10 


;(33m*— 18m»+1) 


ioays*  c/m' 


Q7  =  ^(*2V  -  C93m«+  31V  -  35)/.  =  *^e*. 


-4.^2'='(.V-3> 
i;cii;.:i'  «/m*  ""'* 


429 

16 

,429 

143 


e/d--' 


^''•torUI. 


1 


ia:»i:i.V'  *v 


'•=■ 


-  "e'.i 
=     9;  I    . 
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•0 

•01 

•05 

•08 

•10 

•13 

•15 

•17 

•2 

•24 

•25 

•2506 

•3 

•34 

•35 

•36 

•4 

•43 

•45 

•46 

•4688 

•469 

•5 

•64 

•55 

•56 

•6 

•63 

•65 

•66 

•7 

•74 

•75 

•76 

•8 

•82 

•8302 

•84 

•85 

•87 

•90 

•92 

•93 

•9325 

94 

•95 

•96 

•97 

•98 

•99 

roo 


—  -3125 

—  -3118 

—  -2961 

—  -2738 

—  -2488 

—  -2072 

—  -1746 

—  •1390 

—  ^0806 
+  0029 
+   -0243 


+  1293 

+  -2053 

+  ^2225 

+  -2388 

+  -2926 

+  -3191 


+   -3314 


+  -3321 
+  -3233 
+  -2844 


+  2546 
+  1721 
+  0935 


+  -0038 

—  •I  253 

—  ^2517 

—  ^2808 

—  -3087 

—  -3918 

—  -4119 

—  4147 

—  4119 

—  -4030 

—  -3638 

—  2412 

—  ^1084 


•0000 
+  -0751 


+  -3150 


+  6203 
+  -8003 
+  1-0000 


21  ItiJi' 


33^0) 


•0000 
+  "•0308 
+  "•0588 

+ '  "osu 

+  "^963 
+  "•1017 
+  "•0966 
+  •0796 
+  "•0522 
+  -0157 

•iiobo 
--"•'02V3 

—"•07*26 
—  "1T42 
—"•1450 
—"•1555 
—"•1344 
—"•0683 
"•0600 
+  -0586 


+  -2645 
+  -1764 
+  -4346 


+  ^5002 
+  -5704 


+  -7260 
+  -8117 
+  -9029 
+  10000 


•0000 
+  "0307 
+  '"(S85 
+  "i«06 
+  "0944 
+  "0W4 
+  "•0921 
+ '  i)745 
+  •04*79 
+  "0T4O 

"•'(Jobo 

—  "0237 
—"•0606 
—"•0914 

—  "1T02 

—  1110 

—  "()8'89 

— "oi'io 

"•'0600 
+  "-0308 


+  •1153 
+  -1464 
+    1597 


+   -1706 
+   •1778 


+  -1764 
+  1615 
+  1274 

•0000 


210  *i« ' 


+  -0625 
+  '-0597 
+  •0515 
+  "•0382 
+  "k)208 


+  ^0002 
•0000 

—  -0221 

—  -iJiii 

—  "0647 
—"•0807 


—  ^0898 

—  -0891 
—"•07*52 

—  -04*46 
+  '•*0'064 
+  "0823 
+  ***1*8*73 


'  +  •3263 


+  -5044 


+  ^7271 


+  -8^44 
+  -9411 
+  10000 


33  ^« 
16^« 


+  ^0625 
+  *^(]S95 
+  *"(M>'lO 
+  '•0373 
+  "•0200 


+  •0002 

•0000 

—  ^0201 


—  0387 
— *"0544 
— **^0644 


—  ^0674 

—  "0622 

—  *04*81 

—  *-*0*2*5S 
+  "'00*33 
+  •03*60 
+  •*()6*74 


+  ^0905 
+  •0958 


+  -0709 


+  -(jaoo 

+  -0187 

+  •oooo 
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•0 

1    cfft 
1260  diJ?  * 

1   rf*Oi 

4725^*  ' 

11^*4, 

io^«- 

«r. 

•0000 

•0000 

—  •lOOO 

—  •lOOO 

•CKX 
'    +   •04< 

•06 

—  ^0186 

—  -0185 

—  ^0975 

—  -0970 

•1 

—  -0361 

—  -0356 

-  -0890 

—  -0886 

+  -09: 

•16 

—  ^0516 

—  •0499 

—  ^0753 

—  -0720 

:  +  -14] 

•2 

—  -0640 

—  •0602 

—  •0560 

—  -0516 

+  •!?<: 

•25 

—  -0723 

—  -0656 

—  ^0313 

—  •0275 

'    -r    -212 

•3 

—  0754 

—  •0655 

—   0010 

—    0008 

-r   -237 

•35 

—  ^0767 

—  •0630 

+   -0348 

+   -0268 

+   -252 

•4 

—  ^0620 

—  -0477 

'   +    0760 

+   -0536 

+  -25^ 

•45 

-  -0435 

—  •0310 

j  +  ^1227 

+    0773 

+   -255 

•5 

—  •0156 

—  -0101 

1  +  ^1750 

+   -0984 

+  -243 

•65 

+  ^0225 

+   ^0131 

+    2327 

+   -1132 

+   -223 

•6 

+  ^0720 

+  ^0369 

+  -2960 

+   -1211 

+    196 

•63 

...... 

•••••• 

+    3366 

+   ^1224 

— ... 

•65 

+  ^1338 

+  ^0587 

+  ^3647 

+   -1204 

+  -164 

•7 

+  ^2091 

+  -0750 

+  -4390 

+   ^1139    1 

+   -130 

•75 

+   -2988 

+  -0865 

'   +  •5138 

■1-   -0991    I 

+  -094 

•8 

+  '4040 

+  -0873 

1  +  ^6040 

+   ^0783 

+   -062 

•83 

•••••• 

+  ^6578 

+   -0637 

•85 

+  -5257 

+  ^0768 

+  -6947 

+   -0535    ! 

+  -034 

•87 



+  ^7326 

+  -0433    ' 



•89 



+  ^7713 

+  -0333    '1 

...... 

•9 

+  •6649 

+  •0551 

+  ^7910 

+  -0285   ' 

+  -015 

•92 

n 

+  -008 

•93 

+   ^7572 

+  -0376 

+   -8514 

+   -0155 



•95 

+   ^8226 

+  ^0249 

+  -8928 

+   -0084 

+  -OOJ 

•96 

+  -8566 

+   -9138 

•97 

+  -8911 

+  ^0128 

I  +   -9350 

+   -0032    ' 



•98 

+  -9216 

+    0073 

+  ^9564 

+   -0015    j 

•99 

+  -9629 

•••••• 

+  -9781 

+   -0004    ' 



1-00 

+  1^0000 

•0000 

+  1^0000 

•0000 

•00( 
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•0 

•05 
•1 

•15 
•18 
•2 

•2098 
•2261 
•23 
•24 
•25 
•3 
•85 
•38 
•4 
•42 
•4209 
•45 
•5 
•53 
•65 
•57 
•58 
•5917 
•6 
•62 
•6406 
•65 
•7 

•7415 
•75 
•7694 
•7695 
•8 
•82 
•85 
•86 
•8717 
•88 
•9 
•92 
•93 
•9491 
•95 
•97 
•98 
•99 
l^OO 


Or- 


•0000 
•1069 
•1995 
•2649 
•2873 
•2935 


—  -2905 


—  ^2799 

—  ^2240 

—  -1318 

—  -0635 

—  0365 
+  0356 


•1106 
2231 


•3007 
•3207 


+  ^3236 
+  3226 
+  •3121 


+  -2737 

+  ^1502 

■0000 

—  ^0342 


•2397 
•3134 
•3913 
•4054 
•4117 
•4082 
•3678 
•2713 


•0000 
+  ^0112 
+  •3165 
+  •5116 
+  ^7384 
+  1^0000 


28  dfi  ' 


-  -OlBl 
I  —  ^0720 

—  ^0678 

—  ^0346 


—  ^0057 
•0000 


•0190 
•0251 
•0540 
•0766 


+  ^0888 


•0901 
•0875 
•0706 


+  -0378 


•0000 
•0115 


—  ^0619 

—  ^1129 


—  ^1458 

—  1490 


-  1390 

—"•0634 

"•0000 

+  "•Vi83 


+  -4533 

+  6421 

I  +  ^7517 

I  +  ^8706 

+  10000 


429  ^a) 


—  ^0781 

—  ^0719 

—  0522 

—  0341 


—  0056 
•0000 


+  ^0243 
+  0516 
+  0717 


+  -0814 


+  0782 
+  ^0611 


+  -0316 


•0000 
—  0092 


—  ^0471 

—  -0806 


—  0964 


—  •0834 

—  '•0334 

"•"oobo 

+  0515 


+  1413 
+  •1563 
+  ^1458 
+  -1230 
•0000 


278  "aji«  ■ 

•0000 
+  -0153 
+  -0290 
+    0394 


+   ^0451 
+  "0459 


+  0452 
+  -0391 
+  ^0268 


+  -0084 


•0000 

—  ^0132 

—  -0371 


—  0758 


—  •^809 

—  0800 

—  •OGOO 


—  ^1254 


•0000 
+  ^0529 


+  -1801 


+ 

+  "52*76 


+  -6373 
+  ^7699 


+  ^9190 
+  1*0000 


143 
48 


e« 


Polar  har- 
monioiof 
MTenth 
order. 


•0000 

+  •oiss 

+  0287 
+  -0385 


+  -0433 


+  ^0424 
+  ^0356 
+  ^0235 

+  "•00'74 


•0000 

—  0105 

—  ^0278 

—  •0366 

—  -0415 


•0415 


—  -0485 


—  ^0465 

-  -0340 


—  •OIU 


•0000 
+  ^0190 


+  0500 


+  0723 
+  0712 


+  ^0621 
+  0455 


+  ^0184 
•0000 


632 
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A*. 

I     <PVt      143      („           1      d*t^ 
8150  "ii#*«       liO^i  '      ITJiS  d^ 

10  ^»  :  .«257»*  4p*» 

;.-■ 

•0 

1 

+    0375  +     0375         -0000 

1 

tKM)    —  1«»433 

—  1*0.; 

•05 

+   -0355          0353   —  -0148 

_  ta47    —  -iJ^^', 

-  -i^-.i 

•1 

+   ^0204         -0290;—   0287 

—  •02''l    —  M1725 

-    "»'T  T 

•15 

+    0198 

•0192  '—   0U»6 

—  'iiS^l    -  -Oii-t 

'*5o: 

1   -2 

+   -0074 

•0068  .—  •049*; 

-    0467     -  -0H«» 

•»>■! 

1   -2261 

•0000      -0000  ;    

i   -25 

—    0071  i—  -0064    —  •O.V44 

—  -0478    -   1.I06 

-   I.I  v. 

•2773 

"     —   0555 

.<^*«i 

1   -3 

—  -0225 '—  ^0195  '—  -OMy 

—  •O404    +    -OU-* 

-r   i»ii: 

•35 

—  -0367  p  -0302  '—  -0493 

—  .0437  |—  •0375  ;L   0368 

-  -0378    +    IMM 

*    aXV 

•4 

—   <»26U    +   ni-A^i 

•  1^2 

•45 

—  -0563 

—  -0400  :  —    0165 

—  -0104    +   -1361 

-  v:t5 

•4804 

—   0577 

-OMK) 

•OltCO        ^ 

Mi.   ... 

•5 

—  -0570 

—  -0370=,+   -0125 

+   -0070    +   -1875 

-r    -l-^li 

•55 

—  ^0485 

—  •0282:+    a->13 

+    0248     +    -iVrl 

^    -I'-m 

•6 
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785,  A  short  digression  here  on  the  theory  of  the  potential,  J^^^J**" 
■2d  particularly  on  equipotential  surfaces  differing  little  from  potential 
oncentric  spheres,  will  simplify  the  hydrostatic  examples  which 
^Uow.  First  we  shall  take  a  few  cases  of  purely  synthetical 
avestigation,  in  which,  distributions  of  matter  being  given, 
esulting  forces  and  level  surfaces  (§  487)  are  found ;  and  then 
«rtain  problems  of  Green's  and  Gauss's  analysis,  in  which,  from 

lata  regarding  amounts  of  force  or  values  of  potential  over 
ndividual  surfaces,  or  shapes  of  individual  level  surfaces,  the 
listribution  of  force  through  continuous  void  space  is  to  be 
letermined.     As  it  is  chiefly  for  their  application  to  physical  seaievei 
jeography  that  we  admit  these  questions  at  present,  we  shall 
iccasionally  avoid  circumlocutions  by  referring  at  once  to  the 
Carth,  when  any  attracting  mass  with  external  equipotential 
urfaces  approximately  spherical  would  answer  as  welL     We 
hall  also  sometimes  speak  of  ''the  sea  level**  (§§  750,  754) 
aerely  as  a  "  level  surface,"  or  "  surface  of  equilibrium"  (§  487) 
ost  enclosing  the  solid,  or  enclosing  it  with  the  exception  of 
omparatively  small  projections,  as  our  dry  land.     Such  a  sur- 
ace  will  of  course  be  an  equipotential  surface  for  mere  gravita- 
ion,  when  there  is  neither  rotation  nor  disturbance  due  to 
attractions  of  otlier  bodies,  as  the  moon  or  sun,  and  "  change 
>f  motion  "  produced  by  these  forces  on  the  Earth ;  but  it  may  Level  %m 
)e  always  called  an  equipotential  surface,  as  we  shall  see  (§  793)  tivJiJ^to 
hat  both  centrifugal  force  and  the  other  distiirbances  referred  cStrifuJ 
o  may  be  represented  by  potentials.  °"^*' 

786.  To  estimate  how  the  sea  level  is  influenced,  and  how  nisturba 

of  sea  lei 

nuch  the  force  of  gravity  in  the  neighbourhood  is  increased  or  ^  dense 
liminished  by  the  existence  within  a  limited  volume  under-  age  ""tt 

"  under- 

[round  of  rocks  of  density  greater  or  less  than  average,  let  us  ground. 

magine  a  mass  equal  to  a  very  small  fraction,  — ,  of  the  earth  s 

ehole  mass  to  be  concentrated  in  a  point  somewhere  at  a  ddpth 
«low  the  sea  level  which  we  shall  presently  suppose  to  be 
mall  in  comparison  with  the  radius,  but  great  in  comparison 

rith  -:^  of  the  radius.     Immediately  over  the  centre  of  dis- 

urbauce,  the  sea  level  will  be  raised  in  virtue  of  the  disturbing     I 
ttraction,  by  a  height  equal  to  the  same  fraction  of  the  radius     I 
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that  the  distance  of  the  disturbing  point  from  the  chief  o 
is  of  n  times  its  depth  below  the  sea  level  as  thus  dista 
The  augmentation  of  gravity  at  this  point  of  the  sea 
will  be  the  same  fraction  of  the  whole  force  of  graWty  tl 
times  the  square  of  the  depth  of  the  attracting  point  is  o 
square  of  the  radiua  This  fraction,  as  we  desire  to  limit 
selves  to  natural  circiunstances,  we  must  suppose  to  be 
small  The  disturbance  of  direction  of  gravity  will,  foi 
sea  level,  be  a  maximum  at  points  of  a  circle  described 

A  as  centre,  with  -y^  as  radius ;   D  being   the  depth  of 

centre  of  disturbanca    The  amount  of  this  maximum  d< 

tion  will  be  3^  ^^  of  the  unit  angle  of  57*'-296  (§  4 

denoting  the  earth's  radius. 

Let  C  be  the  centre  of  the  chief  attraeting  maas  (1——] 

B  that  of  the  distorbing  mass  (~X  th< 

parts  being  supposed  to  act  as  if  coD 
at  these  points.  Let  P  be  any  point  0 
eqoipotential  surface  for  which  the  pod 
is  the  same  as  what  it  would  be  0^ 
spherical  surface  of  radius  a,  and  eentn 
the  whole  were  collected  in  C    Then  (§ 

n-i>k  -1-4.1     ^  -1 
^       n^'CP'^n'BP^a' 

which  is  the  equation  of  the  equipotential  surface  in  qua 
It  gives  „ 

CP^a=;^(CP^BP). 

This  expresses  rigorously  the  positive  or  negative  clevatu 
the  disturbed  equipotential  at  any  point  above  the  undisli 
surface  of  the  same  potential.  For  the  point  J,  over  the  e 
of  disturbance,  it  gives 

which  agrees  exactly  with  the  preceding  statement :  and  it  pi 
the  approximate  truth  of  that  statement  as  applied  to  tib< 
level  when  wo  consider  that  when  BP  is  many  times  BA,  Ci 
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18  many  times  smaller  than  its  value  at  A.  We  leave  the  proof 
of  the  remaining  statements  of  this  and  the  following  sections 
(§§  787. ..792)  as  an  exercise  for  the  student. 

787.  If  p  be  the  general  density  of  the  upper  crust,  and  a  Effects  or 
16  earth's  mean  density,  and  if  the  disturbance  of  §  786  be  abovJ^f^ 
■e  to  there  being  matter  of  a  different  density,  p\  throughout  STsMievd, 

i^ierical  portion  of  radius  b,  with  its  centre  at  a  depth  D  tion^in- 

*  '^  ,  ^  tenBityof 

dow  the  sea  level,  the  value  of  n  will  be  7-7 rr- :  and  the  *" 

levation  of  the  sea  level,  and  the  proportionate  augmentation 
f  gravity  at  the  point  right  over  it,  will  be  respectively 

(^J^.4.  and  ^:=^-.       . 
axiD  traD* 

"he  actual  value  of  a-  is  about  double  that  of  p.    And  let  us  «Eainpi«. 

appose,  for  example,  that  Z)  =  &  =  1000  feet,  or  tjwif  ^^  ^^^ 

arih's  radius,  and  p^  to  be  either  equal  to  2p  or  to  zero.    The 

•xevious  results  become  • 

±^  of  a  foot,  and  ±  ^^goo  ^^  g^^^ity, 

rhich  are  therefore  the  elevation  or  depression  of  sea  level,  and 
he  augmentation  or  diminution  of  gravity,  due  to  there  being 
natter  of  double  or  zero  density  through  a  spherical  space  2000 
iset  in  diameter,  with  its  centre  1000  feet  below  the  sur&ce. 
Qie  greatest  deviation  of  the  plummet  is  at  points  of  the  circle 
£707  feet  radius  round  the  point ;  and  it  amounts  to  i^^oo 
f  the  imit  angle,  or  nearly  2". 

788.  It  is  worthy  of  remark  that,  to  set  off  against  the  in- 
rease  in  the  amount  of  gravity  due  to  the  attraction  of  the 
iaturbing  mass,  which  we  have  calculated  for  points  of  the  sea 
»vel  in  its  neighbourhood,  there  is  but  an  insensible  deduc- 
ion  on  account  of  the  diminution  of  the  attraction  of  the  chief 
lass,  owing  to  increase  of  the  distance  of  the  sea  level  from  its 
entre,  produced  by  the  disturbing  influenca  The  same  remark 
bviously  holds  for  disturbances  in  gravity  due  to  isolated 
aountains,  or  islands  of  small  dimensions,  and  it  will  be  proved 
g  794)  to  hold  also  for  deviations  of  figure  represented  by 
larmonics  of  high  orders.  But  we  shall  see  (§  789)  that  it  is 
itherwise  with  harmonic  deviations  of  low  orders,  and  conse- 
[uently  with  wide-sx)read  disturbances,  such  as  aix^  produced 


636  ABSTRACT  DYNAMICS. 

by  great  tracts  of  elevated  land  or  of  deep  sea.  We  int 
return  to  the  subject  in  VoL  IL,  under  Properties  of  3 
when  we  shall  have  occasion  to  examine  the  phenomen 
experimental  foundations  of  our  knoveledge  of  gravity;  s 
shaU  then  apply  §§  477  (6)  (c)  (d),  478,  479,  and  solut 
other  allied  problems,  to  investigate  the  effects  on  mag 
and  direction  of  gravity,  and  on  the  level  surfaces,  produi 
isolated  hills,  mountain-chains,  large  table  lands,  and  I 
responding  depressions,  as  lakes  or  circumscribed  deep 
in  the  sea,  great  valleys  or  clefts,  large  tracts  of  deep  oc« 
Harmonic         789.  All  tlic  Icvcl  surfaccs  relative  to  a  harmonic  sp 

■pheroidal  _  ' 

levels.         (§  779)  of  homogeneous  matter  are  harmonic  spheroids 

same  order  and  type.     That  one  of  them,  which  lies  as 

inside  the  solid  a,s  outside  it,  cuts  the  boundary  of  the  so 

a  line  (or  group  of  lines) — ^the  mean  level  line  of  the  sari 

the  solid.    This  line  lies  on  the  mean  spherical  surfac 

therefore  (§  780)  it  constitutes  the  Ixodes  of  each  of  th 

harmonic  spheroidal  surfaces  which  cut  one  another  in  it 

be  the  order  of  the  harmonic,  the  deviation  of  the  level  spl 

3 
is  (§§  545,  815)  just  - ;-—  of  the  deviation  of  the  boo 

spheroid,  each  reckoned  from  the  mean  spherical  surface. 

Thus  if  z  =  1,  the  level  coincides  with  the  boundary  < 
solid :  the  reason  of  which  is  apparent  when  it  is  consi 
that  any  spherical  harmonic  deviation  of  the  first  order  £ 
given  spherical  surface  constitutes  an  equal  spherical  si 
round  a  centre  at  some  infinitely  small  distance  from  the  < 
of  the  given  surface. 

If  i  =  2,  the  level  surface  deviates  from  the  mean  s 
by  i  of  the  deviation  of  the  bounding  surface.  This  i 
case  of  an  ellipsoidal  boundary  differing  infinitely  little 
spherical  figura  It  may  be  remarked  that,  as  is  proved  re 
from  §  522,  those  of  the  equipotential  surfaces  relatr 
a  homogeneous  ellipsoid  which  lie  wholly  within  it  are 
ellipsoids,  but  not  so  those  which  cut  its  boundary  or  lie  ^ 
without  it;  tliese  being  appro.ximately  ellipsoidal  only 
the  deviation  from  spherical  figure  is  very  small 

790.  The  circumstances  for  very  high  orders  are  suffici 
illustrated  if  we  confine  our  attention  to  sectorial  Iiami 
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The  figure  of  the  line  in  which  a  sectorial  harmonic  Harmonic 
I  is  cut  by  any  plane  perpendicular  to  its  polar  axis  is  ilye^ot 
1)],  as  it  were,  a  harmonic  curve  (§  62)  traced  from  a    ^  °  '" 
instead  of  a  straight  line  of  abscissas.     Its  wave  length 
)le  length  along  the  line  of  abscissas  from  one  zero  or 

)int  to  the  next  in  order)  will  be  -r  of  the  circumference 

ircle.  And  when  i  is  very  great,  the  factor  sin'^  makes 
orial  harmonic  very  small,  except  for  values  of  0  differ- 
e  from  a  right  angle,  and  therefore  a  sectorial  harmonic 
I  of  very  high  order  consists  of  a  set  of  parallel  ridges 
leys  perpendicular  to  a  great  circle  of  the  globe,  of 
simple  harmonic  form  in  the  section  by  the  plane  of 
cle  (or  equator),  and  diminishing  in  elevation  and 
on  symmetrically  on  the  two  sides  of  it,  so  a-s  to  be 
lie  at  any  considerable  angular  distance  (or  "  latitude  ") 
on  either  side.  The  level  surface  due  to  the  attraction 
aogeneous  solid  of  this  figure  is  a  figure  of  the  same 
it  of  much  smaller  degree  of  elevations  and  depressions, 

as  we  have  seen,  only  of  those  of  the  figure  :  or 

mately  three  times  the  same  fraction  of  the  inequalities 
e  that  the  half- wave  length  is  of  the  circumference  of 
)e.  It  is  easily  seen  that  when  i  is  very  large  the  level 
at  any  place  will  not  be  sensibly  affected  by  the  in- 
es  in  the  distant  parts  of  the  figure. 

Thus  we  conclude  that,  if  the  substance  of  the  earth  unduittioi 
Dmogeneous,  a  set  of  several  parallel  mountain- chains  to  pJiufJ 

I  1 J  J  •        i    T  J  •  mountain- 

leys  would  produce  an  approximately  corresponding  un-  rideen  and 

1  of  the  level  surface  in  the  middle  district :  the  height  ^   ^^ 

b  it  is  raised,  imder  each  mountain-crest,  or  drawn  down 

be  imdisturbed  level,  over  the  middle  of  a  valley,  being 

mes  the  same  fraction  of  the  height  of  mountain  above 

b  of  valley  below  mean  level,  that  the  breadth  of  the 

in  or  of  the  valley  is  of  the  earth's  circumference. 

If  the  globe  be  not  homogeneous,  the  disturbance  in 

ide  and  direction  of  gravity,  due  to  any  inequality  in 

re  of  its  bounding  surface,  will  (§  787)  be  —  of  what  it 

be  if  the  substance  were  homogeneous ;  and  further,  it 
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may  be  remarked  that,  as  the  disturbances  are  supposed 
small,  we  may  superimpose  such  as  we  have  now  describ 
any  other  small  disturbances,  as,  for  instance,  on  the  p 
oblateness  of  the  earth's  figure,  with  which  we  shall  be  occ 
presently. 

Practically,  then,  as  the  density  of  the  upper  crust  is  s 
where  about  i  the  earth's  mean  density",  we  may  say  tha 
effect  on  the  level  surface,  due  to  a  set  of  parallel  moui 
chains  and  valleys,  is,  of  the  general  character  explain 
§  791,  but  of  half  the  amounts  there  stated.  Thus,  for  insi 
a  set  of  several  broad  mountain-chains  and  valleys  ti 
nautical  miles  from  crest  to  crest,  or  hollow  to  hollow,  a 
several  times  twenty  miles  extent  along  the  crests  and  ho! 
and  7,200  feet  vertical  height  from  hollow  to  crest,  ^ 
raise  and  lower  the  level  by  2  J  feet  above  and  below 
it  would  be  were  the  surface  levelled  by  removing  the  de 
matter  and  filling  the  valleys  with  it 

793.  Green's  theorem  [App.  A.  (e)y  and  Gauss's  tin 
(§  497)  show  that  if  the  potential  of  any  distribution  of  m 
attracting  according  to  the  Newtonian  law,  be  given  for 
point  of  a  surface  completely  enclosing  this  matter,  the  p 
tial,  and  therefore  also  the  force,  is  determined  throughoi 
space  external  to  the  bounding  surface  of  the  matter,  wh 
this  surface  consist  of  any  number  of  isolated  closed  sur 
each  simply  continuous,  or  of  a  single  one.  It  need  sai 
be  said  that  no  general  solution  of  the  problem  has  beei 
tained  But  further,  even  in  cases  in  which  the  potentia 
been  fully  determined  for  the  space  outside  the  surface 
which  it  is  given,  mathematical  analysis  has  hitherto  fail 
determine  it  through  the  whole  space  between  this  suriao 
the  attracting  mass  within  it  We  hope  to  return,  in 
volumes,  to  the  grand  problem  suggested  by  Gauss's  the 
of  §  497.  Meantime,  we  restrict  ourselves  to  questions  pi 
cally  useful  for  physical  geography. 

Example  (1.) — Let  the  enclosing  surface  be  spherical,  of  i 

a;  and  let  F{B^4»)  be  the  given  potential  at  any  point 

*  First  apply  Oreen*8  tlioorem  to  the  surface  over  irhich  the  potential  is 
Then  Gauss's  theorem  shows  that  there  cannot  be  two  distributitJOA  of  pn 
agreeing  through  nil  space  external  to  this  surface,  but  differing  for  any  pan 
space  between  it  and  the  bounding  surface  of  the  matter. 


closini 
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specified  in  the  usual  manner  by  the  polar  co-ordinates  0,  4»,  P*^ 
Green's  solution  [§  499  (3)  and  App.  B.  (46)]  of  his  problem  for  F^^^ 
the  spherical  surface  b  immediately  applicable  to  part  of  our  value  < 
present  problem,  and  gives  \Sb^ 

j_J_P'C' (r«-a*) /'(y,  <^0r*  sin  ffde'dfj/ 

""4xaJo  Jo(H-2ar[cosdcos^'+sin^8ind'cos(<^-.<^')]+a*}<  ^  ^ 
for  the  potential  at  any  point  (r,  9^  4>)  external  to  the  spherical 
■iirfiice.  But  inasmuch  as  Laplace's  equation  V*t4=0  is  satisfied 
through  Uie  whole  internal  space  as  well  as  the  whole  external 
^Mce  by  Uie  expression  (46)  of  App.  B.,  and  in  our  present  pro- 
blem V*  F=0  is  only  satisfied  [§  491  (c)]  for  that  part  of  the  in- 
ternal space  which  is  not  occupied  by  matter,  the  expression  (3) 
gives  the  solution  for  the  exterior  space  only.  When  F{6j  <f>)  is 
such  that  an  expression  can  be  found  for  the  definite  integral  in 
finite  terms,  this  expression  is  necessarily  the  solution  of  our  pro- 
blem through  all  space  exterior  to  the  actual  attracting  body.  Or 
when  F(Oj  4)  ^s  such  that  the  definite  integral,  (3),  can  be  trans- 
formed into  some  definite  integral  which  varies  continuously  across 
the  whole  or  across  some  part  of  the  spherical  surface,  this  other 
integral  will  carry  the  solution  through  some  part  of  the  interior 
i^Ntce :  that  is,  through  as  much  of  it  as  can  be  reached  without 
discontinuity  (infinite  elements)  of  the  integral,  and  without 
meeting  any  part  of  the  actual  attracting  mass.  To  this  subject 
we  hope  to  return  later  in  connexion  with  Gauss's  theorem 
(§  497) ;  but  for  our  present  purpose  it  is  convenient  to  expand 

(3)  in  ascending  powers  of  —  )  as  before  in  App.  B.  (i).     The 

r 

result  [App.  B.  (51)]  is 

r=.^Fo(^,«)+(-^)V.(^,«)+(-J)V,(^,<^)+etc.      (3  bis) 

where  F^(Oy  <^),  Fi(Oy  <^),  etc.,  are  the  successive  terms  of  the 
expansion  [App.  B.  (52)]  of  F(d,  4»)  in  spherical  surface  har- 
monics ;  the  general  term  being  given  by  the  formula 

Fiie,  ^)=?LtlJ*'J^  QiFiff,  <i,')dffdi>'  (4), 

where  CU  is  the  function  of  (^,  <^)  (^,  <^')  expressed  by  App. 
B.(61). 

In  any  case  in  which  the  actual  attracting  matter  lies  all  within 
an  interior  concentric  spherical  surface  of  radius  a',  the  harmonic 
expansion  of  F(6y<l>)  must  be  at  least  as  convergent  as  the 
geometrical  series 
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and  therefore  (3  bis)  will  be  convergent  for  every  vtliw 
exceeding  a',  and  will  consequently  continue  the  solatioi 
the  interior  at  least  as  far  as  this  second  spherical  surface. 
Example  (2.) — Let  the  attracting  mass  be  approxii 
centrobaric  (§  526),  and  let  one  equipotential  surface  comp 
enclosing  it  be  given.  It  is  required  to  find  the  distribnt 
force  and  potential  through  all  space  external  to  the  m 
spherical  surface  that  can  be  drawn  round  it  from  its  ceo 
gravity  as  centre.  Let  a  be  an  approximate  or  mean  ra 
and,  taking  the  origin  of  co-ordinates  exactly  coincident 
the  centre  of  inertia  (§  230),  let 

be  the  polar  equation  of  the  surface ;  F  being  for  all  vali 
0  and  <f>  so  small  that  we  may  neglect  its  square  and  I 
powers.  Consider  now  two  proximate  points  (r,  0, 4>-  (a. 
The  distance  between  them  is  aF(0, 40  and  is  in  the  din 
through  0,  the  origin  of  co-ordinates.  And  if  J/  be  the 
mass,  the  resultant  force  at  any  point  of  this  line  is  approxio 

equal  to  —  and  is  along  this  line.    Hence  the  difference  of ; 

tials  (§  486)  between  them  is  E^l^iM,  And  if  a  be  the  p 
mean  radius,  the  constant  value  of  the  potential  at  the  ] 

surface  (5)  will  be  precisely  — .     Hence,  to  a  degree  of  apf 

a 

mation  consistent  with  neglecting  squares  of  F{0,  ^),  the  poti 

at  the  point  (a,  6,  <f»)  will  be 

a      a 
Hence  the  problem  is  reduced  to  that  of  the  previous  exai 
and  remarking  that  the  part  of  its  solution  depending  on  the 

—  of  (6)  is  of  course  simply  — ,  we  have,  by  (3  bi*\  fo 
a  r 

potential  now  required, 

C^=l/{l+«F.(<?,^)+^F.((?,^)+etc.} 

where  Fi  is  given  by  (4).  F^  is  xero  in  virtue  of  a  beiuj 
'' proper"  mean  radius;  the  equation  expressing  this  coih 
being  ffF\Q,  4>)  sin edOd<f>=0 
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If  further  O  be  diOBen  is  a  proper  son  poshko,  thai  is  to  saj,  Detm^H 
sach  that  I/QxF'A  *;  «■  «A*^=0  (9)  SS^ 

F\  vanishes  and  [§  539  (12)]  O  is  the  centre  of  graritj  of  the  ^SS^ 
attracting  mass;  and  the  harmonic  expansion  d  f\Oy  ^)  becomes  ;SZ^ 

F\e,  *]=/y^,  iO+F^e,  ^)+F,(e,  *)+etc         (lO).  ^jjj^^ 

If  a'  be  the  radios  of  the  smallest  qphmcal  sar^Me  having  O  for  «&>!  Murfbc* 
centre  and  endosing  the  wMe  of  the  adoal  masB»  the  series  (7)  bimb. 
necessarfly  converges  for  all  vahics  of  $  and  ^  at  kast  as  ra|ndly 
as  the  geometrical  series 

i+7+(7)+(^)'+etc.  ai) 

for  every  vdae  of  r  exceeding  a'.  Hence  (7)  expresses  the 
solation  of  oor  present  particular  problem.  It  may  carry  it  even 
further  inwards ;  as  the  given  snrfiice  (6)  may  be  such  that  the 
harmonic  expansion  (10)  converges  more  rapidly  than  the  series 

The  direction  and  magnitude  of  the  resultant  force  are  of  R««uiunt 
course  [§§  486,  491]  dedncible  immediately  from  (7)  throughout 
the  space  through  which  this  expression  is  applicable,  that  is  all 
space  through  which  it  converges  that  can  be  reached  from  the 
given  surface  without  passing  through  any  part  of  the  actual 
attracting  mass.  It  is  important  to  remark  that  as  ihe  resultant 
force  deviates  from  the  radial  direction  by  angles  of  tho  same 
order  of  small  quantities  as  F(0,  ^),  its  magnitude  will  differ 
from  the  radial  component  by  small  quantities  of  the  same  order 
as  the  square  of  this :  and  therefore,  consistently  with  our  degree 
of  approximation,  i£R  denote  the  magnitude  of  the  resultant  force 

For  the  resultant  force  at  any  point  of  the  spherical  surface 
agreeing  most  nearly  wiih  the  given  surface  wo  put  in  this  for- 
mula r=a,  and  find 

^{l+8F.{^,«)+4F,{^,<^)+etc.}  (18). 

And  at  the  point  (r,  0,  <f>)  of  tho  given  surface  we  have  r=rt 
nearly  enough  for  our  approximation,  in  all  terms  except  tho 

first,  of  the  scries  (12) :  but  in  the  first  term,  — ,  we  must  put 

r=a{l  +  F(^,  <^)} ;  so  that  it  becomes 

28 
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Resultant  and  we  find  for  the  normal  resultant  force  at  the  p(HDt  ( 

^Tnt  of  ap^-  the  given  approximately  spherical  equipotential  surface 

l»roxiraately  ir 

1^^^^^.  ^,{l+^.(<», <^)+2^.(<', «+3F,(<?,  <(>)+... } 

for  gravity  " 

»^one.  Taking  for  simplicity  one  term,  /<,  alone,  in  the  expii 

F,  and  considering,  by  aid  of  App.  B.  (38),  (40),  (j 
§§  7 79... 784,  the  character  of  spherical  surface  harmoi 
see  that  the  maximum  deviation  of  the  normal  to  the  surfi 

r=a{l+Fi{e,<f>)} 
from  the  radial  direction  is,  in  circular  measure  (§  4(4] 
times  the  half  range  from  minimum  to  maximum  in  the  ti 
Fi{6j  <t>)  for  all  harmonics  of  the  second  order  (case  is 
for  all  sectorial  harmonics  (§  781)  of  every  order;  ai 
it  is  approximately  so  for  the  equatorial  regions  of  all 
harmonics  of  very  high  degree.  Also,  for  harmonics  o 
degree  contiguous  maxima  and  minima  are  approximately 
We  conclude  that 

794.  If  a  level  surface  (§  487),  enclosing  a  mass  attr 
according  to  the  Newtonian  law,  deviate  from  an  approxii 
spherical  figure  by  a  pure  harnionic  undulation  (§  779)  of 
i ;  the  amount  of  the  force  of  gi'avity  at  any  i>oint  of  it  wi 
ceed  the  mean  amount  by  i — 1  times  the  vcrj-  small  fracti 
which  the  distance  of  that  point  of  it  from  the  centre  ea 
the  mean  radius.  The  maximum  inclination  of  the  resi 
force  to  the  true  radial  direction,  reckoned  in  fraction  ti 
unit  an^le  57*^*3  (§  404)  is,  for  harmonic  deviations  c 
second  order,  equal  to  the  ratio  which  the  whole  nin*;:e 
minimum  to  maximum  bears  to  the  mean  magnitude, 
the  class  described  above  under  the  designation  of  s^c 
harmonics,  of  whatever  degree,  ?',  the  maximnui  deviati< 
direction  bears  to  the  proportionate  delation  in  magii 
from  the  mean  magnitude,  exactly  the  ratio  «-t-(i  —  ];.; 
approximately  the  ratio  of  equality  for  zonal  harmonica  of 
degi-ees. 

Example  («S.) — The  attracting  mass  being  still  approxln 
ccntrobaric,  let  it  rotate  with  angular  velocity  cu  round  0/ 
let  one  of  the  level  surfaces  (§  487)  completely  onch^ing 
expressed  by  (5),  §  703.  The  potential  of  centrifogal 
(§§  800,  818),  will  be  W(x^+y^l  or,  in  solid  upherical 
monies,  JwV*+'jw*(x*+y'— 2r»). 
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This  for  any  point  of  the  civen  surface  (5)  to  the  deffroe  of  Rrsuiunt 
approximation  to  which  wo  are  bound,  is  equal  to  i>ointofai>- 

which,  added  to  the  gravitation  potential  at  each  point  of  this  Ind^ntrf- 
surface,  must  make  up  a  constant  sum.  Hence  the  gravitation  ^^^^ '"""' 
potential  at  (^,  <^)  of  the  given  surface  (5)  is  equal  to 

^-JoiV(J-co8*^); 

and  therefore,  all  other  circumstances  and  notation  being  as  in 
Example  2  (§  798),  we  now  have  instead  of  (6)  for  gravitation 
potential  at  (a,  6,  <^],  the  following  : 

Hence,  choosing  the  position  of  O,  and  the  magnitude  of  a,  ac- 
cording to  (9)  and  (8),  we  now  have,  instead  of  (7),  for  potential 
of  pure  gravitation,  at  any  point  (r,  6,  <^), 

I'^^nT+T^^^'^^^'f'^-^'''^^-''''''^^^'^  (17). 

where  m  denotescD^a-h— ^  >  or  the  ratio  of  centrifugal  force  at 

the  equator,  to  pure  gravity  at  the  mean  distance,  a.  The  force  of 
pure  gravity  at  the  point  (^,  <^)  of  the  given  surface  (5)  is  conse- 
quently expressed  by  the  following  formula  instead  of  (15)  : — 

y^{l  +  F,{e,<f>)-S.im{l-coH*e)+2F,{e,<l>)+3F,(e,  <!>)+...]     (18). 

From  this  must  be  subtracted  the  radial  component  of  the  centri- 
fugal force,  which  is  (in  harmonics) 

J««a+cu*a(J-.cos*^), 

to  find  the  whole  amount  of  the  resultant  force,  g  (apparent 
gravity),  normal  to  the  given  suiTace  :  and  therefore 

^=:*^{l-H'''+^\(^,«)-^K.^-co8•^)-^2/x^,<^).^-8/\((?,<^)+...}  (i9). 

If  in  a  particular  case  we  have 

FiiOy  <^)=0,  except  for  /  =  2 ;  and  F,(^,  <^)=f(  J  —  cos*^)  : 
thiM  becomes 

.^  =  i({l-iim-(.Sm-r)(i-cos«^j}  (l>0). 

795.  Honce  if  outside  a  n)tatiii{^  solid  the  linos  of  resultant 
ffirre  of  gravitation  and  rontrifuj^l  fon'o  are  cut  at  ri<:ht  angles 
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Keflniiant  \)y  an  elliptic  spheToid^  symmetrical  round  the  axis  of  rot 

iwintofap-  the  amount  of  the  resultant  differs  from  point  to  point  ol 

IqSeiiSi  surface  as  the  square  of  the  sine  of  the  latitude  :  and  the  e 

for  gravity  of  the  polar  rcsultaut  above  the  equatorial  bears  to  the  ^ 

and  ccntri-  «»i  a*  t  *   ^         iji  *  •■••••• 

Pagpi  force :  amount  of  Cither  a  ratio  which  added  to  the  eUipticity  c 

figure  is  equal  to  two  and  a  half  times  the  ratio  of  equa 

centrifugal  force  to  gravity. 

g^J^*"         For  tlie  case  of  a  rotating  fluid  mass,  or  solid  with  dc 

distributed  as  if  fluid,  these  conclusions,  of  which  the  ft 

is  now  generally  known  as  Clairaut's  theorem,  were  first 

covered  by  Clairaut,  and  published  in  1743  in  his  celeb 

treatise  La  Figure  de  la  Terre.     Laplace  extended  thei 

proving  the  formula  (19)  of  §   794  for  any  solid  consi 

of  approximately  spherical  layers  of  equal  density. 

mately  Stokes^  pointed  out  tliat,  only  provided  the  surfitc 

equilibrium  relative  to  gravitation  alone,  and  relative  tc 

resultant  of  gravitation  and  centrifugal  force,  are  api»oxim 

spherical ;  whether  the  surfaces  of  equal  density  are  appi 

mately  spherical  or  not,  the  same  expression  (19)  holda 

most  important  practical  deduction  from  this  conclusion  is 

Figure  of  th6  irrespectively  of  any  supposition  regarding  the  distributi< 

detennin-     the  carth's  dcusity,  the  true  figure  of  the  sea   level  ca 

measure-      determined  from  pendulum  observations  alone,  without 

giSvity.       hypothesis  as  to  the  interior  condition  of  the  solid. 

Let,  for  brevity, 

where  m  (§  801)  is  ^h^y  ^^^  9  is  known  by  observation  in  d 
cnt  localities,  with  redaction  to  the  sea  level  aecording  u 
square  of  the  distance  from  the  earth's  centre  (not  acc(^i 
Young's  rule).  Let  the  expansion  of  this  in  spherical  n 
harmonics  be 

m  *)=/o+/.(^,  *)+/.(^,  *)+etc. 
We  have,  by  (19), 

>  Following  the  best  French  writers,  we  nse  the  tciro  tpberoid  to  denimil 
Burrace  di/Teriog  very  little  from  spherical  figure.  The  commoiier  English 
of  confining  it  to  an  ellipsoid  symmetrical  round  an  azii ;  mod  extending  it  t 
figures  though  not  approximately  spherical ;  is  bad. 

«  "  On  the  Variation  of  Gravity  at  the  surface  of  the  Earth.-—  TVom.  ^fVn 
Phil.  Soc.,  1849. 
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and  therefore  the  equation  (5)  of  the  level  surface  becomes  Pigaraortb 

.  nealevid 

r=a{l+-i[i/.(0,«)+i/.(<?,<^)+etc.]}  (24).  t^^ 

J  9  meunare- 

ConfiniDg  our  attention  for  a  moment  to  the  first  two  terms  we  mvityjf 
have  for/,,  by  App.  B.  (38),  explicitly 
f,^)==:J»(co««tf— J)+(JiCOi^jB,8m0)$in^coB^+(J,c<)82^5,iin20)8iD«^  (26). 
Substituting  in  (24)  squared,  putting 

cos^=~)  sindcos<i=  — I   sin9sin<^=— y 
r  ^  r 

and  reducing  to  a  convenient  form,  we  find 

rH^^^.)a^W+i^t+^.)i^H(/t~}^o)«*— B.j^— ^.«— 25^=/^  (26). 

Now  from  §§  539,  534,  we  see  that,  if  OX,  OY,  OZ  arc  if  eiuwoM 
principal  axes  of  inertia,  the  terms  of  /,  which,  expressed  in  uMqoaUxa 
rectangular  co-ordinates,  involve  the  products  yz,  zx,  xy  must  Si?ofth«» 
disappear:  that  is  to  say,  we  must  have  /?i=0,  -4 1=0,  ^,=0.  wmSTmEi^ 
But  whether  Z?,  vanishes  or  not,  if  OZ  is  a  principal  axis  we  ^^**^^^^*>^ 
must  have  both  i4,=0  and  ^1=0;  which  therefore  is  the  case, 
to  a  very  minute  accuracy,  if  we  choose  for  OZ  the  average 
axis  of  the  earth's  rotation,  as  will  be  proved  in  Vol.  ii.,  on  the 
assumption  rendered  probable  by  the  reasons  adduced  below, 
that  the  earth  experiences  little  or  no  sensible  disturbance  in  its 
moUon  from  want  of  perfect  rigidity.     Hence  the  expansion  (22) 
IS  reduced  to 

%4>)  =/o +^,(co8«^-.  §) + (^,co82<^+ B,8in2<^)sin«^+/,(tf,<^) +ctc.  (27). 
K/,(^,  <^)  and  higher  terms  are  neglected  the  sea  level  is  an 
ellipsoid,  of  which  one  axis  must  coincide  with  the  axis  of  the 
earth's  rotation.  And,  denoting  by  e  the  mean  ellipticity  of 
meridional  sections,  e  the  ellipticity  of  the  equatorial  section, 
and  /  the  inclination  of  one  of  its  axes  to  OX,  wo  have 

In  general,  the  constants  of  the  expansion  (22) ;  /o  (being  the 
mean  force  of  gravity),  A^^  At,  Z?,,  the  seven  coefficients  in 
/»(^>  4)y  ^he  nine  in  f^{B,  ^),  and  so  on ;  arc  to  be  deterDiincd 
frt)m  sufficiently  numerous  and  wide-spread  observations  of  the 
amount  of  gravity. 

796.  A  first  approximate  result  thus  derived  from  pendu- 
m  observations  and  confinned  by  direct  geodetic  measure- 
ents  is  that  the  figure  of  the  sea  level  approximates  to  an 
)late  spheroid  of  revolution  of  ellipticity  about  ^fy.     Both 
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FiKHirecf  the  methods  are  lai-gely  affected  by  local  irregularities  u 
dSorahi-  solid  surface  and  underground  density,  to  the  elimiiiati 
m^I^-  which  a  vast  amount  of  labour  and  mathematical  ability 
S^viiy**f  been  applied  with  as  yet  but  partial  success.  Considerii] 
general  disposition  of  the  great  tracts  of  land  and  ocea 
can  scarcely  doubt  that  a  careful  reduction  of  the  num 
accurate  pendulum  obsei-vations  that  have  been  nia<Ie  in  1 
ties  widely  spread  over  the  earth  ^  will  lead  to  the  deten 
rondereii  tiou  of  au  cllipsoid  with  thrcc  unet^ual  axes  coinciding 
lorai  irreiu-  ncarlv  ou  thc  whole  with  the  tnie  figure  of  the  sea  level 
does  any  spheroid  of  revolution.  Until  this  has  l>een  eith< 
complished  or  proved  impracticable  it  would  be  vain  to  ?] 
late  as  to  the  possibility  of  obtaining,  from  attainable  data, 
closer  approximation  by  introducing  a  harmonic  of  the 
order  [fi(0,<f>)  in  (27)].  But  there  is  little  probability 
harmonics  of  the  foui-th  or  higher  orders  will  ever  be  i 
useful:  and  local  quadratures,  after  the  example  first  » 
Maskelyne  in  his  investigation  of  the  disturbance  produa 
Schehallien,  must  be  resorted  to  to  interpret  irregulariti 
particular  districts ;  whether  of  the  amount  of  gravity  si 
by  the  pendulum ;  or  of  its  direction,  by  geo<ietic  olxser^i 
We  would  only  remark  here,  that  the  problems  present* 
such  local  quadratures  with  reference  to  the  amount  of  gr 
seem  about  as  much  easier  and  simpler  than  those  with  i 
ence  to  its  direction  as  pendulum  obser%'ations  are  than  peo 
measurements  :  and  that  we  expect  much  more  knowledg 
garrling  the  true  figure  of  the  sea  level  from  the  former 
from  the  latter,  although  it  is  te  the  reduction  of  the  1 
that  the  most  lalx)rious  efforts  have  been  hitherto  applieil. 
intend  to  return  to  this  subject  in  Vol.  ii.  in  explaining,  ii 
Pi'operiies  of  Matter,  the  practical  foundation  of  our  know] 
of  gmvity. 

797.  During  the  last  seven  years  geodetic  work  of  ext 
importance  has  been  in  pi-ogress,  through  the  co-operati 

'  In  lfi72,  a  pendulum  conveyed  by  Richer  from  Paris  to  Cayenne  fir*t  proved 
tion  of  gravity.  Captain  Kater  and  Dr.  Thomafl  Young,  Trans.  R,  ,S.,  ISll 
Arago,  Mathieu,  Bouvanl,  and  Chaix ;  Base  du  SjfsUme  Mftrif/ne,  Vol.  ul, 
1821.  Captain  Rlwanl  Sabine,  U.E.,  "  Experiments  to  determine  the  Figure 
Earth  by  means  of  tlie  Pendulum  ;"  pultlinhed  for  the  Buard  of  Longitude,  h 
1825.  St4)kes  "  On  the  Variation  of  Gravity  at  the  Surface  of  lite  Earth. "- 
J*hil.  Trans.,  184y. 
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the  Governments  of  Prussia,  Russia,  Belgium,  France,  and  '^^"^ 
England,  in  connecting  the  triangulation  of  France,  Belgium, 
Kiissia,  and  l*russia,  which  were  suflBciently  advanced  for  the 
purpose  in  1860,  with  the  principal  triangulation  of  Great 
Britain  and  Ireland,  which  had  been  finished  in  1851.  With 
reference  to  this  work,  Sir  Henry  James  makes  the  following 
remarks: — "  liefore  the  connexion  of  the  triangulation  of  the 
"  several  countries  into  one  great  network  of  triangles  extend  - 

*  ing  across  the  entire  breadth  of  Europe,  and  before  the  dis- 
*cc)very  of  the  Electric  Telegraph,  and  its  extension   from 

*  Valentia  (Ireland)  to  the  Ural  mountains,  it  was  not  possible 
'  to  execute  so  vast  an  undertaking  as  that  which  is  now  in 

*  progress.     It  is,  in  fact,  a  work  which  could  not  possibly 

*  have  been  executed  at  any  earlier  period  in  the  history 
'  of  the  world.  The  exact  determination  of  the  Figure  and 
'  Dimensions  of  the  Earth  has  been  one  great  aim  of  astrono- 
'  mers  for  upwards  of  two  thousand  yeai-s ;  and  it  is  fortunate, 

*  that  we  live  in  a  time  when  men  are  so  enlightened  as  to 

*  combine  their  labours  to  effect  an  object  which  is  desired  by  all, 
'  and  at  the  first  moment  when  it  was  possible  to  execute  it." 

For  a  short  time  longer,  however,  we  must  be  contented  with 
:he  results  derived  from  the  recent  British  Triangulation,  with 
the  seimmte  measurements  of  arcs  of  meridians  in  Peni,  Franc(», 
IMissia,  Russia,  Cape  of  Good  Hope,  and  India.  The  investiga- 
tion of  the  ellipsoid  of  revolution  agreeing  most  nearly  with 
the  stHi  level  for  the  whole  J^rth,  has  ])een  carried  out  with 
remarkable  skill  by  Captain  A.  R  Clarke,  K.E,  and  publislied 
in  18r>8,  by  order  of  the  blaster  General  and  Board  of  Ord- 
nance, in  a  volume  (of  780  pages,  ([uarto,  almost  every  page 
of  which  is  a  ivconl  of  a  vast  amount  of  skilled  labour)  drawn 
up  l)y  Captain  Clarke,  under  the  din^ction  of  Lieutenant- Colonel 
(now  Sir  Heniy)  James,  RE  The  following  account  of  con- 
clusions subse([uently  worked  out  regarding  the  ellipsoid  of 
three  unequal  axes  most  nearly  agreeing  with  the  sea  level,  is 
extracteil  from  the  preface  to  another  volume  recently  published 
as  one  item  of  the  grc*at  work  of  comparison  with  the  ivcent 
triangulations  of  other  countries:^-  - 

«  «*  ConipariwrnH  of  thi'  StamlanU  of  Ix>n{;th  t»f  En{;Iainl,  France,  Rvl^iuiii,  Pnissia, 
Ruuia,  India,  Australia,  nindf  at  the  Onlnaucc  Survt>y  Otfire,  Southauiptou,  hy 
CapUin  A.  U.  i'l:irke,  U.K.,  umltT  tlie  direction  of  rolonel  Sir  Henry  James,  U.K., 
K.  R.H."     l*ublihhe«l  hy  onler  of  the  Secretary  of  State  for  War,  IStiO. 
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Results  of  "In  computing  the  figures  of  the  meridians  and  of 
gccHiesy.  ,,  equator  for  the  several  measured  arcs  of  meridian,  it  is  f 
"that  the  equator  is  slightly  elliptical,  having  the  k 
"diameter  of  the  ellipse  in  15°  34'  east  longitude  In 
"eastern  hemisphere  the  meridian  of  15°  34'  passes  thr 
"  Spitzbergen,  a  little  to  the  west  of  Vienna,  through  the  St 
"  of  Messina,  through  Lake  Chad  in  North  Africa,  and  i 
"  the  west  Coast  of  South  Africa,  nearly  corresponding  U 
"  meridian  which  passes  over  the  greatest  quantity  of  lai 
"  that  hemisphere  In  the  western  hemisphere  this  meri 
"  passes  througli  Behring's  Straits  and  through  the  centre  o 
"  Pacific  Ocean,  nearly  corresponding  to  the  meridian  n 
"passes  over  the  greatest  quantity  of  water  of  that  h 
'*  sphere. 

"  The  meridian  of  105°  34'  passes  near  North-East  Cap 
"  the  Arctic  Sea,  through  Tonquin  and  the  Straits  of  Sundi^ 
"  corresponds  nearly  to  the  meridian  which  passes  over 
"  greatest  quantity  of  land  in  Asia ;  and  in  the  western  h 
"  sphere  it  passes  through  Smith's  Sound  in  Behring's  Sti 
"  near  Montreal,  near  New  York,  between  Cuba  and  St 
"  mingo,  and  close  along  the  western  coast  of  South  Ame 
"  corresponding  nearly  to  the  meridian  jmssing  over  the  grei 
"  amount  of  land  in  the  western  hemisphere. 

"  These  meridians,  therefore,  correspond  with  the  most 
"  markable  physical  features  of  the  globe. 

Ft* 

"  The  longest  semi-diameter  of  the  equatorial  ellipse  is  2092( 
"  And  the  shortest         .....  2091 S 

"  Giving  an  ellipticity  of  the  equator  equal  to    .  — 

"  The  polar  semi-diameter  is  equal  to  .  20852 

"  The  maximum  and  mininmm  polar  compressions 

"'''' 28^97  '^"•^31 

"  Or  a  mean  compression  of  very  closely  .  .  — 

Captain  Clarke  had  previously  found  ("  Account  of  Princ 
Triangulation,"  1858)  for  the  spheroid  of  revolution  most  iwa 
ivpresenting  the  same  set  of  obser\*ations,  the  following : 
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Equatorial  semi  axis  =  a  =  20926062  feet, 
Polar  semi-axis  =  6  =  20855121  feet ; 

^^^^7=i!ll'  ^^^^"^p"^^^y=^*=29r98- 

"  In  this  figure,  however,  the  sum  of  the  squares  of  the 
*"  laiitade  corrections  is  153*9939  against  138*3020  in  the  figure 
"  of  three  unequal  axes."* 

798L  As  an  instructive  example  of  the  elementary  principles  Hydrmi 
of  fluid  equilibrium,  useful  also  because  it  includes  the  cele-  ^^^ 
Imted  hydrostatic  theories  of  the  Tides  and  of  the  Figure  of 
the  Earth,  let  us  suppose  a  finite  mass  of  heterogeneous  incom- 
pressible fluid  resting  on  a  rigid  spherical  shell  or  solid  si)herc, 
under  the  influence  of  mutual  gravitation  between  its  parts, 
and  of  the  attraction  of  the  core  supposed  synmietrical ;  to  1k3 
slightly  disturbed  by  any  attracting  masses  fixed  either  in  the 
core  or  outside  the  fluid ;  or  by  force  fulfilling  any  imaginable 
law,  subject  only  to  the  condition  of  being  a  conservative 
system ;  or  by  centrifugal  force. 

First  we  may  remark  that  were  there  no  such  disturbance 
the  fluid  would  come  to  rest  in  concentric  spherical  layers 
of  equal  density,  the  denser  towards  the  centre,  this  last 
characteristic  being  essential  for  stability,  which  clearly  re- 
quires also  that  the  mean  density  of  the  nucleus  shall  be  not 
less  than  that  of  the  layer  of  fluid  next  it;  otheni'ise  the 
nucleus  would,  as  it  were,  float  up  from  the  centre,  and  either 
protrude  from  the  fluid  at  one  side,  or  (if  the  gradation  of 
density  in  the  fluid  permits)  rest  in  an  eccentric  poHition 
completely  covered ;  fulfilling  in  either  case  the  cqndition 
(§  762)  for  the  equilibrium  of  floating  bodies. 

799.  The  effect  of  the  disturbing  force  could  be  at  once  No  muti 
found  without  analysis  if  there  were  no  mutual  attmction  twmnl 
between  parts  of  the  fluid,  so  that  the  iniluence  t<?ncling  to  iiquTd" 
maintain  the  spherical  figure  would  Im  sinijdy  tlie  synnnetrical 
attraction  of  the  fixed  core.     For  the  e([uii)()t<'ntial  surfaces 
would  then  be  known  (as  directly  iniidied  by  the  data),  nnd 

the  fluid  would  (§  750)  arrange  itself  in  layers  of  c<iual  density 
defined  by  these  surfaces. 

800.  Examples  of  §  799. — (1.)  Let  the  nucleus  act  according 

»  From  p.  287  of  "  Coiiii»ariHon  of  StandardH  of  Length  "  (18rt6K 
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No  mutual    to  the  Newtoiuaii  law,  ^nd  be  either  symmetrical  round  a  }« 

twcenpor-    or  (§  526)  of  any  other  ceiitrobaric  arrangement;  ami  l»*t 

liqllfd^:    ^   disturbing  influence  be  centrifugal  force.      In  Vol.  IL  it 

.xampe      g^pp^j^^^  q^  ^^  immediate  consequence   from    the  elemeni 

dynamics  of  circular  motion,  that  kinetic  e<[uilibrium  ui 

centrifugal  force  in  any  case  will  be  the  same  as  the  st 

equilibrium  of  the  imaginary  case  in  which  the  same  inatf 

system  is  at  rest,  but  influenced  by  repulsion  from  the  axi 

simple  proportion  to  distance. 

If  z  be  tbe  axis  of  rotation,  and  ta  the  angular  velocity, 
components  of  centrifugal  force  (§§  312,  36a,  259)  are  «*x 
(ii*y.     Hence  the  potential  of  centrifugal  force  is 

Ja,'(x'+y«), 
reckoned  from  zero  at  the  axis,  and  increasing  in  the  direc 
of  the  force,  to  suit  the  convention  (§  486)  adopted  for  graritj 
potentials.     The  expression  for  the  latter  (§§  491,  628)  is 

E 

where  E  denotes  the  mass  of  the  nucleus,  and  the  co-ordii 
are  reckoned  from  its  centre  of  gravity  (§  626)  as  origin.  H 
the  "  level  surfaces  '*  (§  487)  external  to  the  nucleus  arc  | 
by  assigning  different  values  to  C  in  the  equation 

and  the  fluid  when  in  equilibrium  has  its  layers  of  equal  del 
and  its  outer  boundary  in  these  surfaces.  If  p  be  the  del 
and  p  the  pressure  of  the  fluid  at  any  point  of  one  of  I 
surfaces,  regarded  as  functions  of  (7,  we  have  (§  760) 

p^/pdC 
Unless  the  fluid  be  held  in  by  pressure  applied  to  its  boon 
surface,  the  potential  must  increase  from  this  feuiCice  inward 
the  resultant  of  gravity  and  centrifugal  force,  perpendicolar 
is  to  the  Burface,  must  be  directed  inwards),  as  negative  pres 
is  practically  iuadmit^sible.  The  student  will  find  it  an  iut^i 
ing  exercise  to  examine  the  circumstances  under  which 
condition  is  satisfied;  which  may  be  best  done  by  traciDg 
meridional  curves  of  the  series  of  c-urfaces  of  revolution  give 
equation  (1). 

Let  a  and  a(l  — ^)  be  the  equatorial  and  polar  scmidiaiiM 
of  one  of  these  surfaces.     Wo  have 
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"^    I  l-,»««i No  mutual 

whence  e=z  ^J^ ""     =  -  ^'-  (3),  liquid : 

if  m  denote  the  ratio  of  centrifugal  force  at  its  equator  to  pure 
gravity  at  the  same  place.  (Contrast  approximately  agreeing 
definition  of  m,  §  794.)  From  this,  and  the  form  of  (1),  we 
infer  that 

801.  In  the  case  of  but  small  deviation  from  the  spherical 
figure,  which  alone  is  interesting  with  reference  to  the  theory 
of  the  Earth's  figure  and  internal  constitution,  the  bounding  * 
surface  and  the  surfaces  of  equal  density  and  pressure  are  veiy 
approximately  oblate  ellipsoids  of  revolution  ;*  the  ellipticity* 
of  each  amounting  to  half  the  ratio  of  centrifugal  force  in  its 
laigest  circle  (or  its  equator,  as  we  may  call  this)  to  gravity  at 
any  jwirt  of  it ;  and  therefore  increasing  from  surface  to  surface 
outwards  as  the  cubes  of  the  radii.  The  eailh's  equatorial  radius 
is  20926000  feet,  and  its  period  (the  sidereal  day)  is  86164 
mean  solar  seconds.    Hence  in  British  absolute  measure  (§  225) 

the  eiiuatorial  centrifugal  force  is  (3771  :)*X  20926000,  or  11 127. 

06164 

Tliis  is  irJy  of  321 58;  or  very  approximately  the  same  frac- 
tion of  the  mean  value,  3214,  of  a[)parent  gravity  over  the 
whole  sea  level,  as  determined  by  i>endulum  obseiTaticms.  It  is 
therefore  [§  794  (20)]  ^j- J. ^^^j,  or  approximately  jj^,  of  the  mean 
value  of  true  gravitation.  Hence,  if  the  solid  earth  atti^acted 
niendy  as  a  iK)int  of  matter  collected  at  its  centre,  and  then^ 
were  no  mutual  attraction  between  the  ditfei-ent  part^  of  the  sea, 
the  sea  level  wouKl  be  a  spheroid  of  ellipticity  ^  Jir.  In  reality, 
we  find  by  obser\'ation  that  the  ellipticity  of  the  spheroid 
of  revolution  which  most  nearly  coincides  with  the  sea  level 
is  alwmt  ^Is,  Tlie  diftercnce  between  these,  or  vlif,  must 
therefore  be  due  to  deviation  of  true  gravity  from  s[)herical 

'  Airy  has  vRtimatc<l  24  feet  us  the  greatest  ileviation  of  the  lM)uiiiling  surface  from 
A  tme  ellipfioifl. 

*  A  lemi  u»e«l  by  writers  on  the  figure  of  the  Earth  to  denote  the  ratio  which  the 
ilifference  between  the  two  axes  of  an  ellipHe  bears  to  the  greater.  Thus  if  f  Ihj  the 
eUipticity,  and  c  the  eccentricity  of  an  ellijwe,  we  have  e*=2<f  +  r*.  Hence,  when 
the  erecntricity  is  xmall,  the  elli]>ticilY  is  a  small  quantity  of  the  same  order  as  its 
M|iiarr;  and  the  fonuer  is  equal  npproxiinately  to  the  s<iuArc  n>ot  of  twice  the 
latter. 


652  ABSTRACT  DYNAMICS. 

No  mutual  Symmetry.  Tims  the  whole  ellipticity  of  the  actaal  te^  i-n-, 
SiSii^pir-  tIt,  may  l>e  reganled  as  made  up  of  two  nearly  equal  i4r.» 
uquf<n'"**  of  which  the  greater,  tsif,  is  due  directly  to  ceutnfu;.'^!  i-fr 
Example  (1.)^^ J  the  less,  rhf,  to  deviation  of  8oli<l  and  fluid  attr^t::^ 
mass  from  any  truly  centrobaric  arrangeiueut  (JJ  526;.  A  l.r.^ 
later  (§§  820,  821)  we  shall  return  to  this  subject. 

802.  The  amount  of  the  resultant  fon;e  |*eqientlicuU7  :• 
the  free  surface  of  the  fluid  is  to  be  found  by  cump'O&ii.i.- 
the  force  of  gravity  towards  the  centre  with  the  centhfu.':!! 
force  from  the  axis;  and  it  will  lie  approximately  wiual  t' 
the  former  diminished  by  the  component  of  the  Litter  a!  :^ 
it,  when  the  deviation  from  spherical  figure  is  suudL  Aai 
as  the  former  component  varies  inversely  as  the  squane  -f 
the  distance  from  the  centre,  it  will  be  less  at  the  iH|uator  tkaa 
at  either  pole  by  an  amount  which  liears  to  either  a  ratio  ev^ul 
to  twice  the  ellipticity,  and  which  is  therefore  (J}  801}  t>H|cal  lo 
the  centrifugal  force  at  the  equator.  Thus  in  the  {mssent  cur 
half  the  diflerence  of  apparent  gravity  between  p>»l«4  laJ 
equator  is  due  to  centrifugal  force,  and  lialf  to  differvoiY  i 
distance  from  the  centre.  The  gradual  increase  of  aitparrn: 
gravity  in  going  from  the  equator  towards  either  (ole  is  rv^Uj 
proved  to  be  as  the  st^uare  of  the  sine  of  the  latitude;  adJ 
this  not  only  for  the  result  of  the  two  coiubine«l  caiuief  'i 
variation,  but  for  each  se])amtely.  These  concluaions  iif«ii^ 
however,  no  fresh  proof,  as  they  constitute  merely  the  a{'i*li 
cations  to  the  present  case,  of  Clairaut's  ^nerml  theuKic^ 
demonstrated  above  (§  795;. 

Analytically,  for  the  present  ease,  we  hare 

if  g  denote  the  mngnitudo  of  the  rcsaltanl  of  troe  graTiij  am 

centrifugal  force :  y  [:ls  in  App.  11.  ^ .]  rate  of  vanaU«>a  p*f  m" 

of  length  along  the  <lir«x*tiiin  of  r  ;  and  T  tho  firM  nn-tuUr  *4  I 
§  SOU.  Hence  taking  r*  =  r«co!««^,  and  x"-fy  =  r»  mii*0  • 
find  fj  .  .^ 

On  the  hy[M>thefii8  of  iufinitc>lv  MnaJI  devimti«4i  from  r^f^rrxa 
figure  thi8  bocoinoii 
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E 

^=  — (1 — 2m)— (o'a  Bin*(9  (6), 

if  in  the  small  term  we  put  a,  a  constant,  for  r,  and  in  the  other 

E 

r=a(l+u).    By  (1)  we  see  that  -^  is  an  approximate  value  for 

r,  and  if  we  take  it  for  a,  that  equation  gives 

«=J^Bin«(?  (6); 

and  using  this  in  (5)  wc  bave 

^=|(l-2i^8in'(>)=|{l-2msin'^)  (7), 

where,  as  before,  m  denotes  the  ratio  of  equatorial  centrifugal 
force  to  gravity. 

803.  Examples  of§  799  continued, — (2.)  The  nucleus  being  Nomntiiai 
»ld  fixed,  let  the  fluid  on  its  surface  be  disturbed  by  the  twMnDor- 
traction  of  a  very  distant  fixed  body  attracting  according  to  HqSd*:  * 
le  Newtonian  law.  Bxampieo 

Let  r,  0  be  polar  co-ordinates  referred  to  the  centre  of  gravity 
of  the  nucleus  as  origin,  and  line  from  it  to  the  disturbing  body 
as  axis ;  let,  as  before,  E  be  the  mass  of  the  nucleus ;  lastly,  let 
If  be  the  mass  of  the  disturbing  body,  and  D  its  distance  from 
the  centre  of  the  nucleus.  The  equipotentials  have  for  their 
equation        E  ,  M  ,  yo\ 

7+V(^'-2>-i?C08g+r')="°°^*-  (^>' 

which,  for  very  small  values  of  -=■ ,  becomes  approximately 

7+^(1+ £co8(?)=con8t.  (9). 

And  if,  as  in  corresponding  cases,  wc  put  r  =  a(l+u)  where  a  is 
a  proper  mean  value  of  r,  and  u  is  an  infinitely  small  numerical 
quantity,  a  function  of  d,  we  have  finally 

«=^;co8<?  (10). 

This  is  a  spherical  surface  harmonic  of  the  first  order,  and 
(§  789)  we  conclude  that 

The  fluid  will  not  be  disturbed  from  its  spherical  figure,  but 
will  be  drawn  towards  the  disturbing  body,  so  that  its  centre 
ill  deviate  from  the  centre  of  the  nucleus  by  a  distance 
Qounting  to  the  same  fraction  of  its  radius  that  the  attraction 

the  disturbing  body  is  of  the  attraction  of  the  nucleus,  on  a 
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No  mutual    point  of  the  fluid  surface.    This  fraction  is  about  jinArvv  0 

wn por-    gjx^^TcTo)  ^^^  ^^^®  earth  and  moon,  as  the  moon's  distance 

liqSfd*:    *   times  the  earth's  radius,  and  her  mass  about  -^  of  the  ea 

Examine  ,2.  g^^^^  ^j  ^j^^  earth's  and  moon's  centres  were  both  held  1 

there  would  be  a  rise  of  level  at  the  point  nearest  to  the  i 

and  fall  of  level  at  the  point  farthest  from  it,  each  eqa 

jinArrnr  of  the  earth's  radius,  or  about  70  feet.      Or  if  we 

sider  the  sun's  influence  under  similar  unreal  circunuta 

we  should  have  a  tide  of  12,500  feet  rise  on  the  side 

the  sun,  and  the  same  fall  on  the  remote  side  [being  ® 

,^7rz — TTT  cf  the  sun's  distance! 
38-7  X  10«  ^ 

Exam  .le  ^^  Examplcs  of  %  799  continued.— {3.)  With  other 

fortideH:     ditious,  thc  same  as  in  Example  (2.)  (§  803),  let  one-ha 

the  disturbing  body  be  removed  and  fixed  at  an  equal  dist 

on  the  other  side. 

The  equation  of  the  equipotentials,  instead  of  (8),  is  now 
E  \  1 

and  as  the  first  approximation  for  --  very  small,  inalead  d 
we  now  have 

whence  finally,  instead  of  (10),  with  corresponding  notation 

«=i|g(3co8'^-l) 

This  is  a  spherical  surface  harmonic  of  the  second  order 

-^P^  is  one- quarter  of  the  ratio  that  the  difference  betwee 

moon's  attraction  on  the  nearest  and  farthest  parts  of  the 
bears  to  terrestrial  gravity.     Hence 

result  agreo8  The  fluid  wiU  bc  disturbed  into  a  prolate  ellipsoidal  fii 
nary  equi-  With  its  loug  axis  m  tlic  uue  jommg  the  two  distnrbmg  bc 
theory.  aud  with  elHpticity  (§801)  equal  to  |  of  the  ratio  whiel 
difference  of  attractions  of  one  of  the  disturbing  bodies  oi 
nearest  and  farthest  points  of  the  fluid  surface  bears  to 
surface  value  of  the  attraction  of  the  nucleus.  If,  for  instj 
we  suppose  the  moon  to  be  divided  into  two  halves,  and  1 
to  bo  fixed  on  opposite  sides  of  the  earth  at  distances 


STATICS.  655 

[ual  to  the  true  moon's  mean  distance ;  the  ellipticity  of  the  J^^SfJJ 
sturbed  terrestrial  level  would  be  --.^^^^^^^^,  or  t^-x-^^tst^  ;  "^SiSL. 

SX0OX8OOOOO'         1  s.o 00.00 o  '  eqnilibriii 

id  tlie  whole  difference  of  levels  firom  highest  to  lowest  would  ^*»«»t- 
\  about  If  feet.  We  shall  have  much  occasion  to  use  this 
rpotbesis  in  VoL  li.,  in  investigating  the  kinetic  theory  of  the 
ies.  We  shall  see  that  it  (or  some  equivalent  hvpothesis)  is 
sential  to  Laplace's  evanescent  diurnal  tide  on  a  solid  spheroid 
►vered  with  an  ocean  of  equal  depth  all  over ;  but,  on  the 
her  hand,  we  find  presently  (§814)  that  it  agrees  very  closely 
ith  the  actual  circumstances  so  far  as  the  foundation  of  the 
liiilibrium  theory  is  concerned. 

805.  The  rise  and  fall  of  water  at  any  point  of  the  earth's 
iirface  we  may  now  imagine  to  be  produced  by  making  these 
«ro  disturbing  bodies  (moon  and  anti-moon,  as  we  may  call 
liem  for  brevity)  revolve  roimd  the  earth's  axis  once  in  the 
iinar  twenty-four  hours,  with  the  line  joining  them  always 
nclined  to  the  earth's  equator  at  an  angle  equal  to  the  moon's 
eclination.  If  we  assume  that  at  each  moment  the  condition 
f  hydrostatic  equilibrium  is  fulfilled ;  that  is,  that  the  free 
iquid  surface  is  perpendicular  to  the  resultant  force,  we  have 
rhat  is  called  the  "  equilibrium  theory  of  the  tides." 

806.  But  even  on  this  equilibrium  theory,  the  rise  and  fall  comctio 
.t  any  place  would  be  most  falsely  estimated  if  we  were  to  eqaiiibHi 
ake  it,  as  we  believe  it  is  generally  taken,  as  the  rise  and  fall    ***^' 
>f  the  spheroidal  surface  that  would  bound  the  water  were 

here  no  dry  land  (uncovered  solid).  To  illustrate  this  state- 
oent,  let  us  imagine  the  ocean  to  consist  of  two  circular  lakes 
4  and  B,  with  their  centres  90°  asunder,  on  the  equator,  com- 
nunicating  with  one  another  by  a  narrow  channeL  In  the 
ourse  of  the  lunar  twelve  hours  the  level  of  lake  A  would 
ise  and  fall,  and  that  of  lake  B  would  simultaneously  fall  and 
ise  to  maximum  deviations  from  the  mean  level  If  the  areas 
>f  the  two  lakes  were  equal,  their  tides  would  be  equal,  and 
rould  amount  in  each  to  about  one  foot  above  and  below  the 
aean  level ;  but  not  so  if  the  areas  were  unequal.  Thus,  if 
he  diameter  of  the  greater  be  but  a  small  part  of  the  earth's 
[uadrant,  not  more,  let  us  say,  than  20°,  the  amounts  of  the 
ise  and  fall  in  the  two  lakes  will  be  inversely  as  their  areas 
0  a  close  degree  of  approximation.     For  instance,  if  the  dia- 
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The udcM :    meter  of  fi  be  only  ru  of  the  diamet^tr  i\(  A,  the  rise  fcnJ  iL 

corroction  . 

<if  ordinary    A  wiU  1)0  scarcelv  Sensible ;  wliile  the  level  uf  B  will  rijr 

eqailibriam 

theory.  fall  by  about  two  feet  above  and  below  iU  nitraii ;  jn*:  ^ 
rise  and  fall  of  level  in  the  open  cistern  of  an  fnlinan  \i 
meter  is  but  small  in  com{)arison  with  full  and  rise  in  tb**  i 
Or,  if  there  be  two  large  lakes  A,A'  iii  o|i|iosite  i-ttntiL. 
of  an  equatorial  diameter,  two  small  ones  li,  U^  ai  two  ^^i 
the  equatorial  diameter  peqtendicular  to  tliat  i»Dt-,  &z>l 
small  lakes  C,(T  at  two  ends  of  the  i>olar  axi.s.  the  Lir^^ 
these  being,  however,  still  supi>osed  to  extt-nd  •>vtr  on] 
small  portion  of  the  earth's  cur\'ature,  and  all  the  ?:\  L 
communicate  with  one  another  freely  by  canaU,  it  ult 
ground  tunnels:  there  will  be  no  sensibh*  tidv»  in  iht  I 
A  and  A';  in  B  and  R  there  will  be  high  water  of  tw.i 
above  mean  level  when  the  nux)n  or  anti-m««*n  i*  lu 
zenith,  and  low  water  of  two  feet  l>elow  mean  ^ht-n  iht  u 
is  rising  or  setting ;  and  at  C  and  C  there  will  U*  tidts  n 
and  falling  one  foot  above  and  l>eIow  the  nie^ui.  thr  u:^ 
low  water  being  when  the  moon  or  anti  moon  is  m  xh*"  u 
dian  of  A,  and  of  high  water  when  tliey  are  on  the  h»-'ru»' 
A,  The  simplest  way  of  viewing  the  case  fur  the  extr 
circumstances  we  have  now  8upi>osed  is,  first,  to  ojn^iJcr 
spheroidal  surface  that  would  bound  the  water  at  any  lu^n.' : 
there  were  no  dry  land,  and  then  to  imagine  thL^  wh<ile  »ur 
h)wered  or  elevated  all  round  by  the  amount  re<|uire«l  to  i 
the  height  at  A  and  A'  invariable.  Or,  if  therv  be  a  Up^  ! 
A  in  any  i)art  of  the  earth,  communicating  by  canals  with  k 
lakes  over  various  ])arts  of  the  surface,  liaving  in  all  ^ 
small  area  of  water  in  com]>arison  with  that  t»f  A,  the  u^r 
any  of  these  will  be  found  by  drawing  a  sphen^iilal  ^urfjiv 
two  feet  diflortnice  l>etween  greatest  ami  lea.<t  niiiiu.<i.  an- 1.  « 
out  disturbing  its  ot'iitiv,  inMing  or  snl.tra*.  tiii^'  fn-ii.  •.i.  '  r 
such  a  lengtli,  the  sanio  for  all.  ;U5  shall  d-i  au.iv  u:::.  - > 
fall  at  ^1. 

807.  It  is,  however,  only  on  tilt' oxtn-iii**  >ii!'j-i-i;i..:.  w  . 
made,  of  oiu»  water  an^a  iiiuth  l;n;:ri'  than  all  U..-  ••:::■  r-  • . 
toi^rllhT.  hut  yt't  itM-llcnVrriiiL' oiil\  a  siu.ill  jMit  .'I!:.-  •  ." 
i'urvatuiv.  that  tin*  ri»e  and  I'all  can  In-  d-iin-  au.i\  u::!.  :-.; 
altogether  in  one  place,  and  liouhlni  in  .in»»lher  pl.ue     1  »^ 
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le  actual  figure  of  the  earth's  sea-surface,  we  must  subtract  a  Thetidas, 
irtain  positive  or  negative  quantity  a  from  the  radius  of  the  STcUon^ 
^heroid  that  would  bound  the  water  were  there  no  land,  a  n^ilj?^: 
eing  determined  according  to  the  moon's  position,  to  fulfil  of^SJ^JSi- 
le  condition  that  the  volume  of  the  water  remains  unchanged,  {ibrium"* 
nd  being  the  same  for  all  points  of  the  sea,  at  the  same  time.  ^^^' 
[any  writers  on  the  tides  have  overlooked  this  obvious  and 
ssential  principle ;  indeed  we  know  of  only  one  sentence^ 
itherto  published  in  which  any  consciousness  of  it  has  been 
idicated. 

808.  The  quantity  a  is  a  spherical  harmonic  function  of  the 
Mond  order  of  the  moon's  declination,  and  hour-angle  from 
16  meridian  of  Greenwich,  of  which  the  five  constant  co- 
fficients  depend  merely  on  the  configuration  of  land  and  water, 
ad  may  be  easily  estimated  by  necessarily  very  laborious 
uadratures,  with  data  derived  from  the  inspection  of  good 
taps. 

Let  as  above 

r=a(l+M)  (14) 

be  the  spheroidal  level  that  would  bound  the  water  were  the 
whole  solid  covered ;  u  being  given  by  (13)  of  §  804.  Thus,  if 
J[fda'  denote  surface  integration  over  the  whole  surface  of  the 

■^  ajjudc 

expresses  the  addition  (positive  or  negative  as  the  case  may  be) 
to  the  volume  required  to  let  the  water  stand  to  this  level  every- 
where. To  do  away  with  this  change  of  volume  we  must  suppose 
the  whole  surface  lowered  equally  all  over  by  such  an  amount  a 
(positive  or  negative)  as  shall  equalize  it.  Hence  if  12  be  the 
whole  area  of  sea,  we  have 

And  r==r-a=a{l  +  ti--^Jj'*^}  (16), 

IB  the  corrected  equation  of  the  level  spheroidal  surface  of  the 
sea.    Hence 

A=«{«_^^-?}  (17), 

where  h  denotes  the  height  of  the  surface  of  the  sea  at  any 

»  "  Rigidity  of  the  Earth,"  §  17,  PhU.  Trans.,  1862. 

2t 
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The  tides.  place,  above  the  level  which  it  woald  take  if  the  moon  wcr 

mutual  at-  , 

traction  of  mOVeO.. 

?4ieS  To  work  out  (15),  put  first,  for  brevity, 

corrected  « --     , 

equilibrium  ^_  8  ^^'^  j 

theory.  ^^  E,D* 

and  (18)  becomes 

Now  let  I  and  X  be  the  geographical  latitude  and  wesi  1 
tude  of  the  place,  to  which  u  corresponds;  and  ^  and 
moon's  hour- angle  from  the  meridian  of  Greenwich,  uk 
declination.     As  ^  is  the  moon's  zenith  distance  at  the 
(corrected  for  parallax),  we  have  by  spherical  trigonomctrj 

co8d=cos^cos6cos(A,— ^)4-8in/sinS; 
which  gives 

Scot^e  - 1  =  |coB*2co8^dcoB2  (X  -  f  )  +  68iDfco8lsin8oo88cos(\  -  ^)  +  i(3sii)*5  - 1  XStin* 
Hence  if  we  take  ^,  §,  €,  §,  £  to  denote  five  integrals  de] 
ing  solely  on  the  distribution  of  land  and  water,  cxpren 
follows : — 

^=^j5^cos«/cos2X^<r,     §=ij^008V8in2A,  n 

CssW/sin/cosZcosXJcr,  Cls^-^p/^^sinZcos/sinWcr,  [ 

(B=i^38in«/-iycr,  i 

where  of  course  J<r=  cos  WWA  ' 

we  have 

a=  £.j[)rtiJ(r=iae{|co6*d(^co62^+  9Bin2f )  +  6findco88(Ccosf  +  gabf )  +  )€(Sbii 

This,  used  with  (19)  and  (20)  in  (17),  gives  for  the  foU  eo 
sion  of  the  equilibrium  theory, 
h= 

Lunar  or         ^^^ 

aolarsemi-       ^(cOS*/COS2X— 3l)C0B2lf'+(c08*/8in2X  — JB)8in2l^lC08'5 

dmmal  tide.     2  '    •   >  erf  rj 

so^^dhimai  +2a6[(sinZcos/cosX— A)cos\^+ (sin/cos/sinX— ^)sin^]  nnSeos^ 

Lunar  fort-      +  ^0^(3  siu*  /—  1  —  (B)  (8  Sin*  5—  l) 

orloUrgemV  in  which  the  value  of  e  may  be  taken  from  (18)  for  eithe 

moon  or  the  sun  :  and  S  and  ^  denote  the  declination  and  G 
wich  hour-angle  of  one  body  or  the  other,  as  the  case 
be.  In  this  expression  we  may  of  course  reduce  the 
diurnal  terms  to  the  form  i4cos(2\^— £),  and  the  diurnal  ter 
-4'cos(v^— £').  Interpreting  it  we  have  the  following  c* 
sions : — 
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809,  In  the  equilibrium  theory,  the  whole  deviation  of  The  tides. 
level  at  any  point  of  the  sea,  due  to  sun  and  moon  acting  traction  of 
jointly,  is  expressed  by  the  sum  of  six  terms,  three  for  each  negieotw" 

T      J  corTe*'t«d 

tXXly.  winlllbrinm 

(1.)  The  lunar  or  solar  semi-diurnal  tide  rises  and  falls  in 
proportion  to  a  simple  harmonic  function  of  the  hour-angle  from 
the  meridian  of  Greenwich,  having  for  period  180'^  of  this  ang[lo 
(or  in  time,  half  the  period  of  revolution  relatively  to  the  earth), 
with  amplitude  varying  in  simple  proportion  to  the  square  of 
the  cosine  of  the  declination  of  the  Sun  or  Moon,  as  the  caso 
may  be,  and  therefore  varying  but  slowly,  and  through  but  a 
small  entire  range. 

(2.)  Tlie  lunar  or  solar  diurnal  tide  varies  as  a  simple  har 
monic  function  of  the  hour  angle  of  period  300  ',  or  tW(;nty-four 
hours,  with  an  amplitude  varj'ing  always  in  snnple  proiwi-tion 
to  the  sine  of  twice  the  declination  of  the  disturl>ing  body,  and 
therefore  changing  from  positive  maximum  to  negative?,  and 
back  to  positive  maximum  again,  in  the  tropical^  pcrio<l  of 
either  Inxly  in  its  orbit. 

(3.)  The  lunar  fortnightly  or  solar  semi-annual  tide  is  a 
variation  on  the  average  height  of  water  for  the  twenty- four 
lunar  or  the  twenty-four  solar  hours,  according  to  which  then* 
is  on  the  whole  higher  water  all  round  the  equator  and  lower 
water  at  the  poles,  when  the  declination  of  the  disturbing  body 
ia  a^ro,  than  when  it  has  any  other  value,  whether  north  or 
south ;  and  maximum  height  of  water  at  the  polos  and  lowest 
at  the  equator,  when  the  declination  has  a  maximum,  whetli<»r  Kxi»i.nn«ti..ii 

,  ,  ,  i«  •  At  •  i>ftliphinni 

north  or  south.     Gauss  s  way  oi  stating  the  circumstances  on  fortniKhtiy 
which  "secular"  variations  in  the  elements  of  the  solar  system  i»«nii  •hthui 
depend   is  convenient  for  explaining  this  component  of  the 
tidoa     Let  the  two  parallel  circles  of  the  north  and  south  de- 
clination of  the  moon  and  anti-moon  at  any  time  be  dmwn  on 
a  geocentric  spherical  surface  of  nidius  equal  to  the  moon's 
distance,  and  let  the  moon's  mass  be  divideil  into  two  halves 
and  distributed  over  them.     As  these  circles  of  matter  gradu 
ally  vary  each  fortnight  from  the  equator  to  maximum  declina  - 

'  Thi'  tropical  period  iliflferH  from  the  sidereal  i»crioil  in  Wing  n^ckonctl  from  the 
fint  point  <»f  ArieJi  instead  of  from  a  line  tlxe<l  in  ni>ace  ;  the  difference  being  only 
one  day  in  25,000  years. 
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The  tides,     tion  aud  back,  the  tide  produced  will  be  solely  and  exactli 
llSJS.ntf    "fortnigbtlytide." 

UigiectS*:  810.  In  the  equilibrium  theory  as  ordinarily  stated  \ 
on^VnSr  is,  at  any  place,  high  water  of  the  semi-diurnal  tide,  pnt 
JSalliu"''"'  when  the  disturbing  body,  or  its  opposite,  crosses  the  men 
of  the  place ;  and  its  amount  is  the  same  for  all  places  ii 
same  latitude ;  being  as  the  square  of  the  cosine  of  the  latil 
and  therefore,  for  instance,  zero  at  each  pole.  In  the  corre 
equilibrium  theory,  high  water  of  the  semi-diurnal  tides 
be  either  before  or  after  the  disturbing  body  crosses  the  n 
dian,  and  its  amount  is  very  different  at  different  places  in 
same  latitude,  and  is  certainly  not  zero  at  the  poles.  In 
ordinarily  stated  equilibrium  theory,  there  is,  precisely  9X 
time  of  transit,  high  water  or  low  water  of  diurnal  tides 
the  northern  hemisphere,  according  as  the  declination  of 
body  is  north  or  south ;  and  the  amount  of  the  rise  and  & 
in  simple  proportion  to  the  sine  of  twice  the  latitude,  and  th« 
fore  vanishes  both  at  the  equator  and  at  the  poles.  In 
corrected  equilibrium  theory,  the  time  of  high  water  ma] 
considerably  either  before  or  after  the  time  of  transit,  and 
amount  is  very  different  for  different  places  in  the  same  1 
tude,  and  certainly  not  zero  at  either  equator  or  poles.  In 
ordinary  statement  there   is    no  lunar  fortnightly  or  8€ 

annual  diurnal  tide  in  the  latitude  35°  16'  (being  sin"* 

and  its  amount  in  other  latitudes  is  in  proportion  to  the  de' 
tions  of  the  squares  of  their  sines  from  the  value  i.  In 
corrected  equilibrium  theoiy  each  of  these  tides  is  still 
same  in  the  same  latitude,  and  vanishes  at  a  certain  latin 
and  in  any  other  latitudes  is  in  simple  proportion  to  the  dei 
tion  of  the  squares  of  their  sines  from  the  square  of  the  8in< 
that  latitude.     But  the  latitude  where  thejre  is  no  tide  of  i 

class  is  not  sin-^-r^,  but  sin~*(V — r— ),  where  (^  is  the  m 

value  of  3  sin*/- 1,  for  the  whole  covered  portion  of  the  ear 
surface,  a  quantity  easily  estimated  by  a  laborious  quadrat 
from  sufficiently  complete  geographical  data  of  the  coast  L 
for  the  whole  earth. 

As  the  fortnightly  and  semi-annual  tides  most  probi 
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>llow  in  reality  very  nearly  the  equilibrium  law,  it  becomes  a  The  tide^ 
latter  of  great  importance  to  evaluate  this  quantity ;  but  we  traction  of 
igret  that  hitherto  we  have  not  been  able  to  imdertake  the  n4iected: 
'ork.     Conversely  it  is  probable  that  careful  determination  of  finance 
le  fortnightly  and  semi-annual  tides  at  various  places,  by  for^eq!3u-° 
roper  reductions  of  tidal  observations,  may   contribute  to  nighuy  and 
eographical  knowledge  as  to  the  amount  of  water  surface  in  udea. 
he  hitherto  unexplored  districts  of  the  arctic  and  antarctic 
egions. 

811«  The  superposition  of  the  solar  semi-diurnal  on  the  spring  and 
anar  semi-diurnal  tide  has  been  investigated  above  as   an  "priming"* 

.  and**lagg- 

ixample  of  the  composition  of  simple  harmonic  motions ;  and  ing." 
he  well-known  phenomena  of  the  "  spring-tides  "  and  "  neap- 
ides,"  and  of  the  "priming"  and  "lagging"  have  been  ex- 
plained (§  60).     We  have  now  only  to  add  that  observation 
proves  the  proportionate  difference  between  the  heights  of 
ipring-tides  and  neap-tides,  and  the  amoimt  of  the  priming  iMacwwuici 
Etnd  lagging  to  be  much  less  in  nearly  all  places  than  estimated  senU  re- 
in §  60  on  the  equilibrium  hypothesis ;  and  to  be  very  differ-  to  incrtu 
ent  in  different  places,  as  we  shall  seS  in  VoL  ii.  is  to  be 
expected  from  the  kinetic  theoiy. 

812,  The  potential  expressions  used  in  the  preceding  in- 
vestigation are  immediately  convenient  (§§  802,  804)  for  the 
hydrostatic  problem.     But  it  is  interesting,  in  connexion  with 
this  problem,  to  know  the  amount  of  the  disturbing  influence  on 
apparent  terrestrial  gravity  at  any  point  of  the  earth's  surface, 
produced  by  the  lunar  or  solar  influence.    We  shall  therefore  Lunar  and 
— still  using  the  convenient  static  hypothesis  of  §  804 — deter-  floenceon 
mine  convenient  rectangular  components  for  the  resultant  of  the  terreatrui 
two  approximately  equal  and  approximately  opposed  disturbing 
forces  assumed  in  that  hypothesis.     First,  we  may  remark  that 
these  two  forces  are  approximately  equivalent  to  a  force  equal 
to  their  difference  in  a  line  pamllel  to  that  of  the  centres  of 
the  earth  and  moon,  compoimded  with  another  perpendicular 
to  this  and  equal  to  twice  either,  multiplied  into  the  cosine 
of  half  the  obtuse  angle  between  them. 

Besolving  each  of  these  components  along  and  perpendicular 
to  the  earth's  radius  through  the  place,  we  obtain,  by  a  process, 
the  details  of  which  we  leave  to  the  student  for  an  exercise,  the 
following  results,  which  are  stated  in  gravitation  measure  : — 
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Liinar  nnd 
solar  influ- 
ence on 
apparent 
ttrrcatrial 
^rravity. 


Vertical  component      =-.-(_)  (2 cos* d— sin* ^),  upwtrds 

Horizontal  component  =3— (^)  sin  ^  cos  ^,   towards  poin 

horizon  under  moon  or  anti-moon. 

Here,  as  before,  E  and  M  denote  the  masses  of  the  earth 
moon,  D  the  distance  between  their  centres,  a  the  earth's  raJ 
and  0  the  moon's  zenith  distance. 

Or  from  the  potential  expression  (12),  bj  taking  —  and 
we  find  the  same  expressions. 

The  vertical  component  is  a  maximum  upwards,  amountinj 

when  the  moon  or  anti-moon  is  overhead;  and  a  maxim 
downwards  of  half  this  amount  when  the  moon  is  on 
horizon.     The  horizontal  component  has  its  maximum  va 
amounting  to  3  M.a* 

when  the  moon  or  an ti- moon  is  45*^  above  the  horizoiL    Sim 
statements,  of  course,  apply  to  the  disturbing  influence  of 

sun.    For  the  moon  -^{-j^  is  probably  equal  to  about  — — — 
or  , .,  ^ . . .  ,„  :  and  the  corresponding  measure  of  the  sun's 


18*2  X10« 
fluence  is  very  approximately  (1  + 


83'''^  365^  (GU-3)» 


Hence,  as  the  moon  or  anti-moon  rises  from  the  horizon 
the  zenith  of  any  place  on  the  earth's  surface,  the  intons 
of  apparent  gravity  is  diminished  by  about  one  six-milh'oi 
pail; :  and  the  plummet  is  deflected  towards  the  iK)int  of  1 
horizon  under  either  moon  or  anti-moon,  by  an  amount  wh 

reaches  its  maximimi  value,  7- — —  of  the  unit  angle  (57 

wlien  the  altitude  is  45  \  The  coiTesponding  effects  of  so 
influence  are  of  nearly  half  these  amounts. 

813.  Exiunples  of  §  799  ccnxtinucd. — (4.)  All  other  ciivui 
stances  as  in  Example  (2.),  let  the  two  bmlies  be  not  fi.xcil  I 
let  them  revolve  in  circles  round  their  common  centre  of  intn 
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^tk  angular  velocity  such  as  to  give  centrifugal  force  to  each  R«a  tide- 
just  equal  to  the  force  of  attraction  it  experiences  from  the  ^So^ce 

*.,  *  ^  explained  1 

Otlier.  method  of 

centriftigiil 

Let  the  ccDtre  of  the  earth  be  origin  of  rcctangalar  co-ordi-  force, 
natcfl,  and  OZ  perpendicular  to  the  plane  of  the  circular  orbits, 
and  let  OX  revolTe  so  as  always  to  pass  through  the  disturbing 
body.  Then,  deahng  with  centrifugal  force  by  the  potential 
method,  as  in  §  794 ;  for  the  equation  of  a  series  of  surfaces 
cutting  everywhere  at  right  angles  the  resultant  of  gravity  and 
centrifugal  force,  we  find 

where  oi  denotes  the  angular  velocity  of  revolution  of  the  two 
bodies  round  their  centre  of  inertia,  and  h  the  distance  of  this 
point  from  the  earth's  centre : — so  that 

M(D^b)io*=Ebi^^=:^  (25). 

Mx 
Ucnce  -jj^-^ia^hx^O, 

Using  this  in  (24),  expanded  and  dealt  with  generally  as  (12)  in 
Example  (3.),  we  see  that  the  first  power  of  x  disappears ;  and, 
omitting  terms  of  third  and  higher  orders,  we  have 

7+^0+i-^)+l«»'(*'+y)=ooDBt.  (26). 

To  reduce  to  spherical  harinouics  we  have 

and  therefore,  as  according  to  our  approximation  we  may  take 
<a*a*  for  (a*r*j  we  find  [with  the  notation  r=a(i+u)  as  above] 

or  in  polar  co-ordinates  )     (27). 

«= J  fg(38in'<?c08V- 1)  -  i^'(3co8«(?- 1 ). 

This  interpreted  is  as  follows : — 

The  surface  of  the  fluid  will  be  a  harmonic  spheroid  of  the 
second  uixler  [that  is  (§  770),  an  ellipsoid  difl'ering  infinitely 
little  from  a  sphei*c],  which  we  may  rogartl  as  the  result  of 
sui>erim{H)sing  on  the  deviation  from  spherical  figure  investi- 
gated in  §  804,  another  consisting  of  the  oblatencss  due  to 
rotation  with  angular  velocity  ta  n)und  the  diameter  of  the 
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^hed  in  the  second  Appendix  to  our  first  Chapter;  from 
hich,  and  the  supplementary  investigations  of  §§  7 78... 784,  bymuttua" 
e  have  immediately  the  solution  for  the  case  in  which  the  S*thedi»?* 
lid  is  homogeneous,  and  the  nucleus  (being  a  solid  of  any  water. 
ape,  and  with  any  internal  distribution  of  density,  subject 
ly  to  the  condition  that  its  external  equipotentisd  surfaces 
3   approximately  spherical)  is  wholly  covered  by  the  fluid. 
le  conclusion  may  be  expressed  thus  : — Let  p  be  the  density 

the  fluid,  and  let  o*  be  the  mean  density  of  the  whole  mass, 
id  and  solid.  Let  the  disturbing  influence,  whether  of  ex- 
mal  disturbing  masses,  or  of  deviation  from  accurate  centre- 
ric  (§  526)  quality  in  the  nucleus,  or  of  centrifugal  force  due 

rotation,  be  such  as  to  render  the  level  surfaces  harmonic 
heroids  of  order  t,  when  the  liquid  is  kept  spherical  by  a 
^d  envelope  in  contact  with  it  all  round.  The  tendency  of 
6  liquid  surface  would  be  to  take  the  figure  of  that  one  of 
.686  level  surfaces  which  encloses  the  proper  volume.  But 
.  changing  its  figure,  if  permitted,  it  would  increase  the 
iviation  of  this  level  surface.  The  result  is,  that  if  the  con- 
raint  be  removed,  the  level  surface  of  the  liquid  in  equilibrium 
ill  be  a  harmonic  spheroid  of  the  same  type,  but  of  deviation 

om  sphericity  augmented  in  the  ratio  of  1  to  1  —  (o-^d   ' 

Let  the  potential  at  or  infinitely  near  the  bounding  surface  be 

^+s.  (1) 

when  the  liquid  is  held  fixed  in  shape  by  a  spherical  envelope,  of 
radius  a.     In  these  circumstances 

b  the  eqnipotential  surface  of  mean  radius  a.     If  now  the  bound- 
ing surface  of  the  liquid  be  changed  into  the  harmonic  spheroid 

r^a(\+cSi)  (3), 

the  potential  (§  543)  becomes  changed  from  (1)  to 

^+(l+^^V.  (4), 

and  the  equipotential  sur&cc  becomes,  instead  of  (2), 
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Augmenta- 
tion of  result 
by  mutual 
^(Tavitation 
of  the  difl- 
turl>ed 
water. 


StabUity  of 
the  ocean. 


Augmenta- 
tions of 
resultM  by 
mutual 
KTavJtation 
of  watvr  cal- 
culateil  n»r 

ClAIIipIcJf  of 

§71)9. 


Hence  that  the  boandary  (3)  of  the  liquid  uulj  be  in 

potential  surface, 

^vpca\       3 


which  gives 


whence 


4irca*= 


^^ 

2t+l^  4ir<ra* 

1 


P 


H 


4irpca* 


2t+l 


^ 


(2»+l)«r 
Using  this  in  (5),  and  comparing  with  (2),  we  prove  the 
position. 

816.  The  instability  of  the  equilibrium  in  the  case  in  n 
the  density  of  the  liquid  is  greater  than  the  mean  de 
of  the  nucleus,  already  remarked  as  obvious,  is  curi< 
illustrated  by  the  present  result,  which  makes  the  devi 
infinite  when  i=  1  and  a=p.  But  it  is  to  be  remarked 
it  is  only  when  the  nucleus  is  completely  covered  thai 
equilibrium  would  be  unstable.  However  dense  the  1 
may  be,  there  would  be  a  position  of  stable  equilibrium 
the  nucleus  protruding  on  one  side;  and  if  the  bulk  o 
liquid  is  either  very  small  or  very  large  in  comparison 
tliat  of  the  nucleus,  the  figure  of  its  surface  in  stable 
librium  would  clearly  be  approximately  spherical  Excli 
the  case  of  a  very  small  nucleus  of  lighter  specific  gr 
(wliich  would  become  merely  a  small  floating  body,  not  sen 
distm-bing  the  general  liquid  globe),  we  have,  in  the  appar 
simple  question  of  finding  the  distribution  of  a  small  qua 
of  liquid  on  a  symmetrical  spherical  nucleus  of  less  sp 
gravity,  a  problem  which  utterly  transcends  mathematical 
as  hitherto  developed. 

817.  The  cases  of  i=  1  and  t  =  2  give  the  solutions  oi 
several  examples  of  §  799  when  the  attraction  of  the  liqui 
itself  is  taken  into  account,  provided  always  that  the  8(»1 
wholly  covered  Thus  [§  799,  Example  (2.)]  if  the  earth 
moon  were  stopped,  and  each  held  fixed,  the  moon  s  attnu 
would  still  not  disturb  the  figure  of  the  liquid  surface 
true  spliericity,'  but  woidd  render  it  eccentric  to  a  gr 
dcgi-ee  than  that  previously  estimated,  in  the  ratio 'of 
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- —  —  •    For  the  earth  and  sea,  ~  is  about  A,  and  therefore  Angmen 

<r  <r  tions  of 

kie  spherical  liquid  surface  would  be  drawn  towards  the  moon  mataai 

gravitatj 

fc»y  86  feet,  being  If  times  the  amount  of  70  feet  found  above  of  water 
^  803).  And  the  tidal  and  rotational  ellipticities  estimated  example 
01  §§  800,  814,  813  would,  on  the  supposition  now  made, 

be  augmented  each  in  the  ratio  of  1  to  1  —  |  —  ;  or  55  to  49  for 

^e  case  of  earth  and  sea.  The  true  correction  for  the  attrac- 
ion  of  the  sea,  as  altered  by  tidal  disturbance,  in  the  equi- 
librium theory  of  the  tides,  must  be  less  than  this,  as  the  liquid 
loes  not  cover  more  than  about  §  of  the  surface  of  the  solid. 
To  find  the  true  amount  of  the  correction  for  the  attraction  of 
the  water  on  itself  when  the  whole  solid  is  not  covered,  even 
if  the  arrangement  of  dry  land  and  sea  were  quite  symmetrical 
md  simple  (as,  for  instance,  one  circular  continent  and  the  rest 
Msean),  belongs  to  tlie  transcendental  problem  already  referred 
to  (§  816).  It  can  be  practically  solved,  if  necessary,  by 
laborious  methods  of  approximation ;  but  the  irregular  bound- 
uies  of  land  and  sea  on  the  real  earth,  and  the  true  kinetic 
circumstances  of  the  tides,  are  such  as  to  render  nugatory  any 
labours  of  this  kind.  Happily  the  error  committed  in  neglect- 
ing altogether  the  correction  in  question  may  be  safely  esti- 
mated as  less  than  10  per  cent  (^  being  12  3  per  cent),  and 
may  be  neglected  in  our  present  micertainty  as  to  absolute 
values  of  causes  and  effects  in  the  theory  of  the  tides. 

818.  But  although  the  influence  on  the  tides  produced  Local  in 
by  tlie  attraction  of  the  water  itself  as  it  rises  and  falls  is  water  on 

,  ,  .  directioi 

not  considerable  even  in  any  one  place;  it  is  a  manifest,  of  gravit 
though  not  an  uncommon,  error  to  suppose  that  the  moon's 
disturbing  influence  on  terrestrial  gravity  is  everywhere  in- 
sensible. It  was  pointed  out  long  ago  by  Robison^  that  the 
great  tides  of  the  Bay  of  Fundy  should  produce  a  very  sensible 
deflection  on  the  plummet  in  the  neighbourhood,  and  that 
observation  of  this  effect  might  be  turned  to  account  for 
determining  the  earth's  mean  density.  But  even  ordinary 
tides  must  produce,  at  places  close  to  the  sea  shore,  deviations 
in  the  plunmiet  considerably  exceeding  the   greatest  direct 

'  AffcfuiniaU  Philosophy,  1801     See  also  Forbes,  Proc.  JR.  S.  B.,  April  1849. 
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Attnetioii 
of  high  water 
on  a  plum- 
met at  the 
sea-side. 


effect  of  the  moon,  which,  as  we  have  seen  (§  812),  amo 
to  la.ooVooo  of  t^®  ^^t  angle  (ST^'-S).  Thus,  at  a  poin 
or  not  many  feet  above  the  mean  sea  level,  and  100  y 
from  low-water  mark,  a  deflection,  amounting  to  more  1 
8.000.000  of  the  unit  angle  on  each  side  of  the  mean  vi 
cal,  wiU  be  produced  by  tides  of  five  feet  rise  and  fall  on  < 
side  of  the  mean,  if  the  line  of  coast  does  not  deviate  ^ 
much  from  one  average  direction  for  60  miles  on  either  j 
and  if  the  rise  and  fall  is  approximately  simultaneoos 
equal  for  50  miles  out  to  sea.    For,  a  point  placed  as  0  in 


Vertical 
section 
through  0. 


Horizontal 
section 
til  rough  0. 


04:-- 


sketch  will,  as  the  water  rises  from  low  tide  to  high  tide, 
perience  the  attraction  of  a  plate  of  water  indicated  in  sec 
by  HKK'L'L,  If  we  neglect  the  small  part  of  the  whole  el 
due  to  the  long  bar  (extending  along  the  coast)  shown  in  sec 
by  HKL,  we  have  only  to  find  the  attraction  of  the  rectangi 
plate  of  water  by  hypothesis  of  50  miles'  breadth  from  j 
100  miles'  length  parallel  to  the  cc 
and  10  feet  thickness  {KL),  This  ' 
not  be  sensibly  altered  if  0  is  precii 
in  the  continuation  of  the  middle  pi 
EE'  (instead  of  a  few  feet  above  it, 
B'  would  generally  be  the  case  in  a  o 
venient  sea-side  gravitation  observato: 
and  the  whole  matter  of  the  plate  n 
condensed  into  its  middle  plane.  ] 
the  attraction  of  a  uniform  rectangular  plate  on  a  point  0 1 
for  component  parallel  to  -45, 

n  f  (OA+AE).(OB+BE).OE'*  . 
^^^^^^{6A'+A'Ey(OB'+B'EyOE*  ^ 
where  p  denotes  the  density  of  the  water,  and  t  the  thickn 
of  the  plate,  by  hypothesis  a  small  fraction  of  OE.  (We  lei 
the  proof  as  an  exercise  to  the  student)  Now,  taking  i 
nautical  mile  as  2000  yards,  we  have,  according  to  the  assuo 
data,  very  approximately 

AE    OA     OE'     „^        ,  OA'     ,,^  ,^ 
OE=dE=OE='^^  and  ^=1000^2, 
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3id  B.B'  £^ie  at  the  same  distances  on  one  side  of  OE'  os  AA'  Attracuon 

,  ,  ,^  ,  ,.  .        ,  of  high  wa 

•3  the  other.     Hence  the  preceding  expression  becomes  on  a  pi^ 

9100  sea-dde. 

2pt\og  ,  which  is  equal  to  13-6 Xp<. 

Cbe  ratio  of  this  to  — <rr,  the  earth's  whole  attraction  on  0,  is 

— 3 —  :  which  (as  —  is  ^^^^^^  by  hypothesis,  and  —  is 

4»      orr  ^       r       2,100,000     ^      ^^  <r 

2  1 

ibout  — )  amounts  to  «     The  plummet  will  therefore, 

11  8,oo0,0U(} 

it  high  tide,  be  disturbed  from  the  position  it  had  at  low 
dde,  by  a  horizontal  force  of  somewhat  more  than 

4,000,000 

rf  the  vertical  force ;  and  its  deviation  will  of  course  be  this 
fraction  of  57°'3,  the  unit  angle. 

819.  Becurring  to  the  case  o(  p  =  a,  we  learn  from  §  817  Appiicatif 
\hBt  a  homogeneous  liquid  in  equilibrium  under  the  influence  theL^  of' 
of  centrifugal  force,  or  of  tide-generating  action,  has  2  J  times  «S^^!^' 
as  much  ellipticity  as  it  would  have  if  mutual  attraction  between 

the  parts  of  the  fluid  were  done  away  with  (§  800),  and  gravity 
were  towards  a  fixed  interior  centre  of  force.  For  a  homogeneous 
liquid  of  the  same  mean  density  as  the  earth,  rotating  in  a  time 
equal  to  the  sidereal  day,  the  ellipticity  is  therefore  sir,  being 
2^  times  the  result,  rhy,  which  we  found  in  §  801.  This 
agrees  with  the  conclusion  for  the  case  of  approximate  spheri- 
city, which  we  derived  (§  775)  from  the  theorem  of  §  771, 
Hoarding  the  equilibrium  of  a  homogeneous  rotating  liquid. 
Bat  even  for  this  case  Laplace's  spherical  harmonic  analysis  is 
most  important,  as  proving  that  the  solution  is  unique^  when 
the  figure  is  approximately  spherical ;  so  that  neither  an 
ellipsoid  with  three  unequcd  axes,  nor  any  other  figure  than 
the  oblate  elliptic  spheroid  of  revolution,  can  satisfy  the  hydro- 
static conditions,  when  the  restriction  to  approximate  sphericity 
is  imposed.  Our  readers  will  readily  appreciate  this  item  of 
the  debt  we  owe  to  the  great  French  naturalist,  when  we  teU 
them  that  one  of  us  had  actually  for  a  time  speculated  on  three 
unequal  axes  as  a  possible  figure  of  terrestrial  equilibrium. 

820.  As  another  example  of  the  result  of  §  817  for  the  case 
f  =  2,  let  us  imagine  the  earth,  rotating  with  the  actual  angular 
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Application  velocity,  to  consist  of  a  solid  centrobaric  nucleus  covered 
thlo^^^of*     a  thin  liquid  layer  of  density  equal  to  the  true  density  o; 
fi^Jr*^^  ^    upper  crust,  that  is,  we  may  say,  half  the  mean  density  oi 
nucleus.     The  eUipticity  of  the  free  surface  would  be 

J_     ^1  1 

680^1-jxJ'  ^""sse' 

Or,  lastly,  let  it  be  required  to  find  the  density  of  a  su 
ficial  liquid  layer  on  a  centrobaric  nucleus  wliich,  with 
actual  angular  velocity  of  rotation,  would  assume  a  sphen 
figure  with  eUipticity  equal  to  j^r,  the  actual  eUipticity  of 
sea  level     We  should  have 

I       _5S0 

6    <r 

which  gives  p  =  'SlO  x  <r. 

821.  Bringing  together  the  several  results  of  §§  801, 817,  ^ 
for  a  centrobaric  nucleus  revolving  with  tho  eartli's  ang 
velocity,  and  covered  with  a  thin  layer  of  liquid  of  ^li'iisit 
the  mean  density  of  the  whole  being  a,  we  have 


(1-) 

for  ^=0,       e=-^, 

(2.) 

f -Jt.      i—   > 

(3.) 

..    ^=i         «  =  »Jf. 

(*■) 

„  ^=-819,  <=ar, 

(5.) 

where  e  denotes  the  eUipticity  of  the*  free  bounding  surfac 
tlie  liquid.  The  density  of  the  earth's  up|>er  crust  may 
roughly  estimated  as  i  the  mean  density  of  the  entire  in 
and  is  ceiiainly  in  every  part  less  than  "812  of  this  in 
density.  The  eUipticity  of  the  sea  level  does  not  differ  fi 
ir  Jy  by  more  than  2  or  3  per  cent.,  and  is  therefore  deciik' 
too  great  to  be  accounted  for  by  centrifugal  force,  and  elliptic 
in  the  upper  crust  alone,  on  the  hypothesis  that  there  is  a  ri 
centrobaric  nucleus,  covered  by  only  a  thin  upfier  crust  w 
surface  on  the  whole  agreeing  in  elUpticity  with  the  free  liq 
surface.     It  is  therefore  quite  certain  that  there  must  bo  on  i 
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hole  some  degree  of  oblateness  in  the  lower  strata,  in  the  ohMrvation 
ime  direction  as  that  which  centrifugal  force  would  produce  great  an 
the  mass  were  fluid.      Tliere  is,  as  we  shaU  see  in  later  of  sea ^/ei 

.A  ...  1  .  A  that  there 

numes,  a  great  vanety  of  convmcmg  evidence  ni  support  of  miutbeoi*- 
le  common  geological  hypothesis  that  the  upper  crust  wastLSSii/ 
;  one  time  all  melted  by  heat.     This  would  account  for  the  U8i»undinK 
3neral  agreement  of  the  boundary  of  the  solid  with  that  of  SU'irin " 
aid  equilibrium,  thougli  largely  disturbed  by  upheavals,  and  of  cqui5^^" 
iiinkings,  in  the  process  of  solidification  which  (App.  D.)  has  *^  ^' 
robably  been  going  on  for  a  few  million  years,  but  is  not  yet 
ttite  complete  (witness  lava  flowing  from  still  active  volcanoes). 
ho  oblateness  of  the  deeper  layers  of  equal  density  which  we* 
ow  infer  from  the  figure  of  the  sea  level,  the  observed  density 
r  the  upper  crust,  and  Cavendish's  weighing  of  the  earth  as 
whole,  renders  it  highly  probable  that  the  earth  has  been  at 
ae  time  melted  not  merely  all  round  its  surface,  but  either 
iroughout,  or  to  a  great  depth  all  round. 

822.  We  therefore,  as  our  last  hydrostatic  example,  proceed  Equilibrium 
)  investigate  the  conditions  of  a  heterogeneous  liquid  resting  tphCToiii  of 
a  a  ngid  spherical  centrobanc  core  or  nucleus,  and  slightly  "u»  i4auj«i. 
isturbed,  as  explained  in  §  815,  by  attracting  masses  fixed 
itlier  externally  or  in  the  core  (among  which,  of  course,  fall  to 
e  included  deviations,  if  any,  from  a  rigorously  centrobaric 
istribution  in  the  matter  of  the  core). 
For  any  point  (r,  By  <t>)  in  space  let 
N  be  the  potential  due  to  the  core, 
V  „  „  undisturbed  fluid, 

Q  „  „  disturbing  force, 

U  „  ,,  disturbance  in  the  distribu- 

tion of  the  fluid. 

Thus  the  whole  potential  at  the  point  in  question  is  N+  V  when 
the  fluid  is  undisturbed,  and  N+  Q+  V+  U  when  the  disturbing 
force  is  introduced  and  equilibrium  supervenes.  Let  also  p  be 
the  density  of  the  undisturbed  fluid  at  (r,  0,  4>)  (which  of  course 
would  vanibh  if  the  point  in  question  were  situated  in  any  other 
part  of  space  than  that  occupied  by  the  fluid) ;  and  let  p  +  ^  be 
the  altered  density  at  the  same  point  (r,  0,  <^)  when  the  fluid 
rests  under  the  disturbing  influence.  It  is  to  be  noticed  that 
Nj  r,  p  are  functions  of  r  alone ;  while  Q,  U^  «  are  functions  of 
r,  0,  4>. 
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where  p*  is  tfate  value  of  p  at  distance  r'  from  the  centre,  and  r  Bquflibinui 
the  radius  of  the  onter  bounding  surface  of  the  undisturbed  fluid,  spheroid 
and  a  that  of  the  fixed  spherical  surface  of  tfle  core  on  which  it  ^hmob 
rests.     To  find  F+t/;  following  strictly  the  directions  of  §  646,  "'*'**^ 
we  add  the  potential  of  a  distribution  of  matter  with  density  p+o 
through  the  space  between  the  spherical  surfaces  of  radii  a  and 
I  to  that  of  the  shell  B  of  positive  and  negative  matter  there 
defined.     Let  the  thickness  of  the  latter  at  the  point  (r,  d,  <^)  be 
called  A,  being  the  value  of  Sr  at  the  surface ;  and  let  q  denote 
its  density,  being  the  surface  value  of  p.     Then,  subtracting  the 
undisturbed  potential  F,  we  have 

C^=^--^^^'+[ar^]  (6). -or- 

duetoob- 
latenaM : 

if  as  usual  D  denote  the  distance  between  the  points  (r,  0,  <^), 
(r',  ffy  ^'\  and  the  accented  letters  denote  the  values  of  the 
oorresponding  elements  in  the  latter;  and  if  []  denotes  surface 
values  and  integration. 

Let  us  now  suppose  the  required  deviation  of  the  surfaces  of 
equal  pressure  density  and  potential  to  be  expressed  as  follows 
in  sur£Me  harmonics,  of  which  the  term  R^  disappears  because 
of  (2):- 

for  the  interior  of  the  fluid,  8r=5i4-5,+i?,+eto.,  )    ..^v 

and  for  the  outer  bounding  surface,  A= J[i+g,+ J[,+eto.  j 

Hence  by  (1)         «=i;^(i?x+/2,+/2,+eto.)  (8). 

ar 

Using  this  in  (6)  according  to  §§  544,  542,  536,  we  have  hSSS^*" 

where  Rl  denotes  the  value  of  Ri  for  the  point  (r',  B,  4>)  instead 

To  complete  the  expansion  of  tlie  hydrostatic  equation  (4)  we 
may  suppose  the  harmonic  expression  for  Q  to  be  either  directly 
given,  or  to  be  found  immediately  by  Appendix  B.  (62),  or  by 
(8)  of  §  539,  according  to  the  form  in  which  the  data  are  pre- 
sented.    Thus  let  us  have 

Q=2    '2(ATeos84>+B^!^fim84>)eT  (10),  Hamonio 

*=^  *=®  . .        , .  of  diaturblDi 

according  to  the  notation  of  App.  B.  (37)  and  (38),  Al\  ff^  pot«itUL 

2U 
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ofToUtaig 
tplieroid 
ofhetero- 
neaoi 


geii( 
Uqja 


loid. 


denoting  known  functions  of  r.     U«ng  no«  thb  ui 
we  have 

2  \  2  (iirco8«^+/?rsin5^)er —  ^sr  -  • 

wbere  [^^V^  denotes  the  value  of  ~,  ^  fi»r  r  =  r      I! 
dr  itr 

for  the  terms  of  zero  order, 

which  merely  shows  the  value  of  /'( r).  imrrHluc^il  tt ! 
(4)  and  not  wanted  again  :  and,  bv  term.*  of  .rJ*  r  \ 


Equation  of 
equilibrium 
for  general 
harmonic 
term: 


=:t:v-ri>os«<^+/>T' sin*^;  or 

Lastly,  expanding  Ri  (as  above  for  the  i  term  of  u . 
(37),  let  us  have 

i?,=:i:(M;''cos#i^+rr«inf*:©r 

whore  ti|^,  v^  are  functions  of  r,  to  the  detirniiDation 
problem  is  reduced.     Hence  equating  »ef*arat«rly  :h< 
of  cos  3if>Sf\  etc.,  on  the  two  sides,  and  ufiuj/^  v«  :•< 
one  of  the  required  functions  uTn  ("^1  '^  ^*  any 
functions  ^42",  7/^'*,  and  ti/,  ci  the  values  of  u^  fur  r  s 
respectively,  we  have 

or,  as  it  will  he  convenient  8ometimc5  to  write  it,  fur  brtvity.  < 

where  <r,  denotes  a  Jet«Tminatt'  t»|»«Tati«»n.  in>'.l\:r.: 

tt'gratious,  ami  such  that  «r «  i  >  fur  u  aii\  fjinoti  i:     t 
or  disoiaitiiHious,    n«rt>>arily  di>a|»j  »ar*   thr»'».^b    i 
valu«"<  of  r,  for  all  <»f  which   i/  =  0.      To  r*  li;o.    r 
t'iiti:il  cijuation,  iliviJc  by  r*.  iIltTiTcntiatr.  nmlt  j!\ 
diiri-rcntiate  again.      If,  for  br.  vity.  wc  j-ui 


leading  to 
etiuntion 
for  general 
ooefflcient, 
IK,  nsfpmied 
M  a  function 
ofr. 


the  result  is 
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^fH...±I^}+4^'*.:^^,  =  |{r.*^«^<5^>}  (17),  K,»n.bH. 
rfr'  dr  dr  dr^  dr      ^   ^     '^  of  rotattai 

a  linear  differential  equation,  of  the  second  order,  for  ti;,  with  orhet«n>- 
coefficicQts  and  independent  term,  known  functions  of  r.     The  itqald?' 
funeral  solution,  as  is  known,  is  of  the  form  Diflferentii 

°  '  '  equation  t 

«,=  C/'+C'i>'  +  a  (18),  ^ST 

where  a  is  a  function  of  r  satisfying  the  equation 

<r<(a)=^i  (19), 

C  and  C  are  two  arbitrary  constants,  and  P  and  P  two  distinct 
functions  of  r. 

Equation  (15)  requires  that  (7=0  and  C'  =  0;  in  other  words, 
t/,',  if  satisfying  it,  is  fully  determinate.  This  is  best  shown  by 
remarking  that  if,  instead  of  (15),  we  haye 

<ri(M)=^l»+AV+A'V-<-»  (20) 

where  K^  K'  are  any  two  constants,  these  constants  disappear  in 
the  differentiations,  and  we  have  still  the  same  differential  equa- 
tion, (17) ;  and  that  the  two  arbitrary  constants  C  and  (f  of  the  Det«nniiui 
general  solution  (18)  of  this  are  determined  by  (20)  when  any  aunteto 
two  values  are  given  for  K  and  K'.     In  fact,  the  expression  (18),  thrnqnfn 
used  for  u^,  reduces  (20)  to  •"^°**^"*- 

CfTi[P)  +  CirlPy^  Kr^+  K'r-*-^  (21), 

which  shows  that  o-j(P)  and  o'i{P')  miLst  be  distinct  linear  func- 
tions of  r*  and  r"'-*,  and  determines  C  and  C\ 

Thus  we  see  that  whatever  be  Ai  we  have,  in  the  integration 
of  the  differential  equation  (19),  and  the  determination  of  the 
arbitrary  constants  (14),  the  complete  solution  of  our  problem. 

Unless  it  is  desired,  as  a  matter  of  analytical  curiosity,  or  for  J"*^*}."*" 
some  better  reason,  to  admit  the  supposition  that  N  is  any  arbi-  N«wt(mbui 
trary  function  of  r,  it  is  unnecessary  to  retain  both  ^  and  p  as 
two  distinct  given  functions.  For  the  external  force  of  the 
nucleus,  or  that  part  of  it  of  which  N  is  the  potential,  being  by 
hypothesis  symmetrical,  relatively  to  the  centre,  it  must  in  nature 
vary  inversely  as  the  square  of  the  distance  from  this  point ;  that 

18  to  say,  ^IL=^IL  (22), 

dr       r* 
/*  being  a  constant,  measuring  in  the  usual  unit  (§  459)  the 
mass  of  the  nucleus.     And  by  (5) 

Z^^'j^r  p'r-dr'  (23). 

dr        r*Ja 

From  this,  with  (22)  and  (17),  we  have 
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lA  constant.     Ucncc  ^  diminishes  as  r  increases.     Again,  when  Eqaiiibrium 
the  force  is  of  the  kind  specified,  we  must  [App.  B.  (58)]  have     spheroid^ 
Ai^Kf^+K'r-*'^  (31),  p^ 

and  therefore  the  second  member  of  (28)  vanbhes.     Hence  if,  "^*^**' 
for  any  value  of  r,  dei  _ 

-     .,  d*ei         2(i— l)<flog^ 

for  the  same,        — -^  = ^^ ^  — ^7- «<, 

dr*  r  d^ 

and  is  therefore  positive,  which  proves  (1.)    Lastly,  when  the 

force  b  such  as  specified  in  (2.),  we  have  Ai  =  AV  simply,  and 

therefore  the  second  member  of  (29)  vanishes.     This  equation 

then  gives,  for  values  of  r  exceeding  a  by  infinitely  little, 

dei           d  lost  4^  Proportlon- 

—   = r^-^l»  *t«  aertoUoi 

dr  ar  for  cam  of 

which  b  positive.  Hence  ei  commences  from  the  nucleus  in-  A?^,or^ 
creasing.  But  it  cannot  have  a  minimum  (1.),  and  therefore  it  wiSout!'^ 
increases  throughout,  outwards. 

828«  When  the  disturbance  is  that  due  to  rotation  of  the  cue  of 

contriftinl 

liquid,  the  potential  of  the  disturbing  force  is  force 

which  is  equal  to  a  solid  harmonic  of  the  second  degree  with 
a  constant  added.  From  this  it  follows  [§§  822,  779]  that 
the  surfaces  of  equal  density  are  concentric  oblate  ellipsoids  of 
revolution,  with  a  common  axis,  and  with  eUipticities  diminish- 
ing from  the  surface  inwards. 

We  have,  in  (10)  of  last  section, 

Q= j(«*+y*)=-g-(0o  +0,  )• 

Thb  gives  at  once,  by  (7)  and  (14), 

Hence  r+8r==r{l+jQ'^) 

=  r[l+^(i-cos«d)] 

=r(l-§)(l+!;fBin«^)  (1), 

neglecting  terms  of  the  second  order  because  «,  and  therefore 

also  —  )  are  very  small. 

r 
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Neglecting  the  disturbing  forces,  we  have  (§§  822,  752)  Laplace's 

dp=pd(^  V+N)  (1).  hJTofdS? 

But,  by  the  hypothesis  of  Laplace,  as  above  stated,  k  being  some  th/earth. 
constant,  dp=kpdp  (2). 

Hence  kp+C=V+N' 

or,  by  §  822  (5),  =47r  P  r'p'dr'+  ^rrydf^+  ^ . 

Multiplying  by  r,  and  differentiating,  we  get 

kj^{rp)  +  C=i^j'^r'p'dr' 

J  d*        ,  4ir 

If  we  wnte  __  =  _-, 

k      K* 

the  integral  may  be  thus  expressed — 

rp=F^n{^  +  0). 

If  we  suppose  the  whole  mass  to  be  liquid,  i.e.,  if  there  be  no 
solid  core,  or,  at  all  events,  the  same  law  of  density  to  hold  from 
snrface  to  centre,  O  must  vanish,  else  the  density  at  the  centre 
would  be  infinite.     Hence,  in  what  follows,  we  shall  take 


/: 


With  this  value  of  p  it  is  easy  to  see  that 

^^'v'dr'=-KV^^  (4), 

the  common  value  of  these  quantities  being 

T*  T*  T 

FK*(6m cos—). 

^  K  K  K  ' 

We  are  now  prepared  to  find  the  value  of  u,  in  §  823,  upon  tionofeiup 
which  depends  the  elliptieity  of  the  strata.     For  (15)  of  §  822  sorfkcw 
becomes,  by  (23)  of  that  section  and  the  late  equation  (4),  oenai^ 

-^-4r..^^«.^-[t-j^^3prfr'+,^J^r'Hi,5^rfr]-^-^—  (6) 

where  pf  is  the  mass  of  fluid,  following  the  density  law  (3),  which 
is  displaced  by  the  core  ft.  In  the  terrestrial  problem  we  may 
assume  /x'=  /x,  and  of  course  a  =  0.     For  simplicity  put 

r^i/,=r,  (6), 

then  divide  by  r*  and  difi*ercutiate,  and  we  have 
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hypothetical 
law  of  den- 
sity within 
the  earth. 

Oonae- 
qoencea 


eUlpBoities 
of  soiftoes 
ofeqaal 
denaity. 


Multiply  by  r*,  and  again  differentiate ;  the  result  i» 

5j3+(^--.->=o 
The  integral  of  this  eqoation  is  known  tw  be 

r=C[(l-A)«n(-+<7'>--<»«<-+C' 
*■  >■     K*'       ^  K  tar  K 

80  that  tta  is  known  from  (6).     Now  we  luire  mlnradj  pmi 
u  inoreased  from  the  centre  oatwrnrda,  so  that  we  mofi  ki 

(r=o, 

for  otherwise  u,  would  be  infinite  at  the  centrv.     Thoi 

finally 


^•=7="-jF 


The  constants  are,  of  coarse,  to  be  determined  bj  t^ 
values  of  the  ellipticity  of  the  sur&ee  and  of  the  angnkr 

of  the  mass. 

Now  (5)  becomes,  at  the  sorlace, 

Wo  may  next  eliminate  p,  J^  ,  and  a  by  means  of  (3k, 
dr 

and  (8),  and  substitute  ererywhere  re,  for  m,.  Abo,  if 
ratio  (7J7)  of  centrifugal  force  to  gravity  at  the  e^oau 
be  eliminated  by  means  of  the  equation 


?/.-■* 


from  which  p  is  to  bo  rcmovcMi  by  (3).     By  the  help 
substitutions  (10)  becomes  tran^nfonued  as  follow!*  — 

4irFtn       .     r    ^    .  4irrit     ,   3        1     .    r       8 
-•    I    rsiu  — c/r+  — -/   r*  (      — --vmu 


CO!*"  'f 


4irmF  f^ 


'tirmt   r       .     r    , 

=    -    ,  /     TMU  -<//--f 


4r/ 

6 


If 


we   put  tan—  =  /,  au*l        =  0,    the    iutogrmlcd    e: 
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divided  by  *''* ,  becomeB  SS^VlS.*^ 

"^  Mj  wtUiin 

(3— tf";/— 3e/  2e  elllptldty 

of  snrfluse  to 
IlenCC  at  OnCO  the  fhu^Uon 

2e  ~ (1-6)1(3- 0*)t-sef]'  ^"^-  S?,™t:Mn 

teniu  of  flar> 
J[_  face  gravitj. 

If  we  put  1— z  for  —  )  t.tf.,  for  — —  ,   this  becomes  somewhat 
'  tan- 


simpler,  and  may  be  written 
The  mean  density  is,  of  course, 


(12). 


Cpr^dr    /V(sin--i-cos^)     .„sin---C08^ 

i: 


T  ■  <T)- 


'0 

Let  ^0  be  the  mean  density,  and  q,  as  before,  the  surface-density, 

_  SF  sin^— ^OOS^  Moan 

9^  — Si »  density. 

ass— sin  0. 
r 

Hence  f =8^= J  •  (13). 

If  we  put  /  for  this  ratio  of  the  mean  density  to  the  sur&ce- 
density,  a  quantity  which  may  be  determined  by  experiment,  hi^^q  ^ 
(13)  gives  i^  ^^SU"^ 

td*    '  dojitty. 

From  thb  equation  6  may  be  found  by  approximation,  and  then 
(12)  (^vc8  e  in  terms  of  known  quantities.     In  fact,  it  becomes 

6fn_^   -^^9       yy       8  (14). 

2«         /(/-I)   "3(/-l)     / 
From  (13)  and  (14)  the  numbers  in  columns  iy.  and  v.  of  the 
following  table  are  easily  calculated.      Column  vii.  shows  the      \ 
ratio  of  the  moment  of  inertia  about  a  mean  diameter,  on  the       ! 
assumed  law  of  density,  to  what  it  would  be  if  the  earth  were 
homogeneous : — 
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be  proved  in  Vol  n.,  that  Precession  and  Nutation  are  the  DynMio 
e  as  they  would  be  if  the  earth  were  Sjrmmetrical  about  an  PmccMic 
»  and  had  for  moment  of  inertia  round  equatorial  diameters,  tkn. 
cmthmetical  mean  between  the  real  greatest  and  least  values. 
en  (12)  of  §  639  we  see  that  in  general  the  differences  of  the 
Hients  of  inertia  round  principal  axes,  or,  in  the  case  of 
kmetry  round  an  axis,  the  value  of  C — A,  may  be  deter- 
i.ed  solely  from  a  knowledge  of  surface  or  external  gravity, 
C§§  '^^^y  ^^^]  ^^^  *^®  figure   of  the  sea  level,  without 
r  data  regai-ding  the  internal  distribution  of  density. 

EqoatiDg  §  539  (12)  to  §  794  (17),  in  which,  when  the 
Bca  level  is  supposed  symmetrical,  Ft(d,4>)  becomes  simply 
t(J— oos'd),  we  find 

^e-im)(i-co8«^=|^(i-cos*e?), 

whence  C7-J  =  §i/t*(f-Jm)  (15). 

Similarly  we  may  provo  the  same  formula  to  hold  for  the  real 
case,  in  which  the  sea  level  is  an  ellipsoid  of  three  unequal  axes, 
one  of  which  coincides  with  the  axis  of  rotation ;  provided  e  de- 
notes the  mean  of  the  ellipticities  of  the  two  principal  sections  of 
this  ellipsoid  through  the  axis  of  rotation,  and  A  the  mean  of  the 
moments  of  inertia  round  the  two  principal  axes  in  the  plane  of 
tiie  equator. 

826.  The  angular  accelerations  produced  by  the  disturbing  Precewii 
uples  are  (8  281)  directly  as  the  moments  of  the  couples,  mluon  • 
d  inversely  as  the  earth  s  moment  of  inertia  round  an  equa-  xtwtaiim 
rial  diameter.     But  (VoL  IL)  the  integral  results,  observed  in  mun,  wi 
recession  and  Nutation,  would,  if  the  earth's  condition  varied,  Kmritj  < 
ry  directly  as  C — -4,  and  inversely  as  C.     We  have  seen 
794)  that  if  the  interior  distribution  of  density  were  varied 
any  way  subject  to  the  condition  of  leaving  the  surface 
ud  consequently  (§  793)  the  exterior]  gravity  unchanged, 
—  A  remains  unchanged     But  it  is  not  so  with  C,  which 
ill  be  the  less  or  the  greater,  according  as  the  mass  is  more 
ndensed  in  the  central  parts,  or  more  nearly  homogeneous 
within  a  small  distance  of  the  surface  :  and  thus  it  is  that  a 
mparison  between  dynamical  tlieor}'  and  observation  of  Pre- 
ssion  and  Nutation  gives  us  information  as  to  the  interior 
Btribution  of  the  earth's  density  (just  as  from  the  rate  of 


684  ABSTRACT  DYNAMICS. 

Precession    acceleration  of  balls  or  cylinders  rolling   down   an  inclin 

SltfolrJi'^   plane  we  can  distinguish  between  solid  brass  gilt,  and  hoDt 

tributionof  gold,  shclls  of  cqual  weight  and  equal  surface  dimension* 

iSLa*^'    while  no  such  information  can  be  had  fix>m  the  figure  of  ti 

sea  level,  the  surface  distribution  of  gravity,  or  the  disturban 

of  the  moon's  motion,  without  hypothesis  as  to  primitive  fluidi 

or  present  agreement  of  surfaces  of  equal  density  with  the  su 

faces  which  would  be  of  equal  pressure  were  the  whole  d 

prived  of  rigidity. 

The  constant      827.  But  wc  shall  first  find  what  the  magnitude  of  tl 

ofPreces-  n      A 

from  La-^     tcrrcstrial  constant  —7^-  of  Precession  and  Nidation  would  I 

place's  law.  O 

if  Laplace's  were  the  true  law  of  density  in  the  interior 
the  earth ;  and  if  the  layers  of  equal  density  were  level  for  tl 
present  angular  velocity  of  rotation.     Every  moment  of  inert 
involving  the  latter  part  of  this  assumption  will  be  denoted  I 
a  Saxon  capital 

The  moment  of  inertia  about  the  polar  axis  is,  by  §  281, 

the  first  factor  under  the  integral  sign  being  an  element  of  tj 
mass,  the  second  the  square  of  its  distance  firom  the  axis. 

For  the  moment  of  inertia  about  another  principal  axis  (whi( 
may  be  any  equatorial  radius,  but  is  here  taken  as  that  lying 
the  plane  from  which  4>  is  measured),  we  have 

^=2  r  J   *  r'f)r*8ind^rrfd^^.r«(l  -sin'^sinV). 

Now,  by  §  823,  we  have 

r=r[l+«,(J-ooe«^)], 
where  r  denotes  the  mean  radius  of  the  surfaoe  of  equal  densi 
passing  through  r,  ^,  ^ ;  whence 

r*  A=i  ^r  =  r*dr  +  ^^(  J  -cos«tf)c&-. 
Let  Cpr^dr^^K,  ) 

JO  y  (H 


J-' 

Then      <=2|   ^  T' sin* 0ded4>[K+Kii^^ cos* 0)] 


and 
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or  0=-—K  nenrly.  (17).  Theconrttnt 

w  sion  dedno«d 

-2^=2/       I    Mneared<^[^+A',(i-co8*^](8in'tf-l+8in'tfsin'<^)  P'«»»»«»- 

=^J^i  (18). 

Now  we  have 


A'=  r  pr*  Jr  =  F  r  r»8in— ^r, 


X 

or,  if  we  put  as  before  0= —  : 


A'=2^K*cosd(-6/«+3^«/+6^-60. 

Again         K,=j'^p^(r^e,)dr=x'zq^j'r*e,^£dr, 

and  this,  by  (10)  of  last  section,  becomes 

Jr,=5t«e  [pr^dr^-p-  (19). 

Jo  ^^ 

Thus,  finally, 

C-gi_l  g,  w  g'(<-g) 

C     ~6  K      ^'      2^-e'+S0H+6e-6t 

=('-?) S--  (20). 

From  this  formula  the  numbers  in  Column  yi.  of  the  table  in 
§  824  were  calculated.     By  (18)  and  (19)  we  see  that 

c-3=>/>*-$-) 

which  agrees,  as  it  ought  to  do,  with  (15)  of  §  825. 

828.  From  the  elaborate  investigations  of  Precession  and  comptrtoon 
utation  made  by  Le  Verrier  and  Serret,  it  appears  that  the  hyiwihetis 

ue  value  of     ^     is,  very  approximately,  '00327.*    This,  ac-  ^  ^"* 

)rding  to  the  table  of  §  824,  agrees  with       ^     for  /=  2*1, 

hich  gives  t  =  ^l7'     These  are  (§§  792,  796,  797)  about  the 
ost  probable  values  which  we  can  assign  to  these  elements 

>  Annnlet  dt  V ObtercaMre  ImpSrial  <le  Paris,  1859,  p.  824. 
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coTOpariiion  ])y  observatioiL     Thus,  so  far  sw  we  liavt»  tin*  iu«-;aii«    : 

of  l/»p1ares       "^  ,         ,     i  ,        .      .  •  ,     i 

hywithosi*    if  LAplace  s  livpothesis  is  vonneil. 

vation;  829.  But,  as  a  furtluT  cli*»ck  ujion   Laj'Uo '«  x*.*--.. 

J^*IJiMilty   is  necessary  to  inquii-e  whether  tlie  re.sulu  iu\  Iw  . 

iS\*hehyi>o-  inconsistent  with  experinientiil   kn«>wlf«l:_:n  ..f  t- ..  . 

thcabi.  bility  of  matter  uml.T  sueli  pres;jun»s  :is  Uf  ran  -::.: . 
laboratory.  For  this  purpf^se  the  tirst  nil.inin  ha-  — 
to  the  preceding  ta]»le.  Fruni  it  niav  l»i;  ih'«ln  -i  !'.- 
sibility  of  the  upper  stratum  af  liquid  uuittrr.  whi  ■:  • 
the  crust  of  the  earth.  rcMpiired  by  tlie  a-^-unit  i  !.•»  ? 
for  the  respective  values  of  0.  In  fact.  tht»  niii!i'-r> 
are  those  by  which  the  earth's  nulius  inu^t  }•*-  •iivi-lr* 
the  lengths  of  the  modulus  of  cumjiression  §»*'•'*  ••i*  tl 
most  layer  of  lluid,  acconling  to  the  surface  value  of  r 
Wo  have,  by  §  H2A  (:5), 


F  ,    r      da  F 


sm  -     c.»»— 


r        K       dr  r  ^     r  «      ' 

whence,  at  the  surface,  \ -,-l=—  1 • 

The  corresponding  numbers  for  several  dilft-r^nt  h^ 
solid  substances  are  as  fidluws  : — 
coiiiiin'Mi-  Alcohol,    ....  .  r{T 

re,|umMl  by  »>  aicr,         .  .  .  -• 

i^i.iate's                   Mercury,  ....              .  i" 

tM>ii,|«.n-.!                      OIa«<,         ...  .-»•' 

uuiiui  dau.                 v,opptr,      .  I 

Iron,  41 

Mched  Lava,  by  Laplace's  law,  with/=:!  1,  A\ 

This  comparison  may  be  consid»*n*il  a.'^  d»'iidfily  n-t 
to  Liplace's  hiw,  but  urtual  r.\|K*rinunt.'i  on  ilu-  i.nuipn: 
of  melted  n>ck  are  still  a  desidenitum. 
Arinini.nt  830.   In  >|}  270  it  Was  pMVnl  that  the  !id»-*  mu*t 

tt.:f\..f        diminish  th«*  aiiirular  vrl.nitv  **(  lb*'  i-.iitl;'-  :•  r./     :; 

•'iitli  inl 

tii.ii  In.'.      will   Ik*  iTiiViMl    in  a  l.:t«r  V"lu:ii«-  ilii:    ;!.!<   :•:.:•:. 
CMunt«*ibalaih»  d   in  ni<»ii-   tli.tn  a   N»!y   i!«:!.:i:.-     !■_:. 
triidi'iicv   to  a««fliratii'i»    wlii-li    r -ii!:-   Ii«:ii    -•■!:" 
and  sIuiiikinLr.      Sin.-"  th"  |»rinMn,'  ■■!  jjf  -T'-.  r» -t:!*  -  -.• 
a>tr-»noniy  havi*  liii-.trm*  kn«»uii  ti»  u-  \\l»i  !i  --x ••:*}.:■.%  ■ 
rlu-iMii  ,ju«»trd   in   v{  4"'».  :ind   «•  a!l«'U  .i  pri't:    .1    ::    : 
t«>  J5  L*7ri  wliith  thai  *  .mi  li]>j«»n   diiihd   !••   i!        11. 
•inntril   in  jSf    !'*'»   ^^ii-"*  diaun   l'\    l^ipl.u.-  lii«:n   :lt.    .ij 
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l)etween  observation  and  his  dynamics  of  the  moon's  mean  Argument 
motion.  In  1853  Adams  pointed  out  an  error  in  Laplace's  tici^  of ^ 
work,  which  had  till  then  escaped  the  notice  of  physical  astro-  tidiiwo- 
nomers ;  and  showed  that  only  about  half  of  the  observed  temine  um 
acceleration  of  the  moon's  mean  motion  relative  to  the  angular  soudation. 
velocity  of  the  earth's  rotation,  was  accountable  for  by  La- 
place's theory.  Li  1859  he  communicated  to  Delaunay  his  final 
iQsolt : — that  at  the  end  of  a  century  the  moon  is  5"*  7  before 
the  position  she  would  have,  relatively  to  a  meridian  of  the 
earth,  according  to  the  angular  velocities  of  the  two  motions, 
at  the  beginning  of  the  century,  and  the  acceleration  of  the 
moon's  motion  truly  calculated  from  the  various  disturbing 
causes  then  recognised.  Delaunay  soon  after  verified  this  re- 
Bult :  and  about  the  beginning  of  1866  suggested  that  the  true 
explanation  may  be  a  retardation  of  the  earth's  rotation  by 
tidal  friction.  Using  this  hypothesis,  and  allowing  for  the 
consequent  retardation  of  the  moon's  mean  motion  by  tidal 
reaction  (§  276),  Adams,  in  an  estimate  which  he  has  com- 
municated to  us,  founded  on  the  rough  assumption  that  the 
parts  of  the  earth's  retardation  due  to  solar  and  lunar  tides  are 
as  the  squares  of  the  respective  tide-genei*ating  forces,  finds  22* 
as  the  error  by  which  the  earth  would  in  a  century  get  behind 
a  perfect  clock  rated  at  the  beginning  of  the  century.  If  the 
retardation  of  rate  giving  this  integral  effect  in  a  century  were 
uniform  (§  35,  b),  the  earth,  as  a  timekeeper,  would  be  going 
dower  by  '22  of  a  second  per  year  in  the  middle,  or  44  of  a 
second  per  year  at  the  end,  of  the  century.  The  latter  is 
yffoo^oooo  of  the  present  augular  velocity ;  and  if  the  rate  of 
retardation  had  been  uniform  since  ten  million  centuries  back, 
the  earth  must  have  been  then  rotating  faster  by  4-  than  at 
present,  and  the  centrifugal  force  greater  in  the  proportion  of 
64  to  49.  If  the  consolidation  took  place  then  or  earlier,  the 
eUipticity  of  the  upper  layers  of  equal  density  must  have  been 
^ijf  instead  of  about  -siru,  as  it  certainly  is.  It  is  impossible  to 
escape  the  conclusion  that  the  date  of  the  consolidation  is  con- 
siderably more  recent  than  a  thousand  million  years  ago.  In 
Appendix  D.,  it  is  shown  from  the  theory  of  the  conduction  of 
heat  that  the  date  of  consolidation  may  be  about  a  hundred 
million  years  ago,  but  cannot  possibly  have  been  so  remote  as 
five  hundred  million  years. 
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Abn&pt 
chanKMof 
interior 
density, 
not  Im- 
probable. 


Two  non- 
mixing 
Ikraidsof 
different 
densities, 
eacbbomo- 
geneons. 


881*  From  the  known  facts  n^ganlin;;  ei:»ini«Tw-:' 

terrestrial  substances,  referred  to  al»ove  (§  ?'Ji* .  r 

probable  that  even  in  chemically  hom<ij;:pncon*  nuW,:. 

is  a  continuous  increase  of  density  downwArU  at 

comparable  with  that  involved  in  Laplace's  Iaw     I. 

improbable  that  there  may  bo  abrupt  chan;:-s  in  '.:.- 

the  substance,  as,  for  instance,  if  a  larje  p<>rti«»ii   -f : 

of  the  earth  had  at  one  time  consist etl  •*(  nitl:*-^!  r« 

consolidated.     We  therefore  append  a  !H»hri«>:i  •■(  !• 

of  determining  the  ellipticiti»»8  of  tin?  surface^  "t 

mass  consisting  of  two  non-mixing  fluids  of  diffcrvn 

each,  however,  being  supposed  incompressible. 

Let  the  densities  of  the  two  liquicLi  bo  p  and  ^^^ 
forming  the  spheroid 

and  the  former  filling  the  space  between  this  #phei 
exterior  concentric  and  coaxal  smfMo 

r=a[l+€(J-cos«^>] 
Also  let  the  whole  reyoWe  with  uniform  angular  Tel\ 
conditions  of  equilibrium  arc  that  the  rarface  of  ci 
must  be  an  cquipotential  sorface. 

Now  the  potential  at  a  point  r,  0^  in  the  outer  tv 

^[^+ir«c(J-co.«(?]    j 

+J«V+i«V(l-co6«^).  I 

The  first  line  is  the  potential  due  to  a  liquid  cf  dei 
the  larger  spheroid,  the  second  that  due  to  a  liquid 
filling  the  inner  spheroid,  the  third  15  the  potential 
of  centrifugal  force  arranged  in  solid  harmonic*. 

Substituting  in  (3)  the  values  of  r  from  .1    and 
sivoly,  ncglocting  s^piaros,  etc.,  of  the  ellipticitioH.  ; 
to  zero  the  sum  of  the  ciK^fficicnt.H  of  (J— o«»>*«»    . 
equations  from  which  we  find 


The  correspond in^r  value  of  «   is  Ui  In?  f«»ui»«l  fn-ni  ihi 
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ExpresBiiiff  »*  in  terms  of  the  known  quantity  m  we  have  Two  nonn 

Also,  to  a  sufficient  approximation,  we  have 

and  the  mean  density  is  obviously 

P+^P  (7). 

The  numerical  values  of  the  expressions  (4)  and  (7)  are  approxi- 
mately known  from  observation  and  experiment,  so  that  if  wo 

aamime  a  value  of  —  we  can  at  once  find  p  and  p\  and,  from 
a 

them,  the  value  of     ^     . 

From  the  formulc'e  just  given  it  is  easy  to  show  that  results 
doeely  agreeing  with  observation  as  regards  precession,  ratio 
of  aorface  density  to  mean  density,  and  ellipticity  of  sea  level, 
may  be  obtained  without  making  any  inadmissible  hypotheses 
as  to  the  relative  volumes  and  densities  of  the  two  assumed 
liquida     But  this  must  be  left  as  an  exercise  for  the  student. 

882.  These  estimates,  and  all  dynamical  investigations  Rigidity  <>i 
(whether  static  or  kinetic)  of  tidal  phenomena,  and  of  preces-  **^*  '^^^ 
sion  and  nutation,  hitherto  published,  with  the  exception  re- 
ferred to  below,  have  assumed  that  the  outer  surface  of  the 
solid  earth  is  absolutely  unyielding.  A  few  years  ago,^  for 
the  first  time,  the  question  m  as  raised :  Does  the  Earth  retain 
its  figure  with  practically  perfect  rigidity,  or  does  it  yield 
sensibly  to  the  deforming  tendency  of  the  Moon's  and  Sun's 
attractions  on  its  upper  strata  and  interior  mass  ?  It  must 
yield  to  same  extent,  as  no  substance  is  infinitely  rigid :  but 
whether  these  solid  tides  are  sufficient  to  be  discoverable  by 
any  kind  of  observation,  direct  or  indirect,  has  not  yet  been 
ascertained.  The  negative  result  of  attempts  to  trace  their 
influence  on  ocean  and  lake  tides,  as  hitherto  observed,  and 
on  precession  and  nutation,  suffices,  as  we  shall  see,  to  disprove 

»  "  On  the  Rigidity  of  the  Earth."    W.  Thomaon.    Trans,  R.  8,,  May  1862. 

2X 
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id  of  the  same  rigidity  (§  680)  as  glass  or  as  steel,  yield  in  its  Rigidigr  c 
lape  to  the  tidal  influences  three-fifths  as  much,  or  one- 
ird  as  much,  as  a  perfectly  fluid  globe ;  and  further,  it  will 
J  proved  that  the  effect  of  such  yielding  in  the  solid,  accord- 
g  as  its  supposed  rigidity  is  that  of  glass  or  that  of  steel, 
ould  be  to  reduce  the  tides  to  about  f  or  f  of  what  they 
auld  be  if  the  rigidity  were  infinite. 

834.  To  prove  this,  and  to  illustrate  this  question  of  elastic  EUwtic  ao 
ies  in  the  solid  earth,  we  shall  work  out  explicitly  the  solu- 
>n  of  the  general  problem  of  §  696,  for  the  case  of  a  homo- 
ineous  elastic  solid  sphere  exposed  to  no  surface  traction; 
it  deformed  infinitesimally  by  an  equilibrating  system  of 
roes  acting  hodily  through  the  interior,  which  we  shall  ulti- 
ately  make  to  agree  with  the  tide-generating  influence  of  the 
[oon  or  Sun.  In  the  first  place,  however,  we  only  limit  the 
{forming  force  by  the  final  assumption  of  §  733. 

FoUowing  the  directions  of  §  732,  we  are  to  find,  for  the  two  Homogen 

constituents  (\^)3,^y)  and  (a^,  )3^,  y)  for  the  complete  solution  ;  gSScfgiSb 

of  which  the  first,  given  by  (6)  and  (7)  of  §  733,  is  as  follows :—      JSTefd^' 

1  d(f^W,^{)     1     .         f^      dW,^,  '^^^l 

2(2f  +  6)(m  +  n)        dr         m-k-n^     2(21+1)  "3^  monie  for 

^(2»  +  3)(2i  +  6)  dx  i    V^/» 

with    symmetrical   formula;  for  ')3  and  ^y;  which  [§  733  (6)], 

give  ^«=— ^'    , 

m+n 


and,  fS  737  ('28)1,    Y=—  (''~^)flJiti 

These,  used  in  (29)  of  §  737  with  i+2  for  i,  give 


(2)- 


_</>=.4-  {(m-n)F;,.x+(*+?l?  '^:^}  (3); 

m+n  2i+6  dx       ^ 

which,  reduced  to  harmonics  by  the  proper  formula  [§  737  (36)], 
becomes 

(2i  +  3)(m  +  «)i^    f  V-r-i;  J       ^  ^.^3       r-  ^^  ;  ^4j. 

This  and  the  symmetrical  formula  for  ^Gr  and  V/r,  with  r  taken 
equal  to  a,  express  the  components  of  the  force  per  unit  area 
which  would  have  to  be  balanced  by  the  application  from  without 
of  surface  traction  to  the  bounding  surface  of  the  globe,  if  the 
strain  through  the  interior  were  exactly  that  expressed  by  (1). 
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Uumogene-  Henoe,  Still  according  to  the  diroctions  of  §  732,  we  must 

koud^^o^  find  (a,,  j3,,  x)  the  state  of  interior  strain  which  with  no  I 

fSSitVe^  ^^^°^  without  acting  bodily  through  the  interior,  would  r 

SSiwiSi^-  ^^^  surface  traction  equal  and  opposite  to  that  (4).    Of 

nionic  force,  part  of  the  problem  we  have  the  solution  in  §  737  (52),  the 

ticular  data  being  now 

a«+i""(2i  +  3)(i»  +  n)      ~a^»   a<+i""     (2»  +  3)(2»  +  5)(m-|-ii)''^  di 

with  symmetrical  terms  for  Biy  C^,  and  A>s>  ^t-ft;  but  nou 
other  orders  than  t  and  i+2.  Hence  for  the  auxiliary  fiiDct 
of  §737  (50) 

M^._,-o,  <&*^,- (2.^3)(^^^j     — n.^.   / 

Now  (52),  with  the  proper  terms  for  i+2  instead  of  t  adde< 
to  be  used  to  give  us  a^ ;  and  through  the  vanishing  of  ^,.1 
^<+„  it  becomes 

_  1  .    1        o-<^->     d4>i+i    Ajf*       tn(o^H)a-<-i dirt 

"'""nl^-l4t(2l  +  l)     dx  "^  a«-iJ"*"*[2(i  +  2)«+l]m  — (2i  +  3>  "tir 
ar-i-i       [(t  +  4)fl^-(2i+3)fl]      r«-n»rf(»<^ir-«-»)  ,    ^ 
"^  t+1  '•[2(»  +  2)«+l]w^-(2i+3)i4  (L'i  +  ojctt:         +^^-«'^  ^  t 

To  this  we  must  add  X  ^ven  by  (1),  to  obtain,  acconiini 
§  732,  the  explicit  solution,  a,  of  our  problem.  Thus,  i 
somewhat  tedious  algebraic  reductions  in  which  m+n,  appeal 
as  a  factor  in  the  numerator  and  denominator  of  each  fractioi 
removed,  we  find  a  remarkably  simple  expression  for  a.  T 
and  the  symmetrical  formulas  for  )3  and  y,  are  as  follows : — 

where    g<^.=       .  ('•+0[(.+3)m-«3 

J.      _  (i+2)(2i+5)m— (2t+3)w 

^*'"     2(2,+8)n{[2(i+2)'+l]m-(2i+3)«) 


<5<+i  =  5 


(«  +  l)« 


■(2»+8)n{[2(.+2)'+l]m-(2i+3)«} 
The  infinitely  great  value  of  d+i  for  the  oaw  i=0  depends 
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the  circumstance  that  the  bodily  force  for  this  case,  being  uniform  Uumogene- 
and  in  parallel  lines  through  the  whole  mass,  is  not  self  equili-  solid  globe 
brating,  and  therefore  surface  stress  would  be  required  for  equi-  f«ce*cS' 

lihriiim  formed  by 

The  case  of  i=  I  is  that  with  which  we  are  concerned  in  the  "*'*'^*'  '°"^ 
tidal  problem.     In  it  the  fonnula)  (9)  for  the  numerical  coeffi- 
cients become 

^•""^li)m-6w) '  ^•"■l0w(l9m-5n)'  ®'"5«(lJ)wi^5n)  ^  ^' 
To  prepare  for  terrestrial  applications  we  may  conveniently  re- 
duce to  polar  co-ordinates  (distance  from  the  centre,  r ;  latitude, 
/;  longitude,  X)  such  that 

x=rco»/co8X,  y=rco8/sinX,  z^rsml  (H); 

and  denote  by  f>.  /a,  v,  the  corresponding  components  of  displace- 
ment.    The  expressions  for  these  will  be  precisely  the  same  as 

those  for  a,  j3,  y,  except  that  instead  of  -  -  ,  as  it  appears  in  the 

ax 

expression  for  a,  we  have  —  in  the  expression  for  p;  — ^  in  that 

for  M,  and r,v  in  that  for  v.     Thus  if  we  put 

'^^         rcos/tfA  ^ 

Wi^,=Si^y^^  (12), 

M>  that  Si^  I  may  denote  the  surface  harmonic,  or  the  harmonic 
function  of  directional  angular  co-ordinates  /,  X,  corresponding  to 
ll'<+,,  we  have 
p  =  {(/+l)€,+,rt'-[(/+l)/,+,-(/+2)r,+,]r';r'^',+, 

/«=  {f  <+.a'-(#<+.-rN+.)'-'}'-*' 


u^^+i 


dl  )    (13), 

whence,  for  p,  finally,  by  (9), 

_(i  +  l){(i  +  l)[(t-f8)m--n]a«-i[(i+2)m--n]r'}^.        .^^. 
^"         ""    2i«{[2(i+2)«.t.l]m-(it+3)w}  '^'    ^      ^' 

The  expressions  f(»r  /a  and  v  are  more  conveniently  left  as  ex- 
hibited in  (12)  and  (9).     From  (13)  we  have 

^P«('  +  ir{'''«'+[('+2)m-n](a*-r»)}  ,_,^  ,^^. 

dr"       2n{[2(/+2)*  +  l]m-(2i-f3)n}  ^^'         ^      ^' 

which  is  always  positive  when  r<za\  as  »  is  at  least  equal  to  1, 
and  [§  698  (1)]  m  necessarily  (§  694)  exceeds  Jn.  But  although 
p  therefore  always  increases  for  the  successive  concentric  sphe- 
roids outwards,  we  easily  sec,  by  writing  down  the  expression  for 
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From  these  results,  (8)  to  (22),  we  conclude  that  Humogene 

otu  6]utic 

835.  Tlie  bounding  surface  and  concentric  interior  spherical  f^**at!ra|! 
smfiAces  of  a  homogeneous  elastic  solid  sphere  strained  slightly  rSSiid  by 
by  balancing  attractions  from  without,  become  deformed  into  SwScSre 
harmonic  spheroids  of  the  same  order  and  tyi)e  as  the  solid  har- 
monic expressing  the  potential  function  of  these  forces,  when 

they  are  so  expressible :  and  the  direction  of  the  component 
displacement  perpendicular  to  the  radius  at  any  point  is  the 
same  as  that  of  the  component  of  the  attracting  force  perpendi- 
cular to  the  radius.      These  concentric  harmonic  spheroids  cnso  of 
although  of  the  same  type  are  not  similar.     Wlien  they  are  of  gwe  gives 
the  second  degree  (that  is  when  the  force  potential  is  a  solid  formation, 
harmonic  of  the  second  degree),  the  proportions  of  the  ellipti-  fiwm°centw 
cities  in  the  three  normal  sections  of  each  of  them  are  the^" 
same  in  all :  but  in  any  one  section  the  ellipticities  of  the  con- 
centric ellipsoids  increase  from  the  outermost  one  inwards  to 
the  centre,  in  the  ratio  of 

For  harmonic  disturbances  of  higher  orders  the  amount  of  de-  higher  de- 
viation  from  sphericity,  reckoned  of  course,  in  proportion  to  the  ^S^Apr 
radius,  increases  from  the  surface  inwards  to  a  certain  distance,  Seviatfon 
and  then  decreases  to  the  centre.    The  explanation  of  this  re-  eitrnSthei 
markable  conclusion  is  easily  given  without  analysis,  but  weSorsurfkce 
shall  confine  ourselves  to  doing  so  for  the  case  of  ellipsoidal 
disturbances. 

836.  Let  the  bodily  disturbing  force  cease  to  act,  and  let  synUiotic 
the  surface  be  held  to  the  same  ellipsoidal  shape  by  such  a  raaximum 
distribution  of  surface  traction  (88  C93,  662)  as  shall  maintain  at  centre. 

,  .         ,  ,    ^^^    ,         .  .  rr.1         .    X      .       fordefor- 

a  homogeneous  strain  throughout  the  mterior.  The  intenor  mation  of 
ellipsoidal  surfaces  of  defonnation  will  now  become  similar  order, 
concentric  ellipsoids :  and  the  inner  ones  must  clearly  be  less 
elliptic  than  they  were  when  the  same  figure  of  outer  boundary 
was  maintained  by  forces  acting  throughout  all  the  interior ; 
and,  therefore,  they  must  have  been  greater  for  the  inner  sur- 
face. And  we  may  reason  similarly  for  the  portion  of  the 
whole  solid  within  any  one  of  the  ellipsoids  of  deformation,  by 
suj»po8ing  all  cohesive  and  tangential  force  between  it  and  the 
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and  therefore  (§  838)  the  flattening  of  a  glass  globe  is  :g^,  or 

1}  times  that  of  a  steel  globe  with  equal  velocities. 

888.  For  rotating  or  tidally  deformed  globes  of  glass  orRoutkmai 
metals,  the  amount  of  deformation  is  but  little  influenced  by  ^uptidties 
compressibility,  as  we  see  in  a  moment  from  (22)  of  §  834 ;  iiTfluenced 
because  for  such  substances  (§§  684,  694),  the  value  of  m  is  siiifHtyri^ 
either  about  equal  to  2n,  or  still  greater.    Thus  for  any  sub-  metallic, 
stance  for  which  m  ^  27i  the  surface  ellipticity  is  diminished  (teutinow ' 
by  three  per  cent,  or  by  less  than  three  per  cent,  and  the***  *^** 
centre  ellipticity  by  j  per^cent.,  or  less  than  |  per  cent,  if  we 
suppose  the  rigidity  to  remain  in  any  case  unchanged,  but  the 
substance  to  become  absolutely  incompressible.    For  the  sur- 
tBice  ellipticity,  §  834  (22)  gives  on  this  supposition 

e^-^r  (23), 

or  with      n=770x  10»  aa  for  steel  (§  837), 

a=640x  10*,  the  earth's  radius  in  centimetres, 
and  ti;=5'5,  „         „     mean  density, 

we  have,  in  anticipation  of  §  839, 

c=77xlO*.T  (24). 

838.  If  now  we  consider  a  globe  as  large  as  the  Earth,  and  vaiaeor 
of  incompressible  homogeneous  material,  of  density  equal  to  tlcitiMfor* 
the  Earth's  mean  density,  but  of  the  same  rigidity  as  steel  or  ^uandmL 
gjlass ;  and  if,  in  the  iirst  place,  we  suppose  the  matter  of  such  non-Krmfitei 
a  globe  to  be  deprived  of  the  property  of  mutual  gravitation  h"Su^«ai«- 
between  its  parts :  the  ellipticities  induced  by  rotation,  or  by  tide  IS^lSoeT 
generating  force,  will  be  those  given  by  the  preceding  formulai  JwiiitrM 

sttfeL 

[§  834  (22)],  with  the  same  values  of  n  as  before  ;  with  — =0; 

with  640  X  10^  for  a,  the  earth's  radius  in  centimetres;  and 
with  5*5  for  w  instead  of  the  actual  specific  gravities  of  glass 
and  steel. 

But  without  rigidity  at  all,  and  mutual  gravitation  between 
the  parts  alone  opposing  deviation  from  the  spherical  figure, 
we  found  before  (§  819),  for  the  ellipticity 

«=^^T=162X10*.T  (25). 

*  g 

840.  Hence  of  these  two  influences  which  we  have  con- 
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where  n-^g  is  the  rigidity  in  gmmnies  weight  \)Qv  square  centi-  Rigidity  of 
metre.     For  steel  and  glass  as  aliove  (§§  837,  839)  the  values 

of—  are  respectively  2*1  and  '60. 

841.  Hence  it  appears  that  if  the  rigidity  of  the  earth,  on 

the  whole,  were  only  as  much  as  that  of  steel  or  iron,  the  earth  imiew 
as  a  whole  would  yield  about  one-third  as  much  to  the  tide   ihSofttee 
uenenitiug  influences  of  the  sun  and  moon  as  it  would  if  it  had  \^^  \m- 
no  rigidity  at  all ;  and  it  would  yield  by  alvout  three-fifths  of  effective  in 
the  fluid  yieldiui',  if  its  riiridity  were  no  more  than  that  of  ingtiRure 

,  ^  o  o         .^  agaiii»ttld« 

gklSS.  generatiug 

842.  To  find  the  efl'ect  of  the  earth's  elastic  yielding  on  the 
tides,  we  must  recollect  (§  819)  that  the  ellipticity  of  level  due 
to  the  disturbing  foi-ce,  and  to  the  gravitation  of  the  undisturbed 

glol)e,  which  [§§  804,  808,  (18),  (19)]  is  ^t,  will  be  augmented 

by  \c  on  account  of  tlie  alteration  of  the  globe  into  a  spheroid  '^"^^JJ^'Jff 
of  ellii)ticity  c  :  so  that  if  (§  799)  we  neglect  the  mutual  attrac-  y>'*'";?."*^ 
tion  of  the  waters,  we  have  for  the  disturbed  ellii)ticitv  of  the  «»rth  *>«»  «> 

HllrflU'C* 

sea  lovel  (§  785)  ii.iuid  ti.i« 

-T+Je  (29). 

The  rise  and  fall  of  the  water  relatively  to  the  solid  earth  will 
depend  on  the  excess  of  this  above  the  ellipticity  of  the  sblid. 
Denoting  this  excess,  or  the  ellipticity  of  relative  tides,  by  e, 
we  have 

c=^T-|.  (30), 

c=^r4-  (31). 

Hence  the  rise  and  fall  of  the  tides  is  K'ss  than  it  would  bi» 
were  the  earth  perfectly  rigid,  hi  the  pro])ortion  that  the  resist 
ancf  against  tidal  deformation  of  the  solid  due  to  its  rigidity 
Wars  to  sum  of  the  ix^sistances  due  to  rigidity  of  the  soh'd  and 
to  mutual  gravitation  of  its  parts.  I>y  tlie  numbers  at  the  end 
of  Jj  iS40  we  conclude  that  if  the  rigidity  were  as  great  as  that 
«if  stet»l,  the  relative  rise  and  fall  of  the  water  woidd  be  ix»duced 
by  rlastie  yielding  of  the  solid  to  jj,  or  if  the  rigidity  were  only 


or  by  (2r»)  and  (27) 
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:]f  either  in  any  one  place  would  be  discoverable  with  certainty  Rigidity  oj 
"40  a  small  fraction  of  an  inch  by  a  proper  application  of  the 
nethod  of  least  squares,  such  as  has  hitherto  not  been  made, 
to  the  indications  of  an  accurate  self  registering  tide-gauge. 
For  our  present  object,  the  semi-annual  tide,  though  it  may  pmbtwy 
have  the  advantage  of  being  more  certainly  not  appreciably  leamed  ttv 
different  from  the  true  eciuilibrium  amount,  may  be  sensibly  SonBgJvin 
aSiBcted  by  the  melting  of  ice  from  the  arctic  and  antarctic  polar  fortnii^htijf 
legions,  and  by  the  fall  of  rain  and  drainage  of  land  elsewhere, 
which  will  probably  be  found  to  give  measurable  disturbances 
in  the  sea  level,  exhibiting,  on  the  average  of  many  years,  an 
annual  and  semi-annual  harmonic  variation.     This  disturbance 
will,  however,  be  eliminated  for  any  one  fortnight  or  half  year, 
by  combining  observ^ations  at  well-chosen   stations  in  dif- 
ferent latitudes.     It  seems  probable,  therefore,  that  a  some- 
what accurate  determination  of  the  true  amount  of  the  Earth's 
elastic  yielding  to   the  tide-generating  forces  of  the  Moon 
and  Sun  may  be  deduced  from  good  self-registering  tide- 
gauges  maintained  for  several  years  at  such  stations  as  Ice- 
land, Teneriffe,   CaT)e  Verde  Islands,  Ascension  Island,  and  Tide-gauge 

*  to  be  estal] 

St  Helena.     It  is  probable  also  that  the  ratio  of  the  Moon's  nsJied  at 

i»in  11  'I/*  11  ocean  sta- 

mass  to  that  of  the  Sun  may  be  determmed  from  such  obser^'a-  tionK. 
tions  more  accurately  than  it  has  yet  beea     It  is  to  be  hoped 
that  these  objects  may  induce  the  British  Government,  which 
has  done  so  much  for  physical  geography  in  many  ways,  to 
establish  tide-gauges  at  proper  stations  for  determining  with 
ail  possible  accuracy  the  fortnightly  and  semi-amiual  tides, 
and  tlie  variations  of  sea  level  due  to  the  melting  of  ice  in  the  Rodncuon 
polar  regions,  and  the  fall  of  rain  and  drainage  of  land  over  the  iiv^ethod 
rest  of  the  world.  ^uam 

846,  More  observation,  and  more  perfect  reduction  of  obser-  sejuitineM 

Infurmatioi 

vations  already  made,  are  wanted  to  give  any  decided  answer  reganiiM 
to  the  questions,  how  much  the  fortnightly  tide  and  the  semi-  tid««, Tium 
annual  tide  really  are.     "  In  the  Philosophical  Transactions^  from  obMr 
"  1839,  p.  167,  Mr.  Whewell  shows  that  the  obsei-vations  of 
"  high  and  low  water  at  Plymouth  give  a  mean  height  of  water 
*'  increasing  as  the  moon  s  declination  increases,  and  amounting 
"  to  3  inches  when  the  moon's  declination  is  25°.     This  is  the 
"  same  direction  as  that  corresponding  in  the  expression  above 


vation. 


STATICS.  703 

instance,  than  it  would  be  if  its  effective  rigidity  wei*e  no 
»re  than  the  rigidity  of  steel. 


848.  It  is  interesting  to  remark,  that  tlie  popular  geological  oeoioeicai 
liypothesis  that  the  earth  is  a  thin  shell  of  solid  material,  of  ITuii?* 
baving  a  hollow  space  within  it  filled  with  liquid,  involves  two  with  Hquw 
t^flTects  of  deviation  from  i)erfect  rigidity,  which  would  influence  nwmenui/ 
in  opi>08ite  ways  the  amount  of  precession,     llie  comparatively  ^niaiiL^d 
i*asy  yielding  of  the  shell  must,  as  we  shall  see  in  our  second  count l^we 
volume,  render  the  eflective  moving  coujde,  due  to  Sun  and  pS«SSSn 
Moon,  much  smaller  than  it  would  be  if  the  whole  interior  wenTiVr 
M-ere  solid,  and,  on  this  account,  must  tend  to  diminish  the  '^  ^ 
amount  of  precession  and  nutation.     But  the  eflective  moment 
t>f  inertia  of  a  thin  solid  shell  containing  fluid,  whether  homo- 
Igneous  or  heterogeneoas,  in  its  interior,  would  be  much  less 
than   that  of  the  whole   mass   if  solid  throughout ;  and  the 
tendency  would   be  to  much  greater  amounts  of  precession 
and  nutation  on  this  account.     It  seems  excessively  improb- 
able that  the  defect  of  moment   of  inertia  due  to  fluid  in 
the    Earth's   interior   should   l)ear   at    all   aijproximately  the 
sumo  ratio  to  the  whole  moment  of  inertia,  that  the  actual 
idastic  yielding   bears  to  the  perfectly  easy  yielding  which 
would  take  place  if  the  Earth  were  quite  fluid.     P>ut  we  must 
either  admit  this  supjmsition,  improbable  as  it  seems,  or  con 
elude  (from  the  close  agreement  of  procession  and  nutation, 
with  what  they  would  be  if  the  Earth  were  perfectly  rigid) 
that  the  defect  of  moment  of  inertia,  owing  to  fluid  in  the 
interior,  is  small  in  comparison  with   the  whole  moment  of 
inertia  of  the  Earth,  about  any  diameter ;  and  that  the  defor-  i»r..iiahia 
mation  exi)crienccd  by  the  r^illi,  lix)m  lunar  and  solar  mnuence,  thatthrrei 

11    .  .  -11  .  1  1    1        •/»     1         ^.        .little  of  flnl 

IS  small  in  Xjompanson  with  what  it  would  Ihj  if  the  Mrth  in  the  Mrtii 

___.,,._  'i.i        •  ""♦'  **»**  ^** 

were  iK?rfectly  fluid.     It  is,  however,  certiun  that  there  is  some  iioii'i  i>«rtii 

,     .  ,  .        ,        .  .  i.     1        -i-i        1  •  •  I.  *"'  ri'iMh-rr 

fluid  matter  in  the  interior  of  the  Earth:  witness  eruptions  of  vtrj- rigid 
lava  from  volcanoes.     But  this  is  pi'obably  quite  local,  as  has  iTcwure. 
iKJcn  uiged  by  Hopkins,  who  first  ailduced  the  pheiumiena 
of  pix'ces.^ion  and  nutation  to  disi>n)ve  the  hyj>othesis  that  the 
.soliil  i»ait  of  th<».  Earth's  mass  is  meivly  a  thin  shell. 

849.  A  curiously  simihir  ivmark  is  applicable  to  the  tides; 
but  only  in  virtue  of  the  greater  density  in  the  deei)er  parts  of 
the  hyjiothetieal  fluid.     The  oblatenoss  intluced  by  the  tide- 
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APPENDIX  TO  CHAPTER  VII. 


Appendix  C 


C.) — Equations  of  Equilibrium  of  an  Elashc  Solid  deduced 
FROM  THE  Principle  of  Energy. 

(a.)  Let  a  solid  composed  of  matter  fulfilling  no  condition  of 
isotropy  in  any  part,  and  not  homogeneous  from  part  to  part, 
be  given  of  any  shape,  unstrained,  and  let  every  point  of  its 
surface  be  altered  in  position  to  a  given  distance  in  a  given 
direction.  It  is  required  to  find  the  displacement  of  every  point 
of  its  substance,  in  equilibrium.  Let  a?,  y,  z  be  the  co-ordinates 
of  any  particle,  P,  of  the  substance  in  its  undisturbed  position,  and 
x+a,  y+/J,  z+y  its  co-ordinates  when  displaced  in  the  manner  ^Jj^JJg* 
specified :  that  is  to  say,  let  a,  /},  y  be  the  components  of  the  snuui,  iped 
re<|uired  displacement.     Then,  if  for  brevity  we  put 

*=l§)'+(f +')'+'$-'■ 


flcdbTfte 
elemnta 


a= 


6  = 


dz^dx^  '^  dz  dx^^dz  ^  'dx 


(1); 


,da 


dp.dp 


dy  dy 


+  '):rr.+^i^J,+^^  +  -dxdy 


these  six  quantities  Ay  J5,  C,  a,  6,  c  are  proved  [§  190  (e)  and 
§  181  (5)]  to  thoroughly  determine  the  strain  experienced  by  the 
substance  infinitely  near  the  particle  P  (irrespectively  of  any 
rotation  it  may  experience),  in  the  following  manner : — 

(b.)  Let  ii'qy  (he  the  undisturbed  co-ordinates  of  a  particle 
infinitely  near  P,  relatively  to  axes  through  P  parallel  to  those 
of  X,  y,  z  respectively;  and  let  f^,  ly^,  (,  be  the  co-ordinates 
rehUivo  still  to  axes  through  P,  when  the  solid  is  in  its  strained 
condition.     Then 

V+V;+C^M'+Bv'+CC+'^ariC+2bC^+2ciri        (2); 
and  therefore  all  particles  which  in  the  strained  state  lie  on 
spherical  surface 

2y 
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respectively,  in  the  preceding  expression.    In  order  that  8  IT  may  Appendix  c. 
vanish,  the  multipliers  of  5a,  8/J,  Sy  in  the  expression  now  found 
for  it  must  each  vanish,  and  hence  we  have,  as  the  equations  of 
equilibrium 

dx^    dA^dx^     ~db    dz^  dc   du^  J  equilibrium 

•^^  I  of  an  elastic 

,     d  (^dw  da       dw  da      dw  .da  .  I  solid exjieil- 

d  f   dw  da      dtv  da      dw  .da        ». 
'^'^^^dCl^'^d^'dy'^'db^li'^^^^^^' 
etc.  etc. 

of  which  the  second  and  third,  not  exhibited,  may  be  written 
down  merely  by  attending  to  the  symmetry. 

(c.)  From  the  property  of  w  that  it  is  necessarily  positive  when 
there  is  any  strain,  it  follows  that  there  mm*t  be  some  distribu- 
tion of  strain  through  the  interior  which  shall  mvik^ ///wdxdydz 
the  Ucat  possible  subject  to  the  prescribed  surface  condition ;  and 
therefore  that  the  solution  of  equations  (7)  subject  to  this  con-  Their  8«iu- 
dition,  is  possible.     If,  whatever  be  the  nature  of  the  solid  as  iloM^Te  and 
to  difference  of  elasticity  in  different  directions,  in  any  part,  and  "nrfal^di^*!" 
as  to  heterogeneousness  from  part  to  part,  and  whatever  be  the  Jjtven!"unu^ 
extent  of  the  change  of  form   and   dimensions  to  which  it  is  |',',^«7abie'  ^ 
subjected,  there  cannot  be  any  internal  configuration  of  unstable  equilibrium : 
equilibrium,  nor  consequently  any  but  one  of  stable  equilibrium, 
with  the  prescribed  surface  displacement,  and  no  disturbing  force 
on  the  interior ;  then,  besides  being  always  positive,  w  must  be 
such  a  function  of  A,  i?,  etc.,  that  there  can  be  only  one  solution 
of  the  equations.     This  is  obviously  the  case  when  the  unstrained  *"*".r®  "*^r**" 

-.  _  ,     *  •'  Manly  unique 

solid  IS  homogeneous.  for  a  homo- 

(/.)  It  is  easy  to 'include,  in  a  general  investigation  similar  to  Koiid. 

the  preceding,  the  effects  of  any  force  on  the  interior  substance, 

such  as  we  have  considered  particularly  for  a  spherical  shell,  of 

homogeneous  isotropic  matter,  in  §§  730... 737  above.     It  is  also 

easy  to  adapt  the  general  investigation  to  superficial  data  offurce,  ^^yJJ'JjJJ. 

instead  of  displacement.  b-jj  t«  *j- 

(a.)  Whatever  be  the  general  form  of  the  function  f  for  any  f^we,  aud 
^^  '«  ,        ,  .''.,.,  ...  .    ,  .lata  of  pur- 

part of  the  substance,  since  it  is  always  positive  it  cannot  change  fmo  Tvn-e, 

in  sign  when  .4— 1,  /?— 1,  (7—1,  a,  ft,  c,  have  thoir  signs  changed;  *^"**' 
and  therefore  for  infinitely  small  values  of  these  quantities  it  must 
be  a  homogeneous  quadratic  function  of  them  with  constant  co- 
efficients.   (And  it  may  bo  useful  to  observe  that  for  all  values  of 
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It  is  to  be  observed  that  the  coefficients  (^  e)  («,/),  etc.,  will  be  Append 
in  general  functions  of  (ar,  y,  z),  but  will  be  each  constant  when  ^J^{!f, 
the  unstrained  solid  is  homogeneous.  ttniiw: 

(f.)  It  is  now  easy  to  prove  directly,  for  the  case  of  infinitely 
small  strains,  that  the  solution  of  the  equations  of  interior  equi- 
librium, whether  for  a  heterogeneous  or  a  homogeneous  solid,  aoiattoo 
subject  to  the  prescribed  surfjGice  condition,  is  unique.  For,  let  J|^^ 
a,  p,  y  he  components  of  displacement  fulfilling  the  equations,  S^^'JJS 
and  let  a',  P\  y  denote  any  other  functions  of  x,  y,  z,  having  *»  ^^^ 
the  same  surface  values  as  a,  )9,  y,  and  let  «',/',...,  w'  denote  bcterom 
functions  depending  on  them  in  the  same  way  as  e,^  ...,  w  de-  tm^* 
pend  on  a,  j8,  y.     Thus  by  Taylor's  theorem,  &  giv^ 

where  //  denotes  the  same  homogeneous  quadratic  function  of 
«'— e,  etc.,  that  to  is  of  «,  etc.     If  for  e'— e,  etc.,  we  substitute 
their  values  by  (12),  this  becomes 
,  dw  dia' — a^  .  dw  d(a — a)  ,  dw  d(a — a)  .    ^      .   ,. 

de        dx  dh        dz  dc        dy 

Multiplying  by  dxdydz,  integrating  by  parts,  observing  that 
a — a,  P' — P^  y — y  vanish  at  the  bounding  surface,  and  tak- 
ing account  of  (10),  we  find  simply 

///(w-~  w)dxdydz=^///Hdxdydz  (13). 

But  //  is  essentially  positive.  Therefore  every  other  interior 
condition  than  that  specified  by  a,  j3,  y,  provided  only  it  has  the 
same  bounding  surface,  requires  a  greater  amount  of  work  than 
w  to  produce  it :  and  the  excess  is  equal  to  the  work  that  would 
be  required  to  produce,  firom  a  state  of  no  displacement,  such  a 
displacement  as  superimposed  on  a,  /3,  y,  would  produce  the 
other.  And  inasmuch  as  a,  j3,  y,  fulfil  only  the  conditions  of 
satisfying  (11)  and  having  the  given  surface  values,  it  follows 
that  no  other  than  one  solution  can  fulfil  these  conditions. 

(/)  But  (as  has  been  pointed  out  to  us  by  Stokes)  when  the  tut  not 
surface  data  are  of  force,  not  of  displacement,  or  when  force  acts  ^!^^!S^ 
from  without,  on  the  interior  substance  of  the  body,  the  solution  JJ|J^< 
is  not  in  general  unique,  and  there  may  be  configurations  of 
unstable  equilibrium   even   with   infinitely   small   displacement. 
For  instance,  let  part  of  the  body  be  composed  of  a  steel-bar 
magnet ;  and  let  a  magnet  be  held  outside  in  the  same  line,  and 
with  a  pole  of  the  same  name  in  its  end  nearest  to  one  end  of  the 
inner  magnet.     The  equilibrium  will  be  unstable,  and  there  will 
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the  solid,  as  expressed  by  (1)  of  §  0G2,  we  have  clearly,  by  con-  Apiwudixc. 
sidering  the  work  done  respectively  by  i',  Ci,  R,  S,  T,  U  (§  662) 
on  any  infinitely  hniall  change  of  figure  or  dimensions  in  the 
solid, 

/*=    ,     ,     Q=    ,>.)     i2=-,-»      'S^=   ,     »     ^=-7r'     ^=-3-  (19).  Component- 
de  df  dg  da  do  dc  ofHtresar©- 

llence,  for  an  isotropic  solid,  (18)  gives  the  expressions  which  we  nlnlHteiy' 
have  used  above,  (12)  of  §  673.  siuau«ti»in. 

(w.)  To  interpret  the  cot^fficients  m  and  n  in  connexion  with 
elementary   ideas   as   to   the   elasticity   of  the   solid;    first  let 
a=b=zc=Oj  and  c=/=^=j8:  in  other  words,  let  the  substance  Mixiaiiof 
experience  a  uniform  dilatation,  in  all  directions,  producing  an  tTcomi'im. 
expansion  of  volume  from  I  to  1+8.     In  this  case  (18)  becomes  ri^duyf  "' 

and  we  have 

Hence  (m  —  ^n]8  is  the  normal  force  per  unit  area  of  its  surface 
retjuired  to  keep  any  portion  of  the  solid  expanded  to  the  amount 
specified  by  8.  Thus  m  —  -\n  measures  the  elastic  force  called 
out  by,  or  the  elastic  resistance  against,  change  of  volume :  and 
viewed  as  a  modulus  of  elasticih/,  it  may  be  called  the  elastiritt/ 
of  rolume,  [Compare  §§  692,  693,  694,  688,  682,  and  IISOJ 
What  is  commonly  called  the  "  compressibility  "  is  measured  by 

1 
jn  —  In 

And  let  next  e=/=g=b=zc=0  ;  which  gives 
u'=.i««*;  and,  by  (19),  S=na, 
This  shows  that  the  tangential  force  per  unit  area  required  to 
prmluce  an  infinitely  small  shear  (§  171),  amounting  to  a,  is  na. 
Hence  7i  measures  the  innate  power  of  the  body  to  resist  change 
of  sha|>e,  and  return  to  its  original  shape  when  force  has  been 
applied  to  change  it :  that  is  to  say,  it  measures  the  rigidity  of 
the  substance. 

(I).)— Ox  THE  Secular  Cooling  of  the  Earth.^ 

(a.)  For  eiditeen  years  it  has  pressed  on  my  nn'nd,  that  niwiipation 
essential  principles  of  Thermo-dvnnmies  have  been  overlooked  lUHit^nicd 
by  thoiHJ  geologists  who  uncompromi>ingly  oppose  all  paroxysmal  miow"™  of 
hypotheses,  and  maintain  not  only  that  we  have  examples  now  ""^***°* 

*   TrauMtctionA  of  the  Ih'/iU  .SnciWy  nj  Kdinhuvyh^  ISrti  (W.  Thomson). 
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an  unlimited  future,  is  expressed  as  a  function  of  the  time,  which  Appendix  d. 
is  infinitely  divergent  for  all  times  longer  past  than  a  definite 
determinable  epoch.     The  distribution  of  heat  at  such  an  epoch 
is  essentially  initial — that  is  to  say,  it  cannot  result  from  any 
previous  condition  of  matter  by  natural  processes.     It  is,  then, 
well  called  an  ^'  arbitrary  initial  distribution  of  heat,''  in  Fourier's  MtthemA- 
great  mathematical  poem,  because  it  could  only  be  realized  by  of^wJ^"** 
action  of  a  power  able  to  modify  the  laws  of  dead  matter.     In  an  mJjJJphJU;!! 
article  published  about  nineteen  years  ago  in  the   Cambridffe  ^^^^^' 
Mathematical  Journal,^  1  gave  the  mathematical  criterion  for  an  criterion 
essentially  initial  distribution ;  and  in  an  inaugural  essay,  "  De  ^aUtSlj 
Motu  Caloris  per  Terrae  Corpus,"  read  before  the  Faculty  of  the  diJjriJjJtl,,^ 
University  of  Glasgow  in  1846,  I  suggested,  as  an  application  ^^'j^e^t  i*» » 
of  these  principles,  that  a  perfectly  complete  geothermic  survey 
would  give  us  data  for  determining  an  initial  epoch  in  the  pro-  now  *ppUed 
blem  of  terrestrial  conduction.     At  the  meeting  of  the  British  datoof**** 
Association  in  Glasgow  in  1866,  I  urged  that  special  geothermic  JJiiSitiSn"' 
surveys  should  be  made  for  the  purpose  of  estimating  absolute  DS?*^^J^ 
datos  in  geology,  and  I  pointed  out  some  cases,  especially  that  underground 
of  the  salt- spring  borings  at  Creuznach,  in  Rhenish  Prussia,  in 
which  eruptions  of  basaltic  rock  seem  to  leave  traces  of  their  y^u^  of 
igneous  origin  in  residual  heat.'     I  hope  this  suggestion  may  yet  Ih^JlJi^ 
be  taken  up,  and  may  prove  to  some  extent  useful ;  but  the  dis-  J"/^J^^. 
turbing  influences  affecting  underground  temperature,  as  Pro-  ^*<]"  of  »b- 
fessor  Phillips  has  well  shown  in  a  recent  inaugural  address  to  in  geology, 
the  Geological  Society,  are  too  great  to  allow  us  to  expect  any 
very  precise  or  satisfactory  resultfl. 

{e,)  The  chief  object  of  the  present  communication  is  to  esti- 
mate from  the  known  general  increase  of  temperature  in  the 
earth  downwards,  the  date  of  the  first  establishment  of  that  con- 
Mtentior  status,  which,  according  to  Leibnitz's  theory,  is  the 
initial  date  of  all  geological  history. 

(/.)  In  all  parts  of  the  world  in  which  the  earth's  crust  has  increase  of 
been  examined,  at  sufficiently  great  depths  to  escape  large  in-  d(!wnwiinir 
fluence  of  the  irregular  and  of  the  annual  variations  of  the  super-  iJJifBY^bot 
ficial  temperature,  a  gradually  increasing  temperature  has  been  ^'•'^  *"■ 
found  in  going  deeper.     The  rate  of  augmentation  (estimated  at  oiweneS 
only  ilifth  of  a  degree,  Fahr.,  in  some  localities,  and  as  much 
as  ^^th  of  a  degree  in  other,  per  foot  of  descent)  has  not  been 
observed  in  a  sufficient  number  of  places  to  establish  any  fair 

»  Feh.  18i4.     "Note  on  Certain  Points  in  the  Theory  of  Heat.*' 
-  See  Britiith  Association  Repoii  of  1855  (Glasgow)  Meeting. 
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oentnries;  but  it  is  as  oertain  that  there  is  now  less  Tolcanic  Aiipeadixi 

energr  in  the  whole  earth  than  there  was  a  thonsand  years  ago, 

as  it  is  that  there  is  less  gunpowder  in  a  ^^  Monitor ''  after  she 

kas  been  seen  to  discharge  shot  and  shell,  whether  at  a  nearly  fwmte- 

eqnable  rate  or  not,  for  five  hours  withoat  receiving  fresh  sap-  of  whole 

plies,  tlian  there  was  at  the  beginning  of  the  action.     Yet  this  vokwnic 

tmth  has  been  ignored  or  denied  by  many  of  the  leading  geolo-  •^•^  ^ 


gists  of  tbe  present  day,  because  they  believe  tbat  the  facts  within  \mt  not 
their  province  do  not  demonstrate  greater  violence  in  ancient  admitted 
changes  of  the  earth's  surface,  or  do  demonstrate  a  nearly  eqnable  tht^M 
action  in  all  periods.  geoing«u 

(£.)  The  chemical  hypothesis  to  account  for  underground  heat 
might  be  regarded  as  nut  improbable,  if  it  was  only  in  isolated 
localities  that  the  temperature  was  found  to  increase  with  the 
depth;  and,  indeed,  it  can  scarcely  be  doubted  that  chemical 
acUon  exercises  an  appreciable  influence  (poadbly  negative,  how- 
ever) on  the  action  of  volcanoes ;  but  that  there  is  slow  uniform 
^*  combustion,"  eremaeausis^  or  chemical  combination  of  any  kind 
going  on,  at  some  great  unknown  depth  under  the  surface  every-  chMifml 
where,  and  creeping  inwards  gradually  as  the  chemical  affinities  IS!!!!!!!^ 
in  layer  after  layer  are  successively  saturated,  seems  extremely  |||!!ii'^|!!^ 
improbable,  although  it  cannot  be  pronounced  to  be  absolutely  j^j^S^  |! 
impossible,  or  contrary  to  all  analogies  in  nature.     The  loss  y^Hj  ^mprc 
hypothetical  riew,  however,  that  the  earth  is  merely  a  warm 
chemically  inert  body  cooling,  is  clearly  to  be  preferred  in  the 
present  state  of  science. 

{j,)  Poisson's  celebrated  hypothesis,  that  the  present  under* 
ground  heat  is  due  to  a  passage,  at  some  former  period,  of  Uic 
solar  system  through  hotter  stellar  regions,  cannot  provide  the 
circumstances  required  for  a  palfcoutology  continuous  through  iMixwmjk 
that  epoch  of  external  heat.     For  from  a  moan  uf  values  of  the  )«wiitM« 
conductivity,  in  terms  of  the  thermal  capacity  of  unit  volume,  of  ii<«tnu*ti«ti 
the  earth's  crust,  in  three  dififerent  localities  near  Edinburgh,  "'^^^'^^ 
deduced   from   the    observations  on   underground  temperature 
instituted  by  Principal  Forbes  there,  I  find  that  if  the  sup- 
posed   transit   through   a   hotter   region   of  space    took   place 
between  1250  and  5000  years  ago,  the  temperature  of  that  sup- 
posed region  must  have  been  from  25°  to  50'  Fahr.  above  the 
present  mean  temperature  of  the  earth's  surfaco,  to  account  fur 
the  present  general  rate  of  underground  increase  of  temperature, 
taken  as  1^  Fahr.  in  50  feet  downwards.     Human  history  nega- 
tives this  supposition.     Again,  geologists  and  astronomers  will. 
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PoisHon'M 
byiK>tbesia 
to  account 
for  ordinary 
underground 
heat  dis- 
proved as 
any  a<;cept- 
able  mitiga- 
tion of  Leih- 
nitz'a  theory. 


Probable 
limito  of 
uncertainty 
aa  to  tliermal 
conductivi- 
tiea  and 
caiiacities 
of  surface 
rucks. 


Extreme 
admissible 
limits  of  date 
of  earth's 
consolida- 
tion. 


I  presume,  admit  that  the  earth  cannot,  20,000  years  ago.  ba 
been  in  a  region  of  space  100*^  Fahr.  warmer  than  its  prest 
surface.  But  if  the  transition  from  a  hot  region  to  a  cool  regi 
supposed  by  Poisson  took  place  more  than  20,000  year?  ago,  i 
excess  of  temperature  must  have  been  more  than  lOO*^  Fahr.,  i 
must  therefore  have  destroyed  animal  and  vegetable  life.  Hen 
the  further  back  and  the  hotter  we  can  suppose  Poisson'i  1 
region,  the  better  for  'the  geologists  who  require  the  long 
periods ;  but  the  best  for  their  view  is  Leibnitz's  theory,  whi 
simply  supposes  the  earth  to  have  been  at  one  time  an  inc 
descent  liquid,  without  explaining  how  it  got  into  that  state, 
we  suppose  the  temperature  of  melting  rock  to  be  about  10,0( 
Fahr.  (an  extremely  high  estimate),  the  consolidation  may  ha 
taken  place  200,000,000  years  ago.  Or,  if  we  suppose  t 
temperature  of  melting  rock  to  be  7000°  Fahr.  (which  is  m* 
nearly  what  it  is  generally  assumed  to  be),  we  may  suppose  i 
consolidation  to  have  taken  place  98,000,000  years  ago. 

(^^)  These  estimates  are  founded  on  the  Fourier  solution  < 
monstrated  below.  The  greatest  variation  we  have  to  make 
them,  to  take  into  account  the  differences  in  the  ratios  of  c( 
ductivities  to  specific  heats  of  the  three  Edinburgh  rocks,  is 
reduce  them  to  nearly  half,  or  to  increase  them  by  rather  mi 
than  half.  A  reduction  of  the  Greenwich  underground  obsen 
tions  recently  communicated  to  me  by  Professor  Everett 
Windsor,  Nova  Scotia,  gives  for  the  Greenwich  rocks  a  qoili 
intermediate  between  those  of  the  Edinburgh  rocks.  But  we  i 
very  ignorant  as  to  the  effects  of  high  temperatun-s  in  alteri 
the  conductivities  and  specific  heats  of  rocks,  and  as  to  th< 
latent  heat  of  fusion.  We  must,  therefore,  allow  very  wi 
limits  in  such  an  estimate  as  I  have  attempted  to  make :  but 
think  wo  may  with  much  probability  say  that  the  consolidati 
cannot  have  taken  place  less  than  20,000,000  years  ago,  or  ^ 
should  have  more  underground  heat  than  we  actually  have,  i 
more  than  400,000,000  years  ago,  or  we  should  not  have  so  mu 
as  the  least  obser\'ed  underground  increment  of  t^mperatni 
That  is  to  say,  I  conclude  that  Leibnitz's  epoch  of  '^  emergence 
of  the  consUtentior  status  was  probably  between  those  date^. 

(/.)  The  mathematical  theory  on  which  these  estimates  a 
founded  is  very  simple,  being,  in  fact,  merely  an  applicatii>n 
one  of  Fourier's  elementary  solutions  to  the  problem  of  findi 
at  any  time  the  rate  of  variation  of  temperature  from  point 
point,  and  the  actual  temperature  at  any  point,  in  a  iwUd  extei 
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ing  to  infinity  in  all  directions,  on  the  supposition  that  at  an  Appendix  d 
initial  epoch  the  temperature  has  had   two  different  constant 
values  on  the  two  sides  of  a  certain  infinite  plane.     The  solution 
for  the  two  required  elements  is  as  follows : — 

x^  Mathemati- 

Ut  cal  exprea- 


dv  V 


T^^  € 


^^      tJVKt  Interior 

J.  tempentnrt 

2V  f     .-         _««  Dwurtheror 

2V  K«  dz€  ftM5«  of  »  hoi 


.2V[ 

JfrJ{ 


a/ IT  Jo  •olidcom- 

^  menctng  to 

where  k  denotes  the  conductivity  of  the  solid,  measured  in  terms  *^^  * 
of  the  thermal  capacity  of  the  unit  of  bulk ; 

Vy  half  the  diffierence  of  the  two  initial  temperatures ; 

Vq,  their  arithmetical  mean  ; 

ty  the  time ; 

Xj  the  distance  of  any  point  from  the  middle  plane ; 

r,  the  temperature  of  the  point  x  at  time  t ; 
and,  consequently  (according  to  the  notation  of  the  differential 

calculus),  -J-  the  rate  of  variation  of  the  temperature  per  unit  of 

length  perpendicular  to  the  isothermal  planes. 

(m.)  To  demonstrate  this  solution,  it  is  sufficient  to  verify — 
(1.)  That  the  expression  for  v  fulfils  the  partial  differential 
equation,  dv  ^   d*v 

dt  """d!^  ' 
Fourier's  equation  for  the  ^Minear  conduction  of  heat;''  (2.) 
That  when  ^  =  0,  the  expression  for  v  becomes  v^+V  for  all  proved, 
positive,  and  r©— I'for  all  negative  values  of  a:;  and  (3.)  That 

dn 

the  expression  for  •—  is  the  differential  coefficient  with  reference 

to  X,  of  the  expression  for  r.  The  propositions  (1.)  and  (3.)  are 
proved  directly  by  differentiation.  To  prove  (2.)  we  have,  when 
f  =  0,  and  X  positive, 

,      dz€-^ 

or  according  to  the  known  value,  ^V^*  ^^  ^^  definite  integral 

dze''^,  r=t?o+r; 

and  for  all  values  of  /,  the  second  term  has  equal  positive  and 
negative  values  for  equal  positive  and  negative  values  of  x,  so 
that  when  /  =  0  and  x  negative, 

I  =t?o-  V. 


'^""'^tSo' 


r. 
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Expreenion 
for  interior 
temperature 
near  sarface 
of  a  hot  body 
commencing 
to  cool: 


prove<l  to  bo 
practically 
appn>ximate 
for  the  earth 
for  1000  mU- 
lion  years. 


Distribution 
of  temjiera- 
turr  100  mil- 
lion }'carH 
after  com- 
mencement 
of  cooling 
of  a  great 
enough  mass 
of  average 
rock. 


The  admirable  analysis  by  which  Fourier  arrived  at  solutio 
eluding  this,  forms  a  most  interesting  and  important  mathen 
study.  It  is  to  be  found  in  his  ThSorie  Analytique  de  la  Ch 
Paris,  1822. 

(n.)  The  accompanying  diagram  (page  719)  represents,  I 

curves,  the  preceding  expressions  for  — -  and  v  rcspectivcl 

ox 

(o.)  The  solution  thus  expressed  and  illustrated  applies, 

certain  time,  without  sensible  error,  to  the  ease  of  a  solid  f^\ 

primitively  heated  to  a  uniform  temperature,  and  sudden 

posed  to  any  superficial  action,  which  for  ever  after  kee{ 

surface  at  some  other  constant  temperature.     If,   for  insi 

the  case  considered  is  that  of  a  globe  8000  miles  diame 

solid  rock,  the  solution  will  apply  with  scarcely  sensible  err 

more  than  1000  millions  of  years.     For,  if  the  rock  bo 

certain  average  quality  as  to  conductivity  and  speei6c  hoa 

value  of  K,  as  found  in  a  previous  communication  to  the 

Society,^  will  be  400,  for  unit  of  length  a  British  foot  and  u 

time  a  year ;  and  the  equation  expressing  the  solution  becoi 

(fa:  "35-4 

and  if  we  give  t  the  value  1,000,000,000,  or  anything  los 
exponential  factor  becomes  less  than  e~***  (which  being  e<ji 
about  Trf^-,  may  be  regarded  as  insensible),  when  x  ci 
3,000,000  feet,  or  568  miles.  That  is  to  say,  during  the 
1000  million  years  the  variation  of  temperature  does  not  Ik 
sensible  at  depths  exceeding  568  miles,  and  is  therefore 
fined  to  so  thin  a  crust,  that  the  influence  of  curvature  di 
neglected. 

{p.)  If,  now,  we  suppose  the  time  to  be  100  million  years 
the  commencement  of  the  variation,  the  equation  becomes 

dv         V ^ 

dx  364000 
The  diagram,  therefore,  shows  the  variation  of  temperature  i 
would  now  exist  in  the  earth  if,  its  whole  mass  being  first 
and  at  one  temperature  100  million  years  ago,  the  temperati 
its  surface  had  been  everywhere  suddenly  lowered  by  V  de| 
and  kept  permanently  at  this  lower  temperature  :  the  scale! 
being  as  foUows : — 


1 


*  "On  the  Periodical  VamtioiM  of  Unrleiiground  Temperature." 
jPr.  Xdin.,  Mnrcli  1860. 
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INCREASE  OF  TEMPERATUBE  DOWNWARDS  IN  THE  EARTH. 


OX=x. 


KP==  area  ONFA  ^  a  =  —  {' y'Jx, 

o 


xxirj  jBiAnxa. 

Appendix 
Distribati 

a=:2Vfft; 

oftempen 

turelOOm 

do        V       KP 

lionyMTi 

dx"  a    6iV» 

after  oom- 

oroooliag 

6.}Vx 

of  a  great 

enough  nu 
of  average 

rock: 

••«tt«fWr~ 


OPQ  cunre  showing  excess  of  temperature  above  that  of  the  surface. 
.•I  P'li  cunre  showing  rate  of  augmentation  of  temperature  downwards. 
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the  epoch  of  consolidation,  he  influenced  hj  the  sensihly  higher  Appendix  i 
temperatare  met  with  hy  roots  extending  a  foot  or  more  helow 
the  surface. 

(r.)  Whatever  the  amount  of  such  effects  is  at  any  one  time,  Rates  of  Ui- 
it  would  go  on  diminishing  according  to  the  inverse  proportion  of  tempentan 
the  square  roots  of  the  times  from  the  initial  epoch.  Thus,  if  at  ^Tcnoug 
10,000  years  we  have  2°  per  foot  of  increment  below  ground,        JS^k?" 

ftt  various 

At  40,000  years  wc  should  have  1°  per  foot.  times  after 

-    '  lo  conunence- 

,,  1 60,000  „  ,,  J  ,,  mentofcoo 

„     4,000,000        „  „         ,v"      ..  Kve' 

„  100,000,000         „  „  ,V°       .,  on^^" 

It  is  therefore  probable  that  for  the  last  96,000,000  years  the 
rate  of  increase  of  temperature  under  ground  has  gradually 
diminished  from  about  ^th  to  about  7\fth  of  a  degree  Fahrenheit 
per  foot,  and  that  the  thickness  of  the  crust  through  which  any 
stated  degree  of  cooling  has  been  experienced  has  gradually 
increased  in  that  period  from  ^th  of  what  it  is  now  to  what  it  is. 
Is  not  this,  on  the  whole,  in  harmony  with  geological  evidence, 
rightly  interpreted?  Do  not  the  vast  masses  of  basalt,  the 
general  appearances  of  mountain-ranges,  the  violent  distortions 
and  fractures  of  strata,  the  great  prevalence  of  metamorphic 
action  (which  must  have  taken  place  at  depths  of  not  many  miles, 
if  so  much),  all  agree  in  demonstrating  that  the  rate  of  increase 
of  tem|>erature  downwards  must  have  been  much  more  rapid,  and 
in  rendering  it  probable  that  volcanic  energy,  earthquake  shocks, 
and  every  kind  of  so-called  plutonic  action,  have  been,  on  the 
whole,  more  abundantly  and  violently  operative  in  geological 
antiquity  than  in  the  present  age  ? 

(«.)  But  it  may  be  objected  to  this  application  of  mathematical  objections 
theory — (1),  That  the  earth  was  once  all  melted,  or  at  least  application 
melted  all  round  its  surface,  and  cannot  possibly,  or  rather  can-  removed.' 
not  with  any  probability,  be  supposed  to  have  been  ever  a  uni- 
formly heated  solid,  7000°  warmer  than   our   present  surface 
temperature,  as  assumed  in  the  mathematical  problem ;  and  (2), 
No  natural  action  could  possibly  produce  at  one  instant,  and 
maintain  for  ever  after,  a  seven  thousand  degrees'  lowering  of 
the  surface  temperature.     Taking  the  second  objection  first,  I 
answer  it  by  saying,  what  I  think  cannot  be  denied,  that  a  large 
mass  of  melted  rock,  exposed  freely  to  our  air  and  sky,  will,  after 
it  once  becomes  crusted  over,  present  in  a  few  hours,  or  a  few 
days,  or  at  the  most  a  few  weeks,  a  surface  so  cool  that  it  can  be 

2z 
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distingubhtng  between  the  actual  phenomeua,  and  those  which  Appendix 
would  have  resulted  from  either  an  entire  globe  of  liquid  rock, 
or  a  cool  solid  nucleus  coTcred  with  liquid  to  any  depth  exceed-  Primitfre 
ing  50  or  100  miles.  Hence,  irrespectively  of  any  hypothesis  have  been 
as  to  antecedents  from  which  the  earth's  initial  iBery  condition  or  mere^* 
may  have  followed  by  natural  causes,  and  simply  assuming,  as  1^^^^ 
rendered  probable  by  geological  evidence,  that  there  was  at  one  JJSIot  °* 


time  melted  rock  all  over  the  surface,  we  need  not  assimie  the  "^J'***  **** 
depth  of  this  lava  ocean  to  have  been  more  than  50  or  100  miles ;  TBdias. 
although  we  need  not  exclude  the  supposition  of  any  greater  depth, 
or  of  an  entire  globe  of  liquid. 

(u.)  In  the  process  of  refrigeration,  the  fluid  must  [as  I  have 
remarked  regarding  the  sun,  in  a  recent  article  in  Macmillan's 
Magazine  (March  18G2),  and  regarding  the  earth's  atmosphere,  in 
a  communication  to  the  Literary  and  Philosophical  Society  of 
Manchester  1]  be  brought  by  convection,  to  fulfil  a  definite  law  of  J^^^jf^Jg 
distribution  of  temperature  which  I  have  called  ^^  convective  equi-  of  temper 

,.,    .  -  fi      mi         •  I  ture"  de- 

libnum  of  temperature.  That  is  to  say,  the  temperatures  at  flucd : 
different  parts  in  the  interior  must  differ  according  to  the  different 
[>res8ures  by  the  difference  of  temperatures  which  any  one  portion 
of  the  liquid  would  present,  if  given  at  the  temperature  and  pres- 
sure of  any  part,  and  then  subjected  to  variation  of  pressure,  but 
prevented  from  losing  or  gaining  heat.  The  reason  for  this  is  JJ^Jf  j*V* 
the  extreme  slowness  of  true  thermal  conduction ;  and  the  conse-  proxinwte 

1         •         •    /«  £»  t  1  nilfllled 

quently  preponderatmg  mfluence  of  great  currents  throughout  a  antii  HoUd 
continuous  fluid  mass,  in  determining  the  distribution  of  teni-  meiicetL^ 
perature  through  the  whole. 

(v.)  The  thermo-dynamic  law  connecting  temperature  and 
pressure  in  a  fluid  mass,  not  allowed  to  lose  or  gain  heat,  in- 
vestigated theoretically,  and  experimentally  verified  in  the  cases 
of  air  and  water,  by  Dr.  Joule  and  myself,*  showi*,  therefore, 
that  the  temperature  in  the  liquid  will  increase  from  the  surface 
downwards,  if,  as  is  most  probably  the  case,  the  liquid  contracts 

»  Proceedings,  Jan.  1802.     "  On  the  Convective  Ekiuilibrium  of  Temperature  in 
e  Atmosphere." 

«  Joule,  **  On  tlie  Changes  of  Teini)erature  jinKluced  by  the  Rarefaction  and  Con- 
nsation  of  Air,"  J*hil.  Mag.  1845.  Thom»on,  "  On  a  Method  for  Determining 
cperinientally  the  Heat  evolve<l  ])y  the  Coinpreswion  of  Air ;  Dynamical  Theory 
Heat,  Part  IV.,"  Tram.  R.  S.  K.,  Sewion  1850-51  ;  and  reprinte<l  Phil.  Mag, 
tule  and  Th<»mR<)n,  "  On  the  Thermal  Effects  of  Flui<lH  in  Motion,"  Tran$.  J(.  .S. 
ttul.,  June  1853  and  June  1854.  Joule  and  Thonistni,  "On  the  Alterations  of 
•mperature  accompanying  Changes  of  Pressure  in  Fluids,"  Procrft/ingn  H.  «v. 
fnd.f  June  1857. 
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(oa.)  But  if,  according  to  the  second  supposition  of  §  r,  the  App«Miii 
liquid  expanded  in  cooling  near  its  freezing-point,  the  solid  would 
probably  likewise  be  of  less  specific  gravity  than  the  liquid  at  its 
freezing-point.  Hence  the  surface  would  crust  over  permanently 
with  a  crust  of  solid,  constantly  increasing  inwards  by  the  freez- 
ing of  the  interior  fluid  in  consequence  of  heat  conducted  out 
through  the  crust.  The  condition  most  commonly  assumed  by 
geologists  would  thus  be  produced. 

(bb.)  But  Bischof's  experiments,  upon  the  validity  of  which,  impoHuK 
so  far  as  I  am  aware,  no  doubt  has  ever  been  thrown,  show  that  menui  in 
melted  granite,  slate,  and  trachyte,  all  contract  by  something  oH^StrM 
about  20  per  cent,  in  freezing.     We  ought,  indeed,  to  have  more  ^^2|!n^ 
experiments  on  this  most  important  point,  both  to  verify  Bischof  *s  {J^lJSdS 
results  on  rocks,  and  to  learn  how  the  case  is  with  iron  and  other  ^^^^ 
unoxydised  metals.     In  the  meantime  we  must  consider  it  as  pro- 
bable that  the  melted  substance  of  the  earth  did  really  contract 
by  a  very  considerable  amount  in  becoming  solid. 

(cc.)  Hence  if,  according  to  any  relations  whatever  among  the 
complicated  physical  circumstances  concerned,  freezing  did  really 
commence  at  the  surface,  either  all  round  or  in  any  part,  before 
the  whole  globe  had  become  solid,  the  solidified  superficial  layer 
must  have  broken  up  and  sunk  to  the  bottom,  or  to  the  centre, 
before  it  could  have  attained  a  sufficient  thickness  to  rest  stably  Bischori 
on  the  lighter  liquid  below.     It  is  quite  dear,  indeed,  that  if  at  p^fS^i^ 
any  time  the  earth  were  in  the  condition  of  a  thin  solid  shell  of,  SSSjf* 
let  us  suppose  50  feet  or  100  feet  thick  of  granite,  enclosing  a  ^^{^ 
continuous  melted  mass  of  20  per  cent,  less  specific  gravity  in  its  >uiDmm  « 
upper  part«,  where  the  pressure  is  small,  this  condition  cannot  lowed  to 
have  lasted  many  minutes.     The  rigidity  of  a  solid  shell  of  super-  wiidiflm 
ficial  extent  so  vast  in  comparison  with  its  thickness,  must  be  as  ^i^  nw 
nothing,  and  the  slightest  disturbance  would  cause  some  part  to  ulroi^i 
bend  down,  crack,  and  allow  the  liquid  to  run  out  over  the  whole  *"*«^®»"- 
solid.     The  crust  itself  would  in  consequence  become  shattered 
into  fragments,  which  must  all  sink  to  the  bottom,  or  to  meet  in 
the  centre  and  form  a  nucleus  there  if  there  is  none  to  begin 
with. 

{(id)  It  is,  however,  scarcely  possible,  that  any  such  continuous 
crust  can  ever  have  formed  all  over  the  melted  surface  at  one 
time,  and  afterwards  have  fallen  in.  The  mode  of  solidification 
conjectured  in  §  ^,  seems  on  the  whole  the  most  consistent  with 
what  we  know  of  the  physical  properties  of  the  matter  concerned. 
8o  far  as  regards  the  result,  it  agrees,  I  believe,  with  the  view 
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(gtj.)  These  conclusioDs,  drawu  solely  from  a  coDsideratioii  of  Api>end 
the  necessary  order  of  cooling  and  consolidation,  according  to 
Bitfchof 's  result  as  to  the  relative  specific  gravities  of  solid  and 
of  melted  rock,  are  in  perfect  accordance  with  §§  832... 849, 
regarding  the  present  condition  of  the  earth's  interior, — that  it 
is  not,  as  commonly  supposed,  all  liquid  within  a  thin  solid  crust 
of  from  30  to  100  miles  thick,  but  that  it  is  on  the  whole  more 
rigid  certainly  than  a  continuous  solid  globe  of  glass  of  the  samo 
diameter,  and  probably  than  one  of  s'teel. 
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